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Two new bands built on the two-quasiparticle π(h11/2)
2 configuration of the even-even nucleus

130Ba are investigated using constrained triaxial covariant density functional theory combined with
quantum particle rotor model calculations. The energy difference between the two bands, as well
as the available electromagnetic transition probabilities B(M1)out/B(E2)in and B(E2)out/B(E2)in,
are well reproduced. The analysis of the angular momentum geometry reveals that the higher band
represents transverse wobbling motion of a two-quasiparticle configuration. This is the first example
of two-quasiparticle wobbling bands in an even-even nucleus.

The wobbling motion, proposed by Bohr and Mottel-
son [1], is an unique feature of triaxially deformed rotat-
ing nuclei. Its analog in classical mechanics is the motion
of a free asymmetric top. Uniform rotation about the
principal axis with the largest moment of inertia has the
lowest energy for given angular momentum. At slightly
larger energy this axis executes harmonic precession oscil-
lations about the space-fixed angular momentum vector.
The corresponding quantal energy spectrum is a series
of rotational ∆I = 2 bands where the signature of the
bands alternates with the increasing number of oscilla-
tion quanta n. The ∆I = 1, n → n − 1 E2 transitions
are collectively enhanced.

The predicted wobbling mode for even-even nuclei has
not been experimentally confirmed yet. Instead wobbling
bands have been reported in the odd-Amass nuclei where
intrinsic angular momentum is involved. Most of them
are in odd-proton nuclei: 161Lu [2], 163Lu [3, 4], 165Lu [5],
167Lu [6], and 167Ta [7] in A ≈ 160 mass region and
135Pr [8, 9] in the A ≈ 130 mass region. Very recently,
a wobbling band was also reported in the odd-neutron
nucleus 105Pd [10] in the A ≈ 100 mass region.

So far wobbling mode has only been observed in odd-
A nuclei. The energy difference between the wobbling
bands has been found to decrease with increasing spin,
contrary to the behavior expected for even-even nuclei [1].
Frauendorf and Dönau [11] interpreted this behavior as
the consequence of the perpendicular orientation of the
odd-particle angular momentum to the axis with the
maximal moment of inertia. They called this coupling
transverse wobbling (TW) to distinguish it from the al-
ternative coupling scheme which corresponds to paral-
lel orientation of the odd particle angular momentum to
the axis with the maximal moment of inertia. For this
longitudinal wobbling mode (LW) the wobbling energy
increases with spin.
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The evidence for wobbling in even-even nuclei is frag-
mentary. For instance, Refs. 112Ru [11, 12] and 114Pd [13]
interpreted the “γ-bands” as n = 1 and 2 wobbling
bands, because the energy of their odd-spin members lies
below the mean energy of the adjacent even-spin levels.
Such a fingerprint is considered as evidence of triaxial de-
formation [14] (see a detailed discussion in Ref. [15]), for
which the wobbling mode develops with increasing spin
(c.f. [1, 11]). However no electromagnetic transition data
were reported to put the wobbling interpretation on solid
ground. At present, the appearance of wobbling modes
is not yet demonstrated for even-even nuclei.

Very recently, in Ref. [16], a large variety of band struc-
tures has been reported in the even-even nucleus 130Ba,
out of which, a pair of bands with even and odd spins,
labeled S1 and S1′, attracted our attention. According to
the quasiparticle alignment analysis, the bands are built
on two rotational aligned proton h11/2 particles. Such a
configuration can fulfill the conditions for TW motion.

In this paper, we report a theoretical investiga-
tion which suggests that the two newly observed two-
quasiparticle bands S1 and S1′ of 130Ba can be inter-
preted as the zero- and one-phonon states of the TW
mode. This is the first example of wobbling motion based
on a two-quasiparticle configuration. The analysis of the
data shows that the TW regime is much more stable than
for the known cases with one odd quasiparticle. That is,
we present the best known case for TW.

The experimental information relevant for the present
work has been recently reported in Ref. [16], in which
the mixing ratios δ of the transitions connecting the two
wobbling candidates have been extracted from the anal-
ysis of the angular distribution of the γ-rays emitted
by the excited 130Ba nucleus. The mixing ratios were
subsequently used to deduce the B(M1)out/B(E2)in and
B(E2)out/B(E2)in ratios of reduced transition probabil-
ities for the ∆I = 1 transitions connecting band S1′ to
band S1. The experimental data were obtained from
a fusion-evaporation reaction in which 130Ba was pop-
ulated via the 122Sn(13C,5n) reaction at a beam energy
of 65 MeV. The mixing ratios δ of the M1/E2 transitions
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were deduced from the transition intensities measured at
the four angles available in the GALILEO array [17, 18]
by employing a method developed by Matta [8] for the
analysis of angular-distribution measurements. For many
transitions there are two solutions for δ in the χ2 plot,
with the absolute values larger than 1, and smaller than
1. For all transitions analyzed in the present work, the
δ values smaller than 1 have been adopted, since they
have smaller χ2 values. However, one cannot completely
exclude the larger values based only on the angular distri-
bution measurement. On the other hand, such larger val-
ues would reinforce the conclusions of the present work.
The resulting values are collected in Table I. More exper-
imental details can be found in Refs. [16, 19].

To determine the shape, we carried out triaxial con-
strained covariant density functional theory (CDFT) cal-
culations with the effective interaction PC-PK1 [20]. The
details are given in Refs. [21, 22]. The configuration
π(h11/2)

2 was assigned to bands S1 and S1′, which was
fixed by requiring that the overlap between the Slater
determinants of adjacent points on the deformation grid
had to be larger than 0.9. The minimum was found at
the triaxial shape with (β = 0.24, γ = 21.5◦) and an ex-
citation energy of 3.13 MeV with respect to the ground
state (β = 0.23, γ = 14◦), which favorably compares with
the experimental excitation energy of 3.79 MeV of the
I=10 state of band S1. To check the angular momentum
dependence of the shape, we carried out TAC calcula-
tions [23] assuming zero proton pairing and varying neu-
tron paring. The deformation changes are minor and not
very sensitive to the neutron pairing. For I = 14 → 24
we found that (β, γ) = (0.23, 30◦) → (0.20, 26◦) for
∆n = 0 and (0.21, 24◦) → (0.20, 29◦) for ∆n = 0.8
MeV. At fixed deformation, the dynamic moment of in-
ertia J (2) = dI/dω is about constant for ∆n = 0 and
increases for ∆n > 0, where the rate sensitively depends
on ∆n.

We performed particle rotor model (PRM) [11, 24–
26] calculations for the adopted π(h11/2)

2 configuration
and the CDFT deformation parameters (β = 0.24, γ =
21.5◦). The protons are described by a single-j shell
Hamiltonian [27] assuming zero pairing. The triaxial
rotor is parametrized by the three spin-dependent mo-
ments of inertia Ji = Θi(1 + cI), in which i = s,
m, l denotes the short, medium, and long axes, re-
spectively. The parameters Θs, Θm, Θl=1.09, 1.50,
0.65 ~

2/MeV and c = 0.59 are determined by adjust-
ing the PRM energies to the experimental energies of
the zero- and one-phonon bands. The spin-dependence
is attributed to the presence of neutron pairing. The fit-
ted ratios Js/Jm/Jl=0.73/1.00/0.43, different from the
ratios 0.40/1.00/0.14 for the irrotational flow type mo-
ments of inertia [27]. The larger ratio Js/Jm stabilizes
the TW mode. Microscopic cranking calculations give
the larger ratio Js/Jm = 0.60/1.00 [28]. One also has
to take into account that the deformation represents an
average value, around which substantial fluctuations ex-
ist. These reduce Jm from its irrotational flow value

for the average γ value (see Fig. 1 of [28]). Modifying
the deformation parameters within the range found by
the TAC calculations and keeping Ji the same did not
change the results in a substantial way. For the elec-
tromagnetic transitions we used the intrinsic quadrupole
moments Q0 = Q cosγ and Q2 = Q sin γ/

√
2 with

Q = (3/
√
5π)R2

0Zβ, R0 = 1.2A1/3 fm and the gyro-
magnetic ratios gR = Z/A = 0.43 for the rotor and
gπ(h11/2) = 1.21 for the protons.
The calculated rotational frequency ~ω(I) = [E(I) −

E(I − 2)]/2 and energy E(I) spectra for bands S1 and
S1′, in comparison with the experimental data, are shown
in Fig. 1. It is seen that the PRM calculations reproduce
well the bands S1 and S1′. In agreement with the ex-
perimental observation, the calculated wobbling energy
Ewob(I) decreases in the whole spin region, providing ev-
idence for TW motion.
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FIG. 1: Energetics of the lowest bands based on the π(h11/2)
2

in 130Ba. Panel (a) Experimental and PRM rotational fre-
quency for the bands S1 and S1′. Panel (b) PRM energies
minus a common rigid rotor reference. The bands based on
the lowest π(h11/2)

2 configuration AB are labelled by the
wobbling phonon number n assigned to them. The n = 0
band based on the excited π(h11/2)

2 configuration is labelled
by AC. The known experimental energies are included. In-
set (c): Wobbling energies Ewob(I) = En=1(I) − [En=0(I +
1)+En=0(I − 1)]/2 obtained by PRM compared with the ex-
perimental values obtained from bands S1 (n = 0) and S1′

(n = 1).

The experimental and theoretical mixing ratios
δ, as well as the transition probability ratios
B(M1)out/B(E2)in and B(E2)out/B(E2)in for the tran-
sitions from band S1′ to S1 are compared in Table I. The
calculated B(E2)out/B(E2)in values agree with experi-
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ment within the uncertainties. The B(E2)out/B(E2)in
is proportional to tan2 γ [1]. The PRM calcula-
tions using γ = 21.5◦ can reproduce the experimental
B(E2)out/B(E2)in value. Thus, the microscopic input of
the triaxial deformation parameter from the CDFT cal-
culation is appropriate. The large ratios indicate that the
E2 transitions from S1′ to S1 are highly collective. This
is the fingerprint of TW, which represents a wobbling of
the triaxial charge density with respect to the angular
momentum vector. The theoretical B(M1)out/B(E2)in
ratios are somewhat on the large side compared to ex-
periment.

TABLE I: The experimental and theoretical mixing ratios δ
as well as the transition probability ratios B(M1)out/B(E2)in
and B(E2)out/B(E2)in for the transitions from band S1′ to
band S1 of 130Ba.

I (~)
δ B(M1)out

B(E2)in
(

µ2

N

e2b2
) B(E2)out

B(E2)in
Exp PRM Exp PRM Exp PRM

13 −0.58+13
−13 −0.67 0.36+19

−13 1.11 0.32+18
−15 0.51

15 −0.62+10
−10 −0.68 0.38+61

−16 0.90 0.36+70
−19 0.42

17 −0.62+10
−10 −0.68 0.23+22

−09 0.76 0.22+27
−10 0.35

19 −0.60 −0.66 0.25+23
−08 0.67 0.22+21

−07 0.29
21 −0.60 −0.63 0.43+35

−13 0.63 0.41+34
−13 0.25

Note that in comparison with TW in odd-A nuclei, as
135Pr [8, 9] and 105Pd [10], the B(M1)out/B(E2)in in
130Ba is about three times larger. This is attributed to
the fact that one more high-j quasiparticle is involved
in the configuration of the S1, S1′ bands, which enlarges
the M1 matrix elements. As a consequence, the relative
contribution of the E2 component to the ∆I = 1 transi-
tions [calculated as δ2/(1 + δ2)] is smaller (∼ 25%) and
does not dominate like in the case of the one-quasiparticle
bands of the odd-even wobbling nuclei.
The overestimation of the B(M1)out has already been

observed in the PRM calculations for 135Pr [8, 11] and
the Lu isotopes [11]. According to the quasiparticle-
random-phase approximation (QRPA) calculations [29],
the wobbling motion is not a pure orientation vibration
of the quadrupole mass tensor with respect to the angu-
lar momentum vector, but also coupled to the vibrations
of the proton and neutron currents against each other,
i.e., the scissor mode. The coupling to the scissor draws
M1 strength from the TW mode, which is not taken into
in the PRM.
Fig. 2 shows the probability density distributions

P(θ, ϕ) for the orientation of the angular momenta J

with respect to the body-fixed frame [26, 30–32] at spin
I = 14 and 15, respectively. Fig. 3 shows the root mean
square components along the medium (m-), short (s-),
and long (l-) axes of the R, of the valence protons Jπ,
and of the total angular momentum I, for the bands S1
and S1′.
The figures corroborate the scenario of stable TW.

The distributions P(θ, ϕ) are centered with the θ = 90◦

plane, corresponding to the very small l-component of I
in Fig. 3. The n = 0 state has a maximum at ϕ = 0◦
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FIG. 2: Distributions of the probability P(θ, ϕ) for the orien-
tation of the angular momentum J with respect to the body-
fixed frame (“azimuthal plots”). Brown indicates maximal
and white minimal probability. Contour lines show equal
differences of the probability density. Here, θ is the angle
between J and the l-axis, and ϕ is the angle between the pro-
jection of J onto the sm-plane and the s-axis. Due to the D2

symmetry, P(θ, ϕ) is an even function of ϕ with a period of π.
In accordance with Fig. 1, the panels are labelled by (I, n).
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FIG. 3: The root mean square angular momentum compo-
nents along the medium (m-, squares), short (s-, circles), and
long (l-, triangles) axes of the rotor R, valence protons Jπ,
and total angular momentum I for the bands S1 (full sym-
bols) and S1′ (open symbols).

corresponding to the maximal alignment of I with the
s- axis allowed by quantum mechanics. The n = 1 state
has a minimum there. The maximal probabilities lie on a
rim revolving the minimum, which reflects the wobbling
motion (precession) of I about the s-axis. These are the
expected distributions for the ϕ-symmetric n = 0 and
ϕ-antisymmetric n = 1 states. The fact that the distri-
butions centered at ϕ = 0◦ and ϕ = ±180◦ do not merge
at ϕ = ±90◦ indicates that the TW mode is stable.
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Fig. 3 illustrates how the rms components of R, Jπ,
and I change with I. The Jπ of valence proton par-
ticles tends to align with the s-axis, which corresponds
to maximal overlap with the triaxial core [33]. The s-
component is constant 9.5 and 9~ for S1 and S1′, respec-
tively. The transverse geometry is more stable than for
the one-proton bands, where a tilt of the proton angular
momentum toward the m-axis appears [26, 32].

The l-component ofR stays small because the moment
of inertia for rotation around the l-axis is the smallest.
In order to lower the energy R favors the sm-plane. For
band S1, it increases more along the s-axis than along
the m-axis. Combined with Jπ, the s-component of I is
larger than the m-component. For band S1′, the s- and
m-components of the rotor are about the same. This
is attributed to the fact that the transverse wobbling
excitation is achieved by adding rotor angular momen-
tum component along the m-axis [26]. The instability
point of TW, above which I increases by adding R along
the m-axis, is not reached, which is consistent with the
continued down trend of the wobbling frequency seen in
Fig. 1.

As suggested by the labeling in Fig. 1, the next higher
bands are interpreted them as the n = 2 and n = 3 wob-
bling excitations. In particular for 12 ≤ I ≤ 18, the
approximately equal energy spacing provokes the multi-
phonon interpretation. In accordance with this inter-
pretation, Fig. 2 shows for the n = 2 band a rim of
P(θ = 90◦, ϕ) revolving ϕ = 0. Its distance to the origin
is lager, which reflects the wider precession cone of the
n = 2 wobbling excitation. The maximum at ϕ = 0 be-
tween two symmetrically located minima is the topology
of a ϕ-symmetric wave function with two nodes. The
distribution P(θ, ϕ) for the n = 3 band (not shown)
has yet wider rim and a minimum at ϕ = 0◦ between
two symmetrically located maxima and two symmetri-
cally located minima further out, which is the topology
of a n = 3 wave function with three nodes.

The calculated B(E2)out and B(M1)out values for the
n = 1, 2, and 3 bands are shown in Fig. 4. As expected,
the B(E2, n → n − 1)out and B(M1, n → n − 1)out val-
ues increase with the phonon number n, however more
slowly than the harmonic limit ∝ n. For a simple triax-
ial rotor the harmonic limit is approached with increasing
angular momentum, because the amplitude of the wob-
bling motion ∝ 1/

√
I [1]. For the TW mode this trend

is counteracted by the approach of the critical angular
momentum for instability. The transitions n → n − 2,
which are forbidden in the harmonic limit, are strongly
reduced compared with the allowed ones.

Adopting cranked shell model terminology, we call the
lowest three h11/2 proton orbitals in the rotating po-
tential A, B, C, which have the respective signatures
α = −1/2, 1/2, −1/2. Then S1 is the α = 0 configu-
ration [AB]. The two protons may combine to the α = 1
odd-I configuration [AC]. Fig. 2 shows that I is aligned
with the short axis, similar to [AB]. As seen in Fig. 1,
the AC band lies about 2 MeV above the AB band S1.
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FIG. 4: The calculated B(E2) and B(M1) values for inter
band transitions: (a) B(E2)out(n, I → n − 1, I − 1), (b)
B(M1)(n, I → n−1, I−1), (c) B(E2)out(n, I → n−2, I−2).

Fig. 4 shows that the B(E2)out and B(M1)out values that
connect the AC band with S1 are much smaller than the
ones that connect the n = 1 wobbling excitation S1′ with
S1. This is analogous to the case of 135Pr, where strong
B(E2)out and B(M1)out values connect the n = 1 wob-
bling band with the yrast band whereas the signature
partner band has very weak connecting transitions that
are not seen in experiment [8].
In summary, the pair of newly observed bands S1

and S1′ built on the π(h11/2)
2 configuration in 130Ba

were investigated combining triaxial CDFT with quan-
tum PRM calculations. The experimental energy spec-
tra, energy difference between the two bands, as well
as the available electromagnetic transition probabilities
B(M1)out/B(E2)in and B(E2)out/B(E2)in are well re-
produced. The collective enhancement of the inter-band
E2 transitions is clear evidence for the wobbling charac-
ter of the higher band. The detailed analysis of the an-
gular momentum geometry demonstrates the stable TW
character of the excited bands, which makes it the first
example for TW based on a two-quasiparticle configu-
ration in an even-even nucleus and the most stable TW
case observed so far.
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