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Background: In reactions the wave packets of the emerging products typically are not eigenstates of particle
number operators or any other conserved quantities and their properties are entangled.
Purpose and Results: I describe a particle projection technique in parts of space, which eschews the need to
evaluate Pfaffians in the case of overlap of generalized Slater determinants or Hartree-Fock-Bogoliubov type of
vacua. The extension of these formulas for calculating either angular momentum or particle projected energy
distributions of the reaction fragments are presented as well. The generalization to simultaneous particle and
angular momentum projection of various reaction fragment observables is straightforward.

I. INTRODUCTION

In practice sometimes one is interested in decomposing
a many-nucleon wave function restricted to a part of the
space into components with integer number of fermions,
as typically the fragment wave function is not character-
ized by a good particle number.

Even if two initial colliding nuclei are characterized
by good particle and other good quantum numbers, the
emerging reaction fragments are a superposition of nuclei
with many possible quantum numbers allowed by conser-
vation laws. When the fragments are so far apart after
the collision that any interaction between them is negli-
gible, by performing a measurement of the particle com-
position of one fragment at once leads to a well defined
particle number in the other fragment, in an obvious gen-
eralization of Einstein et al. [1] “spooky action at a dis-
tance.” But unlike in the case of Schrödinger’s cat, in this
case there are more than two possible outcomes. The sit-
uation becomes even more complex when there are more
than two fragments in the final state. Reaction fragments
after exchanging particles, energy, angular momenta, . . .
emerge entangled.

A simple example is that of the collision of a hydro-
gen atom with a positively charged naked ion. After the
collision, when the proton and the ion are infinitely sepa-
rated, one can find the electron wave function fragmented
between the potential well of the initial hydrogen atom
and the potential well of the initially naked ion. If one
were to make a measurement of where the electron is, one
would find it present with different probabilities either at-
tached to the proton, to the ion, or even a free electron.
These probabilities are straightforward to evaluate as the
integral

∫
P,I
dr|φ(r)|2| over either the proton (P ) or ion

(I) region of space will give the probabilities to find the
electron attached to either the proton or the ion. If these
probabilities do not add up to one that would tell us that
the electron has been ejected with some finite probability.

In the case of a many-particle system the evaluation
of the probability to find an integer number of particle
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in either of the emerging nuclear systems is a bit more
convoluted, and that will be discussed in this work, with
the emphasis on the case of the collision of partners with
pairing correlations. The relatively simple example of
the collision of “two hydrogen atoms” is discussed in the
next section. A more complicated case is that of two
nuclei colliding within the Hartree-Fock approximation
and that was considered in Ref. [2] and it will be re-
viewed in the next section. After the collision the reced-
ing wave packets are typically not characterized by good
particle numbers. The initial target and projectile nuclei
can be described by non-overlapping Slater determinants.
However, after they come into contact the single parti-
cle wave functions of the initially separated nuclei evolve
in the common mean field of the combined nuclear sys-
tem. Upon separation the projectile and target like nuclei
end up with different number of nucleons and the single-
particle wave functions of the initially separated partners
are fragmented with components present in both emerg-
ing nuclear systems, and some nucleons might be even
knocked out.

In section II I will review the particle projection in the
case of normal nuclei (no pairing correlations), which is
the limiting case of the superfluid nuclei when pairing
gap vanishes. In section III I will present the case of su-
perfluid nuclei treated in the Bardeen-Cooper-Schrieffer
(BCS) approximation, which is formally equivalent to
treating pairing correlation in the canonical basis [3–5].
The projection in the case of generalized Slater determi-
nants is described in section IV. Extensions of the pro-
jection method introduced in this work to angular mo-
mentum distributions and particle projected energy are
described in a somewhat brief, though fully manner in
sections V and VI. As this is a relatively short paper, the
main conclusions from the abstract and others sections
are not reiterated again at the end.

II. PROJECTING THE PARTICLE NUMBER IN
PART OF THE SPACE IN THE CASE OF A

SINGLE SLATER DETERMINANT

I assume that the space has two (or more) partitions,
the “left” (z < 0) and the “right” (z > 0) half-spaces,
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characterized by the corresponding particle number op-
erators N̂L,R

N̂L,R =

∫
dξΘ(∓z)ψ†(ξ)ψ(ξ) (1)

where ψ†(ξ) and ψ(ξ) =
∑
n anφn(ξ) are field operators,

φn(ξ) = 〈ξ|n〉 = 〈0|ψ(ξ)a†n|0〉, |0〉 is the vacuum state,
ξ = r, σ stands for spatial r = (x, y, z), spin σ =↑, ↓,
and isospin τ = n, p coordinates, Θ(z) is the Heaviside
function, and the integral stands for the integral over
spatial coordinates and summation of spin coordinates.
a†n and an are the creation and annihilation operators
for single particle states with wave functions φn(ξ). The
total average numbers of particles in the “left” and “right”
half-spaces are naturally given by the expressions

NL,R =

∫
dξΘ(∓z)

A∑
n=1

|φn(ξ)|2, (2)

where the sum is over occupied single-particle states. In
the subsequent formulas one should make a distinction
between the operator N̂ and its respective expectation
values N . Obviously, one can separate the entire space
in arbitrary ways, e.g. the interior and the exterior of a
sphere.

The particle projectors on half-space L and R are

P̂L,R(N) =

∫ π

−π

dη

2π
eiη(N̂L,R−N), (3)

eiηN̂L,R = 1 + Θ(∓z)(eiηN̂L,R − 1), (4)

〈φn|eiηN̂L,R |φm〉 = δnm + (eiη − 1)〈φn|Θ(z)|φm〉. (5)

Eq. (4) is obtained by expanding the exponential and
using Θ2(∓z) ≡ Θ(∓z). The probability PR(N) to find
exactly N particles in the “right” half-space is given by [2]

PR(N) = 〈Φ|P̂R(N)|Φ〉 =

∫ π

−π

dη

2π
e−iηN 〈Φ|Φ(η)〉 (6)

where |Φ〉 =

A∏
n=1

a†n|0〉, (7)

〈Φ|eiηN̂R |Φ〉 = 〈Φ|Φ(η)〉 = det (δmn +Omn(η)) , (8)

Onm(η) = (eiη − 1)〈φn|Θ(z)|φm〉, . (9)

The action of the operator eiηN̂L,R on a Slater determi-
nant is equivalent to a fictitious time-dependent evolu-
tion of the single-particle states in an external field only
Θ(∓z) and therefore

φn(ξ, η) = [1 + Θ(∓z)(eiη − 1)]φn(ξ), (10)

where I used the relation eiηΘ(∓z) = 1 + Θ(∓z)(eiη − 1).
By diagonalizing at first the matrix 〈φn|Θ(z)|φm〉 the

numerical calculations are greatly simplified. If the eigen-
values of the overlap matrix 〈φn|Θ(z)|φm〉, which is Her-
mitian positive semi-definite, are 0 ≤ αn ≤ 1, then

PR(N) =

∫ π

−π

dη

2π
e−iηN

A∏
n=1

[
1 + (eiη − 1)αn

]
, (11)

and similar formulas for the particle number probability
PL(N). Note also that NR =

∑
n αn. Obviously, the

following relations hold

PL(N) = PR(A−N), (12)
A∑

N=0

PL,R(N) = 1. (13)

Note that this formula does not explicitly reveal if nucle-
ons have been knocked out and are not attached to either
fragment. It is however straightforward to generalize the
present formulas to account for emitted nucleons or even
clusters.

To illustrate the formalism, let me consider here an ide-
alized case of the collision of two “hydrogen atoms,” each
initially with an electron in its respective ground state
when they are infinitely separated (z →∞ for t→ −∞).
The “nuclei” will follow a classical trajectory and only the
“electrons are treated quantum mechanically. The initial
“electronic” wave function is a Slater determinant of two
orthonormal single-particle wave functions

φ±(r, t) =
1

2
[φ(r− z, t)± φ(r + z, t)] , (14)∫

d3r|φ(r, t)|2 = 1, (15)

lim
t→−∞

∫
d3rφ(r− z, t)φ∗(r + z, t) = 0, (16)

where z = (b, 0, z) and 2b is the impact parameter. After
the collision the Slater determinant will have a similar
structure and the overlap matrix Eq. (9) will be

O(η) =
eiη − 1

2

(
1 −1
−1 1

)
, (17)

which, after using Eq. (11), will lead to exactly one
particle per “nucleus” in the final state, as one would
naturally expect in this case.

III. PROJECTING THE PARTICLE NUMBER
IN THE CASE OF GENERALIZED SLATER

DETERMINANTS IN THE CANONICAL BASIS.

In the case when pairing correlations are present the
nucleus wave function in the canonical basis is given by

|Φ〉 =

Ω∏
n=1

(un + vna
†
na
†
n̄)|0〉, (18)

where u2
n + v2

n = 1 and n and n̄ denote time-reverse
single-particle states. In order to project the particle
number one introduces a rotated in the gauge space wave
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function, in which case

un → un, vn → e2iηvn, (19)

|Φ(η)〉 = eiηN̂ |Φ〉 =

Ω∏
n=1

(un + e2iηvna
†
na
†
n̄)|0〉, (20)

ΦN ∝
∫ π

2

−π2

dη

π
e−iηN |Φ(η)〉 ∝

(∑
n

vn
un
a†na

†
n̄

)N
2

, (21)

where

N̂ =

Ω∑
n=1

(a†nan + a†n̄an̄), (22)

and ΦN has exactly N -particles and

|Φ(η)〉 =

2Ω∑
N=0

eiηNaN |ΦN 〉 (23)

where |N〉 have fixed particle number and only even N
particle states contribute to the sum.

In an unitary transformation generated by the operator
eiηN̂ one would consider instead un → e−iηun, vn →
eiηvn, which would lead to a total wave function with
a different overall phase |Φ̃(η)〉 = e−iηΩ

∏Ω
n=1(un +

e2iηvna
†
na
†
n̄)|0〉. For a zero-range interaction one should

take the limit Ω → ∞, or at least consider Ω � A, in
which case

∑Ω
n=1 unv

∗
n̄ → ∞ for Ω → ∞ [6] and use

the appropriate regularization and renormalization pro-
cedures for calculations.

The overlap 〈Φ|Φ(η)〉 =
∏
n

(
|un|2 + e2iη|vn|2

)
is a pe-

riodic function with period π and hence the probability to
find exactly N particles (as when N is even and there are
N/2 pairs) is given by the Fourier transform of 〈Φ||Φ(η)〉

P (N) =

∫ π
2

−π2

dη

π
e−iηN

Ω∏
n=1

[
1 + (e2iη − 1)|vn|2

]
. (24)

Notice that the integrand vanishes iff η = ±π2 and at least
for one n also |vn|2 ≡ 1

2 , thus never inside the integration
interval.

figure
One can show, by explicit numerical evaluation, that

the imaginary part of the quantity Z̃(η)

Z(η) =

Ω∏
n=1

[
1 + (e2iη − 1)|vn|2

]
, (25)

Z̃(η) = e−iηN0Z(η), (26)

with N0 = 〈Φ|N̂ |Φ〉 = 2
∑Ω
n=1 |vn|2, is orders of magni-

tude smaller than its real part, if |vn|2 has a Fermi-like
thermal or BCS-like shape and |vn|2 → 0 when the up-
per limit Ω → ∞, see Fig. 2. Z̃(η) is basically a non-
oscillatory function and |Z̃(η)| ≈ Z̃(η) has a bell shape
around η = 0 and may vanish only at η = ±π2 .
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The numerical evaluation of Eq. (24) then becomes
much simpler, see Fig. 1, and much more accurate over
orders of magnitude, as one can instead evaluate

P (N) =

∫ π
2

−π2

dη

π
e−iη(N−N0)Z̃(η) (27)

for a quite large number of values of N around the mean
value N0, using a relatively small number of quadrature
points, after establishing that the integrand is not a fast
oscillating function of η for N very different from N0.
The additional factors e−iNη and eiNη cancel in Eq. (27)
and were introduced only to reveal the properties of the
integrand. Since the integral is real the formula can be
simplified

PR(N) = 2 Re
∫ π

2

0

dη

π
e−iηNZ(η). (28)

IV. PARTICLE PROJECTION IN PART OF THE
SPACE IN THE CASE OF A GENERALIZED

SLATER DETERMINANT

During time evolution initially time-reversed single-
particle states in general cease to satisfy time-reversal
symmetry, e.g. in the presence of a time-dependent ex-
ternal magnetic field, and in that case one should use the
more general formulas below, see Eq. (57). In Eqs. (18),
(20), and (24) above no projection on a “half”-space is
implied.

When discussing time-dependent problems, in partic-
ular well separated spatially fission fragments, the most
convenient representation is in the real space, which I ex-
plicitly recapitulate here. The creation and annihilation
quasi-particle operators are represented as [5]

α†k =

∫
dξ
[
uk(ξ)ψ†(ξ) + vk(ξ)ψ(ξ)

]
, (29)

αk =

∫
dξ
[
v∗k(ξ)ψ†(ξ) + u∗k(ξ)ψ(ξ)

]
, (30)

and the reverse relations

ψ†(ξ) =
∑
k

[
u∗k(ξ)α†k + vk(ξ)αk

]
, (31)

ψ(ξ) =
∑
k

[
v∗k(ξ)α†k + uk(ξ)αk

]
, (32)

where ψ†(ξ) and ψ(ξ) are the field operators for the cre-
ation and annihilation of a particle with coordinate ξ.
The normal number (Hermitian n = n† ) and anomalous

(skew symmetric κ = −κT ) densities are

n(ξ, ξ′) = 〈0|ψ†(ξ′)ψ(ξ)|0〉 = (33)∑
k

v∗k(ξ)vk(ξ′) =
∑
l=n,n̄

v2
l φ
∗
l (ξ)φl(ξ

′),

κ(ξ, ξ′) = 〈0|ψ(ξ′)ψ(ξ)|0〉 = (34)∑
k

v∗k(ξ)uk(ξ′) =
∑
l=n,n̄

ulvlφ
∗
l (ξ)φ

∗
l̄ (ξ
′),∫

dξφ∗k(ξ)φl(ξ) = δkl, (35)

with u2
l + v2

l = 1, 0 ≤ ul = ul̄ ≤ 1, 0 ≤ vl = −vl̄ ≤ 1,
and n and n̄ denote time-reversed states in the canonical
representation [3–5], and where

αk|Φ〉 = 0, 〈Φ|α†k = 0, 〈Φ|αkα†l |Φ〉 = δkl. (36)

In the case of a generalized Slater determinant |Φ〉 the
total wave function rotated in the gauge space is obtained
in a similar manner to the Hartree-Fock case discussed
above on projecting on particle number on the “right”
half-space. At this point I will introduce a new kind of
creation and annihilation quasiparticle operators. The
result of the “gauge” rotation on the quasiparticle wave
functions, which leads to a similar transformation to Eq.
(19), is defined as

un(ξ, η) = un(ξ), vn(ξ, η) = e2iηΘ(z)vn(ξ), (37)

which leads to the new type of creation and annihilation
operators

α†k(η) =

∫
dξ
[
uk(ξ)ψ†(ξ) + e2iηΘ(z)vk(ξ)ψ(ξ)

]
, (38)

αk(η) =

∫
dξ
[
e−2iηΘ(z)v∗k(ξ)ψ†(ξ) + u∗k(ξ)ψ(ξ)

]
. (39)

The anti-commutation relations for these operators are

{α†k(η), α†l (η)} = Bkl (40)

=

∫
dξ [uk(ξ)vl(ξ) + vk(ξ)ul(ξ)] e2iηΘ(z),

{α†k(η), αl(η)} = δkl. (41)

These operators are similar to the operators obtained
with non-unitary transformations by Balian and Brezin
[4], which preserve Eq. (41). By inserting Rels. (31, 32)
into Rels. (38, 39) one can establish that

α†k(η) =
∑
l

Akl(η)α†l +Bkl(η)αl, (42)

αk(η) =
∑
l

B∗kl(η)α†l +A∗kl(η)αl, (43)
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where these matrices are

Akl(η) =

∫
dξ
[
uk(ξ)u∗l (ξ) + vk(ξ)v∗l (ξ)e

2iηΘ(z)
]

(44)

= δkl + (e2iη − 1)

∫
dξΘ(z)vk(ξ)v∗l (ξ), (45)

Bkl(η) =

∫
dξ
[
uk(ξ)vl(ξ) + vk(ξ)ul(ξ)e2iηΘ(z)

]
(46)

= (e2iη − 1)

∫
dξΘ(z)vk(ξ)ul(ξ) = Blk(η). (47)

In deriving Eqs. (45, 47) I took into account that the
transformation from field to quasiparticle operators is
unitary.

Using the technology described by Balian and Brezin
[4], Ring and Schuck [5] in Appendix E, and particularly
the method introduced by Mizusaki et al. [7] one can
show that

|Φ(η)〉 = N (η)eẐ(η)|Φ〉, 〈Φ(η)|Φ(η)〉 = 1, (48)

where Ẑ(η) =
∑
k<l

[A(η)−1B(η)]∗klα
†
kα
†
l , (49)

αk(η)|Φ(η)〉 = 0, 〈Φ|Φ(η)〉 =
√

detA = N (η), (50)

with N (0) = 1 and the last relation is known as the On-
ishi and Yoshida formula [4, 5, 7, 8]. Notice that only
the antisymmetric part of the matrix A(η)−1B(η) is con-
tributing in Eq. (49) to the operator Ẑ(η).

The overlap 〈Φ|Φ(η)〉 becomes in this case

〈Φ|Φ(η)〉 =
√

det [δkl + (e2iη − 1)Okl], (51)
Okl = 〈vl|Θ(z)|vk〉, (52)

and where vk,l’s are the v-components of the quasipar-
ticle wave functions and the indices k and l run over all
single-particle states, e.g. both n and its counterpart n̄,
for which un = un̄ and vn = −vn̄ in the representation
where the number density n(ξ, ξ′) is diagonal and the
anomalous density κ(ξ, ξ′) is anti-symmetric 2× 2 block-
diagonal [3, 5]. For stationary states there is no sign
ambiguity in choosing the sign of the square root in Eq.
(51) [9]. Again, since the matrix O is Hermitian (and
also positive semi-definite) it can be diagonalized.

The probability to find N particles in the “right” half-
space is given in this case by

PR(N) =

∫ π
2

−π2

dη

π
e−iηN

√√√√ 2Ω∏
l=1

[1 + (e2iη − 1)βl]. (53)

where 0 ≤ βl ≤ 1 are the eigenvalues of overlap matrix
O, see Eq. (52), and

〈Φ|Φ(η)〉 =

√√√√ 2Ω∏
l=1

[1 + (e2iη − 1)βl]. (54)

A factor
[
1 + (e2iη − 1)βl

]
is zero if and only if both η ≡

±π2 and βl ≡ 1
2 , thus exactly at the upper and lower

limits of the integration interval only. Therefore there is
no ambiguity in this case as well for choosing the sign of
the square root.

The above formulas can be simplified a little bit fur-
ther, as PR(N) is real and Eq. (53) can be reduced to

PR(N) = 2 Re
∫ π

2

0

dη

π
e−iηN

√√√√ 2Ω∏
l=1

[1 + (e2iη − 1)βl]. (55)

With the replacement Θ(z) → 1 and after the diagonal-
ization of the matrix 〈vl|vk〉 one recovers the canonical
basis result, see Eq. (24). The particular case when the
generalized Slater determinant |Φ〉 is represented in the
canonical basis, and when the states n and n̄ do not any-
more satisfy the time-reversal symmetry, follows from Eq.
(53). The comments made above, see Eqs. (26) and (27),
about the oscillatory character of the integrand apply
here as well. In particular one also has NR =

∑2Ω
l=1 βl.

And finally, for the “left” half-space one obviously has
PL(N) = PR(A−N).

Note the difference between Eqs. (9) and (24) (where
there is no square root) and Eqs. (51), (53), and (55)
(where there is a square root). When pairing correla-
tions vanish one naively expects that Eqs. (9) and (24)
and (51) and (53) should agree. However, in the case
of ordinary Slater determinants the projected value of
N and the dimension of the matrix O can be even or
odd, and for that reason the integration interval on η is
[−π, π]. For generalized Slater determinants the dimen-
sion of the matrix O is always even and the integration
interval is now [−π/2, π/2]. When there are degenerate
time-reversal orbitals n and n̄, after extracting the square
root in Eq. (53) one is left with half the number of factors
in the product, as in the case of Eq. (24), where there
is no square root. In Eq. (24) the product runs only
over n states, but not over their time-reversed partners
n̄. Therefore Eq. (24) agrees with Eq. (53) in the case
when there are degenerate time-reversed orbitals. One
can project in this case only on even particle numbers N
in the “right” half-space. The generalization to a system
with pairing correlations and total odd particle numbers
is straightforward [5].

Recently Mizusaki et al. [7] clarified the reasons why
the Onishi and Yoshida formula does not have a sign am-
biguity, particularly in the case when the size of the Fock
space is finite, as is the case in the overwhelming ma-
jority of numerical implementations. They have proven
that Onishi and Yoshida [8] and Robledo [10] formulas
for the norm overlaps are identical in this case. A dif-
ferent approach to evaluate number of particles in fission
fragments was recently suggested by Verriere et al. [11].

There is a generalization of Eq. (53) to the case when
in the “right” half-space there are fragments with an odd
particle number, which can happen for example when
during time-dependent evolution Cooper pairs break up
and partners in initially time reversed orbitals can end
up in different half-spaces. This is achieved by replacing
2η → η in Eq. (37), which leads to obvious changes in
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the ensuing equations for both even and odd N values
and the integration interval changes to [−π, π]. Namely

〈Φ|Φ(η)〉 =
√

det [δkl + (eiη − 1)Okl], (56)

PR(N) = Re
∫ π

0

dη

π
e−iNη

√∏
l

[1 + (eiη − 1)βl], (57)

where as before 0 ≤ βl ≤ 1 are the eigenvalues of the
matrix O, which was defined in Eq. (52), but now N can
be both an even or an odd integer. One can convinced
oneself that there is no sign ambiguity in extracting the
square root in this case either, following the same kind
of argument I presented above.

V. EXTENSION TO PROJECTING THE
ANGULAR MOMENTUM

In the case of 3D rotations one can develop a sim-
ilar projection technique. For simplicity let me con-
sider a one-parameter group transformation, e.g. rota-
tion around a single axis R̂(η) = eiĴxη perpendicular to
the symmetry axis of a nucleus [12], and the correspond-
ing transformation of the components of the quasiparticle
wave functions

un(ξ, η) ≡ un(ξ), vn(ξ, η) = R̂(η)vn(ξ). (58)

Typically one would rotate both u- and v-components
of the quasiparticle wave functions. Since one typically
is interested only in the matter densities it is not nec-
essary to rotate the u-components as well, similarly to
Eqs. (38) and (39). In this case the overlap matrix ele-
ment 〈Φ|Φ(η)〉 is given by

〈Φ|Φ(η)〉 =

√
det
[
δkl + 〈vl|R̂(η)|vk〉 − 〈vl|vk〉

]
. (59)

In the canonical basis the matrix 〈vl|vk〉 is diagonal and
since R̂(η) = eiJxη, one can then prove that both matri-
ces 〈vl|vk〉 and 〈vl|R̂(η)|vk〉 can be diagonalized simulta-
neously. Let me denote the eigenvalues of the matrices
〈vl|vk〉 and 〈vl| ˆR(η)|vk〉 with v2

n and w2
ne
iλn , respectively.

The sign of the overlap matrix element 〈Φ|Φ(η)〉 is ill de-
fined for some values of η if and only if for at least for
one n one has w2

n + v2
n ≡ 1 and at the same time in-

side the integration interval also λ ≡ −π. For example,
in the case of nuclei invariant with respect to reflection
symmetry z → −z a rotation by η = ±π leads to an
identical state and in this case w2

n = v2
n (though not

necessarily to w2
n + v2

n ≡ 1). However, the integration
interval for η is [−π, π] and the overlap matrix element
vanishes exactly at the limits of the integration integral
over η iff w2

n + v2
n ≡ 1, and no ambiguity over the sign of

the overlap matrix element 〈Φ|Φ(η)〉 arises in this case.
The complex valued overlap 〈Φ|Φ(η)〉 is expected to be
a continuous function of η and sign ambiguities can arise
only if this overlap vanishes strictly inside the interval

(−π, π). In the case of reflection symmetry z → −z
it is sufficient to consider rotations only in the interval
[−π/2, π/2]. In addition, axial symmetry in the presence
of reflection symmetry z → −z also implies that one can
reduce the integration interval even further to [0, π/2].

In the case of the axially symmetric reaction fragments
the individual probabilities can be evaluated using [12]

|Φ〉 =
∑
J

aJ |J0〉, (60)

|aJ |2 = (2J + 1)

∫ π

0

dη sin(η)〈Φ|Φ(η)〉PJ(cos η), (61)

where |J0〉 is the wave function with total angular mo-
mentum J and Jz = 0, and PJ is a Legendre polynomial.

VI. EXTENSION TO PROJECTING THE
PARTICLE NUMBER FOR OTHER

OBSERVABLES

One can define generalized density matrices

n(ξ, ξ′|η) = 〈Φ|ψ†(ξ′)ψ(ξ)|Φ(η)〉, (62)
κ(ξ, ξ′|η) = 〈Φ|ψ(ξ′)ψ(ξ)|Φ(η)〉, (63)
n2(ξ1, ξ2, ζ1, ζ2|η) = (64)

〈Φ|ψ†(ξ1)ψ†(ξ2)ψ(ζ2)ψ(ζ1)|Φ(η)〉,
with Φ(η)〉 defined in Eq. (48). These generalized density
matrices are well defined and have no divergencies. Using
Cauchy-Schwarz inequality it follows immediately that

|n(ξ, ξ|η)|2 ≤ 〈Φ|ψ†(ξ)ψ(ξ)|Φ〉〈Φ(η)|ψ†(ξ)ψ(ξ)|Φ(η)〉
and similar relations for κ(ξ, ξ′|η) and n2(ξ1, ξ2, ξ1, ξ2|η).
General rules for evaluating such densities have been de-
rived many times, see e.g. Refs. [4, 5, 10, 13–16]. Alter-
natively, one can invert Eqs. (38, 39) to express ψ†(ξ)
and ψ(ξ) in terms of α†k(η) and αk(η) and subsequently
use 〈Φ|α†k = 0 and αk(η)|Φ(η〉 = 0.

In the case of a Density Functional Theory (DFT) ap-
proach the total energy of a system is a function(al) of
various densities E [n(ξ, ξ), . . .], where the ellipses stand
for other densities not explicitly shown. The number pro-
jected energy in this case is defined as

E(N) =
1

P (N)
Re
∫ π

0

dη

π
e−iηNE [n(ξ, ξ|η), . . .], (65)

in which one has to use the generalized densities in the
expression for the energy density functional. Mathemat-
ically this follows from the definition a conditional prob-
ability and one has

E(N) =

∫ 2π

0
dη e−iNη〈Φ|Ĥ|Φ(η)〉∫ 2π

0
dη e−iNη〈Φ|Φ(η)〉

= EN , (66)

〈Φ|Ĥ|Φ(η)〉 =
∑
N

ENe
iηN |aN |2,

〈Φ|Φ(η)〉 =
∑
N

eiηN |aN |2, |Φ〉 =
∑
N

aN |N〉,
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if [Ĥ, N̂ ] = 0. In the sums degeneracies are implied and
|N〉 are states with fixed particle number N and average
energy EN = 〈N |Ĥ|N〉. E(N) can be evaluated with
such a formula only if aN 6= 0, thus iff the trial state |Φ〉
has a non-vanishing overlap with the state |N〉. There is
an immediate implication in these formulas that within
a DFT approach E [n(ξ, ξ|η), . . .] should be a faithful rep-
resentation of 〈Φ|Ĥ|Φ(η)〉.

In a similar manner one can evaluate any other number
projected observables, or even combine particle and an-
gular momentum projections for reaction fragments. In
all the formulas the Θ(z)vn(ξ) components of the quasi-
particle wavefunctions control the projected values of the
observables, and thus all matrix elements extend only

over the matter distribution of the reaction fragments in
a well defined spatial region, once the reaction fragments
are well separated. Since the overlap between well sep-
arated fragments is vanishingly small, the formal non-
commutativity between Θ(Z) and the angular momen-
tum of a fragment Jx with respect to its own center-of-
mass is irrelevant.
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