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Background: In a previous series of papers we investigated the domain of ap-

plicability of chiral potentials to the construction of a microscopic optical potential

(OP) for elastic nucleon-nucleus scattering. The OP was derived at the first order

of the spectator expansion of the Watson multiple scattering theory and its final

expression was a folding integral between the nucleon-nucleon (NN) t matrix and

the nuclear density of the target. In the calculations NN and three-nucleon (3N)

chiral interactions were used for the target density and only the NN interaction for

the NN t matrix.

Purpose: The purpose of this work is to achieve another step towards the calcu-

lation of a more consistent OP introducing the 3N force also in the dynamic part of

the OP.
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Methods: The full treatment of the 3N interaction is beyond our present capa-

bilities. Thus, in the present work it is approximated with a density dependent NN

interaction obtained after the averaging over the Fermi sphere. In practice, in our

model the 3N force acts as a medium correction of the bare NN interaction used

to calculate the t matrix. Even if the 3N force is treated in an approximate way,

this method naturally extends our previous model of the OP and allows a direct

comparison of our present and previous results.

Results: We consider as case studies the elastic scattering of nucleons off 12C and

16O. We present results for the differential cross section and the spin observables for

different values of the projectile energy. From the comparison with the experimental

data and with the results of our previous model we assess the importance of the 3N

interaction in the dynamic part of the OP.

Conclusions: Our analysis indicates that the contribution of the 3N force in the

t matrix is small for the differential cross section and it is sizable for the spin observ-

ables, in particular, for the analyzing power. We find that the two-pion exchange

term is the major contributor to the 3N force. A chiral expansion order-by-order

analysis of the scattering observables confirms the convergence of our results at the

next-to-next-to-next-to-leading-order, as already established in our previous work.

PACS numbers: 24.10.Ht;25.40.Cm;25.40.Dn;24.70.+s;11.10.Ef
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I. INTRODUCTION

The optical potential (OP) is a widely used tool developed in the first instance to describe

the elastic nucleon-nucleus scattering and successively employed in other nuclear reactions.

Decades of research work have led to the development of different phenomenological and

microscopic approaches to derive OPs to be employed in different kinematical regions and

for different reactants. A phenomenological approach is generally preferred to achieve a

more accurate description of the available experimental data. Despite this accuracy, the

predictive power of phenomenological OPs remains poor when they are applied to situations

for which data are not yet available, due to their dependence on several free parameters fitted

to reproduce the existing data. A microscopic approach to the OP still remains the preferred

way to make reliable predictions and to assess the impact of the approximations introduced

in the model, and, recently, several new works have been devoted to this topic [1–24].

At intermediate energies, the construction of a microscopic OP based on the Watson

multiple scattering theory is particularly appealing, and in the 90’s it produced several

theoretical works [25–32] where realistic nucleon-nucleon (NN) interactions together with

nuclear target densities were used as the input for the calculation of such microscopic OPs.

The development of new NN and three-nucleon (3N) interactions derived within the

framework of the chiral perturbation theory (ChPT), together with the modern accurate

many-body techniques, resulted in a renewed interest in the subject, because of the possi-

bility to achieve a more consistent calculation of the OP using the NN and 3N forces as

the only input for the computation of its dynamic and structure parts. We note that this

choice is not unique and, recently, a similar OP has been successfully derived [21, 22] using

only the NN interaction, in particular the one from Ref. [33].

In a series of papers we explored the possibility of constructing a microscopic OP from

chiral interactions: we derived a microscopic OP from NN chiral potentials [34], we studied

the convergence of the scattering observables computed with NN potentials at different

chiral orders [35], we investigated the predictive power of our OP against the experimental

data for several isotopic chains [36] and compared our results with those obtained with one

of the most popular phenomenological OP [37, 38]. Our original model was improved in

Ref. [23], where we computed our OP with a microscopic nonlocal density obtained with

the ab initio no-core shell model (NCSM) [39] utilizing NN and 3N chiral interactions.
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The same NN interaction was used in Ref. [23] to calculate the NN t matrix and the

nuclear density, that convoluted together give the OP. Recently, this approach has been also

extended to describe the elastic scattering of antiprotons off several target nuclei [24].

Despite all these advances, a lot of work has still to be done before reaching full con-

sistency. In particular, the approach adopted in Ref. [23] uses NN and 3N interactions to

calculate the nuclear density, while the NN t matrix, which represents the dynamic part of

the OP, is computed with the NN interaction only. Naively, we can argue that the impact

of the 3N force is more important in the nuclear density, since reproducing the nuclear radii

is essential for a proper description of the diffraction minima in the differential cross section.

However, for a more consistent derivation, the NN and 3N potentials should be used both

in the dynamic and in the structure parts of the OP. Unfortunately, the exact treatment of

the 3N interaction is a very hard task that is beyond our present capabilities.

The goal of the present work is to develop a framework that allows us to introduce and

consequently assess the impact of the 3N force in the dynamic part of the OP. Our framework

makes use of a density-dependent NN interaction, which introduces some medium correc-

tions to the bare NN potential in the calculation of the t matrix and naturally extends the

previous scheme adopted in Ref. [23].

The paper is organized as follows: in Sec. II we derive the expression for the OP operator

and we show explicitly how the 3N force is included in our scheme. Some details about the

chiral potentials can be found in Sec. II A, while the technical details about the calculation

of the OP are given in Sec. II B. In Sec. III we show the results for the scattering observables

obtained with our OP and compare them to the experimental data. Finally, in Sec. IV we

draw our conclusions.

II. OPTICAL MODEL

In the most general framework 3N effects could arise both at the level of the bare nuclear

potential or as a result of the complicated many-body dynamics. Recalling the distinction

introduced by Sauer in Ref. [40], many-nucleon forces can be generally divided into two

categories: genuine contributions arising from the nuclear Hamiltonian and induced terms

coming from the process of solving the nuclear many-body problem. Induced many-nucleon

forces do not have a fundamental basis. In some sense they can be interpreted as theoretical
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artifacts due to the inevitable approximations involved in the solution of the many-body

problem. On the other hand, genuine contributions enter directly into the definition of the

nuclear Hamiltonian in terms of the active degrees of freedom chosen to describe the nuclear

systems.

Our aim is to present a consistent framework in which the role of 3N forces in elastic

nucleon-nucleus scattering can be investigated. In this perspective, we will restrict our

analysis to the role of genuine 3N forces and neglect, as a first step, the complications due

to induced many-body forces. Since at the moment an exact treatment of the full problem

is not available, we will focus our attention on the impact of 3N forces in the approximation

of NN dynamics dominance.

We will mainly follow the derivation presented in Refs. [32, 34, 35, 41–44] in order to

assess the strengths and limitations of our analysis.

To deal with the general problem of the elastic scattering of a nucleon from a target

nucleus of A nucleons, we start from the full (A + 1)-body Lippmann-Schwinger equation

for the many-body transition amplitude T as follows

T = V + V G0(E)T , (1)

where V is the chiral nuclear potential at a given order in the relevant expansion parameter

(more details in Sec. II A) and G0(E) is the (A+ 1)-body propagator connected to the free

Hamiltonian H0 (that includes the target Hamiltonian HA and the kinetic energy of the

projectile h0) defined as

G0(E) = (E − h0 −HA + iε)−1 . (2)

In the standard approach to elastic scattering, Eq. (1) is separated into two equations. The

first one is an integral equation for T

T = U + UG0(E)PT , (3)

where U is the optical potential operator, and the second one is an integral equation for U

U = V + V G0(E)QU . (4)

In the previous expressions we introduced the projection operators P and Q that satisfy the

relation

P +Q = 1 , (5)
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and where P fulfills the condition

[G0, P ] = 0 . (6)

Of course, in the case of elastic scattering, P projects onto the elastic channel. It can be

defined as follows

P =
|ΦA〉 〈ΦA|
〈ΦA|ΦA〉

, (7)

where |ΦA〉 is the ground state of the target. With these definitions, the elastic transition

operator may be defined as Tel = PTP , and, in this case, Eq. (3) becomes

Tel = PUP + PUPG0(E)Tel . (8)

Thus the transition operator for elastic scattering is given by a one-body integral equation.

In order to solve Eq. (8) we need to know the operator PUP .

The nuclear potential derived in the framework of ChPT consists of two-body and, start-

ing at N2LO (next-to-next-to-leading order) in the perturbative expansion, also three-body

contributions, see Refs. [45–54]. As well known, the NN potentials at order LO (leading

order) and NLO (next-to-leading order) are not a viable choice since, as we have shown in

our previous papers [34, 35], the scattering observables are poorly reproduced. Starting from

this consideration, it is useful to study the effects of the 3N force in the solutions of Eq.

(1) because, in addition to the aforementioned nuclear potential V , the inclusion of the 3N

force is an essential piece in the ab initio description of nuclear targets (with the exception

of the potential NNLOsat, see Ref. [55], that, however, is not suited to be employed in proton

elastic scattering at energies larger than 100 MeV [56]).

Let us start by writing the chiral potential as follows,

V = VNN + V3N , (9)

where VNN consists of all two-body contributions v0i between the nucleon projectile (labelled

by 0) and the ith nucleon in the target,

VNN =
A∑
i=1

v0i ; (10)

and V3N is determined by all three-body contributions w0ij between the projectile and two

spectator nucleons in the target (i and j),

V3N =
1

2

A∑
i=1

A∑
j=1 j 6=i

w0ij . (11)
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Now we insert Eq. (9) into Eq. (4) and we obtain the many-body equation for the optical

potential operator

U = (VNN + V3N) + (VNN + V3N)G0(E)QU . (12)

The exact treatment and solution of the previous equation is beyond our current capabilities

already with the NN interaction only, so, in order to include some effects due to a 3N force,

we need to introduce an approximation which allows us to simplify the previous equation

to a form that can be treated with the standard techniques. If we make the assumption

that the two-nucleon dynamics dominates the scattering processes, we can introduce the

following approximation
A∑
j=1
j 6=i

w0ij ≈ 〈w0i〉 , (13)

where the notation 〈. . .〉 indicates an average over the Fermi sphere. The operator 〈w0i〉 is

a two-body operator. How to perform such a simplification will be described in Sec. II A. If

we insert Eq. (13) into Eq. (12) and we define the following potentials

v
(1)
0i ≡ v0i +

1

2
〈w0i〉 , (14)

v
(2)
0i ≡ v0i + 〈w0i〉 , (15)

we obtain

U =
A∑
i=1

U0i , (16)

where

U0i = v
(1)
0i + v

(2)
0i G0(E)QU . (17)

If we insert Eq. (16) into Eq. (17) and we define the following operators

τ0i ≡ v
(1)
0i + v

(2)
0i G0(E)Qτ0i , (18)

χ0i ≡ v
(2)
0i + v

(2)
0i G0(E)Qχ0i , (19)

we obtain

U0i = τ0i + χ0iG0(E)Q
A∑
j=1
j 6=i

U0j . (20)

We see that the operator τ0i satisfies a Lippmann-Schwinger equation and is density depen-

dent, because of the presence of the operator 〈w0i〉. In the limit of the density going to zero
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the operator τ0i becomes equal to the first-order term of the spectator expansion. Our ap-

proach explicitly neglects contributions from higher-order terms in the spectator expansion

that would naturally produce induced three-body forces. So far, only one attempt [26] has

been made to treat the second term of the spectator expansion; the conclusions of this work

suggest extreme care when we treat the folding of the finite range of the NN transition

amplitude with the target wave function. The evaluation of this second term using ab initio

nonlocal densities will be the subject of future investigations.

We can now approximate Eq. (20) with its leading term and, since this is still a many-

body equation, we introduce the impulse approximation, which neglects the medium effects

due to the interaction of the target nucleon with the residual nucleus and, thus, the scat-

tering process between the projectile and the target nucleon is treated as free. This is a

well known approximation suited for the energies under consideration and it has the ad-

vantage of reducing the many-body integral equation to a two-body one. Thus, after some

manipulations [34, 35], the final expression for the optical potential is given by

U =
A∑
i=1

t0i , (21)

where

t0i = v
(1)
0i + v

(2)
0i git0i (22)

and

gi =
1

(E − Ei)− h0 − hi + iε
. (23)

Here we see that gi is the two-body free propagator while, in the limit of a zero density, the

operator t0i becomes the free two-body scattering operator.

Essentially, what we did is to approximate the pure 3N force with a density-dependent

NN force obtained by averaging the third nucleon momenta over the Fermi sphere. Within

this procedure, we produce a term in Eq. (22) that introduces de facto a medium correction

to the standard expression of the OP obtained in the impulse approximation. Our treatment

of medium corrections is not exhaustive and other contributions can also be included, as

suggested in Refs. [16, 30, 44, 57, 58]. A more complete investigation of medium corrections

is mandatory for the future of our model and we plan to investigate a complete treatment

in a forthcoming article.
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A. More about the chiral nuclear potentials

The most recent generation of NN potentials is derived within the formalism of ChPT.

In this framework, the NN interaction is governed by the (approximate) chiral symmetry

of low-energy QCD that constrains the building blocks of the NN Lagrangian. ChPT

provides a description of nuclear systems in terms of single and multiple pion exchanges

(long- and medium-range components) and contact interactions between the nucleons in

order to parametrize the short-range behaviour [49, 50]. A power counting scheme, based

on an expansion parameter determined by the ratio of a soft scale (usually the momentum

p or the pion mass mπ) over a hard scale (i.e. QCD energy gap Λχ), is at the basis of the

perturbative expansion [45, 59, 60]. The free parameters of the theory are determined by

reproducing data in the two-nucleon sector.

In our previous works [23, 24, 34–36] we applied chiral NN potentials at N3LO (next-

to-next-to-next-to-leading order) and N4LO (next-to-next-to-next-to-next-to-leading order)

to the description of proton-nucleus (but also antiproton-nucleus) elastic scattering observ-

ables. Despite an overall agreement with experimental data, the description of the scattering

observables can still be improved, in particular concerning the polarization quantities, like

the analyzing power.

One key feature of the application of ChPT in the nuclear sector is the natural emergence,

as well as the fully consistent derivation, of multi-nucleon forces. The first introduction of

3N forces in terms of π-exchange dynamics dates back to the seminal paper of Fujita and

Miyazawa [61], where a single π is exchanged between two of the three nucleons involved. In

ChPT, such contribution naturally arises from the structure of the Lagrangian dictated by

chiral symmetry. In fact, 3N forces start to appear at N2LO, whereas at LO and NLO only

NN contributions are allowed. As shown in Refs. [62], the 2π exchange diagram between

three nucleons must be completed by two more contributions: a one-π-exchange plus a NN

contact term and a 3N contact term. For more details and an explicit derivation of the

relevant formulae, we refer the reader to Refs. [40, 63, 64].

The NN tuning of the parameters partially constrains the 3N forces. The 2π-exchange

part depends on the Low Energy Constants (LEC) c1, c3, c4 (which already appear in the NN

sector in the subleading 2π-exchange contribution at N2LO), while the other contributions

depend on new LECs cD, cE that must be fixed by three-body properties. The calibration
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of cD, cE can be obtained by different methods [65]: reproducing the binding energies of 3H

and 4He [66], or the neutron-doublet scattering length [63], fitting some properties of light

nuclei [67], or determining the Gamow-Teller matrix element of tritium β-decay [68]. For an

exhaustive analysis about the determination of cD and cE we refer the reader to Ref. [69].

In the description of scattering observables, since 3N forces will be approximated by

Eq. (13), we need a theoretical prescription to average 3N forces over the Fermi sphere to

produce 〈w0i〉. In Ref. [70] the authors proposed a method to construct a density-dependent

NN force generated by 3N forces. In the present work we strictly follow this procedure

and refer the reader to the relevant bibliography for more details. Such approaches, where

the complexity of the 3N force is reduced to a density dependent NN force, have been suc-

cessfully tested by many authors, see Refs. [71–73] and references therein and, in particular,

Ref. [74], where an optical potential for infinite systems has been derived. Since in finite

nuclei the baryon density ρ is a function of the radial coordinate, it would be necessary to

find a prescription to fix ρ. We choose a different approach because the goal of our work

is to investigate 3N forces in a broad sense. We allow ρ to vary between reasonable values

going from surface-like densities to bulk-like densities. As a consequence, our theoretical

predictions will be drawn as“bands” and not single lines. These bands should not be con-

fused with similar bands (of uncertainty) that we presented in our previous work [35] related

to the errors associated with the chiral perturbative expansion.

B. Practical details

From a practical point of view, the OP is computed in momentum space as follows [31,

32, 75, 76]

U(q,K;E) =
∑
N=p,n

∫
dP η(q,K,P ) tNN

[
q,

1

2

(
A+ 1

A
K +

√
A− 1

A
P

)
;E

]

× ρN

(
P +

√
A− 1

A

q

2
,P −

√
A− 1

A

q

2

)
,

(24)

where q and K represent the momentum transfer and the average momentum, respectively.

Here P is an integration variable, tNN is the NN t-matrix [Eq. (22)] and ρN is the one-body

nuclear density matrix. The parameter η is the Möller factor, that imposes the Lorentz
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invariance of the flux when we pass from the NA to the NN frame in which the t matrices

are evaluated. Finally, E is the energy at which the t matrices are evaluated and it is fixed

at one half the kinetic energy of the incident nucleon in the laboratory frame.

The calculation of the density matrix is performed using the same approach followed in

Ref. [23], where one-body translationally invariant densities were computed within the ab

initio NCSM [39] approach. The NCSM method is based on the expansion of the nuclear

wave functions in a harmonic oscillator basis and it is thus characterized by the harmonic

oscillator frequency ~Ω and the parameter Nmax, which specifies the number of nucleon

excitations above the lowest energy configuration allowed by the Pauli principle. In this

work, the densities have been computed using ~Ω = 16 MeV and Nmax = 8 for 12C and 16O

(within the importance truncated method [77, 78]). The center-of-mass contributions have

been consistently removed [23].

For the present work we used theNN chiral interactions developed by Entem et al. [53, 54]

up to the fifth order (N4LO) with a cutoff Λ = 500 MeV for both the target description

and the interaction potential V [cf. Eq. (9)] between the projectile and the target nucleon.

In addition to the NN interaction, we also employed genuine 3N forces to compute the

one-body densities of the target nuclei. We adopted the 3N chiral interaction derived up to

third order (N2LO), which employs a simultaneous local and nonlocal regularization with

the cutoff values of 650 MeV and 500 MeV, respectively [64, 79]. For the present work

we use the values cD = −1.8 and cE = −0.31 with the NN interaction at N4LO [24, 79],

while with the NN interaction at N3LO and N2LO we used the values provided in Table

I of Ref. [80]. For the NCSM, the interaction is also renormalized using the similarity

renormalization group (SRG) technique, which evolves the bare interaction at the desired

resolution scale λSRG = 2.0 fm−1 to ensure a faster convergence of our calculations. To

be consistent, for the evaluation of Eq. (13), we employed the same values for cD and cE.

Finally, in the evaluation of the pure 3N force and of Eq. (13) we used the c1, c3, and c4

values recommended in Ref. [54].

III. THEORETICAL PREDICTIONS

In this section we present and analyze our theoretical predictions for the elastic NA

scattering observables calculated with the model proposed in Sec. II. The main goal is to



12

evaluate the impact of genuine 3N forces in the description of empirical data. We refer the

reader to Refs. [34–36] for extensive analyses about the dependence on the details of NN

chiral potentials, convergence patterns, and error estimates at a given order of the chiral

expansion.

All the theoretical results were obtained using Eq.(24), where the tpN matrix is computed

with the pN chiral interaction of Ref. [54] supplemented by a density dependent NN inter-

action and the one-body nonlocal density matrices computed with the NCSM method using

NN [54] and 3N [64, 79] chiral interactions.

In Fig. 1 we display the calculated differential cross section dσ/dΩ, analyzing power

Ay, and spin rotation Q as functions of the center-of-mass scattering angle θc.m. for elastic

proton scattering off 16O at a laboratory energy of 200 MeV in comparison with the empirical

data [81, 82]. The set of curves show the impact of genuine 3N forces with increasing values

of the matter density ρ (with 0.0 fm−3 ≤ ρ ≤ 1.6 fm−3) starting from the case with only

NN contributions (ρ = 0). The effects of genuine 3N forces turn out to be negligible for the

differential cross section, where all curves are basically on top of each other, and are larger

for polarization observables, where the 3N contributions 〈w0i〉 improves the agreement with

the experimental data, in particular, there is a strong improvement in the description of first

minimum of Ay.

In Fig. 2 we show the differential cross sections as functions of the center-of-mass scatter-

ing angle for elastic proton scattering off 16O at different energies (100, 135 and 318 MeV).

Our theoretical predictions are depicted as bands, as explained in Sec. II A, in order to show

how 3N contributions affect the observable varying the matter density ρ within reasonable

estimates (0.08 fm−3 ≤ ρ ≤ 0.13 fm−3). For each energy, the addition of 〈w0i〉 does not ap-

preciably change the behavior and the magnitude of dσ/dΩ as a function of the scattering.

The agreement with empirical data is good, in particular for θ ≤ 50o, where our calculations

nicely reproduce the minima of the cross sections.

In Fig. 3 we plot the analyzing power Ay as a function of the center-of-mass scattering

angle for the same nucleus at the same energies (100, 135 and 318 MeV). As in the previous

figure, our theoretical predictions are shown as bands. The comparison with the calculations

with only NN interactions (solid curves) show that the effects of genuine 3N forces are larger

for polarization observables. We do not show results for the spin rotation Q because there are

no empirical data at these energies. For data at low energy, the contribution of genuine 3N
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forces generally improves the description of empirical data, in particular of the shape of Ay,

while minima positions are less affected. This is evident from the results at 135 MeV. The

results at 318 MeV are less sensitive to the contribution of genuine 3N forces. The results

at 100 MeV deserve a special comment, since at this energy Ay computed with ρ = 0 fm−3

seems to provide a better description of the data for θc.m. . 30◦. This different behavior,

compared to the other cases in the figure, can be ascribed to the impulse approximation used

to derive Eq. (24). At 100 MeV medium effects can be important and the validity of the

impulse approximation can be put into question. The experimental differential cross section

at 100 MeV in Fig. 2 is anyhow reasonably described by the model. We note that even in

the case of the cross section at 100 MeV the impact of the 3N contribution, although small,

does not improve but rather worsens the agreement with the experimental data.

We conclude the analysis of the results for 16O by showing in Fig. 4 a comparison of

the differential cross section, analyzing power, and spin rotation as functions of the center-

of-mass scattering angle for different combinations of the low-energy constants cD and cE.

The theoretical prediction with only the pN chiral interaction of Ref. [54] (red lines) are

compared in the figure with the results generated switching on and off the effective 3N

contributions. Since the dependence on cD and cE is very weak, it is reasonable to state

that the main contribution of the 3N force comes from the 3N -2π exchange diagrams, that

depend only on c1, c3, and c4.

We continue our analysis with the results for 12C: we plot the differential cross section

(Fig. 5) and analyzing power (Fig. 6) as functions of the center-of-mass scattering angle

at different energies (122, 166, 200, and 300 MeV) in comparison with the experimental

data [83–87]. No results are shown for the spin rotation because no experimental data at

these energies are available. In the carbon case we observe the same pattern and as for

oxygen and we can draw the same conclusions. Genuine 3N forces appear to have a very

small impact on the cross sections, for all the considered energies of the projectile, and

clearly improve the description of the experimental data for polarization observables. The

first minimum of Ay is satisfactorily reproduced both in respect to the angular dependence

and the magnitude.

For the carbon case we also performed an order-by-order analysis in terms of the chiral

order expansion. In Fig. 7 we show the differential cross sections dσ/dΩ as functions of the

center-of-mass scattering angle for elastic proton scattering off 12C at 200 MeV at different
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orders of the chiral expansion. Since 3N forces start to appear at N2LO, at lower orders

they are not included and the predictions are plotted as lines and not bands. Starting from

N2LO, the bands are obtained when the matter density at which the 3N contributions are

calculated is allowed to vary in the interval 0.08 fm−3 ≤ ρ ≤ 0.13 fm−3. At each order, we

refitted cD and cE to ensure consistency [80], following the same prescriptions explained in

the previous section. To ensure complete consistency, we used the same potentials both in

the NCSM calculations and in the projectile-target interaction. The uncertainties from the

chiral expansion at a certain order can be estimated as the difference between the result at

that order and the result at the next order. The uncertainty at N4LO is estimated as the

N3LO-N4LO difference times Q/Λ, where Q is some average momentum (or the pion mass)

and Λ = 500 MeV. From the figure we can see that the difference between N3LO and N4LO

is small and, as also shown in our previous papers [34–36], already at order N3LO a good

degree of convergence is achieved.

Finally, we also checked our approach for neutron elastic scattering off 12C. In Fig. 8

we show the differential cross sections dσ/dΩ as a function of the center-of-mass scattering

angle at different energies (108, 128, 155, 185, and 225 MeV) in comparison with the experi-

mental data [88]. The agreement with the empirical data is overall good, for all the energies

considered. The inclusion of 3N forces does not appreciably change the results obtained

with only the NN chiral potential, reinforcing our previous conclusions, drawn from the

results for elastic proton scattering, that genuine 3N forces give only a small contribution

to the differential cross section. They seem to provide sizable contributions only for observ-

ables related to polarized particles. No empirical polarization data are available for neutron

elastic scattering off 12C and we do not show results for polarization observables.

IV. CONCLUSIONS

In a previous papers we obtained an intermediate energy microscopic OP for elastic

nucleon-nucleus scattering from chiral potentials. The OP was derived at the first order

term of the Watson multiple scattering theory and adopting the impulse approximation.

The final expression of the OP [23] was a folding integral between the NN t matrix and the

one-body density of the target. We used the 3N force only in the calculation of the target

density while the t matrix, that represents the dynamic part of the OP, was computed with
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only the NN interaction. Of course, for a more consistent calculation, the 3N force should

be included in the dynamic part of the OP as well. Unfortunately, the exact treatment of

the 3N force involves multiple scattering terms of the projectile with the target nucleons

that would make the calculation too difficult for our current capabilities and that have been

neglected.

The goal of the present work is to introduce a suitable approximation that allows us

to include the 3N interaction also in the dynamic part of the OP already at the level of

single-scattering approximation between the projectile and the target nucleon. Our tech-

nique is based on averaging the 3N force over the Fermi sphere and thus defining a density

dependent NN interaction which acts as a medium correction for the bare NN potential.

This treatment naturally extends the previous expression of the OP and allows a direct

comparison of our new and old results.

We considered 12C and 16O as case studies and we computed the differential cross section

and the polarization observables for different energies of the incoming protons and neutrons.

Our finding is that the contribution of the 3N interaction in the dynamic part of the OP is

very small and almost negligible on the differential cross section, while it is sizable on the

polarization observables where it improves the agreement with the experimental data.

Moreover, switching on and off the values of the cD and cE constants in the 3N interaction

allowed us to identify the diagram that mostly contributes to the final 3N force, i.e., the 2π

exchange term.

Finally, we checked the order by order convergence of the chiral expansion comparing

results at different orders, refitting, at each order, the values of the cD and cE constants and

found that, especially at LO and NLO, the results are pretty erratic and they start to reach

convergence only at N3LO, in agreement with our previous calculations.
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arXiv:1712.02879 [nucl-th].

[24] M. Vorabbi, M. Gennari, P. Finelli, C. Giusti, and P. Navrátil, Phys. Rev. Lett. 124, 162501
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[77] R. Roth and P. Navrátil, Phys. Rev. Lett. 99, 092501 (2007).

[78] R. Roth, Phys. Rev. C 79, 064324 (2009).

[79] P. Gysbers, G. Hagen, J. D. Holt, G. R. Jansen, T. D. Morris, P. Navrátil, T. Papenbrock,
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024616 (2020).

[81] H. Seifert, J. J. Kelly, A. E. Feldman, B. S. Flanders, M. A. Khandaker, Q. Chen, A. D.

Bacher, G. P. A. Berg, E. J. Stephenson, P. Karen, B. E. Norum, P. Welch, and A. Scott,

Phys. Rev. C 47, 1615 (1993).

[82] C. W. Glover, P. Schwandt, H. O. Meyer, W. W. Jacobs, J. R. Hall, M. D. Kaitchuck, and

R. P. DeVito, Phys. Rev. C 31, 1 (1985).

[83] J. R. Comfort, S. M. Austin, P. T. Debevec, G. L. Moake, R. W. Finlay, and W. G. Love,

Phys. Rev. C 21, 2147 (1980).

[84] H. O. Meyer, P. Schwandt, W. W. Jacobs, and J. R. Hall, Phys. Rev. C 27, 459 (1983).

[85] H. O. Meyer, G. L. Moake, and P. P. Singh, Phys. Rev. C 23, 616 (1981).

[86] A. Okamoto, T. Yamagata, H. Akimune, M. Fujiwara, K. Fushimi, M. B. Greenfield, K. Hara,

K. Y. Hara, H. Hashimoto, R. Hayami, K. Kawase, M. Kinoshita, K. Nakanishi, S. Nakayama,

M. Tanaka, H. Utsunomiya, N. Warashina, and M. Yosoi, Phys. Rev. C 81, 054604 (2010).

[87] H. O. Meyer, P. Schwandt, H. P. Gubler, W. P. Lee, W. T. H. v. Oers, R. Abegg, D. A.

Hutcheon, C. A. Miller, R. Helmer, K. P. Jackson, C. Broude, and W. Bauhoff, Phys. Rev.

C 31, 1569 (1985).

[88] J. H. Osborne, F. P. Brady, J. L. Romero, J. L. Ullmann, D. S. Sorenson, A. Ling, N. S. P.

King, R. C. Haight, J. Rapaport, R. W. Finlay, E. Bauge, J. P. Delaroche, and A. J. Koning,

Phys. Rev. C 70, 054613 (2004).



21

[89] J. J. Kelly, W. Bertozzi, T. N. Buti, J. M. Finn, F. W. Hersman, C. Hyde-Wright, M. V.

Hynes, M. A. Kovash, B. Murdock, B. E. Norum, B. Pugh, F. N. Rad, A. D. Bacher, G. T.

Emery, C. C. Foster, W. P. Jones, D. W. Miller, B. L. Berman, W. G. Love, J. A. Carr, and

F. Petrovich, Phys. Rev. C 39, 1222 (1989).

[90] J. J. Kelly, A. E. Feldman, B. S. Flanders, H. Seifert, D. Lopiano, B. Aas, A. Azizi, G. Igo,

G. Weston, C. Whitten, A. Wong, M. V. Hynes, J. McClelland, W. Bertozzi, J. M. Finn, C. E.

Hyde-Wright, R. W. Lourie, P. E. Ulmer, B. E. Norum, and B. L. Berman, Phys. Rev. C 43,

1272 (1991).



22

10
-2

10
-1

10
0

10
1

10
2

10
3

10
4

d
σ

/d
Ω

 [
m

b
/s

r]

ρ = 0.00 fm
-3

ρ = 0.06 fm
-3

ρ = 0.08 fm
-3

ρ = 0.10 fm
-3

ρ = 0.12 fm
-3

ρ = 0.14 fm
-3

ρ = 0.16 fm
-3

-1

-0.5

0

0.5

1

A
y

0 10 20 30 40 50 60

θ
c.m.

 [deg]

-1

-0.5

0

0.5

1

Q

16
O (p,p)

16
O       200 MeV

Figure 1. (Color online) Differential cross section dσ/dΩ, analyzing power Ay, and spin rotation

Q as functions of the center-of-mass scattering angle θc.m. for elastic proton scattering off 16O at

a laboratory energy of 200 MeV. The results were obtained using Eq.(24), where the tpN matrix

is computed with the pN chiral interaction of Ref. [54] supplemented by a density dependent NN

interaction (with 0.0 fm−3 ≤ ρ ≤ 0.16 fm−3) and the one-body nonlocal density matrices computed

with the NCSM method using NN [54] and 3N [64, 79] chiral interactions. Experimental data

from Refs. [81, 82].
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Figure 2. (Color online) Differential cross sections dσ/dΩ as a function of the center-of-mass

scattering angle for elastic proton scattering off 16O at different energies (100, 135 and 318 MeV).

The bands show the results obtained using Eq.(24), where the tpN matrix is computed with the

pN chiral interaction of Ref. [54] supplemented by a density dependent NN interaction (with 0.08

fm−3 ≤ ρ ≤ 0.13 fm−3) and the one-body nonlocal density matrices computed with the NCSM

method using NN [54] and 3N [64, 79] chiral interactions. The solid (blue) lines are obtained with

ρ = 0 fm−3. Experimental data from Refs. [81, 82, 89, 90].
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Figure 3. (Color online) The same as in Fig. 2 but for the analyzing power Ay. Experimental data

from Refs. [81, 82, 89, 90].
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Figure 4. (Color online) Differential cross section dσ/dΩ, analyzing power Ay, and spin rotation

Q as functions of the center-of-mass scattering angle for elastic proton scattering off 16O at a

laboratory energy of 200 MeV for different combinations of the low-energy constants cD and cE .

The red curve is the theoretical prediction with only the pN chiral interaction of Ref. [54], while

the other curves are generated switching on and off the effective 3N contributions. Experimental

data from Refs. [81, 82].
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Figure 5. (Color online) The same as in Fig. 2 but for 12C and for different energies (122, 160,

200, and 300 MeV). Experimental data from Refs. [83–87].
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Figure 6. (Color online) The same as in Fig. 3 but for 12C and for different energies (122, 160,

and 200 MeV). Experimental data from Refs. [83–85].
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Figure 7. (Color online) Differential cross sections dσ/dΩ as a function of the center-of-mass

scattering angle for elastic proton scattering off 12C at 200 MeV at different orders of the chiral

expansion: LO (brown curve), NLO (cyan curve), N2LO (green band), N3LO (blue band), and

N4LO (red band). Since 3N forces start to appear at N2LO, at lower orders they are not included.

The bands are obtained when the matter density at which the 3N contributions are calculated is

allowed to vary in the interval 0.08 fm−3 ≤ ρ ≤ 0.13 fm−3. Experimental data from Refs. [83–87].
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Figure 8. (Color online) Differential cross sections dσ/dΩ as a function of the center-of-mass

scattering angle for elastic neutron scattering off 12C at different energies (108, 128, 155, 185, and

225 MeV). The results were obtained using Eq.(24), where the tnN matrix is computed with the

nN chiral interaction of Ref. [54] supplemented by a density dependent NN interaction (with 0.08

fm−3 ≤ ρ ≤ 0.13 fm−3) and the one-body nonlocal density matrices computed with the NCSM

method using NN [54] and 3N [64, 79] chiral interactions. Experimental data from Refs. [88].


