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The isotope shifts of the 3d94s 3D3 → 3d94p 3P2 transition in the stable even-even nickel isotopes
were measured. An improved accuracy was achieved by transforming the systematic contribution
of the wavelength-meter-based laser-frequency measurement into a statistical-acting contribution
by measuring the same observables at different frequency sets. A detailed King-fit analysis was
performed to extract the mass-shift and field-shift parameters, which are crucial for the extraction of
the charge radii of short-lived isotopes from recently measured isotope shifts. A critical dependence
of the achievable charge-radius accuracy on the choice of the reference isotope in the King-fit analysis
was observed and is discussed.

I. INTRODUCTION

Nickel isotopes at the proton shell closure of Z = 28
are of high interest to investigate a multitude of nu-
clear phenomena. For example, structural changes in
the isotopic chain that includes the doubly magic 56Ni
and 78Ni have been examined by measuring masses, life-
times, spin, transition probabilities, excitation energies,
electromagnetic moments and radii [1–4]. The existence
of a subshell closure at N = 40 has been extensively dis-
cussed [5–8] as well as shape coexistence near 68Ni and
78Ni [9–12]. Collinear laser spectroscopy of isotopes in
the nickel region can nuclear-model-independently access
electromagnetic moments and nuclear charge radii and
hence, enables a better understanding of the underlying
physical phenomena [13–15].
Furthermore, precise nuclear-charge-radius measure-

ments can be employed to constrain the neutron equa-
tion of state (EOS) [16–18]. Measurements of neutron-
deficient nickel isotopes, e.g. 54Ni, open the possibil-
ity to compare the charge radius to its isospin T = 1
mirror-pair partner (the stable 54Fe) and to determine
the neutron-skin thickness Rskin [19]. The neutron-skin
thickness is proportional to |N − Z| · L, with the neu-
tron and proton number N and Z, respectively, and the
coefficient L of the derivative of the symmetry energy
at nuclear saturation density, which is important for the
extrapolation of the EOS to lower and higher densities.
Also, neutron-rich isotopes can be used to constrain L as
demonstrated for 68Ni [20]. There, Rskin was determined
by combining a laser-spectroscopic charge-radius mea-
surement with the dipole polarizability extracted from
the pygmy and the giant dipole resonances [21].
Since collinear laser spectroscopy is the method of

choice to deduce charge radii of short-lived isotopes from
isotope-shift measurements, experiments in neutron-rich
and neutron-deficient nickel isotopes have been per-
formed at ISOLDE and NSCL, respectively, and are cur-
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rently analyzed. Furthermore, measurements to extend
these investigations to 52Ni and 78Ni are planned for the
coming years. Since the 3d94s 3D3 → 3d94p 3P2 tran-
sition in neutral nickel is the best-suited optical transi-
tion for collinear laser spectroscopy [22], it is used for
all measurements in radioactive nickel isotopes. To de-
duce the charge radii from the measured isotope shifts,
a precise knowledge of atomic interactions, i.e. the
mass-shift and field-shift parameters, is critical. The
atomic parameters can be extracted in a King-fit anal-
ysis from isotope-shift measurements in stable isotopes
with known radii [23]. Two precision measurements of
the 3d94s 3D3 → 3d94p 3P2 transition were performed in
stable nickel in the literature [20, 24]. They yield partly
contradicting results, demanding a clarification to avoid
systematic deviations in the evaluation of nuclear charge
radii of radioactive isotopes.

In this paper, we present improved isotope-shift mea-
surements in 58,60,62,64Ni to resolve the discrepancy in
the literature data. To increase the accuracy, a method to
overcome systematic uncertainty limitations due to laser-
frequency measurements with a wavelength meter was
applied. This allows us to determine the mass-shift and
field-shift parameters with higher precision. Our King-fit
analysis is based on the improved procedure introduced
by Hammen et al. [25] and we found a critical depen-
dence between the choice of the reference isotope and
the achievable charge-radius accuracy. These findings
will enable a more precise determination of the charge
radius of exotic nickel isotopes. The procedure and the
corresponding uncertainty analysis are described in de-
tail. It will be the basis for the analysis of the on-line
measurements and can be easily applied for other iso-
topic chains.

II. SETUP

A schematic overview of the BEam COoling and LAser
spectroscopy (BECOLA) facility at the NSCL/FRIB at
Michigan State University is depicted in Fig. 1 and a
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FIG. 1. Schematic of the BECOLA beamline. A Ni+ ion
beam was produced in a Penning-ionization-gauge (PIG)
source. In the radio-frequency-quadrupole trap (RFQ) the
beam was cooled and bunched. Laser and ion beams were
superimposed and aligned through two 3-mm apertures at
2.1 m distance. The beam was neutralized through charge-
exchange reactions with Na vapor. Fluorescence light was
collected by three mirror-based detection units. Further ion
optics for beam deflection and collimation are not shown.

detailed description can be found in [26, 27]. Singly-
charged ion beams with a kinetic energy of 30 keV are
available from either the NSCL/FRIB or from an off-
line Penning-ionization-gauge (PIG) source [22]. The
ions are guided into a helium-gas filled radio-frequency
quadrupole trap (RFQ) [28], where they are cooled, accu-
mulated and extracted as compressed ion bunches, which
is a well-established technique for decreasing the constant
laser-induced background [29, 30]. The ion beam is over-
lapped with a collinear laser beam in a 30◦ electrostatic
deflector. The following 5-m long beamline includes sev-
eral ion optical elements to ensure a good alignment of
the beams, which can be checked by placing two 3-mm-
diameter apertures at a distance of 2.1m into the beam-
line. Between the apertures a sodium-loaded charge-
exchange cell (CEC) [31] and three mirror-based fluores-
cence detection units (FDUs) are installed. The FDUs
collect a large fraction of the fluorescence light and guide
it to photo-multiplier tubes [26, 32]. The CEC and the
FDUs can be floated on a scanning potential to perform
Doppler tuning: Instead of scanning the laser frequency
across the resonance, the beam velocity is adjusted by
applying a small voltage that alters the beam energy,
which results in different Doppler shifts. If the Doppler-
shifted transition frequency matches the laser frequency,
the ions or atoms emit fluorescence photons, which are
counted with the photo-multiplier tubes.

In the present study, a Ni+ ion beam was generated
in the PIG off-line source from natural nickel. Since Ni+

ions are not accessible by laser spectroscopy due to the
lack of transitions in the optical regime, the ions had
to be neutralized by collisions with Na vapor inside the
charge-exchange cell. The CEC was heated to 410 ◦C
leading to a 50% neutralization efficiency of the incom-
ing ion beam through electron donation from the Na va-
por. Within this non-resonant process, various states
were populated including the metastable 3d94s 3D3 state
[22]. The atoms in this state were excited with laser light
at 352 nm to the 3d94p 3P2 level.

The employed laser was a continuous-wave Ti-sapphire
laser (Matisse 2 TS, Sirah Lasertechnik) that was oper-
ated at 704 nm and pumped by a frequency-doubled Nd-
YAG solid state laser (Millennia eV, Spectra Physics).
The 704-nm light was guided to a cavity-based frequency
doubler (Wavetrain, Spectra Physics) creating the 352-
nm light, which was transported via an optical fiber to
the beamline and irradiated in collinear geometry. Spec-
troscopy was performed with a laser power of 300µW and
a laser-beam diameter of 1mm at the interaction region.
The short-term-frequency stabilization was realized by
side-of-fringe locking to a reference cavity. For long-term
stabilization, the cavity length was controlled by feed-
back from a wavelength meter (WSU30, HighFinesse),
which continuously measured the laser frequency. The
wavelength meter has a specified 3σ accuracy of 30MHz
for the absolute frequency reading. During the isotope
shift measurements it was calibrated every minute to a
helium-neon laser (SL 03, SIOS Metechnik) that was fre-
quency stabilized with the two-mode stabilization tech-
nique. Additionally, the wavelength meter was cross-
referenced to an iodine-saturation-spectroscopy setup
that was recently established at BECOLA. The setup
is similar to those described in [33] and more details will
be published elsewhere [34].

III. ISOTOPE SHIFTS OF STABLE NICKEL

ISOTOPES

A. Measurement procedure

The isotope-shift measurements between the stable
58,60,62,64Ni isotopes were performed by keeping the beam
energy constant and changing the laser frequency for each
isotope. Finally, Doppler tuning with a scanning range
of 40V was applied to determine the resonance position.
Typical spectra are depicted in Fig. 2. Comparing the
resonant rest-frame frequencies νA and νA

′

of one iso-
tope and the reference isotope, respectively, yields the
isotope-shift

δνA,A′

= νA − νA
′

. (1)

Compared to the alternate approach, where the laser
frequency is kept constant while the scan voltage is
changed by a few kV when switching between the iso-
topes, the present procedure yields a smaller systematic
uncertainty: The total beam energy can be determined
precisely from a collinear and anticollinear measurement
of one reference isotope and can be transferred to the
other isotopes when performing all measurements at a
constant acceleration voltage [36]. Contrarily, the elec-
tronic measurement of a large scanning voltage (2.7 kV
to cover all isotopes for our conditions) can easily lead
to uncertainties of a few MHz even if devices with 10−4

relative accuracy are applied. Furthermore, a change of
the beam path was observed when changing the scan-
ning potential. This was avoided in the present approach,
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FIG. 2. Typical resonance spectra of 58,60,62,64Ni. Due to inelastic collisions during the charge exchange process [31], the
lineshape is slightly asymmetric, which was considered in the fit function [35]. The abscissa is relative to 58Ni.

where only small scanning voltages were applied. How-
ever, when changing the laser frequency, the uncertainty
of the wavelength meter had to be considered. Recent
studies on various devices of the same manufacturer as
used here revealed that the offset of the wavelength meter
reading from the real frequency is covered by the given
specification. Local variations which are relevant for fre-
quency differences within a scan region of a few GHz
were about one order of magnitude smaller [37, 38]. In
our case, the total uncertainty is specified to be ±30MHz
(3σ) and the local variations were observed to be ±3MHz
(3σ) for a similar device [38].

To determine and reduce the impact of these local vari-
ations, the isotope-shift measurements were performed
with different laser-frequency sets, which became reso-
nant at different beam energies. For each set, the laser
frequencies were chosen in a way that all isotopes could
be probed at the same beam energy. The measurements
were repeated several times and at different days for each
set. Within one frequency set, the obtained isotope shifts
were consistent and the resulting statistical uncertainty
was ≈ 0.6MHz. Contrarily, when changing the beam en-
ergy to use a different frequency set, the results were sys-
tematically shifted as shown in Tab. I, where the beam-
energy or frequency-set-dependent isotope shifts δν60,58

are listed.

When considering the local variations of the wave-
length meter, these results are in good agreement. From
Gaussian error propagation of Eq. 1 an uncertainty of
2
√
2MHz (1σ) follows which includes a factor of two to

account for the frequency doubling. Since the local vari-
ations of the wavelength-meter uncertainty are random
for each frequency set [37, 38], this uncertainty contri-
bution acts statistically when varying the resonant laser
frequencies. Therefore, the respective 2

√
2-MHz contri-

bution was added in quadrature to the fit uncertainties
before calculating the weighted mean over the results ob-
tained with different frequency sets. The final uncertain-
ties following from Gaussian error propagation (1.1MHz)
and from the standard deviation of the mean (0.9MHz) of
the isotope shifts in Tab. I are consistent, which validates
the error estimation concerning the wavelength meter.
Conservatively, we take the larger value. Including ad-
ditional systematic contributions (see section III C) leads

TABLE I. Isotope-shift measurements in the 3d94s 3D3 →
3d94p 3P2 transition between 60,58Ni for different laser-
frequency sets that were adjusted to match the Doppler-
shifted transition frequencies at the listed beam energy. Typ-
ically, ten individual 60,58Ni isotope-shift measurements were
performed at each beam energy, yielding a fit uncertainty of
≈ 0.6 MHz. Local variations of the wavelength meter act sta-
tistically when using different laser-frequency sets (see text
and Ref. [37, 38] for more details). Hence, the corresponding
2
√

2-MHz contribution was added to the fit uncertainty and
the combined statistical uncertainty is given in squared brack-
ets. It is used as weight for the evaluation of the weighted
mean. From Gaussian error propagation follows a combined
statistical uncertainty of 1.1 MHz. Further systematic contri-
butions are added (see section III C) and the total uncertainty
is listed in parentheses.

beam energy δν60,58

eV MHz

28475 504.3 [2.9]
28481 506.0 [2.8]
29100 504.1 [2.9]
29800 505.5 [2.9]
29909 510.9 [2.9]
30629 506.2 [2.9]
31552 506.7 [2.9]

Mean 506.3 [1.1] (2.3)

to a total uncertainty of 2.3MHz for the isotope shift
δν60,58.

Alternative to average isotope shifts over the results
taken with different frequency sets, the uncertainty of
the frequency measurement can be reduced by employ-
ing more elaborate instruments, e.g., a frequency comb,
or by using additional devices to measure the relative
frequency in parallel like a scanning Fabry-Perot inter-
ferometer [37] or by referencing the laser frequency to a
well-known natural transition line, e.g., from the I2 spec-
trum. The latter technique has been recently established
at BECOLA and was employed for a 60,58Ni isotope-shift
measurement. A pair of iodine lines was selected, for
which both isotopes appeared at nearly the same beam
energy. These iodine lines have been referenced against a
frequency comb at TU Darmstadt and allowed us to re-
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TABLE II. Results of 60,58Ni isotope-shift measurements in
the 3d94s 3D3 → 3d94p 3P2 transition based on three differ-
ent approaches. In the first two cases, the wavelength-meter
uncertainty was reduced by averaging over different frequency
sets or by referencing it to well-known iodine lines. The
same systematic contributions apply for these measurements
(2.1 MHz, see section III C). Based on the independent uncer-
tainties (fit and frequency determination, squared brackets),
the weighted mean was taken and the common systematic
contributions were added. The total uncertainty is given in
parentheses. The isotope shift extracted from our collinear
and anticollinear measurements [36] is regarded fully inde-
pendent in terms of the systematic uncertainty. The weighted
mean yields the final result. Literature values for the 60,58Ni
isotope shift are provided in Tab. III.

Method δν60,58

MHz

Wavelength meter 506.3 [1.1]
Iodine reference 507.0 [0.9]

Mean 506.7 [0.8] (2.2)
Col./Anticol. [36] 505.6 (3.9)

Final 506.4 (1.9)

duce the frequency-measurement uncertainty to 0.6MHz
[34]. The quadratic sum with the statistical uncertainty
yielded 0.9MHz. Otherwise, the same systematic un-
certainties as in the normal wavelength-meter-referenced
operation applied, which are discussed in section III C.
The result is listed in Tab. II.

As a last method, the rest-frame frequencies of 58Ni
and 60Ni from our collinear and anticollinear measure-
ments [36] were used to extract the isotope shift between
both isotopes. As shown in Tab. II, all three methods are
in agreement. The final δν60,58 isotope shift was calcu-
lated as the weighted mean of the three approaches. Since
the same systematics apply for the first two methods,
they were averaged in a first step, where only the inde-
pendent uncertainties (fit and laser-frequency determina-
tion) were taken as weights, which are listed in squared
brackets in Tab.II. Gaussian error propagation yielded
0.8MHz. Adding the systematic uncertainty contribu-
tions (see section III C) leads to a total uncertainty of
2.2MHz. This result was combined with the one obtained
from collinear and anticollinear spectroscopy, yielding the
final value of 506.4 (1.9)MHz.

All other isotope shifts presented in this paper were
determined by applying only the first method that is
based on averaging the results obtained with different
frequency sets. The isotope shifts were measured at six
different beam energies, each consisting of at least two
independent data sets.

TABLE III. Isotope shifts in the 3d94s 3D3 → 3d94p 3P2

transition between the stable even-even nickel isotopes from
the present work and the literature [20, 24]. Besides the mea-
sured results (m), Ref. [24] listed corrected values (c), which
were improved by projecting the measurements on a King fit.
All uncertainties are given for a 1σ interval.

This work Ref. [20] Ref. [24] (m) Ref. [24] (c)
MHz MHz MHz MHz

δν60,58 506.4 (1.9) 509.1 (4.9) 506.9 (1.0) 507.8 (0.9)
δν62,58 1010.6 (2.4) - 1021.7 (1.7) 1019.6 (1.5)
δν64,58 1534.3 (2.6) - 1533.1 (3.9) 1532.5 (3.1)
δν62,60 504.4 (2.7) 503.9 (4.6) 507.2 (1.4) 506.9 (1.2)
δν64,60 1028.2 (2.6) 1027.2 (8.1) - -
δν64,62 524.7 (2.6) - 503.1 (3.6) 509.9 (2.6)

B. Results

In Tab. III, the results of all investigated isotopes are
listed and compared with the literature. Our isotope
shifts are consistent with those from a collinear laser
spectroscopy measurement performed at ISOLDE [20]
and the deviations are much smaller than the denoted
uncertainties. In the presented measurements the un-
certainty was improved by a factor of two compared to
Ref. [20].
The results also mostly agree with the measurements

from a liquid-nitrogen-cooled hollow cathode [24] but
particularly measurements including 62Ni deviate in case
of the investigated 3d94s 3D3 → 3d94p 3P2 transition.
The results from Ref. [24] are published with a 3σ uncer-
tainty which was reduced to 1σ for comparison. In their
publication, they also list isotope shifts that are corrected
by a King-fit analysis, which shifts their isotope shifts in-
cluding 62Ni closer to our values. Nevertheless, the data
sets still deviate, which can be traced back to underes-
timated uncertainties in Ref. [24] by a detailed King-fit
discussion in section IVC.

C. Uncertainty analysis

Due to the diverse natural abundance of the nickel
isotopes 58,60,62,64Ni (68.1% / 26.2% / 3.6% / 0.9%),
the measurement time varied from < 5min for 58,60Ni to
about one hour for 64Ni. We did not investigate 61Ni
(1.1%) since hyperfine splitting leads to a further re-
duction of the signal strength. To compensate drifts
of, e.g., the acceleration potential, the less-abundant iso-
topes were measured between the more abundant 58,60Ni
resulting in a 58Ni – 60Ni – 62Ni – 64Ni – 60Ni – 58Ni
measurement scheme. When deriving the isotope shift
relative to 58Ni or 60Ni, the respective isotope was used
to calibrate the beam energy based on a collinear and
anticollinear measurement [36]. Drifts of up to 0.3 eV
were observed between the beginning and the end of the
measurement cycle. The beam energy was linearly in-
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terpolated and the time-corrected values were assigned
to the 62,64Ni measurements. 60,58Ni isotope-shift mea-
surements were not time corrected but only consecutive
measurements were compared. These were mostly per-
formed in alternating order (58Ni – 60Ni – 60Ni – 58Ni).
In the data analysis, the photons that were counted by
the three FDUs, were added before fitting and then the
shift between two isotopes was extracted.
As discussed in section III A, the wavelength-meter un-

certainty became statistical by performing measurements
with different laser-frequency sets and hence, it was
added in quadrature to the fit uncertainty before tak-
ing the weighted mean over the respective measurements.
The resulting statistical uncertainties were between 1.1
and 1.7MHz for the different isotope shifts. Addition-
ally, the following systematic contributions were added
in quadrature:

• Beam energy determination: < 0.3MHz: As dis-
cussed in [36], the uncertainty of the beam-energy
determination based on the collinear and anti-
collinear approach is below 0.3 eV. For our exper-
imental conditions, this results in small system-
atic uncertainties of ∆δν(δA = 2) = 0.07MHz,
∆δν(δA = 4) = 0.15MHz and ∆δν(δA = 6) =
0.22MHz, which depend on the mass difference δA.

• Lineshape: 0.5 MHz: An asymmetric lineshape
is observed and expected due to inelastic collision
during the charge exchange process [31]. Evaluat-
ing the data with a symmetric Voigt, a Voigt com-
bined with a satellite at fixed frequency distance,
and a Voigt with an exponential contribution [35],
leads to deviations of the isotope shifts of up to
0.5MHz. The latter function yielded the most con-
sistent results in terms of reduced χ2, fluctuations
of the results taken under the same conditions, and
total uncertainty and was therefore chosen for the
final results.

• Bunching: 2MHz: The time gates for evaluating
the bunched measurements were carefully chosen to
collect 3σ of the bunch width. Varying the time-
gate width and position leads to changes of a few
100kHz. However, a systematically different iso-
tope shift was observed when using a continuous
beam instead of a bunched beam. The origin of
this deviation is still unclear. Dependence on the
gas pressure of the RFQ as well as on the amount
of ions accumulated for bunching were investigated
but neither resolved the difference. Testing this
phenomenon in the 4s 2S1/2 → 4p 2P3/2 transi-

tion of Ca+ yielded consistent results with preci-
sion measurements in the literature [39, 40] in case
of a bunched beam whereas the continuous-beam
measurements showed a deviation. Conservatively,
a 2-MHz contribution that bridges the gap outside
the combined fit uncertainties was added to the pre-
sented results.

We neglected uncertainties due to an angular misalign-
ment of the laser light and nickel atom beam since the
applied beam-energy-determination method [36] yielded
directly the velocity component in laser-beam direction.
The ion and laser beam alignment was not changed dur-
ing the measurements. Also, possible drifts of the helium-
neon laser frequency that was used to calibrate the wave-
length meter were neglected since the time interval be-
tween the reference measurements in 58,60Ni was short.

IV. KING PLOT AND NUCLEAR CHARGE

RADII

A. Method

As extensively discussed in the literature, the isotope
shift δνA,A′

originates from two effects: The mass shift,
which arises from a displaced center of gravity and the
respective nuclear motion with changing amount of neu-
trons, and the field shift that is caused by the different
finite size of the nucleus

δνA,A′

= KµA,A′

+ FΛA,A′

(2)

with the mass-shift constant K, the field-shift constant
F , and the mass coefficient µA,A′

[23]

µA,A′

=
mA −mA′

(mA +me)(mA′ +me)
(3)

where mA and mA′ are the nuclear masses, which we
obtained from [41] and [42], and me is the electron mass.

ΛA,A′

is the nuclear parameter

ΛA,A′

= δ〈r2〉A,A′

+
C2

C1

δ〈r4〉A,A′

+
C3

C1

δ〈r6〉A,A′

+ ... (4)

with the Seltzer coefficients C and the differential mean
square charge radius δ〈r2〉A,A′

= 〈r2〉A − 〈r2〉A′

between
the isotopes A and A′, etc. The higher-order contribu-
tions of the nuclear parameter consider that the elec-
tronic wave function is not constant across the nuclear
volume, which is particularly important for heavy ele-
ments. For low and medium masses these contributions
are small and ΛA,A′ ≈ δ〈r2〉A,A′

. In the case of Ni, the

approximation ΛA,A′ ≈ δ〈r2〉A,A′

causes a relative devi-
ation of < 0.05% when extracting the differential mean
square charge radius from a King plot, while the uncer-
tainty of δ〈r2〉A,A′

is > 1% for stable isotopes and even
larger for rare isotopes.
For stable isotopes, precise literature values for the

charge radii are available from muonic and electron-
scattering experiments. These can be used in com-
bination with isotope-shift measurements in a King-fit
analysis [23]: Rearranging Eq. 2 yields a linear rela-

tion between the modified isotope shifts δνA,A′

/µA,A′

and the modified differential mean square charge radii
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δ〈r2〉A,A′

/µA,A′

:

δνA,A′

µA,A′
= F

δ〈r2〉A,A′

µA,A′
+K . (5)

The field-shift and mass-shift parameters F and K, re-
spectively, can be extracted experimentally if nuclear
charge radii of at least three isotopes are available. These
atomic factors are of utmost importance for extracting
the charge radii of short-lived isotopes. Furthermore, the
isotope-shift measurements can be validated by checking
the quality of the expected linear relation. If isotope
shifts of two or more transitions have been measured,
the charge radius can be eliminated [23], enabling a vali-
dation based on the isotope shift measurements only and
to determine the field-shift ratio [39, 40].

B. Treatment of reference charge radii

The established procedure for the extraction of the
charge radii of stable reference isotopes is to com-
bine tabulated muonic and electron-scattering data, e.g.,
Ref. [43]. In many of the published laser spectroscopic
results, the reference table is quoted but the deriva-
tion of the not directly listed differential mean square
charge radii δ〈r2〉A,A′

and especially their uncertainty

∆δ〈r2〉A,A′

are often not specified. For this reason we
want to provide a detailed description of the procedure
applied here. We used the compilation from Fricke and
Heilig [43] as is usually done in the laser spectroscopy
community. They list the results from muonic experi-
ments including the model-independent Barrett equiva-
lent radiiRkα. These can be combined with the also given
electron-scattering results that reveal the ratio of radial
moments V , yielding the model-independent charge radii

〈rn〉1/n = Rkα / Vn . (6)

While the extraction of the differential mean square
charge radius δ〈r2〉A,A′

(and also of ΛA,A′

) is straight-
forward

δ〈r2〉A,A′

= 〈r2〉A − 〈r2〉A′

=

(
RA

kα

V A
2

)2

−
(

RA′

kα

V A′

2

)2

=

(

RA
kα

V A
2

− RA′

kα

V A′

2

)

︸ ︷︷ ︸

term I

·
(

RA
kα

V A
2

+
RA′

kα

V A′

2

)

︸ ︷︷ ︸

term II

,

(7)

the determination of the corresponding uncertainty is of-
ten treated differently in the presentation of laser spec-
troscopic results. In some cases the full uncertainty of the
Barrett radius is taken, in others the systematic contribu-
tion is (partly) neglected assuming it is canceled during
the extraction of radii differences.

TABLE IV. Differential mean square charge radii extracted
from Ref.[43] based on the relative Barrett radius from muonic
measurements and the ratio of radial moments from elastic
electron scattering experiments by the procedure described
in the text.

Differential mean square charge radius
fm2

δ〈r2〉60,58 0.2731 (48)
δ〈r2〉62,58 0.5000 (48)
δ〈r2〉64,58 0.6362 (48)
δ〈r2〉62,60 0.2266 (48)
δ〈r2〉64,60 0.3631 (48)
δ〈r2〉64,62 0.1365 (48)

In the table from Fricke and Heilig a detailed error es-
timation is given, which is adopted in the present work.
They illustrate why the radial moments V should be
treated without error and explain the uncertainties given
for the Barrett radii: In the table, they provide an ex-
perimental Barrett-radius uncertainty, which combines
the statistical and the energy-calibration contributions,
and a theoretical Barrett-radius uncertainty originating
from the calculation of the nuclear polarization correc-
tion. The latter is estimated to be less than 30% of the
total nuclear polarization value. Furthermore, they point
out that the uncertainty of relative Barrett-radii mea-
surements is smaller. In that case the energy-calibration
contribution cancels, which reduces the experimental un-
certainty contribution, and they estimate the systematic
uncertainty to be only 10% (30% for deformed nuclei) of
the larger one of the nuclear polarization values of the two
isotopes. For this reason, Fricke and Heilig also list val-
ues for the Barrett radii differences δRAA′

kα = RA
kα −RA′

kα

and the corresponding uncertainties ∆δRAA′

kα . They gen-
erally list these only for neighboring isotopes but follow-
ing their argumentation, this evaluation can be extended,
i.e., to the difference between the Barrett radius of a com-
mon reference isotope and that of all other isotopes. We
added the experimental and theoretical contributions in
quadrature for the final value of ∆δRAA′

kα .
To determine the uncertainty of the differential mean

square charge radii by making use of the well-estimated
uncertainties of the relative Barrett radii, term I in the
rearranged Eq. 7 was approximated by δRAA′

kα /V A′

2 . This
is justified for the uncertainty estimation since the ratio
of radial moments V is treated without error and the rel-
ative difference of V A

2 and V A′

2 is usually below one per
mill. This then yields a simple equation for the uncer-
tainty of the differential mean square charge radius:

∆δ〈r2〉 ≈ ∆δRAA′

kα

V A′

2

·
(

RA
kα

V A
2

+
RA′

kα

V A′

2

)

. (8)

The uncertainty contributions of RA
kα and RA′

kα in term II
can be neglected since they are multiplied by the much
smaller term I, which leads to a suppression by two orders
of magnitude.
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FIG. 3. King plots based on (a) the isotope shifts δνA,58 of the present work (red) and of Ref. [24] (blue), (b) the isotope shifts
δνA,60 of the present work (red) and of Ref. [20] (blue), and the differential mean square charge radii of Tab. IV. The straight
solid red line was obtained by the linear regression applied to our data (blue for literature data) and the dashed lines show the
1σ confidence interval. The dominant contribution to the fit uncertainty is the uncertainty of the modified differential mean
squared charge radii.

The differential mean square charge radii of
58,60,62,64Ni with the corresponding uncertainties
that were extracted by the described procedure are
listed in Tab. IV.

C. King-fit analysis

For performing a King-fit analysis of the isotope shifts
presented in Tab. III, the procedure introduced by Ham-
men et al. [25] was applied that shifts the origin of the
abscissa by introducing a constant offset parameter α

δνA,A′

µA,A′
= F

(

δ〈r2〉A,A′

µA,A′
− α

)

+Kα (9)

to reduce the correlation between the atomic parameters
K and F . The impact of α on K and F becomes small
close to the minimal correlation and, hence, we limited α
in the optimization procedure to integer numbers. The
linear regression was performed according to the method
of York et al. [44]. King fits with 58Ni and 60Ni as
reference isotope are depicted in Fig. 3.

Charge radii can then be extracted from the isotope-
shift measurements with the obtained atomic factors as

δ〈r2〉A,A′

=
δνA,A′ − µA,A′

Kα

F
+ µA,A′

α . (10)

Compared to the standard procedure, the uncorrelated
atomic factors allow for a determination of the corre-
sponding uncertainty simply by Gaussian error propaga-

tion since the correlation matrix is diagonal

∆δ〈r2〉A,A′

=

[(

∆δνA,A′

F

)2

+

(

µA,A′

F
∆Kα

)2

+

((

α− Kα

F

)

∆µA,A′

)2

+

(

δνA,A′ − µA,A′

Kα

F 2
∆F

)2 ] 1

2

.

(11)

Since the mass-shift constant K becomes dependent on
the free parameter α, it looses its physical meaning. For
this reason, both results for the mass-shift parameter are
listed in Tab.V: Kα where α was optimized to reduce
the correlation, and K0, where α = 0. The King-fit anal-
ysis was performed in three different ways: First, the
most abundant isotope 58Ni was used as global reference
A′, second, 60Ni was employed as global reference iso-
tope as done in Ref. [20], and third, a King fit was per-
formed in ladder style, which means that isotope shifts
and mean-square charge radii differences of neighboring
isotopes were used with A > A′.
Comparing F and K0 of the three different approaches

yields a good agreement. Furthermore, all of our val-
ues agree well with the atomic factors given in Ref. [20],
where 60Ni was used as global reference isotope. This is
also illustrated by the King plots (Fig. 3b). It should be
noted that δν61,60 was additionally measured in Ref. [20],
which gave further weight in their King fit. When us-
ing the isotope shifts between 60,62,64Ni and 58Ni from
Ref. [24] (see Tab. III) to perform a King-fit analysis, it
yields smaller values forK0 and F , which agree, however,
still within the uncertainty interval. Analyzing the cor-
responding King plot (Fig. 3a) with 58Ni as global refer-
ence isotope shows that our mass-modified isotope-shifts
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TABLE V. Results from King-fit analyses based on our

3d94s 3D3 → 3d94p 3P2 isotope-shift measurements δνA,A′

(see Tab. III) and the differential mean square charge radii
extracted from Ref. [43] by the procedure described in the
text (see Tab. IV). King fits with 58Ni and 60Ni as global ref-
erence A′ and in ladder style were performed. The extracted
atomic factors are compared to those published in Ref. [20].
We also performed a King-fit analysis with the isotope shifts
from Ref. [24]. The field-shift parameter F (in MHz/fm2) and
the independent mass-shift parameter K0 (in GHz/u) are in
agreement within the different analyses. Furthermore, Kα (in
GHz/u) is given where an offset parameter α (in u fm2) was
optimized to reduce the correlation between Kα and F . Due
to the dependence on α, the values of Kα cannot be directly
compared.

δνA,58 δνA,60 δνladder δνA,60 [20] δνA,58 [24]

F -767 (70) -804 (66) -765 (57) -788 (82) -702 (67)
K0 1250 (29) 1266 (26) 1249 (24) 1262 (32) 1227 (29)
Kα 929.8 (2.2) 954.0 (3.5) 938.3 (4.7) 949 (4) 927.0 (2.2)
α 417 388 406 397 426

align with the mass-modified mean square charge radii.
Contrarily, the isotope shifts from Ref. [24] show some
disagreement, which indicates that the uncertainties of
isotope-shift measurements from Ref. [24] might be un-
derestimated.

D. Choice of the reference isotope

When analyzing the uncertainties of Kα and F
of the three different choices of the reference iso-
tope in more detail, it is noted that ∆Kα(

58Ni) <
∆Kα(

60Ni) < ∆Kα(ladder) while ∆F (58Ni) >
∆F (60Ni) > ∆F (ladder). In ladder style, the largest
range in the King-plot diagram is covered, leading to
smaller uncertainties of the slope (F ) but to larger un-
certainties of the intercept (Kα) compared to the case
with 58Ni as global reference, where the data is com-
pressed into the smallest range (see Fig. 3). Even though
these differences seem marginal, they are significant in
the charge-radii evaluation of short-lived isotopes.
We want to demonstrate the importance of the choice

of the reference isotope for the example of 54Ni. The
achievable accuracy of the differential mean square
charge radius ∆δ〈r2〉54,A′

is plotted in Fig. 4 for the
atomic factors that were extracted with 58Ni and 60Ni
as global reference isotope, in dependence of the yet un-
known isotope shift δν54,58, which is expected to be be-
tween −1.3 and −1.5GHz. The minima in these curves
are defined by the first two terms in Eq. 11 (neglect-
ing the usually much smaller mass term) and, hence,
depend on ∆Kα and on the isotope-shift uncertainty
∆δνA,A′

. To differentiate between both contributions,
the resulting uncertainty is plotted for an isotope shift
uncertainty of 0MHz (solid line) and 10MHz (dashed

line). Due to the smaller mass coefficient µA,A′

and since
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FIG. 4. Uncertainty of the differential mean square charge-

radius ∆δ〈r2〉54,A′

extracted from an isotope-shift measure-

ment δν54,A′

. The reference isotope dependence originates in
the different uncertainties of Kα and F and the distance to
the reference isotopes in the King-plot diagram. The mini-
mum is located at the center of the reference isotopes. To
disentangle the impact of the uncertainties of atomic factors
and isotope-shift measurement, the resulting uncertainty is

plotted for ∆δν54,A′

= 0 MHz and ∆δν54,A′

= 10 MHz. See
text for more details.

∆Kα(
58Ni) < ∆Kα(

60Ni), a lower minimum is reached
in case of 58Ni as reference. Contrarily, the slope of the
achievable accuracy depends on the last term in Eq. 11
that describes the ∆F contribution and hence, favors
60Ni as reference isotope. The minima are shifted rel-
ative to each other since they depend on where δν54,A

′

is located in the respective King plot: The highest ac-
curacy is reached if the isotope of interest is located in
the center of the King plot, which varies for the different
reference isotopes.
For an isotope shift of δν54,58 < −1.25GHz, a smaller

uncertainty of the differential mean square charge radius
is reached by choosing 60Ni as reference isotope instead
of the more abundant 58Ni. For example, assuming an
isotope shift of δν54,58 = −1.4GHz and an experimen-
tal uncertainty of 10MHz, the resulting uncertainty of
the differential mean square charge radius would be 30%
smaller. Therefore, the charge-radius accuracy can be
significantly improved by a wise choice of the reference
isotope, which is particularly important if absolute radii
are of interest, e.g., for constraining the equation of state
of nuclear matter [19].

V. CONCLUSION

An approach to overcome the limitations of a conven-
tional wavelength meter was presented. Local variations
in its response that were revealed recently in detailed
investigations on these devices [37, 38] can strongly af-
fect the achievable accuracy of relative frequency mea-
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surements. By varying the laser frequency sets, the un-
certainty of the wavelength meter acts statistically and,
hence, is reduced with an increasing number of indepen-
dent measurements. Applying this method, the accuracy
of the isotope shifts of the 3d94s 3D3 → 3d94p 3P2 tran-
sition in the stable 58,60,62,64Ni isotopes was improved
by a factor of two compared to previous laser spectro-
scopic investigations [20]. A King-fit analysis confirms
the robustness of our data and reveals underestimated
uncertainties in Ref. [24], whose isotope shifts partly de-
viate from our values, whereas the results of Ref. [20]
are in agreement with our measurements. This resolves
the discrepancy between both literature measurements
and allows for a more reliable charge-radius extraction of
short-lived nickel isotopes.

Furthermore, three different King-fit analyses were
evaluated, in which the isotope-shift measurements refer
either to 58Ni, 60Ni or the neighbouring isotope. These
methods span different ranges in the King-plot diagram,

leading to different uncertainties in the extraction of
slope and offset of a fitted line. A critical dependence of
the achievable accuracy of the differential mean square
charge radii from the chosen reference isotope was found
and illustrated for the example of 54Ni. This approach
can be easily applied for other isotopic chains and will
be a useful technique to improve the accuracy of further
charge-radius measurements.
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[25] M. Hammen, W. Nörtershäuser, D. L. Balabanski, M. L.
Bissell, K. Blaum, I. Budinčević, B. Cheal, K. T.
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