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We report a systematic measurement of cumulants, Cn, for net-proton, proton and antiproton119

multiplicity distributions, and correlation functions, κn, for proton and antiproton multiplicity dis-120

tributions up to the fourth order in Au+Au collisions at
√
sNN = 7.7, 11.5, 14.5, 19.6, 27, 39, 54.4,121

62.4 and 200 GeV. The Cn and κn are presented as a function of collision energy, centrality and122

kinematic acceptance in rapidity, y, and transverse momentum, pT . The data were taken during123

the first phase of the Beam Energy Scan (BES) program (2010 – 2017) at the Relativistic Heavy124

Ion Collider (RHIC) facility. The measurements are carried out at midrapidity (|y| < 0.5) and125

transverse momentum 0.4 < pT < 2.0 GeV/c, using the STAR detector at RHIC. We observe a126

non-monotonic energy dependence (
√
sNN = 7.7 – 62.4 GeV) of the net-proton C4/C2 with the127

significance of 3.1σ for the 0-5% central Au+Au collisions. This is consistent with the expectations128

of critical fluctuations in a QCD-inspired model. Thermal and transport model calculations show a129

monotonic variation with
√
sNN. For the multiparticle correlation functions, we observe significant130

negative values for a two-particle correlation function, κ2, of protons and antiprotons, which are131

mainly due to the effects of baryon number conservation. Furthermore, it is found that the four-132

particle correlation function, κ4, of protons plays a role in determining the energy dependence of133

proton C4/C1 below 19.6 GeV, which cannot be solely understood by the negative values of κ2 for134

protons.135

I. INTRODUCTION136

The main goal of the BES program at the RHIC is137

to study the QCD phase structure [1, 2]. This is ex-138

pected to lead to the mapping of the phase diagram for139

strong interactions in the space of temperature (T ) versus140

baryon chemical potential (µB). Both theoretically and141

experimentally, several advancements have been made142

towards this goal. Lattice QCD calculations have estab-143

lished that at high temperatures, there occurs a crossover144

transition from hadronic matter to a deconfined state of145

quarks and gluons at µB = 0 MeV [3]. Experimental146

data from RHIC and the Large Hadron Collider (LHC)147

have provided evidence of this matter with quark and148

gluon degrees of freedom called the Quark-Gluon Plasma149

(QGP) [4–7]. The QGP has been found to hadronize into150

a gas of hadrons, which undergoes chemical freeze-out151

(inelastic collisions cease) [8] at a temperature close to152

the lattice QCD-estimated quark-hadron transition tem-153

perature at µB = 0 MeV [9, 10]. A suite of interesting154

results from the BES program indicate a change of equa-155

tion of state of QCD matter, with collision energy from156

partonic-interaction-dominated matter at higher collision157

energies to a hadronic-interaction regime at lower ener-158

gies. These include the observations of breakdown in the159

number of constituent-quark scaling of the elliptic flow at160

lower
√
sNN [11], non-monotonic variation of the slope of161

the directed flow for protons and net-protons at midra-162

pidity as a function of
√
sNN [12], nuclear modification163

factor changing values from smaller than unity to larger164

than unity at high pT as we go to lower
√
sNN [13], and fi-165

nite to vanishing values of the three-particle correlations166

with respect to the event plane [14] as we go to lower167 √
sNN.168

∗ Deceased

The QCD phase structure at finite temperature and169

baryon chemical potential has been extensively stud-170

ied by various QCD-based model calculations, such as171

the Dyson-Schwinger Equation (DSE) method [15–19],172

Functional Renormalization Group (FRG) [20], Nambu-173

Jona-Lasinio (NJL) [21], Polyakov Nambu-Jona-Lasinio174

(PNJL) [22–24] and other effective models [25, 26]. One175

of the most important studies of the QCD phase struc-176

ture relates to the first-order phase boundary and the ex-177

pected existence of the critical point (CP) [27–32]. This178

is the end point of a first-order phase boundary between179

quark-gluon and hadronic phases [33, 34]. Experimental180

confirmation of the CP would be a landmark of explor-181

ing the QCD phase structure. Previous studies of higher-182

order cumulants of net-proton multiplicity distributions183

suggest that the possible CP region is unlikely to be be-184

low µB = 200 MeV [35], which is consistent with the185

theoretical findings [19, 20, 29, 31, 36]. The versatility of186

the RHIC machine has permitted the colliding energies187

of ions to be varied below the injection energy of
√
sNN =188

19.6 GeV [37], and thereby the RHIC BES program pro-189

vides the possibility to scan the QCD phase diagram up190

to µB = 420 MeV with the collider mode, and µB = 720191

MeV with the fixed-target mode [2, 38]. This, in turn,192

opens the possibility to find the experimental signatures193

of a first-order phase transition and the CP [39, 40].194

Higher-order cumulants of the distributions of con-195

served charge, such as net-baryon (B), net-charge (Q),196

and net-strangeness (S) numbers, are sensitive to the197

QCD phase transition and CP [41–51]. The signatures of198

conserved-charge fluctuations near CP have been stud-199

ied by various model calculations [46, 47, 52–65]. How-200

ever, these model calculations are based on the assump-201

tion of thermal equilibrium with a static and infinite202

medium. In heavy-ion collisions, finite-size and time ef-203

fects will put constraints on the significance of the sig-204

nals [66, 67]. A theoretical calculation suggests the non-205

equilibrium correlation length ξ ≈ 2-3 fm for heavy-206
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ion collisions [68]. Dynamical modeling of heavy-ion207

collisions with the physics of a critical point and non-208

equilibrium effects is in progress [69–73]. The signatures209

of a phase transition or a CP are detectable if they sur-210

vive the evolution of the system [74]. Due to a stronger211

dependence on the correlation length (ξ) [46–48], it is212

proposed to study the higher moments – skewness (S =213 〈
(δN)3

〉
/σ3) and kurtosis (κ =

〈
(δN)4

〉
/σ4 – 3) with214

δN = N – 〈N〉, or cumulants Cn (defined in Sec. II E)215

of distributions of conserved quantities. Both the magni-216

tude and the sign of the moments or Cn [47, 75], which217

quantify the shape of the multiplicity distributions, are218

important for understanding the phase transition and CP219

effects. The aim is to search for signatures of the CP over220

a broad range of µB in the QCD phase diagram [35].221

Furthermore, the products of the moments or ratios of222

Cn can be related to susceptibilities associated with the223

conserved numbers. The product (κσ2), or equivalently,224

the ratio (C4/C2) of the net-baryon number distribution225

is related to the ratio of fourth-order (χB
4 ) to second-order226

(χB
2 ) baryon number susceptibilities [44, 50, 76–78]. The227

ratio, χB
4 /χB

2 , is expected to deviate from unity near the228

CP. It has different values for the hadronic and partonic229

phases [78]. Similarly, the products Sσ (C3/C2) and230

σ2/〈N〉 (C2/C1) are related to χB
3 /χB

2 and χB
2 /χB1 , re-231

spectively. Experimentally, it is not possible to measure232

the net-baryon distributions, however, theoretical calcu-233

lations have shown that net-proton multiplicity (Np−Np̄234

= ∆Np) fluctuations reflect the singularity of the charge235

and baryon number susceptibility, as expected at the236

CP [43]. Refs. [79, 80] discuss the effect of using net-237

proton as the approximation for the net-baryon distribu-238

tions and the acceptance dependence for the moments of239

the protons and antiprotons.240

In an early publication from the STAR experiment on241

the higher moments of net-proton distributions, the se-242

lected kinematics of (anti)proton are |y| < 0.5 and 0.4 <243

pT < 0.8 GeV/c, where only the Time Projection Cham-244

ber (TPC) [81, 82] was used for (anti)protons identifica-245

tion. Interesting hints of a non-monotonic variation of246

κσ2 (or C4/C2) was observed [83]. In this paper, we re-247

port measurements of the energy dependence of Cn up to248

fourth order of the net-proton multiplicity distributions249

from Au+Au collisions with a larger acceptance of 0.4250

< pT < 2.0 GeV/c [84]. This is achieved by adding the251

information from STAR’s Time-of-Flight (TOF) detec-252

tor [85]. We present results from Au+Au collisions at 9253

different collision energies,
√
sNN = 7.7, 11.5, 14.5, 19.6,254

27, 39, 54.4, 62.4 and 200 GeV.255

The paper is organized as follows. In the next section,256

we discuss the data sets used, event selection criteria, cen-257

trality selection procedure, proton identification method,258

measurement of raw cumulants of the net-proton distri-259

butions, corrections for the effects of centrality bin width260

(CBW) and efficiency, and estimation of statistical and261

systematic uncertainties on the measurements. In section262

III, we present the results of cumulants and their ratios263

for net protons, protons and antiprotons in Au+Au colli-264

sions as a function of collision energy (
√
sNN), centrality,265

transverse momentum (pT ) acceptance and rapidity ac-266

ceptance (∆y). In addition, we present the extracted var-267

ious order integrated correlation functions of protons and268

antiprotons from the measured cumulants. In this sec-269

tion, we also discuss the results from the HRG model and270

transport model calculations. In section IV, we present271

the summary. Detailed discussions on the efficiency cor-272

rection, and the estimation of the statistical uncertainties273

are presented in Appendices A and B, respectively.274

II. EXPERIMENT AND DATA ANALYSIS275

A. Data set and event selection276

The data presented in the paper were obtained us-277

ing the Time Projection Chamber (TPC) [81] and the278

Time-of-Flight detectors (TOF) [85] of the Solenoidal279

Tracker at RHIC (STAR) [81]. The event-by-event pro-280

ton (Np) and antiproton (Np̄) multiplicities are measured281

for Au+Au minimum-bias events at
√
sNN = 7.7, 11.5,282

14.5, 19.6, 27, 39, 54.4, 62.4 and 200 GeV for collisions283

occurring within a certain Z-position (Vz) range of the284

collision vertex (given in Table I) from the TPC center285

along the beam line. These data sets were taken with a286

minimum-bias trigger, which was defined using a coinci-287

dence of hits in the zero degree calorimeters (ZDCs) [86],288

vertex position detectors (VPDs) [87], and/or beam-289

beam counters (BBCs) [88]. The range of |Vz| is cho-290

sen to optimize the event statistics and uniformity of the291

response of the detectors used in the analysis.292293

In order to reject background events which involve in-294

teractions with the beam pipe, the transverse radius of295

the event vertex is required to be within 2 cm (1 cm for296

14.5 GeV) of the center of STAR [8]. We use two methods297

to determine the Vz: one from a fast scintillator-based298

vertex position detector, and the other from the most299

probable point of common origin of the tracks, which are300

reconstructed from the hits measured in the TPC. To re-301

move pile-up events at energies above 27 GeV, we require302

the Vz difference between the two methods to be within303

3 cm. Further, a detailed study of the TPC tracks as a304

function of the TOF matched tracks with valid TOF in-305

formation is carried out and outlier events are rejected.306

To ensure the quality of the data, a run-by-run study307

of several variables, such as the total number of uncor-308

rected charged particles measured in the TPC, average309

transverse momentum (〈pT〉) in an event, mean pseu-310

dorapidity (η) and azimuthal angle (φ) in an event, is311

carried out. Outlier runs beyond ± 3σ, where σ corre-312

sponds to the standard deviation of run-by-run distribu-313

tions of a variable, are not included in the current analy-314

sis. In addition, the distance of closest approach (DCA)315

of the charged-particle track from the primary vertex, es-316

pecially the signed transverse DCA (DCAxy) are studied317

to remove bad events (The signed transverse DCA refers318

to the DCA with respect to the primary vertex in the319
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TABLE I. Total number of events for Au+Au collisions analysed for various collision energies (
√
sNN) obtained after all of the

event selection criteria are applied. The Z-vertex (Vz) range, the chemical freeze-out temperature (Tch) and baryon chemical
potential (µB) for 0-5% Au+Au collisions [8] are also given.

√
sNN (GeV) No. of events (million) |Vz| (cm) Tch (MeV) µB (MeV)

200 238 30 164.3 28
62.4 47 30 160.3 70
54.4 550 30 160.0 83
39 86 30 156.4 103
27 30 30 155.0 144

19.6 15 30 153.9 188
14.5 20 30 151.6 264
11.5 6.6 30 149.4 287
7.7 3 40 144.3 398

N
 

+
 �

 

.....
 

LO
 

0
 

0
 

C/J/z/\
98

) zW
 

N
 

('J/f\
8fJ

) .1d 

r---
-

-
-

::::.::::
 
·�
 

r
e

 
10.

+ -
-

-
-

::::.::::
+ 

"C
 

c..
 

�
 

I 
I 

I 
I 

0
 

.....
 

LO
 

(W
�//\

9
)1

) X
P

/3
P

 

LO
 

0
 ""O

 
o

· ­a.

LO
 . 

0
 

I 

T'""
 

I 

N
 

T'""
 ro

 
0:::

 -

0
�

 
-

T'""
 

I 

N
 

I 

0
 

FIG. 1. (Color online) Top left panel: The mass squared (m2) versus rigidity for charged tracks in Au+Au collisions at
√
sNN

= 39 GeV. The rigidity is defined as momentum/z, where z is the dimensionless ratio of particle charge to the electron charge
magnitude. Bottom left panel: The specific ionization energy loss (dE/dx) as a function of rigidity measured in the TPC for
the same data set. Also shown as solid lines are the theoretical expectations for each particle species. Right panels: Rapidity
(y) versus transverse momentum (pT). The color reflects the relative yields of protons (top) and antiprotons (bottom) using the
TPC PID for Au+Au collisions at

√
sNN = 39 GeV. The dashed boxes represent the acceptance used in the current analysis.

Two blobs at large rapidities are contaminated by particles other than (anti)protons. This contamination is rejected in later
steps of the analysis.

TABLE II. Proton and antiproton track selection criteria at all energies. The NFit and NHitPoss represent the number of hits
used in track fitting and the maximum number of possible hits in the TPC.

|y| pT (GeV/c) DCA (cm) NFit NFit/NHitPoss No. of dE/dx points
< 0.5 0.4-2.0 < 1 > 20 > 0.52 > 5
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transverse plane. Its sign is the sign of the vector prod-320

uct of the DCA vector and the track momentum). These321

classes of bad events are primarily related to unstable322

beam conditions during the data taking and inaccurate323

space-charge calibration of the TPC.324

Table I gives the total number of minimum-bias events325

analyzed for each
√
sNN and the corresponding chem-326

ical freeze-out temperature (Tch) and baryon chemical327

potential (µB) values for central 0-5% Au+Au collisions.328

The beam energy values in the BES program are cho-329

sen so that the difference in µB values is not larger than330

100 MeV between adjacent collision energies.331

B. Track selection, particle identification and332

acceptance333

The proton and antiproton track selection criteria for334

all the
√
sNN are presented in Table II. In order to sup-335

press contamination by tracks from secondary vertices, a336

requirement of less than 1 cm is placed on DCA between337

each track and the event vertex. Tracks are required338

to have at least 20 points used in track fitting out of339

a maximum of 45 possible hits in the TPC. To prevent340

multiple counting of split tracks, more than 52% of the341

maximum-possible fit points are required. A condition342

is also placed on the number of points (> 5) used to ex-343

tract the energy loss (dE/dx) values, which is used to344

identify the (anti)protons from the charged particles de-345

tected in the TPC. The results presented here are within346

kinematics |y| <0.5 and 0.4 < pT < 2.0 GeV/c.347

Particle identification (PID) is carried out using the348

TPC and TOF by measuring the dE/dx and time of349

flight, respectively. Figure 1 (left top panel) shows a typ-350

ical plot of the square of the mass (m2) associated with a351

track measured in the TPC as a function of rigidity (de-352

fined as momentum/z, where z is the dimensionless ratio353

of particle charge to the electron charge magnitude) for354

Au+Au collisions at
√
sNN = 39 GeV. The m2 is given355

by:356

m2 = p2

(
c2t2

L2
− 1

)
, (1)

where p, t, L, and c are the momentum, time-of-flight of357

the particle, path length, and speed of light, respectively.358

Protons and antiprotons can be identified by selecting359

charged tracks for which 0.6 < m2 < 1.2 GeV2/c4.360

Figure 1 (left bottom panel) shows the dE/dx of mea-361

sured charged particles plotted as a function of the rigid-362

ity. The measured values of dE/dx are compared to the363

expected theoretical values [90] (shown as solid lines in364

Fig. 1) to select the proton and antiproton tracks. A365

quantity called Nσ,p for charged tracks in the TPC is366

defined as:367

Nσ,p = (1/σR) ln

( 〈dE/dx〉
〈dE/dx〉thp

)
, (2)

where 〈dE/dx〉 is the truncated mean value of the track368

energy loss measured in the TPC, 〈dE/dx〉thp is the cor-369

responding theoretical value for proton (or antiproton)370

in the STAR TPC [90] and σR is the dE/dx resolu-371

tion which is momentum-dependent and of the order of372

7.5% for the momentum range of this analysis. Assuming373

that the Nσ,p distribution in a given momentum range is374

Gaussian, it should peak at zero for proton tracks and375

the values represent the deviation from the theoretical376

values for proton tracks in terms of standard deviations377

(σR). Momentum-dependent selection criteria are used378

for TPC tracks to select protons or antiprotons. For 0.4<379

pT < 0.8 GeV/c and momentum (p) less than 1 GeV/c,380

|Nσ,p| < 2.0 is chosen and for 0.8 < pT < 2.0 GeV/c381

and momentum (p) less than 3 GeV/c, in addition to382

|Nσ,p| < 2.0, the track is required to have 0.6 < m2 <383

1.2 GeV2/c4 from TOF. The purity is estimated by re-384

ferring to the Nσ,p distributions from the TPC in various385

pT ranges (within 0.4 to 0.8 GeV/c) to estimate the con-386

tamination from other hadrons within the PID selection387

criteria. For the higher pT range, the m2 distributions388

from the TOF are studied after applying the Nσ,p cri-389

teria and the contamination from other hadrons within390

the PID selection criteria is estimated. The purity of the391

proton and antiproton samples are better than 97% for392

all the pT ranges and
√
sNN studied.393

Figure 1 (right panels) shows the pT versus y for pro-394

tons and antiprotons selected by the TPC with |Nσ,p| <395

2.0 in Au+Au collisions at
√
sNN = 39 GeV. The ac-396

ceptance is uniform in y-pT and is the same for other397 √
sNN studied here. This is a major advantage of collider-398

based experiments over fixed-target experiments. The399

boxes show the acceptance criteria used in this analysis.400

The addition of the TOF extends the PID capabilities to401

higher pT, thereby allowing for the detection of ∼ 80%402

of the total protons per unit rapidity (or antiprotons per403

unit rapidity) produced in the collisions at midrapidity.404

This is a significant improvement compared to the previ-405

ous analysis reported in Ref. [83]. The uniform and large406

acceptance at midrapidity in y, pT and φ allows STAR to407

measure and compare the cumulants in Au+Au collisions408

at
√
sNN = 7.7 to 200 GeV.409

C. Centrality selection410

Centrality selection plays a crucial role in the fluctu-411

ation analysis. There are two effects related to the cen-412

trality selection which need to be addressed. These are413

(a) the self-correlation [91, 92] and (b) centrality resolu-414

tion/fluctuations effects [91–95].415

One of the main self-correlation effects arises when par-416

ticles used for the fluctuation analysis are also used for417

the centrality definition. This can be significantly re-418

duced by removing the particles used in the fluctuation419

analysis from the centrality definition. Hence, we ex-420

clude protons and antiprotons from charged particles for421

the centrality selection.422
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FIG. 2. (Color online) The uncorrected reference charged particle multiplicity (Nch) distributions within pseudorapidity |η| < 1
by excluding protons and antiprotons in Au+Au collisions at

√
sNN = 7.7 - 200 GeV. These distributions are used for centrality

determination. The shaded region at each
√
sNN corresponds to 0-5% central collisions. The dashed line corresponds to Monte

Carlo Glauber model simulations [89].

The centrality resolution effect arises due to the fact423

that the number of participant nucleons and particle mul-424

tiplicities fluctuate even if the impact parameter is fixed.425

Through a model simulation it has been shown that the426

larger the η acceptance used for centrality selection, the427

closer are the values of the cumulants to the actual val-428

ues [91]. This is because the centrality resolution is im-429

proved by increasing the number of particles for the cen-430

trality definition with wider acceptance. Therefore, to431

suppress the effect of centrality resolution, one should432

use the maximum available acceptance of charged parti-433

cles for centrality selection. In addition, it may be men-434

tioned that the choice of centrality definition also affects435

the way volume fluctuations (discussed later) contribute436

to the measurements.437

These are the driving considerations for the central-438

ity selection for net-proton studies presented in this pa-439

per and are discussed below. The basic strategy is to440

maximize the acceptance window for the centrality de-441

termination as allowed by the detectors, and to not use442

protons and antiprotons for the centrality selection. In443

addition, the centrality definition method given below is444

determined after several optimization studies using data445

and models. These studies were carried out by varying446

the acceptances in η and charged particle types in or-447

der to understand the effect of the choice of centrality448

determination method on the analysis [92]. The effect449

of self-correlation potentially arising due to the decay of450

heavier hadrons into protons and antiprotons and other451

charged particles has been varified to be negligible from452

a study using standard heavy-ion collision event genera-453

tors, HIJING [96] and UrQMD [92, 97].454

TABLE III. The uncorrected number of charged particles
other than protons and antiprotons (Nch) within the pseu-
dorapidity |η| < 1.0 used for the centrality selection for vari-
ous collision centralities expressed in % centrality in Au+Au
collisions at

√
sNN = 7.7 – 200 GeV.

% centrality
Nch values at different

√
sNN (GeV)

200 62.4 54.4 39 27 19.6 14.5 11.5 7.7
0-5 725 571 621 522 490 448 393 343 270
5-10 618 482 516 439 412 376 330 287 225
10-20 440 338 354 308 289 263 231 199 155
20-30 301 230 237 209 196 178 157 134 105
30-40 196 149 151 136 127 116 103 87 68
40-50 120 91 90 83 78 71 63 53 41
50-60 67 51 50 47 44 40 36 30 23
60-70 34 26 24 24 22 20 19 15 11
70-80 16 12 10 11 10 9 13 7 5

In order to suppress the self-correlation, centrality res-455

olution and volume fluctuation effects with the avail-456

able STAR detectors, a new centrality measure is de-457

fined, and is different from other analyses reported by458

STAR [8]. The centrality is determined from the uncor-459

rected charged particle multiplicity within pseudorapid-460

ity |η| < 1 (Nch) after excluding the protons and antipro-461

tons. Strict particle identification criteria are used to re-462

move the proton and antiproton contributions. Charged463

tracks with Nσ,p < −3 are used and for those tracks464

which have TOF information an additional criterion,465

m2 < 0.4 GeV2/c4 is applied. The resultant distribu-466

tion of charged particles is corrected for luminosity and467
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TABLE IV. The average number of participant nucleons (〈Npart〉) for various collision centralities in Au+Au collisions at
√
sNN

= 7.7 – 200 GeV from a Monte Carlo Glauber Model. The numbers in parentheses are systematic uncertainties.

% centrality
〈Npart〉 values at different

√
sNN (GeV)

200 62.4 54.4 39 27 19.6 14.5 11.5 7.7
0-5 351 (2) 347 (3) 346 (2) 342(2) 343 (2) 338 (2) 340(2) 338 (2) 337 (2)
5-10 299 (4) 294 (4) 292 (6) 294 (6) 299 (6) 289 (6) 289 (6) 291 (6) 290 (6)
10-20 234 (5) 230 (5) 228 (8) 230 (9) 234 (9) 225 (9) 225 (8) 226 (8) 226 (8)
20-30 168 (5) 164 (5) 161 (10) 162 (10) 166 (11) 158 (10) 159 (9) 160 (9) 160 (10)
30-40 117 (5) 114 (5) 111 (11) 111 (11) 114 (11) 108 (11) 109 (11) 110 (11) 110 (11)
40-50 78 (5) 76 (5) 73 (10) 74 (10) 75 (10) 71 (10) 72 (10) 73 (10) 72 (10)
50-60 49 (5) 48 (5) 45 (9) 46 (9) 47 (9) 44 (9) 45 (9) 45 (9) 45 (9)
60-70 29 (4) 28 (4) 26 (7) 26 (7) 27 (8) 26 (7) 26 (7) 26 (7) 26 (7)
70-80 16 (3) 15 (2) 13 (5) 14 (5) 14 (6) 14 (5) 14 (6) 14 (6) 14 (4)
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FIG. 3. (Color online) Net-proton multiplicity (∆Np) distributions in Au+Au collisions at various
√
sNN for 0-5%, 30-40% and

70-80% collision centralities at midrapidity. The statistical errors are small and within the symbol size. The distributions are
not corrected neither for the finite-centrality-width effect nor for the reconstruction efficiencies of protons and antiprotons.

Vz dependence at each
√
sNN. The corrected charged468

particle distribution is then fit to a Monte Carlo Glauber469

Model [37, 89] to define the centrality classes in the ex-470

periment (the percentage cross section and the associated471

cuts on the charged-particle multiplicity). In the fitting472

process, a multiplicity-dependent efficiency has been ap-473

plied [37].474

Figure 2 shows the reference charged particle multi-475

plicity distributions after excluding protons and antipro-476

tons used for centrality determination for all of the
√
sNN477

studied here. The lower boundaries of each centrality478

class based on Nch are given in Table III. Table IV gives479

the average number of participant nucleons (〈Npart〉) for480

various collision centralities for
√
sNN = 7.7 - 200 GeV481

obtained from a Monte Carlo Glauber model simulation.482

D. Uncorrected net-proton multiplicity483

distributions484

Figure 3 shows the event-by-event net-proton multi-485

plicity (∆Np) distributions from Au+Au collisions at486 √
sNN = 7.7 – 200 GeV for 0-5%, 30-40% and 70-80% col-487

lision centralities. The ∆Np distribution is obtained by488

counting the number of protons and antiprotons within489

the y-pT acceptance on an event-by-event basis for a490

given collision centrality and
√
sNN. The distributions491

presented in Fig. 3 are not corrected for the efficiency492

and acceptance effects. In general, the shape of the ∆Np493

distributions is broader, more symmetric and closer to494

Gaussian, for central collisions than for peripheral colli-495

sions. The shape of the distributions also changes with496 √
sNN. Cumulants (Cn) up to the fourth order are ob-497

tained from these distributions for each collision central-498



9

ity and
√
sNN.499

E. Definition of cumulants and integrated500

correlation functions501

In this subsection, we give the definition of the cu-502

mulants used in this paper. Let N represent any entry503

in the data sample, its deviation from its mean value504

(〈N〉, referred to as the 1st moment) is then given by505

δN = N −〈N〉. Any rth-order central moment is defined506

as:507

µr = 〈(δN)r〉. (3)

The cumulants of a given data sample could be written508

in terms of moments as follows:509

C1 = 〈N〉,
C2 = 〈(δN)2〉 = µ2,

C3 = 〈(δN)3〉 = µ3, (4)

C4 = 〈(δN)4〉 − 3〈(δN)2〉2
= µ4 − 3µ2

2,

Cn(n > 3) = µn −
n−2∑
m=2

(
n− 1
m− 1

)
Cmµn−m.

The relations between cumulants and various moments510

are given as:511

M = C1, σ2 = C2, S =
C3

(C2)3/2
, κ =

C4

(C2)2
. (5)

where M , σ2, S and κ are mean, variance, skewness and512

kurtosis, respectively. The products κσ2 and Sσ can be513

expressed in terms of the ratio of cumulants as:514

σ2/M =
C2

C1
, Sσ =

C3

C2
, κσ2 =

C4

C2
. (6)

With the above definition, we can calculate various or-515

der cumulants (moments) and cumulant ratios (moment516

products) from the measured event-by-event net-proton,517

proton and antiproton distributions for each centrality518

at a given
√
sNN. For two independent variables X519

and Y , the cumulants of the probability distributions520

of their sum (X + Y ), are just the addition of cumu-521

lants of the individual distributions for X and Y i.e.522

Cn,X+Y = Cn,X + Cn,Y for nth-order cumulant. For523

a distribution of difference between X and Y , the cu-524

mulants are Cn,X−Y = Cn,X + (−1)nCn,Y , where the525

even-order cumulants are the addition of the individual526

cumulants, while the odd-order cumulants are obtained527

by taking their difference. If the protons and antiprotons528

are distributed as independent Poissonian distributions,529

the various order cumulants of net-proton, proton and530

antiproton distributions can be expressed as:531

Cn,p = C1,p, Cn,p̄ = C1,p̄,

Cn,p−p̄ = C1,p + (−1)nC1,p̄

where the net-proton multiplicity distributions obey532

the Skellam distribution and the Poisson base-533

line/expectation values of the net-proton, proton and an-534

tiproton cumulant ratios are:535

(σ2/M)p,p̄ = (Sσ)p,p̄ = (κσ2)p,p̄ = 1,

(σ2/M)p−p̄ =
1

(Sσ)p−p̄
=
C1,p + C1,p̄

C1,p − C1,p̄
,

(κσ2)p−p̄ = 1

where C1,p and C1,p̄ are the mean values of proton and536

antiproton, respectively.537

On the other hand, it is expected that close to the CP,538

the three- and four-particle correlations are dominant rel-539

ative to two-particle correlations [46]. The various orders540

integrated correlation functions of proton and antipro-541

ton (κn, also known as factorial cumulants) are related542

to the corresponding proton and antiproton cumulants543

(Cn) through the following relations [98–100]:544

κ1 = C1 = 〈N〉,
κ2 = −C1 + C2,

κ3 = 2C1 − 3C2 + C3,

κ4 = −6C1 + 11C2 − 6C3 + C4,

C2 = κ2 + κ1,

C3 = κ3 + 3κ2 + κ1,

C4 = κ4 + 6κ3 + 7κ2 + κ1,

(7)

where C1 and κ1 represent the mean values for protons or545

antiprotons. For proton and antiproton cumulant ratios546

C2/C1, C3/C2 and C4/C2, they can be expressed in terms547

of corresponding normalized correlation functions κn/κ1548

(n > 1) as:549

C2

C1
=
κ2

κ1
+ 1, (8)

C3

C2
=
κ3/κ1 − 2

κ2/κ1 + 1
+ 3, (9)

C4

C2
=
κ4/κ1 + 6κ3/κ1 − 6

κ2/κ1 + 1
+ 7, (10)

The higher-order integrated correlation functions κn550

(n > 1) are equal to zero when the distributions are551

Poisson. Thus, κn can be used to quantify the deviations552

from the Poisson distributions in terms of n-particle cor-553

relations. For simplicity, from here on, we refer to the κn554

as correlation functions instead of integrated correlation555

functions.556

In the following subsections, we discuss corrections557

that are related to collision centrality bin width (Sec.558

F) and detection efficiency (Sec. G). This is followed by559

the estimation of statistical and systematic uncertainties560

in sections H and I, respectively.561

F. Centrality bin width correction562

The data are presented in this paper as a function of563

various collision centrality classes for 0-5%, 5-10%, 10-564
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20%, 20-30%, 30-40%, 40-50%, 50-60%, 60-70% and 70-565

80%. The finite size of centrality bins implies that the566

average number of protons and antiprotons varies even567

within a centrality class. This variation has to be ac-568

counted for while calculating the cumulants in a broad569

centrality class. In addition, it is known that calculating570

cumulants in such broad centrality bins leads to a strong571

enhancement of cumulants and cumulant ratios due to572

initial volume fluctuations [91, 101].573

A Centrality Bin Width Correction (CBWC) is the574

procedure used to take care of the measurements in a575

wide centrality bin and is based on weighting the cumu-576

lants measured at each multiplicity bin by the number of577

events in the bin [91, 92, 101]. This procedure is mathe-578

matically expressed in the equation below:579

Cn =

∑
r
nrC

r
n∑

r
nr

=
∑
r

ωrC
r
n, (11)

where the nr is the number of events at the rth multiplic-580

ity bin for the centrality determination, the Crn represents581

the nth-order cumulant of particle number distributions582

at rth multiplicity. The corresponding weight for the rth583

multiplicity bin is ωr = nr/
∑
r
nr.584

Figure 4 shows the Cn up to the fourth order as a585

function of 〈Npart〉 for three different collision energies:586 √
sNN = 7.7, 19.6 and 62.4 GeV. For each Cn case, four587

different results are shown. One of them is the CBWC588

result for 9 collision centrality bins, which correspond to589

0-5%, 5-10%, 10-20%, 20-30%,...,70-80%. For compar-590

ison, cumulants are also calculated for the other three591

cases, which are 10%, 5% and 2.5% centrality bin width592

without CBWC. The higher-order cumulant results with593

10% centrality bins are found to have significant devi-594

ations compared to those with 5% and 2.5% centrality595

bins without CBWC. This finding means that it is im-596

portant to correct for the CBW effect, as one normally597

expects that, irrespective of the centrality bin width, the598

cumulant values should exhibit the same dependence on599

〈Npart〉. It is found that the results get closer to CBWC600

results with narrower centrality bins and the results with601

2.5% centrality bins almost overlap with CBWC results,602

which indicates that the CBWC can effectively suppress603

the effect of the volume fluctuations on cumulants (up to604

the fourth order) within a finite centrality bin width.605

A different approach, volume fluctuation correction606

(VFC) method [102, 103], which assumes independent607

production of protons, has been also applied at
√
sNN608

= 7.7, 19.6 and 62.4 GeV for 0-5% Au+Au central col-609

lisions. The correction factors are determined by the610

Glauber model [103]. Figure 5 shows the comparison be-611

tween the results based on CBWC and VFC methods. As612

can be seen from the plot, for the 0-5% central collisions,613

the results of CBWC and VFC are found to be consis-614

tent within statistical uncertainties. However, follow-up615

UrQMD model studies reported in Ref. [94], indicate that616

the VFC method (as discussed in Ref. [102]) does not617

work, as the independent particle production model as-618

sumed in the VFC is expected to be broken. Therefore,619

we follow the data-driven method, CBWC, in this paper.620

G. Efficiency correction621

Figure 6 shows the efficiency-uncorrected Cn for pro-622

ton, antiproton and net-proton multiplicity distributions623

in Au+Au collisions at
√
sNN = 7.7 – 200 GeV as a624

function of 〈Npart〉. This section discusses the method625

of efficiency correction. One such method is called the626

binomial-model-based method [80, 100, 104–106] and an-627

other is the unfolding method [107, 108]. The cumulants628

presented in the subsequent sections are corrected for ef-629

ficiency and acceptance effects related to proton and an-630

tiproton reconstruction, unless specified otherwise.631

1. Binomial model method632

The binomial-based method involves two steps. First633

we obtain the efficiency of proton and antiproton recon-634

struction in the STAR detector and then correct the cu-635

mulants for efficiency and acceptance effects using ana-636

lytic expressions. The former uses the embedding process637

and the latter invokes binomial model assumptions for638

the detector response function for the efficiencies. One639

can find more details in Appendix A.640

The detector acceptance and the efficiency of recon-641

structing proton and antiproton tracks are determined642

together by embedding Monte Carlo (MC) tracks, sim-643

ulated using the GEANT [109] model of the STAR de-644

tector response, into real events at the raw data level.645

One important requirement is the matching of the distri-646

butions of reconstructed embedded tracks and real data647

tracks for quantities reflecting track quality and those648

used for track selection [8]. The ratio of the distribution649

of reconstructed to embedded Monte Carlo tracks as a650

function of pT gives the efficiency × acceptance correc-651

tion factor (εTPC(pT )) for the rapidity interval studied.652

We refer to this factor as simply efficiency.653

The current analysis makes use of both the TPC and654

the TOF detectors. While the TPC identifies low pT655

(0.4 < pT < 0.8 GeV/c) protons and antiprotons with656

high purity, the TOF gives better particle identification657

than the TPC in the higher pT range (0.8 < pT < 2.0658

GeV/c). However, not all TPC tracks have valid TOF659

information due to the limited TOF acceptance and the660

mismatching of the TPC tracks to TOF hits. This661

extra efficiency is called the TOF-matching efficiency662

(εTOF(pT )). The TOF-matching efficiency is particle-663

species-dependent and can be obtained using a data-664

driven technique, which is defined as the ratio of the num-665

ber of (anti)proton tracks detected in the TOF to the to-666

tal number of (anti)proton tracks in the TPC within the667

same acceptance [8]. Thus, the final average (anti)proton668

efficiency within a certain pT range can be calculated as:669
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670

〈ε〉 =

pT2∫
pT1

ε(pT )f(pT )dpT

pT2∫
pT1

f(pT )dpT

, (12)

where the pT -dependent efficiency, ε(pT ), is defined as671

ε(pT ) = εTPC(pT ) for 0.4 < pT < 0.8 GeV/c and ε(pT ) =672

εTPC(pT ) × εTOF(pT ) for 0.8 < pT < 2.0 GeV/c. The673

function f(pT ) is the efficiency-corrected pT spectrum674

for (anti)protons [8].675

Figure 7 shows the average efficiency (〈ε〉) for protons676

and antiprotons at midrapidity (|y| < 0.5) as a func-677

tion of collision centrality (〈Npart〉). For 0.4 < pT <678

0.8 GeV/c the efficiency is only from the TPC and for679

0.8 < pT < 2.0 GeV/c it is the product of efficiencies680

from the TPC and TOF. In Fig. 7, only statistical uncer-681

tainties are presented and a ± 5% systematic uncertainty682

associated with determining the efficiency is considered683

in the analysis.684

2. Unfolding method685

In this section we discuss the effect of efficiency cor-686

rection on the Cn measurement if the assumption of687

binomial detector efficiency response breaks down due688

to some of the reasons given in Refs. [110, 111]. The689

technique is based on unfolding of the detector re-690

sponse [107, 108]. The response function is obtained691

by MC simulations carried out in the STAR detector692

environment [109]. MC tracks are simulated through693

GEANT and embedded in the real data, track recon-694

struction is performed as is done in the real experiment.695
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Many effects can lead to non-binomial detector response696

in heavy-ion experiments. One of those effects could be697

track merging due to the extreme environment of high698

particle multiplicity densities in the detector. Hence, we699

have performed the embedding simulations using the real700

data for 0-5% Au+Au collisions at
√
sNN = 200 GeV.701

The number of embedded tracks of Np and Np̄ are var-702

ied within 5 ≤ Np(p̄) ≤ 40. Since we are measuring703

the net-proton multiplicity distributions, protons and an-704

tiprotons are embedded simultaneously. We have shown705

in Ref. [112] that for the event statistics in the current706

analysis, the efficiencies for kaon reconstruction follow707

binomial distributions.708

Figure 8 shows the reconstructed protons from the709

embedding data (black circles) of Au+Au collisions710

at
√
sNN= 200 GeV and 0-2.5% collision centrality.711

Each panel represents a different number of embedded712

(anti)protons. These distributions are fitted by a bino-713

mial distribution (red solid line) at a fixed efficiency ε.714

The ratios of the fitted function to the embedding data715

are shown in the lower panels. The fitted χ2/ndf ranges716

from 5.2 to 17.8 and the tails of the distributions are717

not well described by the binomial distribution for sev-718

eral combinations of embedded Np and Np̄ tracks. We719

find that the embedding data is better described by a720

beta-binomial distribution given by:721

β(n : N, a, b) =

∫ 1

0

dpB(ε, a, b)B(n;N, ε), (13)
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FIG. 9. (Color online) Unfolded net-proton multiplicity dis-
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√
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tions with α + σ (green triangle), α (red square) and α − σ
(blue triangle) are utilised in response matrices. Ratios of the
beta-binomial unfolded distributions to that from binomial
response matrices are shown in the bottom panel.
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TABLE V. Net-proton cumulant ratios and their statistical errors for 0-5% central Au+Au collisions at
√
sNN = 200 GeV,

(second column) from the conventional efficiency correction with the binomial detector response, and (third column) from
unfolding with the beta-binomial detector response. Systematic errors are also shown for the beta-binomial case. The last
column shows the difference between two results normalized by total uncertainty, which is equal to the statistical and systematic
uncertainties summed in quadrature.

Cumulant ratio binomial ± statistical error beta ± statistical error ± systematical error significance
C2/C1 1.3± neg. 1.20± neg.± 0.03 3.1
C3/C2 0.13± 0.01 0.13± 0.01± neg. 4.8× 10−2

C4/C2 1.10± 0.21 0.97± 0.21± 0.08 4.2× 10−1

C5/C1 0.10± 0.48 −0.14± 0.44± 0.11 3.8× 10−1

C6/C2 −0.45± 0.24 −0.14± 0.20± 0.07 1.0

and with the beta distribution given as:722

β(ε; a, b) = εa(1− ε)b/B(a, b), (14)

where B(a, b) is the beta function. The beta-binomial723

distribution is given by an urn model. Let us consider724

Nw white balls and Nb black balls in the urn. One725

draws a ball from the urn. If it is white (black), re-726

turn two white (black) balls to the urn. This procedure727

is repeated with N times, then the resulting distribution728

of n white balls is given by the beta-binomial distribu-729

tions as β(n;N,Nw, Nb). This is actually equivalent to730

β(n;N,α, ε), where Nw = αN with ε = Nw/(Nw +Nb).731

A smaller α gives a broader distribution than the bino-732

mial, while the distribution becomes close to the binomial733

distribution with a larger value of α.734

The beta-binomial distributions are numerically gener-735

ated with various values of α. These are compared to the736

embedding data to determine the best fit parameter value737

of α. The green lines in Fig. 8 show the beta-binomial738

distribution for the value of α that gives the minimum739

χ2/ndf. It is found that χ2/ndf ≈ 1 for most (Np, Np̄)740

combinations. With this additional parameter α, it is741

found that the detector response is better described in742

the tails by a beta-binomial distribution compared to a743

binomial distribution.744

From the embedding simulations as discussed above,745

the ε and α are parametrized as a function of Np and746

Np̄. Using the parametrization, a 4-dimensional response747

matrix between generated and reconstructed protons and748

antiprotons is generated with 1 billion events. The lim-749

ited statistics in the embedding simulations lead to un-750

certainties on the α values. Therefore, two more response751

matrices are generated using α−σ and α+σ, where σ is752

the statistical uncertainty on the α values determined by753

the embedding simulation. Furthermore, the standard754

response matrices are also generated with the binomial755

distribution as a reference using a multiplicity-dependent756

efficiency. These response matrices are used to correct for757

the detector effects as a confirmation of this approach by758

comparing to the binomial correction method described759

in the previous section. The consistency of the unfolding760

method has been checked through a detailed simulation761

and an analytic study.762

Figure 9 shows the unfolded net-proton distributions763

for 200 GeV Au+Au collisions at 0-2.5% centrality. Re-764

sults from four assumptions on the detector response are765

shown, one is the binomial detector response and the766

other three assume the beta-binomial distributions with767

different non-binomial α values. The ratios of the beta-768

binomial unfolded distributions to the binomial unfolded769

distributions are shown in the bottom panel. The un-770

folded distributions with beta-binomial response matri-771

ces are found to be narrower with a decreasing value of α.772

Calculations are done for 0-2.5% and 2.5-5.0% centrali-773

ties separately and averaged to determine the Cn values774

for the 0-5% centrality. The Cn values and their ratios775

from data obtained using the binomial model method of776

efficiency correction and those using the binomial detec-777

tor response matrix in the unfolding method are con-778

sistent. Table V summarizes the cumulant ratios and779

their errors. Results are also obtained from the unfold-780

ing method using the beta-binomial response function781

with non-binomial parameters in the range α ± σ. This782

range in values of α is used to generate the systematic783

uncertainties associated with the unfolding method. The784

deviations of those non-binomial efficiency-corrected re-785

sults with respect to the conventional efficiency correc-786

tion with binomial detector response is found to be 3.1 σ787

for C2/C1 and less than 1.0 σ for C4/C2 and for C3/C2.788

The σ value is the statistical and systematic uncertainties789

added in quadrature.790

These studies have been done for Au+Au collisions for791

the highest collision energy of
√
sNN = 200 GeV and top-792

most 5% centrality. This set of data provides the largest793

charged-particle-density environment for the detectors,794

where we expect the maximum non-binomial detector ef-795

fects. Even in this situation, the differences in the two796

methods of efficiency correction are at a level of less than797

one σ. Thus, we conclude that the non-binomial detector798

effects on higher-order cumulant ratios presented in this799

work are within the uncertainties quoted for all of the800

BES-I energies.801

H. Statistical uncertainty802

The higher-order cumulants are sensitive to the shape803

of the distribution, and estimating their statistical un-804
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FIG. 10. (Color online) Comparison of the statistical uncer-
tainties on Cn of net-proton distributions in Au+Au collisions
at
√
sNN = 19.6 GeV from the delta theorem and bootstrap

methods. The results are presented as a function of 〈Npart〉.

certainty is crucial due to the limited available statistics.805

It has been shown that among the various methods of806

obtaining statistical uncertainty on cumulants, the delta807

theorem method [113] and the bootstrap method [91,808

104, 114–116] are the most reliable. Below we briefly809

discuss the two methods and show that the uncertainty810

values obtained up to the fourth order cumulant from811

both methods are consistent.812

The delta theorem method gives a concise form of stan-813

dard error propagation method. This method of statisti-814

cal uncertainty estimation uses the Central Limit Theo-815

rem (CLT). The variance of the statistic φ can be calcu-816

lated as:817

V (φ) =

m∑
i,j=1

(
∂φ

∂Xi

)(
∂φ

∂Xj

)
Cov(Xi, Xj), (15)

where the Cov(Xi, Xj) is the covariance between ran-818

dom variables Xi and Xj . Thus, we need to know the819

covariance between Xi and Xj to calculate the statistical820

errors.821

If particle multiplicities follow a Gaussian distribution822

with width σ, the statistical uncertainty of the cumulants823

and cumulant ratios at different orders can be estimated824

as:825

error(Cm) ∝ σm√
N εα

, error(Cn/C2) ∝ σn−2

√
N εβ

, (16)

where m and n are integer numbers with m ≥ 1 and826

n ≥ 2, α and β are real numbers with α > 0 and827

β > 0. The N and ε denote the number of events and828

the particle-reconstruction efficiency, respectively. Thus,829

one can find that the statistical uncertainty strongly de-830

pends on the width (σ) of the distributions. For similar831

event statistics, due to the increasing width of the net-832

proton distributions from peripheral to central collisions,833

the statistical uncertainties are larger in central collisions834

than those from peripheral. Furthermore, the reconstruc-835

tion efficiency increases the statistical uncertainties on836

the cumulants compared to their corresponding uncor-837

rected case. A more detailed discussion can be found in838

Appendix B.839

The bootstrap method finds the statistical uncertain-840

ties on the cumulants in a Monte Carlo way by form-841

ing bootstrap samples. It makes use of a random se-842

lection of elements with replacement from the original843

sample to construct bootstrap samples over which the844

sampling variance of a given order cumulant is calcu-845

lated [115, 116]. Let X be a random sample representing846

the experimental dataset. Let µr be the estimator of a847

statistic (such as mean or variance etc.), on which we in-848

tend to find the statistical error. Given a parent sample849

of size n, construct B number of independent bootstrap850

samples X∗1 , X∗2 , X∗3 , ..., X∗B , each consisting of n data851

points randomly drawn with replacement from the parent852

sample. Then evaluate the estimator in each bootstrap853

sample:854

µ∗r = µr(X
∗
b ) b = 1, 2, 3, ..., B. (17)

Then obtain the sampling variance of the estimator as:855

Var(µr) =
1

B − 1

B∑
b=1

(
µ∗r − µ̄r

)2

, (18)

where µ̄r = 1
B

∑B
b=1(µ∗r). The value of B is optimized856

and in general, the larger the value of B the better the857

estimate of the error.858

Figure 10 shows the statistical uncertainties on vari-859

ous orders of Cn obtained using the delta theorem and860

bootstrap methods for Au+Au collisions at
√
sNN =861

19.6 GeV. The results are shown as a function of 〈Npart〉862

for each Cn. The value of B is 200. Good agreement863

of the statistical uncertainties is seen from both meth-864

ods. The delta theorem method is used for obtaining the865

statistical uncertainties on the results discussed below.866

I. Systematic uncertainty867

Systematic uncertainties are estimated by varying the868

following requirements for p(p̄) tracks: DCA, track qual-869

ity (as reflected by the number of fit points used in870

track reconstruction), dE/dx and m2 for p(p̄) identifica-871

tion [83]. A ± 5% systematic uncertainty associated with872

determining the efficiency is also considered [8]. All of the873

different sources of systematic uncertainty are added in874

quadrature to obtain the final systematic uncertainties875

on the Cn and its ratios. Figure 11 shows the variations876
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TABLE VI. Total systematic uncertainty as well as the absolute uncertainties from individual sources, such as DCA and
NhitsFit, for net-proton Cn in 0-5% central Au+Au collisions at

√
sNN = 7.7 - 200 GeV. The total systematic uncertainties are

obtained by adding the uncertainties from individual sources in quadrature.

√
sNN (GeV) Cumulant Total syst. DCA NhitsFit Nσ,p m2 Efficiency

C1 2.42 0.85 0.78 0.99 0.028 1.88
C2 2.03 0.72 0.60 0.82 0.032 1.61

7.7 C3 1.65 0.60 0.97 0.54 0.31 1.02
C4 16.20 5.56 12.54 6.40 2.68 5.11
C1 2.82 1.76 1.03 1.13 0.033 1.59
C2 2.34 1.44 0.73 0.99 0.020 1.37

11.5 C3 1.36 0.64 0.20 0.85 0.035 0.82
C4 7.37 2.28 4.10 4.94 2.60 1.06
C1 1.72 0.77 0.54 0.76 0.03 1.22
C2 1.60 0.69 0.49 0.74 0.021 1.13

14.5 C3 1.16 0.52 0.44 0.51 0.047 0.78
C4 8.06 2.89 3.10 5.41 0.71 4.15
C1 1.46 0.60 0.62 0.56 0.045 1.03
C2 1.46 0.62 0.62 0.57 0.041 1.02

19.6 C3 0.68 0.36 0.26 0.23 0.13 0.44
C4 3.65 0.86 1.99 2.58 0.59 0.89
C1 1.20 0.51 0.53 0.47 0.025 0.83
C2 1.44 0.67 0.63 0.57 0.027 0.96

27 C3 0.62 0.33 0.27 0.23 0.035 0.39
C4 3.10 1.58 1.36 1.80 0.38 1.36
C1 0.94 0.39 0.45 0.35 0.026 0.64
C2 1.48 0.67 0.67 0.59 0.033 0.97

39 C3 0.51 0.29 0.21 0.17 0.04 0.313
C4 3.35 1.00 2.76 1.43 0.20 0.65
C1 0.81 0.43 0.33 0.20 0.034 0.56
C2 1.57 0.88 0.65 0.39 0.064 1.06

54.4 C3 0.42 0.27 0.15 0.078 0.025 0.27
C4 2.95 1.18 1.41 1.93 1.24 0.21
C1 1.04 0.45 0.49 0.35 0.044 0.71
C2 2.15 1.05 1.087 0.79 0.11 1.31

62.4 C3 0.58 0.14 0.22 0.30 0.081 0.41
C4 3.99 2.40 2.30 1.38 1.21 1.23
C1 0.39 0.19 0.24 0.11 0.01 0.22
C2 2.42 1.11 1.53 0.77 0.087 1.31

200 C3 0.39 0.24 0.18 0.19 0.074 0.14
C4 4.89 2.69 3.07 1.80 1.41 1.42

of the cumulants ratios with the changes in the above se-877

lection criteria for the net-proton distributions in Au+Au878

collisions at
√
sNN = 200 GeV.879

Table VI gives the systematic uncertainties on the Cn880

of the net-proton distribution for 0-5% central Au+Au881

collisions at
√
sNN = 7.7 - 200 GeV. The statistical and882

systematic uncertainties are presented separately in the883

figures.884

III. RESULTS885

In this section we present the efficiency-corrected cu-886

mulants and cumulant ratios of net-proton, proton and887

antiproton multiplicity distributions in Au+Au collisions888

at
√
sNN = 7.7, 11.5, 14.5, 19.6, 27, 39, 54.4, 62.4 and889

200 GeV. The cumulant ratios are related to the ra-890

tios of baryon number susceptibilities (χB) computed891

in QCD-motivated models as: σ2/M = χB2 /χ
B
1 , Sσ =892

χB3 /χ
B
2 and κσ2 = χB4 /χ

B
2 [44, 50, 76–78]. Normal-893

ized correlation functions (κn/κ1, n > 1) for proton894

and antiproton extracted from the measured Cn are also895

presented. The statistical uncertainties on κn are ob-896

tained from the uncertainties on Cn using standard er-897

ror propagation method. These results will be also com-898

pared to corresponding results from a hadron resonance899

gas (HRG) [117] and hadronic-transport-based UrQMD900

model calculations [118, 119].901

In the following subsections, the dependence of the902

cumulants and correlation functions on collision energy,903

centrality, rapidity and transverse momentum are pre-904

sented. The corresponding physics implications are dis-905

cussed.906
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FIG. 13. (Color online) Collision centrality dependence of the cumulant ratios of proton, antiproton and net-proton multiplicity
distributions for Au+Au collisions at

√
sNN = 7.7, 11.5, 14.5, 19.6, 27, 39, 54.4, 62.4 and 200 GeV. The bars and caps represent

the statistical and systematic uncertainties, respectively.

A. Centrality dependence907

In this subsection, we show the 〈Npart〉 (representing908

collision centrality) dependence of the cumulants, cu-909

mulant ratios and normalized correlation functions in910

Au+Au collisions at
√
sNN = 7.7 – 200 GeV. To un-911

derstand the evolution of the centrality dependence of912

the cumulants and cumulant ratios, we invoke the cen-913

tral limit theorem and consider the distribution at any914

given centrality i to be a superposition of several inde-915

pendent source distributions [35]. Assuming the average916

number of sources for a given centrality is proportional917

to the corresponding 〈Npart〉, the Cn should have a linear918

dependence on 〈Npart〉 and the ratios C2/C1, C3/C2 and919

C4/C2 should be constant as a function of 〈Npart〉.920

Figure 12 shows the 〈Npart〉 dependence of Cn for net-921

proton, proton and antiproton distributions in Au+Au922

collisions at
√
sNN = 7.7 – 200 GeV. Since the cumulants923

are extensive quantities, the Cn for net-proton, proton924

and antiproton increase with increasing 〈Npart〉 for all925

of the
√
sNN studied. The different mean values of the926

proton and antiproton distributions at each energy are927

determined by the interplay between proton-antiproton928

pair production and baryon stopping effects. At the lower929 √
sNN, the effects of baryon stopping at midrapidity are930

more important than at higher
√
sNN, and therefore the931

net-proton Cn has dominant contributions from protons.932

The small mean values for antiprotons at lower
√
sNN933

are due to their low rate of production. At higher
√
sNN,934

the pair production process dominates the production of935

protons and antiprotons at midrapidity. The p̄/p ratio for936

0-5% central Au+Au collisions at
√
sNN = 200 GeV and937

7.7 GeV are 0.769 and 0.007, respectively [8, 120]. Large938

values of C3 and C4 also indicate that the net-proton,939

proton and antiproton distributions are non-Gaussian.940

To facilitate plotting, the net-proton and proton C4 from941

the 0-5% and 5-10% central Au+Au collisions at
√
sNN942

= 7.7 GeV are scaled down by a factor of 2.943

Figure 13 shows the 〈Npart〉 dependence of cumulant944

ratios C2/C1, C3/C2 and C4/C2 for net-proton, proton945

and antiproton distributions measured in Au+Au colli-946

sions at
√
sNN = 7.7 – 200 GeV. In terms of the moments947

of the distributions, they correspond to σ2/M (C2/C1),948

Sσ (C3/C2) and κσ2 (C4/C2). The volume effects are949

cancelled to the first order in these cumulant ratios. It950

is found that both of the proton and antiproton cumu-951

lant ratios C2/C1 and C3/C2 show weak variations with952

〈Npart〉. Based on the HRG model with Boltzmann ap-953

proximation, the orders of baryon number fluctuations954

can be analytically expressed as CB1 /C
B
2 = CB3 /C

B
2 =955

tanh(µB/T ) and CB4 /C
B
2 = 1, where µB and T are the956

baryon chemical potential and temperature of the sys-957

tem, respectively. The values of net-proton C2/C1 show958

a monotonic decrease with increasing 〈Npart〉 while the959

values of C3/C2 show a slight increase with 〈Npart〉. For960

a fixed centrality, both net-proton C2/C1 and C3/C2961

show strong energy dependence, which can be understood962

as C3/C2 ∝ tanh(µB/T ) and C2/C1 ∝ 1/tanh(µB/T ).963

At high
√
sNN, the net-proton C3/C2 ∝ tanh(µB/T ) ≈964

µB/T → 0 and C2/C1 ∝ 1/tanh(µB/T ) ≈ T/µB > 1.965

Since the µB/T � 1 for the lower energies, the values966

of net-proton C2/C1 and C3/C2 approach unity. Due967

to the connection between higher-order net-proton cu-968

mulant ratios and chemical freeze-out µB and T , those969

cumulant ratios have been extensively applied to probe970

the chemical freeze-out conditions and thermal nature of971

the medium created in heavy-ion collisions [121–123]. Fi-972

nally, the net-proton and proton C4/C2 ratios have weak973

〈Npart〉 dependence for energies above
√
sNN = 39 GeV.974

For energies below
√
sNN = 39 GeV, the net-proton and975

proton C4/C2 generally show a decreasing trend with in-976

creasing 〈Npart〉, except that, within current uncertain-977
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antiproton multiplicity distributions in Au+Au collisions at

√
sNN= 7.7, 11.5, 14.5, 19.6, 27, 39, 54.4, 62.4 and 200 GeV. The

bars and caps represent the statistical and systematic uncertainties, respectively. For clarity, the X-axis values for protons are
shifted and the values of proton and antiproton κ4/κ1 at

√
sNN = 7.7 GeV are scaled down by a factor of 2.

ties, weak centrality dependences of C4/C2 are observed978

in Au+Au collisions at
√
sNN = 7.7 and 11.5 GeV.979

Figure 14 shows the variation of normalized correlation980

functions κn/κ1 (n > 1) with 〈Npart〉 for protons and an-981

tiprotons in Au+Au collisions at
√
sNN = 7.7 – 200 GeV.982

As shown in Eqs. (8)–(10), the proton and antiproton cu-983

mulant ratios C2/C1, C3/C2 and C4/C2 can be expressed984

in terms of corresponding normalized correlation function985

κn/κ1. Therefore, the results shown in Fig. 14 provide986

important information on how different orders of multi-987

particle correlation functions of protons and antiprotons988

contribute to the cumulant ratios. The values of κ1 are989

equal to mean C1 values for protons and antiprotons, and990

linearly increase with 〈Npart〉 as shown in Fig. 12. The991

normalized two-particle correlation functions, κ2/κ1, for992

protons and antiprotons are found to be negative and993

increase in magnitude with increasing 〈Npart〉. The val-994

ues of proton and antiproton κ2/κ1 become comparable995

at
√
sNN = 200 GeV but exhibit larger discrepancies at996

lower energies. This can be understood as the interplay997

between baryon stopping and pair production of protons998

and antiprotons as a function of
√
sNN. Within current999

uncertainties, no statistically significant deviation from1000

zero is observed in proton normalized correlation func-1001

tions κ3/κ1 and κ4/κ1 as a function of collision central-1002

ity. As will be discussed later, however, one does observe1003

non-monotonic energy dependence of proton C4/C1 in1004

the 0-5% central collisions, see Fig. 25. This is because,1005

as defined in Eq. (7), the fourth-order cumulant C4 con-1006

tains contributions from second, third and fourth-order1007

correlation functions (factorial cumulants). In any case,1008

high statistics data from the second phase of the RHIC1009

beam energy scan program (BES-II) are needed to un-1010

derstand the origin of the observed dependences on both1011

collision energy and centrality.1012

B. Acceptance dependence1013

In this subsection, we focus on discussing the accep-1014

tance dependence of the proton, antiproton and net-1015

proton cumulants (Cn) and cumulant ratios in 0-5% cen-1016

tral Au+Au collisions at
√
sNN = 7.7 – 200 GeV. It was1017

pointed out in Refs. [98, 99, 124, 125] that when the ra-1018

pidity acceptance (∆y) is much smaller than the typical1019

correlation length (ξ) of the system (∆y � ξ), the cu-1020

mulants (Cn) and correlation functions (κn) should scale1021

with some power n of the accepted mean particle mul-1022

tiplicities as Cn, κn ∝ (∆N)n ∝ (∆y)n. Meanwhile, in1023

the regime where the rapidity acceptance becomes much1024

larger than ξ (∆y � ξ), the Cn and κn scale linearly1025

with mean multiplicities or ∆y. Thus, the rapidity accep-1026

tance dependence of the higher-order cumulants and cor-1027

relation functions of proton, antiproton and net-proton1028

distributions are important observables to search for a1029

signature of the QCD critical point in heavy-ion colli-1030

sions. On the other hand, that acceptance dependence1031

of Cn and κn could be affected by the effects of non-1032

equilibrium [69, 71, 126] and smearing due to diffusion1033

and hadronic re-scattering [126–129] in the dynamical ex-1034

pansion of the created fireball.1035

1. Rapidity dependence1036

Figure 15 shows the rapidity (−ymax < y < ymax,1037

∆y = 2ymax) dependence of the Cn for proton, antipro-1038

ton and net-proton distributions in 0-5% central Au+Au1039

collisions at
√
sNN = 7.7 – 200 GeV. The measurements1040

are made in the pT range of 0.4 to 2.0 GeV/c. The rapid-1041

ity acceptance is cumulatively increased and the Cn val-1042

ues for proton, antiproton and net-proton increase with1043
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FIG. 15. (Color online) Rapidity acceptance dependence of cumulants of proton, antiproton and net-proton multiplicity
distributions in 0-5% central Au+Au collisions at

√
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caps represent statistical and systematic uncertainties, respectively. For clarity, the X-axis values for protons are shifted and
the values of proton, antiproton and net-proton C4 at

√
sNN = 7.7 GeV are scaled down by a factor of 2.

increasing rapidity acceptance. For
√
sNN < 27 GeV,1044

the proton and net-proton Cn have similar values, an1045

inevitable consequence of the small production rate of1046

antiproton at lower energies.1047

Figure 16 shows the variation of normalized correla-1048

tion functions κn/κ1 with rapidity acceptance for pro-1049

ton and antiproton in 0-5% central Au+Au collisions at1050 √
sNN = 7.7 – 200 GeV. The κ2/κ1 values for protons1051

and antiprotons are negative and monotonically increase1052

in magnitude when enlarging the rapidity acceptance up1053

to ymax=0.5 (∆y = 1). For the antiproton, the values1054

of κ2/κ1 show stronger deviations from zero at higher1055 √
sNN. As discussed in Fig. 14, the negative values of1056

the two-particle correlation functions (κ2) of protons and1057

antiprotons are consistent with the expectation of the ef-1058

fect of baryon number conservation. Within current un-1059

certainties, the rapidity acceptance dependence for the1060

κ3/κ1 and κ4/κ1 of protons and antiprotons in Au+Au1061

collisions at different
√
sNN are not significant. The sig-1062

nificances of proton κ4/κ1 with |y| < 0.5 deviating from1063

zero are 1.04σ, 0.05σ, 1.27σ, 0.90σ, 0.95σ, 0.40σ, 2.91σ,1064

1.43σ, 0.11σ for 0-5% central Au+Au collisions at
√
sNN1065

= 7.7, 11.5, 14.5, 19.6, 27, 39, 54.4, 62.4 and 200 GeV,1066

respectively, where the σ is defined as the sum in quadra-1067

ture of the statistical and systematic uncertainties.1068

Figure 17 shows the rapidity acceptance dependence of1069

the cumulant ratios C2/C1, C3/C2 and C4/C2 for pro-1070

ton, antiproton and net-proton in 0-5% central Au+Au1071

collisions at
√
sNN = 7.7 – 200 GeV. Based on Eqs. (8)1072

to (10), the rapidity acceptance dependence of the cumu-1073

lant ratios of proton and antiproton can be understood by1074

the interplay between different orders of normalized cor-1075

relation functions (κn/κ1). The negative values of two-1076

particle correlation functions (κ2) for protons and an-1077

tiprotons leads to a deviation of the corresponding C2/C11078

and C3/C2 below unity. Due to low production rate1079

of antiproton at low energies, the values of C2/C1 and1080

C3/C2 for the net-proton distributions approach the cor-1081

responding values for protons when the beam energy de-1082

creases. The rapidity acceptance dependence of C2/C1,1083

C3/C2 and C4/C2 values for protons and antiprotons1084

are comparable at
√
sNN = 200 GeV. However, among1085

these ratios, protons and antiprotons start to deviate at1086

lower beam energies. This is mainly due to baryon stop-1087

ping and the larger fraction of transported protons com-1088

pared with proton-antiproton pair production at midra-1089

pidity. The C4/C2 values for proton, antiproton and net-1090

proton distributions are consistent within uncertainties1091

for
√
sNN = 39, 54.4, 62.4 and 200 GeV. Significant devi-1092

ations from unity are observed for proton and net-proton1093

C4/C2 at
√
sNN = 19.6 and 27 GeV, and the deviation1094

decreases with decreasing ∆y acceptance, where the ef-1095

fects of baryon number conservation plays an important1096

role. For energies below 19.6 GeV, the rapidity accep-1097

tance dependence of C4/C2 for protons, antiprotons and1098

net-protons is not significant within uncertainties.1099
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FIG. 16. (Color online) Rapidity acceptance dependence of normalized correlation functions up to fourth order (κn/κ1, n =
2, 3, 4) for proton and antiproton multiplicity distributions in 0-5% central Au+Au collisions at

√
sNN = 7.7, 11.5, 14.5, 19.6,

27, 39, 54.4, 62.4 and 200 GeV. The X-axis rapidity cut ymax is applied as |y| < ymax. The bars and caps represent statistical
and systematic uncertainties, respectively. For clarity, the X-axis values for protons are shifted and the values of proton and
antiproton κ4/κ1 at

√
sNN = 7.7 GeV are scaled down by a factor of 2.

0.2 0.4
1.0
1.2
1.4
1.6

C 2/
C 1

7.7 GeV

0.2 0.4
1.0
1.2
1.4
1.6 11.5 GeV

0.2 0.4
1.0
1.2
1.4
1.6 14.5 GeV

0.2 0.4
1.0
1.2
1.4
1.6 19.6 GeV

0.2 0.4
1.0
1.2
1.4
1.6 27 GeV

0.2 0.4
0.6
0.8
1.0

C 3/
C 2

0.2 0.4
0.6
0.8
1.0

0.2 0.4
0.6
0.8
1.0

0.2 0.4
0.6
0.8
1.0

0.2 0.4
0.6
0.8
1.0

0.2 0.4
0

2

C 4/
C 2

0.2 0.4
0

2

0.2 0.4
0

2

0.2 0.4
0

2

0.2 0.4
0

2

0.2 0.4
2.5
5.0
7.5 39 GeV

0.2 0.4
2.5
5.0
7.5 54.4 GeV

0.2 0.4
2.5
5.0
7.5 62.4 GeV

0.2 0.4
2.5
5.0
7.5 200 GeV

0.2 0.40.0

0.5

1.0

0.2 0.40.0

0.5

1.0

0.2 0.40.0

0.5

1.0

0.2 0.40.0

0.5

1.0

0.2 0.4
0.5

1.0

0.2 0.4
0.5

1.0

0.2 0.4
0.5

1.0

0.2 0.4
0.5

1.0

STAR Au+Au Collisions 0-5% most central0.4 < pT < 2.0 (GeV/c), |y| < ymax

Rapidity Cut ymax Rapidity Cut ymax

Net-Proton Proton Anti-proton

FIG. 17. (Color online) Rapidity-acceptance dependence of cumulant ratios of proton, antiproton and net-proton multiplicity
distributions in 0-5% central Au+Au collisions at

√
sNN = 7.7, 11.5, 14.5, 19.6, 27, 39, 54.4, 62.4 and 200 GeV. The bars and

caps represent statistical and systematic uncertainties, respectively. For clarity, the X-axis values for net-protons and protons
are shifted.

2. Transverse momentum dependence1100

Figure 18 shows the pT acceptance dependence for the1101

Cn of proton, antiproton and net-proton distributions at1102

midrapidity (|y| < 0.5) for 0-5% central Au+Au collisions1103

at
√
sNN = 7.7 – 200 GeV. We fix the lower pT cut at1104

0.4 GeV/c, and then the pT acceptance is increased by1105

varying the upper limit in steps between 1 and 2 GeV/c.1106

The average efficiency values used in the efficiency cor-1107

rection for various pT acceptances are calculated based1108

on Eq. (12). By extending the upper pT coverage from1109

1 GeV/c to 2 GeV/c, the mean numbers of protons in-1110

creased about 50% and 80% at
√
sNN = 7.7 and 200 GeV,1111

respectively. It is found that the Cn values for protons,1112
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FIG. 18. (Color online) pT -acceptance dependence of cumulants of proton, antiproton and net-proton multiplicity distributions
for 0-5% central Au+Au collisions at

√
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statistical and systematic uncertainties, respectively. For clarity, the X-axis values for net-protons are shifted and the values
of proton, antiproton and net-proton C4 at

√
sNN = 7.7 GeV are scaled down by a factor of 2.

antiprotons and net protons increase with increasing pT1113

acceptance, except for a weak pT acceptance dependence1114

for C4 observed at energies below 39 GeV.1115

Figure 19 shows the variation of normalized correla-1116

tion functions κn/κ1 with pT acceptance for protons and1117

antiprotons at midrapidity (|y| < 0.5) in 0-5% central1118

Au+Au collisions at
√
sNN = 7.7 – 200 GeV. The κ2/κ11119

values for protons and antiprotons are found to be nega-1120

tive and decrease with increasing pT acceptance at higher1121 √
sNN. The κ2/κ1 values for antiprotons approach zero1122

when the beam energy is decreased, due to the small pro-1123

duction rate of antiprotons at low energies. The negative1124

values of κ2/κ1 for protons observed at low energies are1125

mainly dominated by the baryon stopping.1126

Figure 20 shows the pT acceptance dependence of1127

C2/C1, C3/C2 and C4/C2 for proton, antiproton and1128

net-proton distributions in 0-5% central Au+Au colli-1129

sions at
√
sNN = 7.7 – 200 GeV. In general, most of the1130

ratios show a weak dependence on pT acceptance for all1131

of the
√
sNN studied. The C4/C2 ratios of proton and1132

net-proton distributions are similar for all
√
sNN below1133

27 GeV. The C3/C2 ratios for protons and antiprotons1134

are similar at higher beam energy. However, they differ1135

from each other at the lower
√
sNN. From the above dif-1136

ferential measurements, it is found that the baryon num-1137

ber conservation strongly influences the cumulants and1138

correlation functions in heavy-ion collisions, especially at1139

low energies. It could be the main reason for the neg-1140

ative two-particle correlation functions for protons and1141

antiprotons [119].1142

C. Cumulants from models1143

Although our results can be compared to several mod-1144

els [118, 130–141], we have chosen two models which1145

do not have phase transition or critical point physics.1146

They have contrasting physics processes to understand1147

the following: (a) the effect of measuring net-protons1148

instead of net-baryons [79, 142], (b) the role of res-1149

onance decay for net-proton measurements [143–146],1150

(c) the effect of finite pT acceptance for the measure-1151

ments [119, 147], and (d) the effect of net-baryon number1152

conservation [142, 148, 149]. Models without a critical1153

point also provide an appropriate baseline for compari-1154

son to data.1155

1. Hadron resonance gas model1156

The Hadron Resonance Gas model includes all the rel-1157

evant degrees of freedom for the hadronic matter and also1158

implicitly takes into account the interactions that are1159

necessary for resonance formation [117, 150]. Hadrons1160

and resonances of masses up to 3 GeV/c2 are included.1161

Considering a Grand Canonical Ensemble picture, the1162

logarithm of the partition function (Z) in the HRG model1163
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√
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FIG. 20. (Color online) pT -acceptance dependence of cumulant ratios of proton, antiproton and net-proton multiplicity distri-
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is given as:1164

lnZ(T, V, µ) =
∑
B

lnZi(T, V, µi)

+
∑
M

lnZi(T, V, µi) , (19)

where:1165

lnZi(T, V, µi) =

± V gi
2π2

∫
d3p ln

{
1± exp[(µi − E)/T ]

}
, (20)

T is the temperature, V is the volume of the system, µi1166

is the chemical potential, E is the energy, and gi is the1167

degeneracy factor of the ith particle. The total chemi-1168



24

4

10 210

2

4

6

8
B
1 / CB

2
(1) C

10 210

0.2

0.4

0.6

0.8

1

0.0 - 5.0
0.4 - 0.8
0.4 - 1.2
0.4 - 1.6
0.4 - 1.8
0.4 - 2.0

| < 0.5η|B
2 / CB

3
(3) C

 (GeV/c)
T

p

4 5 67 10 20 30 100 200

0.94

0.96

0.98

1

2
σ

κ B
2 / CB

4
(5) C

50

10 210

2

4

6

8

Net-Proton

1 / C
2

(2) C

Net-baryon
Net-proton

10 210

0.2

0.4

0.6

0.8

1

| < 0.5η          |
(GeV/c) < 2.0

T
0.4 < p

2 / C
3

(4) C

4 5 67 10 20 30 100 200

0.94

0.96

0.98

1

2
σ

κ

2 / C
4

(6) C

50

C
um

ul
an

t R
at

io
s

 (GeV)NNsCollision Energy 

10 210

2

4

6

8
B
1 / CB

2
(1) C

10 210

0.2

0.4

0.6

0.8

1

0.0 - 5.0
0.4 - 0.8
0.4 - 1.2
0.4 - 1.6
0.4 - 1.8
0.4 - 2.0

| < 0.5η|

 (GeV/c)
T

p

B
2 / CB

3
(3) C

4 5 67 10 20 30 100 200

0.94

0.96

0.98

1

2
σ

κ B
2 / CB

4
(5) C

50

10 210

2

4

6

8

Net-Proton
Net-Baryon
Net-Proton + resonances

1 / C
2

(2) C

Net-proton + Resonances
Net-Baryon
Net-proton

10 210

0.2

0.4

0.6

0.8

1

| < 0.5η          |
(GeV/c) < 2.0

T
0.4 < p

2 / C
3

(4) C

4 5 67 10 20 30 100 200

0.94

0.96

0.98

1

2
σ

κ

2 / C
4

(6) C

50

C
um

ul
an

t R
at

io
s

 (GeV)NNsCollision Energy 

FIG. 21. (Color online) Left panel: Collision energy dependence of CB
2 /CB

1 ,CB
3 /CB

2 and CB
4 /CB

2 for various pT acceptances from
the hadron resonance gas model. Right panel: The variation of net-proton and net-baryon C2/C1, C3/C2 and C4/C2 within
the experimental acceptance [117]. Note: this simulation is done within a pseudorapidity window in order to make comparison
between baryons of different mass.

cal potential µi = BiµB + QiµQ + SiµS , where Bi, Qi1169

and Si are the baryon, electric charge and strangeness1170

number of the ith particle, with corresponding chemical1171

potentials µB , µQ and µS , respectively. The + and −1172

signs in Eq. (20) are for baryons (B) and mesons (M),1173

respectively. The nth-order generalized susceptibility for1174

baryons can be expressed as [150]:1175

χ
(n)
x,baryon =

xn

V T 3

∫
d3p

∞∑
k=0

(−1)k(k + 1)n (21)

exp

{−(k + 1)E

T

}
exp

{
(k + 1)µ

T

}
,

and for mesons:1176

χ(n)
x,meson =

xn

V T 3

∫
d3p

∞∑
k=0

(k + 1)n (22)

exp

{−(k + 1)E

T

}
exp

{
(k + 1)µ

T

}
.

The factor x represents either B, Q or S of the ith par-1177

ticle, depending on whether the computed χx represents1178

baryon, electric charge or strangeness susceptibility.1179

For a particle of mass m with pT , η and φ, the vol-1180

ume element (d3p) and energy (E) can be written as1181

d3p = pTmT cosh(η)dpT dηdφ and E = mT cosh η, where1182

mT=
√
p2
T +m2. The experimental acceptance can be1183

incorporated by considering the appropriate integration1184

ranges in η, pT , φ and charge states by considering the1185

values of |x|. The total generalized susceptibilities will1186

then be the sum of the contributions from baryons and1187

mesons as in χ
(n)
x =

∑
χ

(n)
x,baryon +

∑
χ

(n)
x,meson.1188

Figure 21 shows the variation of CB
2 /CB

1 , CB
3 /CB

2 and1189

CB
4 /CB

2 as functions of
√
sNN from a hadron resonance1190

gas model [117]. The results are shown for different pT1191

acceptances. The differences due to acceptance are very1192

small, and the maximum effect is at the level of 5% for1193 √
sNN = 7.7 GeV for CB

4 /CB
2 . The HRG results also1194

show that the net-proton results with resonance decays1195

are smaller compared to net baryons and larger than net1196

protons without the decay effect. Here also the effect is at1197

the level of 5% for the lowest
√
sNN and smaller at higher1198

energies in the case of CB
4 /CB

2 . The corresponding effect1199

on CB
3 /CB

2 and CB
2 /CB

1 is larger at the higher energies1200

and of the order of 17% for net protons without resonance1201

decay and net baryons, while the effect is 10% for net-1202

proton with resonance decays and net-baryons.1203
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FIG. 22. (Color online) Left panel: UrQMD results on pT acceptance dependence of C2/C1, C3/C2 and C4/C2 ratio as a
function of

√
sNN for net baryons. Right panel: Same ratios within the experimental acceptance for net protons and net

baryons. Note: similar to Fig 21, this simulation is done within a pseudorapidity window in order to make comparison between
baryons of different mass.

2. UrQMD Model1204

The UrQMD (Ultra relativistic Quantum Molecular1205

Dynamics) model [97, 151] is a microscopic transport1206

model where the phase space description of the reactions1207

are considered. It treats the propagation of all hadrons1208

as classical trajectories in combination with stochastic1209

binary scattering, color string formation and resonance1210

decays. It incorporates baryon-baryon, meson-baryon1211

and meson-meson interactions. The collisional term in-1212

cludes more than 50 baryon species and 45 meson species.1213

The model preserves the conservation of electric charge,1214

baryon number, and strangeness number as expected for1215

QCD matter. It also models the phenomenon of baryon1216

stopping, an essential feature encountered in heavy-ion1217

collisions at lower beam energies. In this model, the1218

space-time evolution of the fireball is studied in terms of1219

excitation and fragmentation of color strings and forma-1220

tion and decay of hadronic resonances. Since the model1221

does not include the physics of the quark-hadron phase1222

transition or the QCD critical point, the comparison of1223

the data to the results obtained from the UrQMD model1224

will shed light on the contributions from the hadronic1225

phase and its associated processes, baryon number con-1226

servation and effect of measuring only net protons rela-1227

tive to net baryons.1228

In Fig. 22, the panels on the left present the energy1229

dependence of Cn ratios of net-baryon distributions for1230

various pT acceptance. It is observed that the larger the1231

pT acceptance, the smaller the cumulant ratios. Further-1232

more, with the same pT acceptance, the values of net-1233

baryon C4/C2 and C2/C1 ratios decrease with decreas-1234

ing energies. Figure 22 right also shows the comparison1235

of the cumulant ratios for net-baryon and net-proton dis-1236

tributions within the experimental acceptance for various1237 √
sNN. The differences between results from different ac-1238

ceptance are larger for UrQMD compared to the HRG1239

model. In UrQMD the difference between net baryons1240

and net protons is larger at the lower beam energies for a1241

fixed pT and y acceptance. The negative C4/C2 values of1242

net-baryon distributions observed at low energies could1243

be mainly due to the effect of baryon number conserva-1244

tion. The effects of resonance weak decay and hadronic1245

re-scattering on proton and net-proton number fluctua-1246

tions in heavy-ion collisions have also been investigated1247

in Ref. [146] within the JAM model. It is important1248

to point out that in both the HRG model and UrQMD1249

transport model calculations, a suppression in C4/C2 at1250

low collision energy is observed, as evident from the right1251

plots of Fig. 21 and Fig. 22, respectively. In the case1252

of the transport results, the suppression is attributed to1253

the effect of baryon number conservation in strong inter-1254

actions. However, the interpretation does not apply to1255

the HRG calculation, since for the grand canonical en-1256

semble (GCE), the event-by-event conservation is absent1257

although, on average, the conservation law is preserved.1258
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FIG. 23. (Color online) Upper Panel: (1) σ2/M , (2) Sσ and (3) κσ2 of net-proton distributions for 0-5% central Au+Au
collisions from

√
sNN = 7.7 - 62.4 GeV. The error bars on the data points are statistical and systematic uncertainties added in

quadrature. The black solid lines are polynomial fit functions which well describe the cumulant ratios. The legends also specify
the chi-squared per degree of freedom for the respective fits. The black dashed lines are the Poisson baselines. Lower Panel:
Derivative of the fitted polynomial as a function of collision energy. The bar and the gold band on the derivatives represent
the statistical and systematic uncertainties, respectively.

In addition to the law of conservation, quantum effects1259

and the change of temperature and baryon chemical po-1260

tential could play a role here. It is worth noting that1261

the energy dependence of the suppression in C4/C2 de-1262

pends on the details of modeling, especially on proton1263

(baryon) rapidity distributions as it is directly reflecting1264

the local baryon density. This effect is particularly im-1265

portant at lower energy region due to strong stopping1266

in such collisions. Recently, J. Mohs, S. Ryu and H.1267

Elfner reported rather different rapidity distributions for1268

protons in Pb+Pb collisions around SPS energies, com-1269

pared to those of UrQMD calculations. This is achieved1270

by retuning parameters in string excitation and decay in1271

the hadronic transport model SMASH [152]. In order1272

to establish a non-critical baseline for the critical point1273

search, more systematic theoretical studies of the higher-1274

order cumulant as a function of collision energy with the1275

reliable dynamical models are called for.1276

3. Energy dependence1277

Figure 23 shows the collision-energy dependence of cu-1278

mulant ratios (1) σ2/M , (2) Sσ and (3) κσ2 of net-1279

proton distributions for 0-5% central Au+Au collisions1280

from
√
sNN = 7.7 - 62.4 GeV. As shown in Fig. 23, a1281

polynomial of order four (five) well describes the plotted1282

collision-energy dependence of κσ2 (Sσ) of net-proton1283

distributions for central Au+Au collisions with a χ2/ndf1284

= 1.3(0.72). The local derivative of the fitted polyno-1285

mial function shown in the lower panel of Fig. 23 changes1286

sign, demonstrating the non-monotonic variation of the1287

measurements with respect to collision energy. The sta-1288

tistical and systematic uncertainties on derivatives are1289

obtained by randomly varying the data points at each1290

energy within their statistical and systematic uncertain-1291

ties.1292

The significance of the observed non-monotonic depen-1293

dence of κσ2 (Sσ) on collision energy, in the energy range1294 √
sNN = 7.7 - 62.4 GeV, is obtained based on the fourth1295

(fifth) order polynomial fitting procedure. This signif-1296

icance is evaluated by randomly varying the κσ2 and1297

Sσ data points within their total Gaussian uncertainties1298

(statistical and systematic uncertainties added in quadra-1299

ture) at each corresponding energy. This procedure is1300

repeated a million times for κσ2 and for Sσ. Out of1301

1 million trials, there are 1143 cases for κσ2 and 1586401302

cases for Sσ where the signs of the derivative at all
√
sNN1303

are found to be the same. Thus, the probability that at1304

least one derivative at a given
√
sNN has a different sign1305

from the derivatives at remaining energies among the 11306

million trials performed is 0.99886 (0.84136), which cor-1307

responds to a 3.1 σ (1.0 σ) effect for κσ2 (Sσ). Similarly,1308

based on the third-order polynomial fitting procedure,1309

the cumulant ratio σ2/M on the other hand (χ2/ndf =1310

0.32), exhibits a monotonic dependence on collision en-1311

ergy with a significance of 3.4σ. Thus we find that the1312

cumulant ratios as a function of collision energy change1313

from a monotonic variation to a non-monotonic varia-1314

tion with
√
sNN as we go to higher orders. This is con-1315

sistent with the QCD-based model expectation that, the1316

higher the order of the moments, the more sensitive it1317

is to physics processes such as a critical point [46, 75].1318

A test of the non-monotonicity energy dependence with1319

κσ2 is also carried out with the energy range
√
sNN = 7.71320

– 200 GeV and the resulting significance is 3.0 σ.1321

Figure 24 shows the collision-energy dependence of the1322

cumulant ratios of net-proton multiplicity distributions1323
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TABLE VII. The right-tail p values of a chi-squared test between experimental data and various models (shown in Fig. 24) for
the energy dependence of the net-proton cumulant ratios in 0-5% central Au+Au collisions at two ranges of collision energy:√
sNN = 7.7 – 27 GeV and 7.7 – 62.4 GeV (the latter shown in the parenthesis). Those p values denote the probability

of obtaining discrepancies at least as large as the results actually observed [153]. The right-tail p values are calculated via
p = Pr(χ2

n > χ2), where χ2
n obeys the chi-square distribution with n independent energy data points and the χ2 values are

obtained in the chi-squared test.

Cumulant Ratios HRG GCE HRG CE HRG GCE+E.V. (R=0.5 fm) UrQMD
C2/C1 <0.001(<0.001) <0.001(<0.001) <0.001(<0.001) <0.001(<0.001)
C3/C2 <0.001(<0.001) 0.0754 (<0.001) <0.001(<0.001) <0.001(<0.001)
C4/C2 0.00553 (0.00174) 0.0450 (0.128) 0.0145 (0.0107) 0.0221 (0.0577)
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FIG. 24. (Color online) Collision energy dependence of
C2/C1, C3/C2 and C4/C2 for net-proton multiplicity distri-
butions in 0-5% central Au+Au collisions. The experimen-
tal net-proton measurements are compared to corresponding
values from UrQMD and HRG models within the experimen-
tal acceptances. The bars and caps represent the statistical
and systematic uncertainties of the experimental data, respec-
tively. The widths of the bands reflect the statistical uncer-
tainties for the model calculations.

for 0-5% central Au+Au collisions. The comparison has1324

been made between experimental measurements and the1325

corresponding results from the HRG and UrQMD mod-1326

els. We observe that both models, which do not have1327

phase transition effects, show monotonic variations of the1328

cumulant ratios with beam energy. However, the experi-1329

mental measurements of net-proton C4/C2 ratios show1330

a non-monotonic variation with
√
sNN. On the other1331

hand, the net-proton C3/C2 (C2/C1) in both model and1332

data show a smooth decrease (increase) trend with in-1333

creasing
√
sNN. Although both models show a smooth1334

energy dependence, the third-order ratios in the mid-1335

dle panel are larger for UrQMD than for (GCE) HRG1336

at collision energies above 14.5 GeV. At lower energy, a1337

suppression relative to the results of GCE HRG is ob-1338

served. On the other hand, the canonical ensemble (CE)1339

HRG, has presented a consistent suppression in all three1340

panels. In this approach, the baryon number conserva-1341

tion is the main source of the suppression [154, 155].1342

It is interesting to point out that GCE models incor-1343

porating excluded volume effects (GCE E.V.) can also1344

reproduce the suppression. The larger the repulsive vol-1345

ume, the stronger the suppression. Since the repulsive1346

volume reflects the ‘baryon density’, the observed sup-1347

pression GCE E.V. is due to the local density. For de-1348

tails, see Refs. [141, 156, 157]. To quantify the level1349

of agreement between the experimental measurements1350

and the model calculations, the widely used χ2 test1351

has been applied for two energy ranges (
√
sNN = 7.71352

– 27 and 7.7 – 62.4 GeV). The χ2 value is calculated1353

as χ2(R) =
∑
√
sNN

|Rdata−Rmodel|2
error2 , where R denotes the1354

cumulant ratios (C2/C1, C3/C2, C4/C2) and the ‘er-1355

ror’ represents the statistical and systematic uncertain-1356

ties of the data and the statistical uncertainties of the1357

model added in quadrature. In addition, the obtained χ2
1358

value can be converted to the corresponding right-tail p-1359

value, which is the probability of obtaining discrepancies1360

at least as large as the results actually observed [153].1361

The resulting right tail p-values listed in Table VII are1362

calculated via p = Pr(χ2
n > χ2), where χ2

n obeys the1363

chi-square distribution with n independent energy data1364

points and the χ2 values are obtained in the chi-squared1365

test. Usually, for the right tail p-value test, p < 0.05 is1366

the commonly used standard to reject the null hypoth-1367

esis and claim a significant deviation between the data1368

and model results. It is found that the p-values from1369

the the χ2 test are smaller than 0.05 for all of the dif-1370

ferent variants of HRG and the UrQMD model at
√
sNN1371

= 7.7 – 27 GeV, which means the deviations between1372

data and model results are significant and cannot be ex-1373

plained by statistical fluctuations. But, for the range1374
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FIG. 25. (Color online) Collision energy dependence of the scaled (anti)proton cumulants and correlation functions in 0-5%
central Au+Au collisions at

√
sNN = 7.7, 11.5, 14.5, 19.6, 27, 39, 54.4, 62.4 and 200 GeV. The error bars and bands represent the

statistical and systematic uncertainties, respectively. The results from UrQMD model calculation are also shown for comparison.

√
sNN = 7.7 – 62.4 GeV, the p-values of C4/C2 for the1375

HRG CE and UrQMD model cases are 0.128 and 0.0577,1376

respectively. Clearly as far as these tests are concerned,1377

all of the above-mentioned models, showing monotonic1378

energy dependences, do not fit the data in the most rele-1379

vant energy region,
√
sNN ≤ 27 GeV. This result will be1380

further tested with the high-precision data from RHIC1381

BES-II program.1382

Based on Eq. (7), the cumulants can be expressed in1383

terms of the sum of various-order multiparticle correla-1384

tion functions. In order to understand the contributions1385

to the cumulants, one can present different orders of cor-1386

relation functions separately. Figure 25 shows the en-1387

ergy dependence of the cumulants and correlation func-1388

tions normalized by the mean numbers of protons and1389

antiprotons in 0-5% central Au+Au collisions. By defini-1390

tion and as shown in Fig. 25, the values of C2/C1−1 are1391

equal to κ2/κ1. It is observed that the normalized sec-1392

ond and third-order cumulants minus unity (C2/C1 − 1,1393

C3/C1 − 1) are negative and show an increasing (de-1394

creasing) energy dependence in magnitude for protons1395

(antiprotons) with decreasing collision energies. From1396

the right panels in Fig. 25, the third-order normalized1397

correlation functions (κ3/κ1) of protons and antiprotons1398

show flat energy dependence and are consistent with zero1399

within uncertainties. Therefore, the energy dependence1400

for C3/C1 is dominated by the negative two-particle nor-1401

malized correlation functions (κ2/κ1), which is mainly1402

due to the effects of baryon number conservation. The1403

normalized four-particle correlation functions (κ4/κ1) of1404

antiprotons show flat energy dependence and are con-1405

sistent with zero within uncertainties. In panel 5) of1406

Fig. 25, we observe a similar energy dependence trend1407

for the normalized fourth order cumulants (C4/C1) of1408

protons as for the net-proton C4/C2 in 0-5% central1409

Au+Au collisions shown in Fig. 24. For
√
sNN ≥ 19.61410

GeV, the values of proton C4/C1 are dominated by the1411

negative two-particle correlation function (κ2) of protons1412

(see panel 2 in Fig. 25). For
√
sNN < 19.6 GeV, the1413

four-particle correlation function (κ4) of protons plays1414

a role in determining the energy dependence of proton1415

C4/C1, which cannot be solely understood by the sup-1416

pression effects due to negative values of κ2 for protons.1417

As discussed in Refs. [98, 158], the observed large val-1418

ues of the four-particle correlation function of protons1419

(κ4) could be attributed to the formation of proton clus-1420

ter and related to the signature of a critical point or a1421

first order phase transition. Therefore, it is necessary to1422

perform precise measurements of the κ4/κ1 of protons1423

below 19.6 GeV with high statistics data taken in the1424

second phase of the beam energy scan at RHIC. In addi-1425

tion, we compare the experimental data in Fig. 25 with1426
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UrQMD model calculations. The energy dependence of1427

the second- and third-order normalized cumulants and1428

correlation functions can be qualitatively described by1429

the UrQMD model. However, the non-monotonic energy1430

dependence observed in the proton C4/C1 cannot be de-1431

scribed by the UrQMD model. Furthermore, the three-1432

and four-particle correlation functions (κ3 and κ4) for1433

(anti)protons from UrQMD show flat energy dependence1434

and are consistent with zero. Thus, it indicates that the1435

higher-order (anti)proton correlation functions κ3 and κ41436

are not sensitive to the effect of baryon number conser-1437

vation within the current acceptance, and therefore can1438

serve as good probes of critical fluctuations in heavy-ion1439

collisions [119, 146].1440

IV. SUMMARY AND OUTLOOK1441

In summary, we report a systematic study of the cumu-1442

lants of the net-proton, proton and antiproton multiplic-1443

ity distributions from Au+Au collisions at
√
sNN = 7.7 -1444

200 GeV. The data have been collected with the STAR1445

experiment in the first phase of the RHIC beam energy1446

scan acquired over the period of 2010 - 2017. The energy,1447

centrality and acceptance dependence of the correlation1448

functions of protons and antiprotons are presented in this1449

paper. Both cumulants and correlation functions up to1450

fourth order at midrapidity (|y|< 0.5) within 0.4 < pT <1451

2.0 GeV/c in Au+Au collisions are presented to search1452

for the signatures of a critical point and/or a first-order1453

phase transition over a broad region of baryon chemical1454

potential.1455

The protons and antiprotons are identified with greater1456

than 97% purity using the TPC and TOF detectors of1457

STAR. The centrality selection is based on midrapidity1458

pions and kaons only to avoid self-correlation effects. The1459

maximum-allowed rapidity acceptance around midrapid-1460

ity has been used for centrality determination to min-1461

imize the effect of centrality resolution. The variation1462

of the average number of protons and antiprotons in a1463

given centrality bin has been accounted for by applying1464

a centrality bin-width correction, which also minimizes1465

volume fluctuation effects. The cumulants are corrected1466

for the proton and antiproton reconstruction efficiencies1467

using a binomial response function. Study of the unfold-1468

ing technique for efficiency correction of cumulants has1469

shown that, even in the 0-5% central Au+Au collisions1470

at
√
sNN = 200 GeV, the case with the highest multiplic-1471

ity, the results are consistent with the commonly-used1472

binomial approach within current statistical uncertain-1473

ties. The statistical errors on the cumulants are based1474

on the delta theorem method and are shown to be con-1475

sistent with those obtained by the bootstrap method. A1476

detailed estimate of the systematic uncertainties is also1477

presented. Results on cumulant ratios from different1478

variants of the HRG and the UrQMD models are pre-1479

sented to understand the effects of experimental accep-1480

tance, resonance decay, baryon number conservation, and1481

net-proton versus net-baryon analysis. The cumulant ra-1482

tios show a centrality and energy dependence, which are1483

neither reproduced by purely hadronic-transport-based1484

UrQMD model calculations, nor by different variants of1485

the hadron resonance gas model. Specifically, the net-1486

proton C4/C2 ratio for 0-5% central Au+Au collisions1487

shows a non-monotonic variation with
√
sNN, with a sig-1488

nificance of 3.1σ. This is consistent with the expecta-1489

tions of critical fluctuations in a QCD-inspired model. A1490

χ2 test has been applied to quantify the level of agree-1491

ment between experimental data and model calculations.1492

The resulting p-values suggest that the models fail to ex-1493

plain the 0-5% Au+Au collision data at
√
sNN ≤ 27 GeV.1494

The y and pT acceptance dependence of the cumulants1495

and their ratios provide valuable data to understand the1496

range of the correlations and their relation to the accep-1497

tance of the detector [98, 125]. Furthermore, the system-1498

atic analysis presented here can be used to constrain the1499

freeze-out conditions in high-energy heavy-ion collisions1500

using QCD-based approaches, and to understand the na-1501

ture of thermalization in such collisions [121–123]. From1502

the analysis of multiparticle correlation functions, one1503

observes significant negative values for κ2 of protons and1504

antiprotons, which are mainly due to the effects of baryon1505

number conservation in heavy-ion collisions. The values1506

of κ3 of protons and antiprotons are consistent with zero1507

for all of the collision energies studied. Further, the en-1508

ergy dependence trend of proton C4/C1 below 19.6 GeV1509

cannot be solely understood by the negative values of κ21510

for protons, and the four-particle correlation function of1511

protons (κ4) is found to play a role, which needs to be1512

confirmed with the high statistics data taken in RHIC1513

BES-II, which began data-taking in 2018. Upgrades to1514

the STAR detector system have significantly improved1515

the quality of the measurements [2]. Primarily the goal1516

of BES-II is to make high-statistics measurements, with1517

extended kinematic range in rapidity and transverse mo-1518

mentum for the measurements discussed in this paper.1519

The extended kinematic range in rapidity and transverse1520

momentum are brought about by upgrading the inner1521

TPC (iTPC) to extend the measurement coverage to1522

|η| < 1.5, the pT acceptance down to 100 MeV/c and1523

improved dE/dx resolution. Particle identification capa-1524

bility will be extended to -1.6 < η < 1.0 with the addition1525

of an endcap TOF (eTOF) detector. The collected event1526

statistics to date, along with the goal for 2021, are listed1527

in Table VIII.1528

At the same time, STAR will take data in fixed-target1529

mode to extend
√
sNN to 3 GeV. With these upgrades,1530

and with the benefits of extended kinematic coverage and1531

the use of sensitive observables, the RHIC BES Phase-1532

II program will allow measurements of unprecedented1533

precision for exploring the QCD phase structure within1534

200 < µB (MeV) < 720.1535
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TABLE VIII. Total number of collected/expected events in
BES phase II for various collision energies (

√
sNN) [2].

√
sNN (GeV) Year No. of events (million)

27 2018 500
19.6 2019 400
17.3 2021 250
14.5 2019 300
11.5 2020 230
9.2 2020 160
7.7 2021 100

ACKNOWLEDGEMENT1536

We thank S. Gupta, F. Karsch, M. Kitazawa, V. Koch,1537

D. Mishra, J. M. Pawlowski, K. Rajagopal, K. Redlich,1538

M. Stephanov for stimulating discussions related to this1539

work. We thank the RHIC Operations Group and RCF1540

at BNL, the NERSC Center at LBNL, and the Open Sci-1541

ence Grid consortium for providing resources and sup-1542

port. This work was supported in part by the Office1543

of Nuclear Physics within the U.S. DOE Office of Sci-1544

ence, the U.S. National Science Foundation, the Min-1545

istry of Education and Science of the Russian Federa-1546

tion, National Natural Science Foundation of China, Chi-1547

nese Academy of Science, the Ministry of Science and1548

Technology of China and the Chinese Ministry of Educa-1549

tion, the Higher Education Sprout Project by Ministry1550

of Education at NCKU, the National Research Founda-1551

tion of Korea, Czech Science Foundation and Ministry1552

of Education, Youth and Sports of the Czech Republic,1553

Hungarian National Research, Development and Innova-1554

tion Office, New National Excellency Programme of the1555

Hungarian Ministry of Human Capacities, Department1556

of Atomic Energy and Department of Science and Tech-1557

nology of the Government of India, the National Science1558

Centre of Poland, the Ministry of Science, Education and1559

Sports of the Republic of Croatia, RosAtom of Russia and1560

German Bundesministerium fur Bildung, Wissenschaft,1561

Forschung and Technologie (BMBF), Helmholtz Associ-1562

ation, Ministry of Education, Culture, Sports, Science,1563

and Technology (MEXT) and Japan Society for the Pro-1564

motion of Science (JSPS).1565

[1] M. M. Aggarwal et al. (STAR Collaboration), (2010),1566

arXiv:1007.2613 [nucl-ex].1567

[2] BES-II White Paper (STAR Note):1568

https://drupal.star.bnl.gov/STAR/starnotes/public/sn0598.1569

[3] Y. Aoki, G. Endrodi, Z. Fodor, S. D. Katz, and K. K.1570

Szabo, Nature 443, 675 (2006), arXiv:hep-lat/06110141571

[hep-lat].1572

[4] I. Arsene et al. (BRAHMS Collaboration), Nucl. Phys.1573

A757, 1 (2005), arXiv:nucl-ex/0410020.1574

[5] B. Back et al. (PHOBOS Collaboration), Nucl. Phys.1575

A757, 28 (2005), arXiv:nucl-ex/0410022.1576

[6] K. Adcox et al. (PHENIX Collaboration), Nucl. Phys.1577

A757, 184 (2005), arXiv:nucl-ex/0410003.1578

[7] J. Adams et al. (STAR Collaboration), Nucl. Phys.1579

A757, 102 (2005), arXiv:nucl-ex/0501009.1580

[8] L. Adamczyk et al. (STAR Collaboration), Phys. Rev.1581

C96, 044904 (2017), arXiv:1701.07065 [nucl-ex].1582

[9] S. Borsanyi, Z. Fodor, C. Hoelbling, S. D. Katz,1583

S. Krieg, C. Ratti, and K. K. Szabo (Wuppertal-1584

Budapest Collaboration), JHEP 09, 073 (2010),1585

arXiv:1005.3508 [hep-lat].1586

[10] A. Bazavov et al. (HotQCD Collaboration), Phys. Lett.1587

B795, 15 (2019), arXiv:1812.08235 [hep-lat].1588

[11] L. Adamczyk et al. (STAR Collaboration), Phys. Rev.1589

Lett. 110, 142301 (2013), arXiv:1301.2347 [nucl-ex].1590

[12] L. Adamczyk et al. (STAR Collaboration), Phys. Rev.1591

Lett. 112, 162301 (2014), arXiv:1401.3043 [nucl-ex].1592

[13] L. Adamczyk et al. (STAR Collaboration), Phys. Rev.1593

Lett. 121, 032301 (2018).1594

[14] L. Adamczyk et al. (STAR Collaboration), Phys. Rev.1595

Lett. 113, 052302 (2014), arXiv:1404.1433 [nucl-ex].1596

[15] C. S. Fischer, J. Luecker, and C. A. Welzbacher, Phys.1597

Rev. D 90, 034022 (2014), arXiv:1405.4762 [hep-ph].1598

[16] C. Shi, Y.-L. Wang, Y. Jiang, Z.-F. Cui, and H.-S.1599

Zong, JHEP 07, 014 (2014), arXiv:1403.3797 [hep-ph].1600

[17] F. Gao and Y.-x. Liu, Phys. Rev. D94, 076009 (2016),1601

arXiv:1607.01675 [hep-ph].1602

[18] C. S. Fischer, Prog. Part. Nucl. Phys. 105, 1 (2019),1603

arXiv:1810.12938 [hep-ph].1604

[19] F. Gao and J. M. Pawlowski, Phys. Rev. D 102, 0340271605

(2020), arXiv:2002.07500 [hep-ph].1606

[20] W.-J. Fu, J. M. Pawlowski, and F. Rennecke, Phys.1607

Rev. D101, 054032 (2020), arXiv:1909.02991 [hep-ph].1608

[21] M. Buballa, Phys. Rept. 407, 205 (2005), arXiv:hep-1609

ph/0402234.1610

[22] W.-J. Fu, Z. Zhang, and Y.-x. Liu, Phys. Rev. D77,1611

014006 (2008), arXiv:0711.0154 [hep-ph].1612

[23] T. K. Herbst, J. M. Pawlowski, and B.-J. Schaefer,1613

Phys. Lett. B 696, 58 (2011), arXiv:1008.0081 [hep-ph].1614

[24] Z. Li, K. Xu, X. Wang, and M. Huang, Eur. Phys. J.1615

C79, 245 (2019), arXiv:1801.09215 [hep-ph].1616

[25] K. Fukushima and T. Hatsuda, Rept. Prog. Phys. 74,1617

014001 (2011), arXiv:1005.4814 [hep-ph].1618

[26] K. Fukushima and C. Sasaki, Prog. Part. Nucl. Phys.1619

72, 99 (2013), arXiv:1301.6377 [hep-ph].1620

[27] M. A. Stephanov, K. Rajagopal, and E. V. Shuryak,1621

Phys. Rev. D60, 114028 (1999), arXiv:hep-ph/99032921622

[hep-ph].1623

[28] M. A. Stephanov, Prog. Theor. Phys. Suppl. 153, 1391624

(2004), arXiv:hep-ph/0402115.1625

[29] Z. Fodor and S. D. Katz, JHEP 04, 050 (2004),1626

arXiv:hep-lat/0402006 [hep-lat].1627

[30] M. A. Stephanov, PoS LAT2006, 024 (2006),1628

arXiv:hep-lat/0701002.1629

[31] R. V. Gavai and S. Gupta, Phys. Rev. D78, 1145031630

(2008), arXiv:0806.2233 [hep-lat].1631

http://arxiv.org/abs/1007.2613
http://dx.doi.org/ 10.1038/nature05120
http://arxiv.org/abs/hep-lat/0611014
http://arxiv.org/abs/hep-lat/0611014
http://arxiv.org/abs/hep-lat/0611014
http://dx.doi.org/10.1016/j.nuclphysa.2005.02.130
http://dx.doi.org/10.1016/j.nuclphysa.2005.02.130
http://dx.doi.org/10.1016/j.nuclphysa.2005.02.130
http://arxiv.org/abs/nucl-ex/0410020
http://dx.doi.org/10.1016/j.nuclphysa.2005.03.084
http://dx.doi.org/10.1016/j.nuclphysa.2005.03.084
http://dx.doi.org/10.1016/j.nuclphysa.2005.03.084
http://arxiv.org/abs/nucl-ex/0410022
http://dx.doi.org/10.1016/j.nuclphysa.2005.03.086
http://dx.doi.org/10.1016/j.nuclphysa.2005.03.086
http://dx.doi.org/10.1016/j.nuclphysa.2005.03.086
http://arxiv.org/abs/nucl-ex/0410003
http://dx.doi.org/10.1016/j.nuclphysa.2005.03.085
http://dx.doi.org/10.1016/j.nuclphysa.2005.03.085
http://dx.doi.org/10.1016/j.nuclphysa.2005.03.085
http://arxiv.org/abs/nucl-ex/0501009
http://dx.doi.org/10.1103/PhysRevC.96.044904
http://dx.doi.org/10.1103/PhysRevC.96.044904
http://dx.doi.org/10.1103/PhysRevC.96.044904
http://arxiv.org/abs/1701.07065
http://dx.doi.org/10.1007/JHEP09(2010)073
http://arxiv.org/abs/1005.3508
http://dx.doi.org/10.1016/j.physletb.2019.05.013
http://dx.doi.org/10.1016/j.physletb.2019.05.013
http://dx.doi.org/10.1016/j.physletb.2019.05.013
http://arxiv.org/abs/1812.08235
http://dx.doi.org/10.1103/PhysRevLett.110.142301
http://dx.doi.org/10.1103/PhysRevLett.110.142301
http://dx.doi.org/10.1103/PhysRevLett.110.142301
http://arxiv.org/abs/1301.2347
http://dx.doi.org/10.1103/PhysRevLett.112.162301
http://dx.doi.org/10.1103/PhysRevLett.112.162301
http://dx.doi.org/10.1103/PhysRevLett.112.162301
http://arxiv.org/abs/1401.3043
http://dx.doi.org/10.1103/PhysRevLett.121.032301
http://dx.doi.org/10.1103/PhysRevLett.121.032301
http://dx.doi.org/10.1103/PhysRevLett.121.032301
http://dx.doi.org/10.1103/PhysRevLett.113.052302
http://dx.doi.org/10.1103/PhysRevLett.113.052302
http://dx.doi.org/10.1103/PhysRevLett.113.052302
http://arxiv.org/abs/1404.1433
http://dx.doi.org/10.1103/PhysRevD.90.034022
http://dx.doi.org/10.1103/PhysRevD.90.034022
http://dx.doi.org/10.1103/PhysRevD.90.034022
http://arxiv.org/abs/1405.4762
http://dx.doi.org/ 10.1007/JHEP07(2014)014
http://arxiv.org/abs/1403.3797
http://dx.doi.org/10.1103/PhysRevD.94.076009
http://arxiv.org/abs/1607.01675
http://dx.doi.org/10.1016/j.ppnp.2019.01.002
http://arxiv.org/abs/1810.12938
http://dx.doi.org/10.1103/PhysRevD.102.034027
http://dx.doi.org/10.1103/PhysRevD.102.034027
http://dx.doi.org/10.1103/PhysRevD.102.034027
http://arxiv.org/abs/2002.07500
http://dx.doi.org/10.1103/PhysRevD.101.054032
http://dx.doi.org/10.1103/PhysRevD.101.054032
http://dx.doi.org/10.1103/PhysRevD.101.054032
http://arxiv.org/abs/1909.02991
http://dx.doi.org/10.1016/j.physrep.2004.11.004
http://arxiv.org/abs/hep-ph/0402234
http://arxiv.org/abs/hep-ph/0402234
http://arxiv.org/abs/hep-ph/0402234
http://dx.doi.org/10.1103/PhysRevD.77.014006
http://dx.doi.org/10.1103/PhysRevD.77.014006
http://dx.doi.org/10.1103/PhysRevD.77.014006
http://arxiv.org/abs/0711.0154
http://dx.doi.org/10.1016/j.physletb.2010.12.003
http://arxiv.org/abs/1008.0081
http://dx.doi.org/ 10.1140/epjc/s10052-019-6703-x
http://dx.doi.org/ 10.1140/epjc/s10052-019-6703-x
http://dx.doi.org/ 10.1140/epjc/s10052-019-6703-x
http://arxiv.org/abs/1801.09215
http://dx.doi.org/10.1088/0034-4885/74/1/014001
http://dx.doi.org/10.1088/0034-4885/74/1/014001
http://dx.doi.org/10.1088/0034-4885/74/1/014001
http://arxiv.org/abs/1005.4814
http://dx.doi.org/10.1016/j.ppnp.2013.05.003
http://dx.doi.org/10.1016/j.ppnp.2013.05.003
http://dx.doi.org/10.1016/j.ppnp.2013.05.003
http://arxiv.org/abs/1301.6377
http://dx.doi.org/10.1103/PhysRevD.60.114028
http://arxiv.org/abs/hep-ph/9903292
http://arxiv.org/abs/hep-ph/9903292
http://arxiv.org/abs/hep-ph/9903292
http://dx.doi.org/10.1143/PTPS.153.139
http://dx.doi.org/10.1143/PTPS.153.139
http://dx.doi.org/10.1143/PTPS.153.139
http://arxiv.org/abs/hep-ph/0402115
http://dx.doi.org/10.1088/1126-6708/2004/04/050
http://arxiv.org/abs/hep-lat/0402006
http://dx.doi.org/10.22323/1.032.0024
http://arxiv.org/abs/hep-lat/0701002
http://dx.doi.org/10.1103/PhysRevD.78.114503
http://dx.doi.org/10.1103/PhysRevD.78.114503
http://dx.doi.org/10.1103/PhysRevD.78.114503
http://arxiv.org/abs/0806.2233


31

[32] S. Gupta, PoS CPOD2009, 025 (2009),1632

arXiv:0909.4630 [nucl-ex].1633

[33] S. Ejiri, Phys. Rev. D78, 074507 (2008),1634

arXiv:0804.3227 [hep-lat].1635

[34] E. S. Bowman and J. I. Kapusta, Phys. Rev. C79,1636

015202 (2009), arXiv:0810.0042 [nucl-th].1637

[35] M. M. Aggarwal et al. (STAR Collaboration), Phys.1638

Rev. Lett. 105, 022302 (2010), arXiv:1004.4959 [nucl-1639

ex].1640

[36] A. Bazavov et al., Phys. Rev. D 95, 054504 (2017),1641

arXiv:1701.04325 [hep-lat].1642

[37] B. I. Abelev et al. (STAR Collaboration), Phys. Rev.1643

C81, 024911 (2010), arXiv:0909.4131 [nucl-ex].1644

[38] J. Adam et al. (STAR Collaboration), (2020),1645

arXiv:2007.14005 [nucl-ex].1646

[39] X. Luo and N. Xu, Nucl. Sci. Tech. 28, 112 (2017),1647

arXiv:1701.02105 [nucl-ex].1648

[40] A. Bzdak, S. Esumi, V. Koch, J. Liao, M. Stephanov,1649

and N. Xu, Phys. Rept. 853, 1 (2020), arXiv:1906.009361650

[nucl-th].1651

[41] M. Asakawa, U. W. Heinz, and B. Muller, Phys. Rev.1652

Lett. 85, 2072 (2000), arXiv:hep-ph/0003169 [hep-ph].1653

[42] Y. Hatta and T. Ikeda, Phys. Rev. D 67, 014028 (2003),1654

arXiv:hep-ph/0210284.1655

[43] Y. Hatta and M. A. Stephanov, Phys. Rev.1656

Lett. 91, 102003 (2003), [Erratum: Phys. Rev.1657

Lett.91,129901(2003)], arXiv:hep-ph/0302002 [hep-ph].1658

[44] S. Ejiri, F. Karsch, and K. Redlich, Phys. Lett. B633,1659

275 (2006), arXiv:hep-ph/0509051 [hep-ph].1660

[45] V. Koch, A. Majumder, and J. Randrup, Phys. Rev.1661

Lett. 95, 182301 (2005), arXiv:nucl-th/0505052 [nucl-1662

th].1663

[46] M. A. Stephanov, Phys. Rev. Lett. 102, 032301 (2009),1664

arXiv:0809.3450 [hep-ph].1665

[47] M. Asakawa, S. Ejiri, and M. Kitazawa, Phys. Rev.1666

Lett. 103, 262301 (2009), arXiv:0904.2089 [nucl-th].1667

[48] C. Athanasiou, K. Rajagopal, and M. Stephanov, Phys.1668

Rev. D82, 074008 (2010), arXiv:1006.4636 [hep-ph].1669

[49] B. Friman, F. Karsch, K. Redlich, and V. Skokov, Eur.1670

Phys. J. C71, 1694 (2011), arXiv:1103.3511 [hep-ph].1671

[50] S. Gupta, X. Luo, B. Mohanty, H. G. Ritter, and N. Xu,1672

Science 332, 1525 (2011), arXiv:1105.3934 [hep-ph].1673

[51] H.-T. Ding, F. Karsch, and S. Mukherjee, Int. J. Mod.1674

Phys. E24, 1530007 (2015), arXiv:1504.05274 [hep-lat].1675

[52] B. J. Schaefer and M. Wagner, Phys. Rev. D85, 0340271676

(2012), arXiv:1111.6871 [hep-ph].1677

[53] J.-W. Chen, J. Deng, and L. Labun, Phys. Rev. D92,1678

054019 (2015), arXiv:1410.5454 [hep-ph].1679

[54] Y. Lu, Y.-L. Du, Z.-F. Cui, and H.-S. Zong, Eur. Phys.1680

J. C75, 495 (2015), arXiv:1508.00651 [hep-ph].1681

[55] J.-W. Chen, J. Deng, H. Kohyama, and L. Labun, Phys.1682

Rev. D93, 034037 (2016), arXiv:1509.04968 [hep-ph].1683

[56] V. Vovchenko, D. V. Anchishkin, M. I. Gorenstein, and1684

R. V. Poberezhnyuk, Phys. Rev. C92, 054901 (2015),1685

arXiv:1506.05763 [nucl-th].1686

[57] L. Jiang, P. Li, and H. Song, Phys. Rev. C94, 0249181687

(2016), arXiv:1512.06164 [nucl-th].1688

[58] A. Mukherjee, J. Steinheimer, and S. Schramm, Phys.1689

Rev. C96, 025205 (2017), arXiv:1611.10144 [nucl-th].1690

[59] C. Herold, M. Nahrgang, Y. Yan, and C. Kobdaj, Phys.1691

Rev. C93, 021902 (2016), arXiv:1601.04839 [hep-ph].1692

[60] W. Fan, X. Luo, and H. Zong, Chin. Phys. C43, 0331031693

(2019), arXiv:1702.08674 [hep-ph].1694

[61] H. Zhang, D. Hou, T. Kojo, and B. Qin, Phys. Rev.1695

D96, 114029 (2017), arXiv:1709.05654 [hep-ph].1696

[62] G.-y. Shao, Z.-d. Tang, X.-y. Gao, and W.-b. He, Eur.1697

Phys. J. C 78, 138 (2018), arXiv:1708.04888 [hep-ph].1698

[63] P. Isserstedt, M. Buballa, C. S. Fischer, and1699

P. J. Gunkel, Phys. Rev. D 100, 074011 (2019),1700

arXiv:1906.11644 [hep-ph].1701

[64] D. Mroczek, A. R. Nava Acuna, J. Noronha-Hostler,1702

P. Parotto, C. Ratti, and M. A. Stephanov, Phys. Rev.1703

C 103, 034901 (2021), arXiv:2008.04022 [nucl-th].1704

[65] W.-j. Fu, X. Luo, J. M. Pawlowski, F. Rennecke,1705

R. Wen, and S. Yin, (2021), arXiv:2101.06035 [hep-1706

ph].1707

[66] L. F. Palhares, E. S. Fraga, and T. Kodama, J. Phys.1708

G37, 094031 (2010).1709

[67] Z. Pan, Z.-F. Cui, C.-H. Chang, and H.-S. Zong, Int.1710

J. Mod. Phys. A32, 1750067 (2017), arXiv:1611.073701711

[hep-ph].1712

[68] B. Berdnikov and K. Rajagopal, Phys. Rev. D61,1713

105017 (2000), arXiv:hep-ph/9912274 [hep-ph].1714

[69] S. Mukherjee, R. Venugopalan, and Y. Yin, Phys. Rev.1715

Lett. 117, 222301 (2016), arXiv:1605.09341 [hep-ph].1716

[70] M. Stephanov and Y. Yin, Phys. Rev. D98, 0360061717

(2018).1718

[71] S. Wu, Z. Wu, and H. Song, Phys. Rev. C99, 0649021719

(2019), arXiv:1811.09466 [nucl-th].1720

[72] K. Rajagopal, G. Ridgway, R. Weller, and Y. Yin, Phys.1721

Rev. D102, 094025 (2020), arXiv:1908.08539 [hep-ph].1722
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Appendix A: Efficiency Correction1918

In order to correct the Cn for efficiency effects, one1919

has to invoke a model assumption for the response of the1920

detector. The detector response is assumed to follow a1921

binomial probability distribution function. The probabil-1922

ity distribution function of measured proton number np1923

and antiproton number np̄ can be expressed as [80, 104]:1924

p(np, np̄) =

∞∑
Np=np

∞∑
Np̄=np̄

P (Np, Np̄)×
Np!

np! (Np − np)!
(εp)

np(1− εp)Np−np

× Np̄!

np̄! (Np̄ − np̄)!
(εp̄)

np̄(1− εp̄)Np̄−np̄

(A1)

where the P (Np, Np̄) is the original joint probability dis-1925

tribution of number of proton (Np) and antiproton (Np̄),1926

and εp, εp̄ are the efficiency of reconstructing the protons1927

and antiprotons, respectively. In order to arrive at an ex-1928

pression for efficiency-corrected cumulants or moments,1929

the bivariate factorial moments are first defined as:1930

Fi,k(Np, Np̄) =

〈
Np!

(Np − i)!
Np̄!

(Np̄ − k)!

〉
=

∞∑
Np=i

∞∑
Np̄=k

P (Np, Np̄)
Np!

(Np − i)!
Np̄!

(Np̄ − k)!
(A2)

fi,k(np, np̄) =

〈
np!

(np − i)!
np̄!

(np̄ − k)!

〉
=

∞∑
np=i

∞∑
np̄=k

p(np, np̄)
np!

(np − i)!
np̄!

(np̄ − k)!
(A3)

The efficiency-corrected factorial moments are then given1931

as:1932

Fi,k(Np, Np̄) =
fi,k(np, np̄)

(εp)
i
(εp̄)

k
. (A4)

Then the nth order efficiency-corrected moments of1933

net-proton distributions are related to the efficiency-1934

corrected factorial moments as:1935

mn(Np −Np̄) =< (Np −Np̄)n >=
n∑
i=0

(−1)
i

(
n
i

)
< Nn−i

p N i
p̄ >

=
n∑
i=0

(−1)
i

(
n
i

)[
n−i∑
r1=0

i∑
r2=0

s2(n− i, r1)s2(i, r2)Fr1,r2(Np, Np̄)

]
=

n∑
i=0

n−i∑
r1=0

i∑
r2=0

(−1)
i

(
n
i

)
s2(n− i, r1)s2(i, r2)Fr1,r2(Np, Np̄)

(A5)
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The Stirling numbers of the first (s1(n, i)) and second
kind (s2(n, i)), are defined as:

N !

(N − n)!
=

n∑
i=0

s1(n, i)N i (A6)

Nn =

n∑
i=0

s2(n, i)
N !

(N − i)! (A7)

where N , n and i are non-negative integer numbers. The1936

efficiency-corrected cumulants of net-proton distributions1937

can be obtained from the efficiency-corrected moments by1938

using the recursion relation:1939

Cr(Np −Np̄) = mr(Np −Np̄)

−
r−1∑
s=1

(
r − 1
s− 1

)
Cs(Np −Np̄)mr−s(Np −Np̄)

(A8)

where the Cr denotes the rth-order cumulants of net-1940

proton distributions.1941

If the protons and antiprotons has the same efficiency,1942

εp = εp̄ = ε, the expressions for the first four efficiency-1943

corrected cumulants can be explicitly written as:1944

CX−Y1 =
〈x〉 − 〈y〉

ε

CX−Y2 =
Cx−y2 + (ε− 1)(〈x〉+ 〈y〉)

ε2

CX−Y3 =
Cx−y3 + 3(ε− 1)(Cx2 − Cy2 ) + (ε− 1)(ε− 2)(〈x〉 − 〈y〉)

ε3

CX−Y4 =
Cx−y4 − 2(ε− 1)Cx+y

3 + 8(ε− 1)(Cx3 + Cy3 ) + (5− ε)(ε− 1)Cx+y
2

ε4

+
8(ε− 1)(ε− 2)(Cx2 + Cy2 ) + (ε2 − 6ε+ 6)(ε− 1)(〈x〉+ 〈y〉)

ε4

(A9)

where the (X,Y ) and (x, y) are the numbers of (p, p̄)1945

produced and measured, respectively. The efficiency-1946

corrected cumulants are sensitive to the efficiency and1947

depend on the lower order measured cumulants.1948

In the current analysis, the proton and antiproton pT1949

range is from 0.4 to 2 GeV/c. This has been possible1950

by using particle identification information for the TPC1951

in the pT range 0.4 to 0.8 GeV/c and the TPC+TOF1952

in the momentum range 0.8 to 2 GeV/c. This results1953

in two different efficiencies for proton reconstruction and1954

two different values for antiprotons. Hence the above1955

formulation which holds for one single value of efficiency1956

and ε = εp = εp̄ has to be modified to take care of1957

four different efficiency values, two each for the proton1958

and antiproton corresponding to different pT ranges. Let1959

εp1
, εp2

and εp̄1
, εp̄2

denote the efficiency for protons and1960

antiprotons in the two sub-phase spaces, and denote the1961

corresponding number of protons and antiprotons in the1962

two sub-phase spaces by Np1
, Np2

and Np̄1
, Np̄2

, re-1963

spectively. Using analogous formulations as above, the1964

bivariate factorial moments of protons and antiprotons1965

distributions is given as:1966

Fr1,r2(Np, Np̄) = Fr1,r2(Np1 +Np2 , Np̄1 +Np̄2) =

r1∑
i1=0

r2∑
i2=0

s1(r1, i1)s1(r2, i2)〈(Np1 +Np2)i1(Np̄1 +Np̄2)i2〉

=

r1∑
i1=0

r2∑
i2=0

s1(r1, i1)s1(r2, i2)〈
i1∑
s=0

(
i1
s

)
N i1−s
p1

Ns
p2

i2∑
t=0

(
i2
t

)
N i2−t
p̄1

N t
p̄2
〉

=

r1∑
i1=0

r2∑
i2=0

i1∑
s=0

i2∑
t=0

s1(r1, i1)s1(r2, i2)

(
i1
s

)(
i2
t

)
〈N i1−s

p1
Ns
p2
N i2−t
p̄1

N t
p̄2
〉

=

r1∑
i1=0

r2∑
i2=0

i1∑
s=0

i2∑
t=0

i1−s∑
u=0

s∑
v=0

i2−t∑
j=0

t∑
k=0

s1(r1, i1)s1(r2, i2)

(
i1
s

)(
i2
t

)
× s2(i1 − s, u)s2(s, v)s2(i2 − t, j)s2(t, k)× Fu,v,j,k(Np1

, Np2
, Np̄1

, Np̄2
)

(A10)

Similar to Eq. (A4) for the multivariate case, the1967 efficiency-corrected multivariate factorial moments of1968
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proton and antiproton distributions in the current case1969

are given as:1970

Fu,v,j,k(Np1
, Np2

, Np̄1
, Np̄2

) =
fu,v,j,k(np1

, np2
, np̄1

, np̄2
)

(εp1)
u
(εp2)

v
(εp̄1)

j
(εp̄2)

k

(A11)
where fu,v,j,k(Np1

, Np2
, Np̄1

, Np̄2
) are the measured mul-1971

tivariate factorial moments of proton and antiproton dis-1972

tributions. By using Eq. (A5), (A8), (A10) and (A11),1973

one can obtain the efficiency-corrected moments and cu-1974

mulants of net-proton distributions for the case where1975

the protons (antiprotons) have different efficiency in two1976

sub-phase spaces. Through simulations as discussed in1977

Refs. [104, 159], it has been shown that this formulation1978

works consistently. Another binomial-model-based effi-1979

ciency correction method using track-by-track efficiency1980

is discussed in Ref. [106].1981

Appendix B: Statistical Uncertainties Estimation1982

According to Eqs. (A5), (A8) and (A10), the efficiency-1983

corrected moments are expressed in terms of the facto-1984

rial moments, and thereby the factorial moments are the1985

random variable Xi in Eq. (15). The covariance of the1986

multivariate moments can be written as:1987

Cov(mr,s,mu,v) =
1

n
(mr+u,s+v −mr,smu,v) (B1)

where n is the number of events, mr,s = 〈Xr
1X

s
2〉 and1988

mu,v = 〈Xu
1X

v
2 〉 are the multivariate moments, and the1989

X1 and X2 are random variables. In this paper, X11990

and X2 represent proton and antiproton number, respec-1991

tively. Based on Eq. (B1), one can obtain the covariance1992

for the multivariate factorial moments as:1993

Cov(fr,s, fu,v) = Cov

 r∑
i=0

s∑
j=0

s1(r, i)s1(s, j)mi,j ,

u∑
k=0

v∑
h=0

s1(u, k)s1(v, h)mk,h


=

r∑
i=0

s∑
j=0

u∑
k=0

v∑
h=0

s1(r, i)s1(s, j)s1(u, k)s1(v, h)× Cov(mi,j ,mk,h)

=
1

n

r∑
i=0

s∑
j=0

u∑
k=0

v∑
h=0

s1(r, i)s1(s, j)s1(u, k)s1(v, h)×(mi+k,j+h −mi,jmk,h)

=
1

n
(f(r,u),(s,v) − fr,sfu,v)

(B2)

where the f(r,u),(s,v) is defined as:1994

f(r,u),(s,v) =
〈

X1!
(X1−r)!

X1!
(X1−u)!

X2!
(X2−s)!

X2!
(X2−v)!

〉
=

r∑
i=0

s∑
j=0

u∑
k=0

v∑
h=0

i+k∑
α=0

j+h∑
β=0

s1(r, i)s1(s, j)s1(u, k)s1(v, h)

×s2(i+ k, α)s2(j + h, β)fα,β
(B3)

The definition of the bivariate factorial moments fr,s,1995

fu,v and fα,β can be found in Eq. (A3). The Equa-1996

tion (B2) can be used in the standard error propaga-1997

tion formula, Eq. (15), to obtain the statistical uncer-1998

tainties of the efficiency-corrected cumulants. The de-1999

tailed derivation of the analytical formulae for statistical2000

uncertainties on cumulants and moments exists in the2001

literature [104, 113]. If we put εp = εp̄ = 1, the statisti-2002

cal uncertainties on the cumulants and cumulant ratios2003

up to the eighth-order expressed in terms of central mo-2004

ments (µn) are given below, where the uncertainties are2005

the square root of the variances.2006



36

Var(C1) = µ2/n

Var(C2) = (−µ2
2 + µ4)/n

Var(C3) = (9µ3
2 − 6µ2µ4 − µ2

3 + µ6)/n

Var(C4) = (−36µ4
2 + 48µ2

2µ4 + 64µ2µ
2
3 − 12µ2µ6 − 8µ3µ5 − µ2

4 + µ8)/n

Var(C5) = (µ10 + 900µ5
2 − 900µ3

2µ4 − 1000µ2
2µ

2
3 + 160µ2

2µ6 + 240µ2µ3µ5

+ 125µ2µ
2
4 − 20µ2µ8 + 200µ2

3µ4 − 20µ3µ7 − 10µ4µ6 − µ2
5)/n

Var(C6) = (−30µ10µ2 + µ12 − 8100µ6
2 + 13500µ4

2µ4 + 39600µ3
2µ

2
3 − 2880µ3

2µ6

− 9720µ2
2µ3µ5 − 3600µ2

2µ
2
4 + 405µ2

2µ8 − 9600µ2µ
2
3µ4 + 840µ2µ3µ7 − 400µ4

3

+ 216µ2µ
2
5 + 510µ2µ4µ6 + 440µ2

3µ6 + 1020µ3µ4µ5 − 40µ3µ9 + 225µ3
4

− 30µ4µ8 − 12µ5µ7 − µ2
6)/n

Var(C7) = (861µ10µ
2
2 − 70µ10µ4 − 70µ11µ3 − 42µ12µ2 + µ14 + 396900µ7

2 − 529200µ5
2µ4

− 1102500µ4
2µ

2
3 + 79380µ4

2µ6 + 299880µ3
2µ3µ5 + 176400µ3

2µ
2
4 − 10080µ3

2µ8 + 558600µ2
2µ

2
3µ4

− 33600µ2
2µ3µ7 − 29400µ2

2µ4µ6 − 10584µ2
2µ

2
5 + 137200µ2µ

4
3 − 43120µ2µ

2
3µ6

− 76440µ2µ3µ4µ5 + 2310µ2µ3µ9 − 14700µ2µ
3
4 + 1890µ2µ4µ8

+ 966µ2µ5µ7 + 343µ2µ
2
6 − 15680µ3

3µ5 − 14700µ2
3µ

2
4 + 1505µ2

3µ8 + 2590µ3µ4µ7

+ 2254µ3µ5µ6 + 1715µ2
4µ6 + 1911µ4µ

2
5 − 42µ5µ9 − 14µ6µ8 − µ2

7)/n

Var(C8) = (−28560µ10µ
3
2 + 5600µ10µ2µ4 + 4256µ10µ

2
3 − 56µ10µ6 + 5376µ11µ2µ3 − 112µ11µ5

+ 1624µ12µ
2
2 − 140µ12µ4 − 112µ13µ3 − 56µ14µ2 + µ16 − 6350400µ8

2 + 12700800µ6
2µ4

+ 59270400µ5
2µ

2
3 − 2399040µ5

2µ6 − 15523200µ4
2µ3µ5 − 6174000µ4

2µ
2
4 + 322560µ4

2µ8

− 35280000µ3
2µ

2
3µ4 + 1626240µ3

2µ3µ7 + 1340640µ3
2µ4µ6 + 677376µ3

2µ
2
5 − 8467200µ2

2µ
4
3

+ 2759680µ2
2µ

2
3µ6 + 5597760µ2

2µ3µ4µ5 − 119840µ2
2µ3µ9 + 882000µ2

2µ
3
4 − 108360µ2

2µ4µ8

− 77952µ2
2µ5µ7 − 26656µ2

2µ
2
6 + 2007040µ2µ

3
3µ5 + 3684800µ2µ

2
3µ

2
4 − 160160µ2µ

2
3µ8

− 322560µ2µ3µ4µ7 − 257152µ2µ3µ5µ6 − 172480µ2µ
2
4µ6 − 178752µ2µ4µ

2
5 + 3808µ2µ5µ9

+ 1680µ2µ6µ8 + 512µ2µ
2
7 + 940800µ4

3µ4 − 71680µ3
3µ7 − 203840µ2

3µ4µ6 − 75264µ2
3µ

2
5

− 156800µ3µ
2
4µ5 + 8960µ3µ4µ9 + 6496µ3µ5µ8 + 4480µ3µ6µ7 − 4900µ4

4 + 5040µ2
4µ8

+ 9856µ4µ5µ7 + 4704µ4µ
2
6 + 6272µ2

5µ6 − 16µ7µ9 − µ2
8)/n

Var(
C2

C1
) = (− µ2

2

〈N〉2 +
µ4

〈N〉2 −
2µ2µ3

〈N〉3 +
µ3

2

〈N〉4 )/n

Var(
C3

C2
) = (9µ2 −

6µ4

µ2
+

6µ2
3

µ2
2

+
µ6

µ2
2

− 2µ3µ5

µ3
2

+
µ2

3µ4

µ4
2

)/n

Var(
C4

C2
) = (−9µ2

2 + 9µ4 +
40µ2

3

µ2
− 6µ6

µ2
− 8µ3µ5

µ2
2

+
6µ2

4

µ2
2

+
µ8

µ2
2

+
8µ2

3µ4

µ3
2

− 2µ4µ6

µ3
2

+
µ3

4

µ4
2

)/n
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Var(
C5

C1
) = (

µ10

〈N〉2 +
900µ5

2

〈N〉2 −
900µ3

2µ4

〈N〉2 − 1000µ2
2µ

2
3

〈N〉2 +
160µ2

2µ6

〈N〉2 +
240µ2µ3µ5

〈N〉2 +
125µ2µ

2
4

〈N〉2

− 20µ2µ8

〈N〉2 +
200µ2

3µ4

〈N〉2 − 20µ3µ7

〈N〉2 −
10µ4µ6

〈N〉2 −
µ2

5

〈N〉2 +
600µ4

2µ3

〈N〉3 − 60µ3
2µ5

〈N〉3 −
300µ2

2µ3µ4

〈N〉3

− 200µ2µ
3
3

〈N〉3 +
20µ2µ3µ6

〈N〉3 +
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