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Background Atomic nuclei are remarkable quantum many-body systems where clustering properties develop naturally from
underlying interactions between the constituent nucleons. Clustering degrees of freedom manifest themselves in multiple
structure and reaction observables.

Purpose Our goal is to study nuclear clustering and its emergence in many-nucleon dynamics from nucleon-nucleon interac-
tions. Clustering is a phenomenon that is known to emerge on the boundary between structure and reactions, therefore
developing appropriate techniques that bridge the structure-reaction divide and establishing connections to observables
is among our principal objectives. Showing consistency and how the new techniques can be reduced to well established
other methods is an important part of this work.

Methods The configuration-interaction technique based on second quantization is used to treat the quantum many-body
problem assuring that fermionic antisymmetry is fully satisfied. The use of the harmonic oscillator single-particle basis
allows for the center-of-mass coordinate to be separated and prepared in a desired oscillator state for each cluster. The
relative motion reaction basis channels are constructed by coupling clusters in different harmonic oscillator states with
respect to their relative motion. Finally, using a resonating group method strategy we solve the generalized eigenvalue
problem to obtain scattering channels. Structural clustering characteristics are discussed and the modified Harmonic
Oscillator Representation for Scattering Equations method is used to extract scattering observables.

Results New methods for treating clustering problems have been put forward. We demonstrate broad applicability of the
developed techniques. Examples highlight connections with algebraic techniques, and the role of approximations leading
to algebraic limits is assessed using realistic examples. Various types of clustering characteristics are used to study
alpha clustering in light nuclei that are relevant to currently ongoing experimental efforts. We demonstrate emergence
of strongly clustered bands of states in beryllium, triple alpha channels in 12C, and molecular type clustering in 21Ne.
Starting from nucleon-nucleon interactions without any additional assumptions scattering phase shifts for alpha-alpha
scattering are determined and shown to be consistent with those observed.

Conclusions In this work we put forward a new configuration-interaction-based method that targets the physics of clustering,
and further unifies nuclear structure and reactions. We provide detailed discussions and many examples highlighting
features and advantages of the approach.

PACS numbers: 21.60.Gx, 21.60.Cs, 21.60.Gx

I. INTRODUCTION

Understanding the formation of substructures within
atomic nuclei, also known as nuclear clustering, from
microscopic principles remains one of the most complex
problems in nuclear physics. This emergence of cluster-
ing from the nucleon-nucleon interactions has a signifi-
cant impact on the structure of light nuclei. Along with
clustering, the emergence of regularities such as nuclear
shell structure, rotational bands and vibrational states
to name a few, and their interplay is a central question
of modern nuclear many-body physics [1, 2].

In the following part of this introduction we highlight
several key theoretical questions addressed in this work
along with some abbreviated historical perspectives that
help to position our work in the field.

The concept of a nucleus as being comprised of α parti-
cles has existed since the early days of nuclear physics [3–
5]. Strong binding of an α-particle and abundance of
experimentally known α decaying elements support this
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concept. In further support, theories in Refs. [3, 4, 6]
emphasized that the binding energies of N = Z nuclei
seem to be proportional to the number of bonds that can
be made between the α constituents of the nucleus. Cur-
rently, the antisymmetrized molecular dynamics method
continues this direction of work, being extensively ap-
plied to the problem of molecular-type states in clustered
nuclei [7]. Such states are known to exist in N > Z nu-
clei [8, 9], with the extra neutrons forming valence bonds
between the α, or other heavier cores, similar to the role
of electrons in molecules. Relying on group theory, al-
gebraic symmetry-based approaches have been used to
further explore molecular-like physics of clustering sug-
gesting triangular and tetrahedral spatial symmetries in
12C and 16O [10, 11].

With the discovery of the neutron attention shifted to
models built using nucleonic degrees of freedom, such as
the nuclear shell model. Cluster models and the nuclear
shell model have been evolving in parallel, presenting a
need for a unified theory that would explain the emer-
gence and survival of clustering.

A vast number of states possessing cluster character-
istics of both α and non−α type [12, 13] were found to
lie at energies near the respective cluster decay thresh-
old, prompting Ikeda to exemplify this property in the,
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now famous, Ikeda diagram [14]. This idea ties in nicely
with the Gamow theory of α decay, in which an already
pre-formed α particle tunnels from the nuclear surface
through the Coulomb barrier. Our theoretical interest
today targets the question of quantum many-body struc-
ture and its interaction with reaction continuum. Clus-
tered states and clustered rotational bands in many nu-
clei, including those with N = Z have been observed with
high angular momentum, deeply in the continuum at very
high excitation energies, and remarkably unmixed with
enormous number of other states [15–17]. The role of cou-
pling to the reaction continuum in reorganizing quantum
many-body structure into a few superradiant states that
are strongly coupled and separating them from those that
nearly do not decay has been actively discussed recently
[18–21].

The triple-α clustered, second excited 0+ state in 12C is
among most important ones in astrophysics. In 1954 Sir
Fred Hoyle predicted [22, 23] the existence of this state
as a necessary doorway for the creation of 12C in the
universe. Given that the 2α system 8Be is unbound, and
there exists no bound A = 5 system, the formation of el-
ements heavier than A = 4 would otherwise be hindered.
From this argument the state is expected to have a strong
triple-α character, a result verified experimentally. Only
recently it has been shown that the decay proceeds pre-
dominantly through the short-lived 8Be 0+ ground state
resonance [24–28]. Complex multi-fragment decay chan-
nels, internal structure and final state interactions are all
challenging theoretical questions, see Ref. [29] and refer-
ences therein.

In the 1970s a large body of experimental data was
collected aiming at investigating cluster aspects of light
nuclei, see Refs. [30–32] for some specific examples, or
Ref. [33] for a more complete survey of experimental
data. The main tools of choice were the α transfer reac-
tions, such as (6Li, d), (7Li, t), and α knockout reactions
such as (p, pα). These reactions were found to be se-
lective to populating or depopulating states with some
degree of clusterization. Attempts to describe α clus-
tering using the many-body techniques of the nuclear
shell model led to the development of powerful SU(3)
symmetry-based approaches [34, 35]. Despite some de-
gree of success [36, 37], significant deviations from exper-
iment call for further theoretical research. This is one of
the motivating factors for this work.

Coupling of the many-body structure to cluster re-
actions gave rise to the Resonating Group Method
(RGM) [38, 39], which aimed at an explicit descrip-
tion of the nucleus as a multi-fragment clustered state,
while maintaining a microscopic description for the clus-
ter fragments and employing a fully antisymmetric wave
function on the nucleonic level. The method based on
Harmonic Oscillator Representation of Scattering Equa-
tions (HORSE) [40] have been widely used recently to
tackle the structure-reactions interface.

Using Green’s Function Monte Carlo calculations the
emergence of clustering in 8Be has been demonstrated

starting from a nucleon-nucleon (NN) interaction [41].
This fundamental result reignited present-day theoreti-
cal interest to clustering; mean field approaches [42], lat-
tice models [43, 44], large-scale ab initio shell model cal-
culations [45] and Bose-Einstein condensate wave func-
tions [46–48] have all been employed in an attempt to bet-
ter understand how the clusters are formed, and which
aspects of nuclear structure and reactions are most af-
fected by the formation of substructures within the nu-
cleus.

In this work we seek to further advance and bring closer
the above-mentioned questions and research directions.

We describe clustering starting with nucleon degrees
of freedom and nucleon-nucleon interactions, and show
the emergence of clustering degrees of freedom without
any a-priori assumptions. We make an explicit effort to
connect our work with algebraic techniques which high-
light the transitional physics between the single particle
and collective pictures of the nucleus. Finally, we bridge
structure and reaction physics and discuss the connection
between theoretical clustering characteristics and exper-
imentaly extracted quantities such as spectroscopic fac-
tors and scattering phase shifts.

The work is organized as follows. In Sec II we present
theory concerning the many-body structure of clustering
channels; this includes a review of the Configuration In-
teraction technique, treatment of the center-of-mass in
the HO basis and manipulations using the boosting tech-
nique, construction of special many body configurations
that correspond to clustered states (referred to in our
work as cluster basis channels), and finally we use these
cluster basis states as basis for RGM approach where the
many-body Hamiltonian is used to determine the reso-
nant cluster channel variationally.

In Sec II we also highlight the important connections
of this theory with previously used methods. We show
that basis cluster channels take the form of stretched ir-
reducible representations of SU(3) algebra if some sim-
plified assumption of the alpha particle wave function is
made. We demonstrate that previously discussed spec-
troscopic characteristics correspond to overlaps with clus-
ter basis channels, using both normalized and bare chan-
nels for comparison.

While keeping in mind all of the limitations of these
spectroscopic characteristics, we put forward dynamic
spectroscopic factors, a natural generalization, suggest-
ing the substitution of the static basis channels with ac-
tual dynamic RGM solutions (referred to as cluster chan-
nels).

In Sec. III present the bulk of our studies, showing how
the method is used, how clustering emerges and how it
is related to cluster channels and their positions in the
energy spectra. We also address the structure of various
channels including those of three alpha particles. We
present examples for both no-core and with-core valence
spaces and corresponding Hamiltonians.

In contrast to structural overlaps between nuclear
states and cluster channels that are not true observables,
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in Section IV we present an approach targeting reaction
physics, where the basis channels and extended RGM
type solutions are used to obtain scattering phase shifts
via the Harmonic Oscillator Representation of Scattering
Equations (HORSE) method. The method is extended
to effectively treat the Coulomb part of the interactions
and its application to 8Be is shown.

A brief summary of our work is given in Sec V.

II. CLUSTERING STRUCTURE

In this section we describe quantum many-body meth-
ods pertinent to the formulation of the resonating group
method for clustering problems. The methods presented
are of structural nature and thus are limited to cluster-
ing characteristics of bound states or narrow resonances,
namely those where Fermi’s golden rule is applicable.
Despite this limitation the structural form of channels
described here represents a doorway for doing reaction
physics with clusters, this topic is described in Sec. IV.

A. Configuration Interaction

As a foundation of our many-body configuration in-
teraction approach we use the single particle Harmonic
Oscillator (HO) basis

〈r|n`m〉 = φn`m (r, θ, φ) =
φn`(r)

r
Y`m (θ, φ). (1)

which are eigenstates of a spherically symmetric HO po-
tential determined by the frequency parameter ω and
mass parameter m. The characteristic oscillator length
is b =

√
~/mω. The corresponding energies ~ω(N + 3/2)

depend only on the frequency ω and on the total number
of excitation quanta

N = 2n+ `. (2)

The integer n = 0, 1, . . . above denotes the total number
of nodes in the radial wave functions, ` is the orbital
angular momentum, and m its magnetic projection. The
explicit forms of HO wave functions can be found in a
number of textbooks [49], details pertaining to this work
and our computer codes can be found in Ref. [50].

Any multi-nucleon wave function that we use is rep-
resented via a linear combination of Slater determinants
that in the form of second quantization is written as

|Ψ〉 ≡ Ψ†|0〉 =
∑

{1,2,3,...A}

〈1, 2 . . . A|Ψ〉 a†1a†2 . . . a†A|0〉 .

(3)

where a†1 is a single-nucleon creation operator in a state
labeled with a cumulative label 1 that combines the HO
quantum numbers with a nucleon spin. In Eq. (3) we em-
phasize the polymorphism between states and operators

by expressing the same state as a result of many-body
creation operator Ψ† acting on the vacuum state |0〉.

Unlike the traditional shell model which is built on
pre-determined set of Slater determinants, the configura-
tion interaction (CI) approach uses on-demand configura-
tions. Thus, within the CI approach building the channel
basis and boosting a small number of states can be done
without any significant computational resources.

Relying on the commutation of operators in second
quantization, the configurations in Eq. (3) are always or-
ganized under forward ordering so that 1 < 2 < · · · < A.
The underlying operation that forward orders two con-
figurations plays a key role in products of wave functions
assuring Pauli antisymmetry between all nucleons at all
stages

|A{ΨαΨβ}〉 = Ψ†αΨ†β |0〉. (4)

Another benefit to CI comes from the ability to
view configurations as a generalized object, for exam-
ple symmetry-adapted no-core shell model [51] relies on
select symmetry-based configurations. It is often the
case that just a few select symmetry-based configurations
play a dominant role. Combining various types of con-
figurations, although at the expense of introducing non-
orthogonality, is a major component of the CI develop-
ment. In this work, as one specific type of configurations
useful for establishing connection to earlier works [52],
we use SU(3) symmetry-based configurations. Upon fi-
nal evaluation the SU(3) configurations are converted to
an m-scheme form of Eq. (3) by numerical diagonaliza-
tion of the Casimir operators of SU(3) and its subgroups.

B. Center-of-Mass

The many-body HO hamiltonian that determines our
basis states has a rich symmetry; naturally this is evi-
dent from large degeneracy of eigenstates where energy
is determined only by the total number of oscillator exci-
tation quanta N which can be distributed among nucle-
ons in multiple ways. All states having the same num-
ber of quanta form representations of oscillator symmetry
groups. In order to respect all of these symmetries in our
work, similar to no-core shell model strategies [53], any
truncation of configurations is done by the number of ex-
citation quanta. Along with already mentioned SU(3),
another symmetry group is O(A) which reflects an or-
thogonal transformation of all nucleon coordinates. This
symmetry allows for an exact separation of the center-
of-mass (CM) coordinate in the restricted space. Thus,
while in a configuration space determined by the maxi-
mum number of oscillator excitation quanta Nmax the to-
tal number of quanta is shared between CM and intrinsic
degrees of freedom N = NCM+N ′. Using the CM Hamil-
tonian one can separate exactly the states with NCM = 0,
the so-called non-spurious states, so that the total wave
function of type (3) has a form

Ψ = φ000(R)Ψ′. (5)
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FIG. 1: Schematic depiction of the boosting process for a α
particle being boosted to higher shells.

These states, where the overall CM is in the lowest os-
cillator state are considered to comprise a physical space
of interest. Naturally, any translationally invariant oper-
ator that does not depend on the CM degree of freedom
would be evaluated between these states as if they were
evaluated using translationally invariant intrinsic wave
functions Ψ′. The well-known computationally efficient
procedures for separating non-spurious states were pro-
posed by Palumbo and Prosperi and further developed
by Gloeckner and Lawson [54, 55].

In this work we build a basis for cluster reaction chan-
nels which are many-body wave functions of type (3) and
with overall CM as in Eq. (5) but they are comprised of
two or more fragments that are in a specific HO oscil-
lator state of relative motion, with Nrel relative number
of quanta. For this purpose we introduce a CM boosting
procedure [29, 56] which amounts to construction of wave
functions

Ψn`m = φn`m (R) Ψ′. (6)

The boosting procedure for the alpha particle is shown
schematically in Figure 1.

By satisfying the principles of translational invariance
we maintain the exact factorization of the CM degree
of freedom therefore operations on the CM coordinate
discussed here have no effect on the intrinsic wave func-
tion Ψ′ and its quantum numbers. Throughout this work
we explicitly show the CM quantum numbers and quan-
tum numbers of relative motion between CM’s of clusters,
while the intrinsic quantum numbers are presumed to be
a part of wave functions Ψ′, which in every case denotes
a particular nucleus or cluster.

The wave functions (6) generalize the non-spurious
state in Eq. (5) since Ψ = Ψ000. These spurious CM-
excited states also emerge as unwanted solutions in the
NCSM; though in that case effective N ′max available for
intrinsic part is reduced by the number of quanta taken
by the CM excitation N ′max = Nmax− (2n+ `). Difficulty
in diagonalization and reduction in the N ′max make ex-
traction of CM-boosted states (6) from diagonalization
impractical. The strategy described next only requires a
single state Ψ = Ψ000 as input, which is obtained in a
separate NCSM study.

In order to manipulate the CM part of the wave func-
tion we introduce CM creation and annihilation operators

defined in a usual way

B†m =
1√

2Amω~
(AmωRm − iPm ) (7)

Bm =
1√

2Amω~
(AmωRm + iPm ) (8)

where m denotes a specific magnetic projection of vectors.
These operators are one-body operators and are related
to the isoscalar mass-density dipole (E1) operator

Dm =

√
4π

3

√
~

2AMω
(B†m + Bm ). (9)

Action of each creation operator increases the number
of CM quanta by one and at the same time changes the
rotational quantum numbers according to its vector prop-
erties. In accordance with the N = 2n + ` relation for
quantum numbers of a spherically symmetric HO, the
N spin-one bosons couple to angular momenta only of
the same parity ` = N,N − 2, . . . and only with mul-
tiplicity of one, thus construction is unique and similar
to expressions of spherical Harmonics through cartesian
coordinates, can be written analytically. However, we
found it more convenient to implement a simple recur-
sive strategy as follows. Two raising operators coupled
to a rotational scalar, the dot product of two vectors,

B† ·B† ≡
(
B†+1B†−1 + B†−1B†+1 − B†0B†0

)
(10)

raise the number of nodes n in the CM coordinate by one
and correspondingly N by two.

B† ·B†Ψn`m =
1

4

√
(2n+ 2)(2n+ 2`+ 3) Ψn+1`m . (11)

The analytically known normalization, see also Ref. [50],
provides an important numerical check. In order to in-
crement the angular momentum ` the easiest strategy is
to move along the chain of aligned states where m = `

with sequential action of B†+1

B†+1Ψn`` =

√
(`+ 1)(2n+ 2`+ 3)

4(2`+ 3)
Ψn`+1`+1. (12)

The angular momentum operator in this bosonic space is
proportional to the cross product B†×B, the axial vector
that does not change the number of oscillator quanta.
Thus, the m projection can be brought to the desired
value by repeated action of an angular momentum raising
and lowering operators

L± = ±4
√

2
(
B†0B±1 − B†±1B0

)
(13)

following well known relations

L±Ψn`m =
√

(l ∓ m)(l ± m + 1)Ψn`m±1. (14)

A related discussion on angular momentum can be found
in Refs. [35, 57].

In Appendix A technical details describing the struc-
ture of CM-boosted states and connection with the SU(3)
algebraic limit widely used in the literature are presented.
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C. Basis for cluster reaction channels

Let us start our discussion here with two-body reaction
channels where two clusters, with A1 and A2 nucleons re-
spectively, are combined to form A = A1 + A2 system.
We use the term reaction channel following its traditional
definition as an asymptotic state of the A1 + A2 system
which includes states of each individual cluster with sta-
tionary wave functions Ψ(1) and Ψ(2) and the wave func-
tion of their relative motion identified by the partial wave
quantum number `. We assume that the wave functions
for both clusters Ψ(1) and Ψ(2) are available from some
previous shell model or NCSM calculations which makes
their CM-boosted versions in Eq. (6) available as well.
In our approach, which follows the standard Resonating
Group Method and, equivalent to it, Generator Coordi-
nate Method [38, 39] we construct the asymptotic chan-
nels as linear combinations of the channel basis states

Φn`m = A
{
φ000(R)φn`m (ρ)Ψ′(1)Ψ′(2)

}
. (15)

Here the CM coordinate R and relative coordinate ρ are

R =
A1R1 +A2R2

A1 +A2
, ρ = R1 −R2. (16)

Importantly, the wave function (15) is still of the CI
type that depends on coordinates of all nucleons and
is expressed through linear superposition of Slater de-
terminants following the form of second quantization in
Eq (3). Explicitly, this form is achieved via recoupling of
CM wave functions for two CM-boosted fragments into
a combined state with an overall CM being in the non-
spurious state while relative motion being in HO state
with quantum numbers n`m . The recoupled channel ba-
sis wave function in Eq. (15) is created using the second
quantization rules discussed earlier, see Eq. (4), by the
following operator

Φ†nl =
∑
n1`1
n2`2

Mn`00;`
n1`1n2`2

[
Ψ†n1`1m1

×Ψ†n2`2m2

]
l
, (17)

with Mn`00;`
n1`1n2`2

being the oscillator bracket also known

as the Talmi-Moshinsky-Smirnov coefficient [58]. In
Eq. (17) we slightly generalize Eq. (15) and introduce an
abbreviated notation l that denotes all asymptotic chan-
nel quantum numbers. The RGM basis channels do not
need to have any specific symmetry or spin coupling. The
situation is similar to the basis states within a traditional
shell model. The fundamental symmetries are automat-
ically maintained and restored by the Hamiltonian, as
long as all relevant basis channel states are included. The
best choice may be dictated by anything from theoreti-
cal considerations to actual experimental setup. Thus,
in each particular example the set of asymptotic quan-
tum numbers is different and identified separately. The
bulk of this work deals with spin-less α particles, J1 = 0,
in this case the asymptotic state can be identified by the

partial wave ` its magnetic projection m and angular mo-
mentum state of the second fragment J2 and M2. We also
used an equivalent set of basis channels where J2 and an-
gular momentum ` are coupled to a total channel angular
momentum J. Thus, the square brackets in Eq. (17) de-
note all the desired spin and angular momenta couplings.

Discussing multi-fragment clustering, both l and in-
ternal index n have to be further generalized. In par-
ticular, while for the two-body problem A1 + A2 in Eq.
(17) we used n to denote the number of nodes in the
relative HO wave function, which is equivalent to using
the total number of oscillator quanta in relative motion
Nrel = 2n + `. In general, we view n as an index that
labels channel basis states, for example for three clus-
ter channels a single total number of quanta in relative
motion Nrel is insufficient to label a three-body state.
The three-α chanel basis states discussed below are con-
structed via sequential coupling, building relative Jacobi
coordinates. An alternative method is to just numeri-
cally solve a three-boson problem in the HO basis with
Hamiltonian containing Casimir operators of symmetries
involved, and thus obtaining all non-spurious solutions
of angular momenta of interest. This would automati-
cally provide numerical form of generalized coefficients
M coupling oscillator symmetry and rotational symme-
try simultaneously

Φ†nl =
∑
n1`1m1
n2`2m2
n3`3m3

Mnl
n1`1m1n2`2m2n3`3m3

Ψ†n1`1m1
Ψ†n2`2m2

Ψ†n3`2m3
,

(18)
The diagonalization method is commonly used as a faster
and more numerically stable alternative for obtaining
recouping coefficients, including oscillator brackets and
Clebsch-Gordan coefficients [52, 59, 60].

Basis channels provide some simple, although crude,
means for evaluating clustering spectroscopic character-
istics, some of these characteristics such as traditional
spectroscopic factors or those from Orthogonality Con-
ditions Model (OCM) are used to compare our method
with what has been traditionally used. We review these
techniques and their connection with our work in Ap-
pendix B.

The set of basis channels is not an orthonormal basis
set. The lack of orthogonality is naturally caused by the
internal structure of clusters where individual nucleons
are subject to Pauli blocking and antisymmetrization this
topic is reviewed in Appendix C.

D. Resonating Group Method

The Resonating Group Method that we discuss next
has a long history of success [61]. In recent years, the
RGM has re-emerged [62] as one of the leading methods
to tackle the structure-reaction interface in microscopic
many-body calculations. It amounts to the construction
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of a channel wave function

|Ψ(l ,rgm)〉 =
∑
n

χn|Φnl 〉 (19)

variationally, where the RGM equation for the ampli-
tudes χn can be written in matrix form for each asymp-
totic channel l as∑

n′

Hnn′χn′ = E
∑
n′

Nnn′χn′ . (20)

In this expression H and N are referred to as the hamil-
tonian and norm kernel respectively and χ is a vector of
variational amplitudes. The kernels are evaluated in the
channel basis

Hnn′ = 〈Φnl |H|Φn′l 〉, Nnn′ = 〈Φnl |Φn′l 〉. (21)

The RGM wave functions obtained in this way are fully
antisymmetrized, non-spurious, and respects all the sym-
metries of the Hamiltonian provided. This procedure de-
scribed above is not in any way restricted to binary sys-
tems; multi-channel reactions and intrinsic excitations
can be included as well. For further discussion and more
examples the reader is referred to the monograph [61].

The RGM channels allow to further improve the defi-
nition of the spectroscopic factors defining them as

S
(rgm)
β,l ≡

∣∣∣〈Ψ(A)|Ψ(l ,rgm)
β 〉

∣∣∣2 . (22)

Here β denotes a particular RGM solution of the general-
ized eigenvalue problem (20). The net level of clustering
is still characterized by Eq. (C4) since the RGM-defined
dynamic channels are formed by an orthogonal transfor-
mation of ortho-normalized states

S
(rgm)
l ≡

∑
β

∣∣∣〈Ψ(A)|Ψ(l ,rgm)
β 〉

∣∣∣2 = S
(ocm)
l . (23)

III. EXAMPLES

A. Spectroscopic Factors in sd-space

Numerous studies of clustering have been done us-
ing the traditional shell model [34, 63]. Despite being
phenomenological in nature, the traditional shell model
has been very successful in identifying and predicting a
plethora of properties and to this day it remains a pow-
erful tool for bridging fundamental theory and observa-
tions. Recent systematic studies and comparisons with
experiment have clearly affirmed the applicability of the
approach presented in preceding sections and moved the
discussion to a much more quantitative level. Studies of
16O in Ref. [52], 10Be [64, 65], 18O [15] and a recent
comprehensive examination of 20Ne [66] validate the ap-
proach and raise some common questions which we dis-
cuss next. The studies shown in Fig. 2 use a well es-
tablished semi-empirical shell model Hamiltonian from

FIG. 2: (Color online) Spectroscopic factors for ground state
to ground state α transition A→ (A−4) +α for nuclei in sd-
valence with equal number of protons and neutrons. Scattered
points show experimental data from knockout and pickup re-
actions, Refs. [37, 68]. Connected points show theoretical re-
sults obtained using USDB [67] Hamiltonian; the wave func-
tion of α-particle is obtained using the NCSM with JISP16
interaction, ~ω = 14 MeV, and Nmax as labeled. Traditional
SF, Eq. (B3) are shown with dashed (black) line, the OCM
(equivalent to RGM, Eq. (23)) SF Eq. (C4) are in solid (red)
and dotted (blue) for different truncation Nmax of the α wave
function.

Ref. [67] and show the traditional, Eq. (B3), and OCM,
Eq. (C4), spectroscopic factors for ground state to ground
state transitions. Below we summarize some key results
of this study.

First, the traditional spectroscopic factors, while pro-
viding some relative clustering information for states
within a single nucleus, generally fail to capture the sys-
tematics. This is seen in Fig. 2 where traditional spec-
troscopic factors, shown with dashed (black) line, are
too small and do not follow the experimentally observed
trend as the mass number increases. The same findings
were reported in several recent publications, for exam-
ple see Ref. [52]. The OCM spectroscopic factors, on the
other hand, are consistent with experimental trends.

Second, due to the phenomenological nature of the
model, previous considerations employed an s4 structure
of the α particle which, as discussed in Appendix A, al-
lows for the algebraic approach based on SU(3) symme-
try. The shell model is defined via matrix elements in the
configuration space, and the best agreement with data for
various observables is generally achieved with oscillator
frequency ~ω = 41A−1/3 MeV. For most nuclei this is not
consistent with the optimal oscillator frequency for the α
particle, ~ω = 20 to 30 MeV, see Fig. 12. Thus, consid-
ering components of the transfer operator beyond s4 is
important. In Fig. 2 curves drawn with solid (red) and
dotted (blue) lines show the OCM SF for an α particle
wave function obtained within Nmax = 0 and 8 trunca-
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tions, respectively. The increase in wave function com-
plexity arising from the extra components leads to an
overall increase of the SF but it is difficult to draw any
specific conclusion.

Third, within a single oscillator shell only one basis
channel contributes which makes OCM and RGM spec-
troscopic factors identical and equivalent to the tradi-
tional spectroscopic factor being normalized to unity [52].
Furthermore, beyond the single-shell for Nmax 6= 0, a
phenomenological shell model hamiltonian typically does
not lead to strong mixing between different particle-hole
excitations. Therefore, the OCM and RGM channel wave
functions are close, with oscillator wave function approx-
imating the relative motion.

Following these comments, and in order to facilitate
phenomenological studies in the sd-shell, we can envi-
sion an effective four-body operator that in the restricted
space would describe the removal or addition of an α par-
ticle. We limit this discussion to ` = 0 which, due to
absence of the centrifugal barrier, would be the most im-
portant channel. An effective operator for ` = 0 with L =
S = T = 0 and appropriate permutational symmetry can
be constructed in four different ways in sd-space. It is
convenient to expand the effective operator using SU(3)
symmetry then the four operators possible have (λ, µ) =
(8,0), (4,2), (0,4), or (2,0). In the algebraic limit ex-
pressed by Eq. (A1) only the (8,0) component is present
and only the basis channel with n = 4 nodes contributes;
the total norm squared of this component is given by the

cluster coefficient
(
X
η=(sd)4

N=8

)2
= 1/26 ≈ 0.038 as listed

in Tab. VII. The results in Tab. I show changes when we
depart from the algebraic limit and consider a realistic α
computed for the oscillator frequency of ~ω = 14 MeV
that is better suited for sd-shell nuclei. Basis channels
with different numbers of nodes contribute and compo-
nents other then (λµ) = (8,0) appear. Tab. I therefore
represents a form of an effective α transfer operator for
the sd-space. Departure from the algebraic limit and the
presence of small components are important in studies
of numerous unexplained hindered α transitions such as
those discussed in [69] This result is also a good starting
point for phenomenological determination of parameters
in Tab. I.

B. The case of 20Ne

Continuing our discussion in the previous subsection,
we consider the distribution of α spectroscopic strength
within a specific nucleus. Distribution of the clustering
strength and going beyond statistical approaches is im-
portant in astrophysical studies [70, 71] Here we concen-
trate on 20Ne, a classic benchmark in studies of clus-
tering, and a good example of both successes and limi-
tations of the traditional shell model [66, 72–74]. Un-
der the assumption of s4 structure of the α, the ground
state SF is large (0.76) and consistent with observations

n X2 (8,0) (4,2) (0,4) (2,0)

4 0.02848 1.0 0.0 0.0 0.0
3 0.00697 0.561658 0.438338 0.0 0.0
2 0.00169 0.549804 0.0451847 0.3363 0.0636439
1 0.00018 0.0693304 0.735878 0.0134005 0.147418
0 0.00011 0.0693304 0.261291 0.0990471 0.0384533

TABLE I: SU(3) decomposition of basis α cluster channels
for different number of nodes. The second column lists the
total normalization squared of the operator in the sd-space,
X2; the remaining columns labeled with (λµ) show weights of
the corresponding SU(3) components. The α particle struc-
ture is computed using oscillator frequency ~ω = 14 MeV in
an Nmax = 8 space using JISP16 interaction. Channels are
identified by the number of nodes in the relative wave func-
tion shown in the first column, only ` = 0 partial wave is
discussed.

for this and neighboring nuclei (22Ne, 24Mg), indicating
that the high degree of clusterization observed is repro-
duced by the shell model calculation. All the members
of the ground state rotational band can be described as
an α particle orbiting the closed 16O core in a specific `
state. The α SF to the ground state of 16O, along with
the reduced transition rates for the de-excitation of each
state (B(E2)↓) are shown in Table II. The yrast states
show both a rotational behavior and α cluster character-
istics. For each state there is only one channel, therefore
RGM and OCM SF are equivalent. The observed band

Jπ
B(E2)↓ (W.u.) B(E2)↓ (W.u.)

α SF(16O g.s.)
USDB Exp

0+ - - 0.76
2+ 14.4 20.3 0.78
4+ 17.0 22 0.66
6+ 12.7 20 0.58
8+ 8.6 9.0 0.40

TABLE II: Transition rates (in Weisskopf units) and α spec-
troscopic factors for the 20Ne rotational band members with
the USDB interaction with effective charges 1.35 and 0.35, for
protons and neutrons, respectively. The s4 structure of the α
is assumed.

is a textbook example of quadrupole collectivity [75],
microscopically the states are members of (8,0) SU(3)
irreducible representation.

The formalism holds up well for negative parity states
generated from 1 particle-hole (ph) excitations in a p −
sd− pf space. Studies using the PSDPF [76] interaction
agree at a qualitative level with the results seen in a
(6Li, d) reaction [77, 78]. Out of over 60 states in the
energy region of up to 12 MeV in excitation only the
strongly clustered, natural parity, ones are populated.
Detailed discussion and cross sections can be found in
Ref. [50].

When it comes to other high-lying states the situa-
tion is much more involved. Let us consider the series
of the lowest 0+ states. Table III shows the summary
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of SF for both alpha and the proton, see also [66] for
lowest 0+ states in different models and comparison with
experimental data. Here we continue to assume the s4

structure for the α particle making the SU(3) symmetry
a defining characteristic.

Ex SF(p) (8,0) (4,2) (0,4) (2,0)

0+
1 0 0.484 0.755 0.058 0.047 0.000

0+
2 6.698 0.574 0.142 0.550 0.162 0.000

0+
3 11.908 0.013 0.002 0.214 0.549 0.003

0+
5 14.665 0.010 0.025 0.103 0.000 0.020

0+
6 16.268 0.002 0.000 0.005 0.026 0.577

TABLE III: Summary of proton and alpha spectroscopic in-
formation for the lowest T = 0 states. Experimental data [66]
is compared with results from a shell model calculation with
the USDB Hamiltonian [67]. Each state is further decom-
posed in SU(3) irreps. The s4 structure of the α is assumed.

The table shows that while for the lowest states domi-
nated by configurations from a single shell the agreement
is nearly excellent, some higher-lying broad alpha clus-
tering state is difficult to describe. The same discrepancy
for high-lying strongly clustered resonant states has been
seen in other nuclei such as 18O [15].

In Fig. 3 we move away from the algebraic limit and
take more channels into account. We relax the s4 as-
sumption for the α particle wave function and show the
distribution of RGM α SF from Eq. (23). We consider
the ` = 0 partial wave and five basis channels with
n = 0, 1, 2, 3, 4. These are the only contributing chan-
nels with components in the sd-space with N = 8 oscil-
lator quanta. This leads to five RGM energies which are
shown with dashed vertical lines and the sum over par-
tial SF in Eq. (23) is shown by a stacked histogram using
corresponding color and style.

In agreement with the previous discussion the ground
state SF is dominated by a single channel which is struc-
turally close to the n = 2 basis channel (shown in red).
Similarly the SF’s for following two excited states are
dominated by single channels, however fragmentation is
rapidly increasing with excitation. It is remarkable that
the clustering strength is concentrated near the RGM en-
ergies. If one loosely associates RGM solutions as repre-
senting thresholds for each new bound α state in a crude
potential model then this result can be seeing as sup-
porting the near-threshold increase in clustering strength
discussed extensively in the literature [6, 79, 80].

C. 21Ne, weak coupling limit 16O+α+n

Molecular-type dynamics where much-heavier clusters
along with light single nucleons form structures similar
to those of molecules have been discussed for some time
[6, 9]. Whether such structures can emerge in CI ap-
proaches is of interest. Let us view the nucleus 20Ne as
a core + α system which from preceding discussion is

0 5 10 15 20 25 30 35 40
Ex (MeV)

0.0

0.2

0.4

0.6

0.8

S
F

FIG. 3: (Color Online) Distribution of dynamic spectroscopic
factors for 20Ne→ 16O(g.s.) + α with the USDB interaction.
The dashed lines correspond to the RGM energies for each
decay channel. The spectroscopic factors are shown using
stacked components reflecting each individual RGM channel
in sum 23.

known to be clustered. To investigate how the system
responds to an extra nucleon, we take channels created
to have a 16O+α structure with relative angular momen-
tum ` = 0, 2, 4, 6 and add a neutron in the d5/2 orbital,
recoupling to all possible angular momenta in each case.
Alternatively, one can consider adding an α particle with
a definite relative motion to the ground state of 17O.
We end up with 18 channel basis states (configurations)
versus the 1935 m = 1/2 many-body shell model basis
states. This idea of reducing the size of the problem us-
ing cluster configurations instead of all the many-body
states possible in the space is at the center of interest
in the configuration interaction strategies and in cluster-
nucleon configuration interaction approach, Ref. [52].

In the smaller subspace of these (non-orthogonal) ba-
sis channels, we apply the Resonating Group Method
approach and solve the generalized eigenvalue problem,
with the matrix elements of the Hamiltonian Kernel cal-
culated with the USDB interaction. This is equivalent
to CI limited to cluster basis. The resulting low-lying
spectrum is compared with both USDB shell model and
experimental values in Figure 4.

The RGM reproduces the excitation spectrum quite
well, but the binding is 3.5 MeV lower than the full USDB
calculation, the latter being close to experiment. The
discrepancy is to be expected from the variational ap-
proach. Considering that only 18 basis wave functions
are being used with only a few for each spin, the quality
of agreement is remarkable. Furthermore, from the con-
figuration mixing in cluster channels we infer that the
simple picture of an α particle moving in some definite
partial wave relative to 16O and the extra nucleon be-
ing a spectator is perturbed. For example the ground
state 3/2+ is a mixture of ` = 2 and ` = 4 components.
Similarly, the excited 5/2+ is a nearly equal mixture of
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FIG. 4: Low-lying RGM, full USDB SM and experimental
spectra of 21Ne. The ground states show total binding en-
ergy; the excitation energies are shown for all of the remaining
excited states, all in units of MeV.

` = 0 and ` = 4. This mixing has been probed using
experiments with transfer reactions, Ref. [81]. The com-
parison of α SF is shown in Table IV, where, following
the way the experimental data was presented in Ref. [81],
the SF are normalized to the ` = 2 partial wave of the
ground state transfer. The experimental Jπ = 9/2+ val-
ues are grouped together with the ones for the 1/2+ state
because they are difficult to resolve due to their small en-
ergy difference.

S(exp) 3/2+ 5/2+ 7/2+ 9/2+, 1/2+

` = 0 1.04 ± 0.41

` = 2 1.0 ± 0.05 . . . 0.91 ± 0.08 0.9 ± 0.05

` = 4 0.42 ± 0.04 0.32 ± 0.18 0.23± 0.04 0.29 ± 0.03

S(rgm)

` = 0 0.78

` = 2 1.0 0.02 0.9 0.81

` = 4 0.18 0.44 0.14 0.33

TABLE IV: Comparison between the experimental SF (upper
table) and RGM SF (lower table) for low-lying states in 21Ne.

In order to quantify the mixing we provide here the
components of the generalized eigenvalue problem in the
sector with spin-parity quantum number 5/2+. The basis
states can be labeled with ` = 0, 2, 4 (we present them in
this order) so that each Jπ = 5/2+ basis state is obtained
from coupling with a neutron on d5/2 orbit as (`×5/2)5/2.
The norm kernel

N =

 0.185 −0.03 −0.038
−0.03 0.170 −0.015
−0.038 −0.015 0.219

 (24)

demonstrates that the basis channels are not orthogo-
nal although off-diagonal matrix elements are an order

of magnitude smaller then those on the diagonal. For
the Hamiltonian kernel, transformed using the norm ker-
nel to represent a Hermitian eigenvalue problem

H̃ = N−1/2HN−1/2 =

−42.1 0.20 1.79
0.20 −39.9 −0.15
1.79 −0.15 −40.3

 (25)

we find strong mixing. Here all matrix elements are given
in units of MeV and rows (columns) correspond to inter-
mediate coupling momentum ` in order ` = 0, 2, 4. The
mixing between ` = 0 and ` = 4 lowers the energy of the
first excited state by approximately 1.2 MeV.

D. 8Be in no-core CI approach

The 8Be nucleus and its structure as 8Be → α+α is a
classic benchmarking case in studies of nuclear clustering
[44, 79, 82–85]. In Tab. V we list experimental energies
and widths, and our results, discussed later, for the se-
quence of 0+, 2+, and 4+ clustered resonances in 8Be.
These states form a clustering rotational band where two
alphas are in the state of motion with the relative angu-
lar momentum ` = 0, ` = 2, and ` = 4, respectively. The
sequence with the ground state being nearly bound (with
a decay width of 5.6 eV) and the 4+ excited state being
a broad resonance is a perfect arena for the structure-
reaction transitional physics to be explored.

Following our strategy described in Sec. II D for each
partial wave ` we construct a set of basis channels la-
beled by n which is the number of nodes in the relative
α + α wave function. Under an assumption of trivial
s4 configuration for each of the α particles (equivalently,
Nmax = 0 in the NCSM) the norm kernel is diagonal,
see Eq. (C2). For example in the spin-parity subspace
0+ and considering only three channels with n = 2, 3
and 4 the normalized Hamiltonian kernel for the JISP16
interaction with ~ω = 25 MeV is

H̃ =

−15.12 19.68 −0.629
19.68 16.74 32.77
−0.629 32.77 47.72

 . (26)

Here the minimal number of nodes is determined by
the minimal total number of quanta N = 2n + ` = 4,
which enforces Pauli blocking. With increasing number
of quanta in relative motion the normalized kinetic en-
ergy should reach the asymptotic value corresponding to
the relative kinetic energy

T̃NN = (N + 3/2)
~ω
2

+ 2T (α), (27)

where T (α) is the intrinsic relative kinetic energy of each
α particle; T (α) = 9~ω/4 for the s4 configuration. The
kinetic energy operator in the HO basis is tri-diagonal,
which explains the magnitude of the matrix elements in
Eq. 26, the asymptotic form of Hamiltonian and norm
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FIG. 5: RGM spectra showing rotational band of 8Be for
various values of ~ω with the JISP16 interaction. All energies
are shown in units of MeV.

kernel is further discussed in Sec. IV. The RGM excita-
tion spectrum that follows from the JISP16 interaction
with optimal ~ω = 25 MeV is included in Tab. V. We
use the JISP16 interaction, allowing for up to 12 quanta
in each ` channel.

` Eex Γ E
(rgm)
ex Γ(rgm) S(rgm)

0 0.0 5.6∗ 0 8.9∗ 0.69

2 3.0 1.5 4.6 1.4 0.66

4 11.4 3.5 16.0 2.7 0.51

TABLE V: Experimental data and theoretical results for 8Be.
All energies and widths are given in units of MeV except for
the widths marked with ∗, those are presented in units of ev.

Let us emphasize the emergence of the cluster rota-
tional band in RGM solution. In Tab. V the ratio of ex-
citation energies of 4+ to 2+ is R42 ≈ 3.5 which is close
to the 3.3 value expected for a rotational band where
Eex ∝ `(` + 1). The ~ω dependence of the approach is
studied in Refs. [21, 50, 86], here we summarize the re-
sults using Fig. 5. The presence of the rotational band
is robust and the s4 approximation for alpha particles
favors a specific frequency ~ω ≈ 25MeV where energies
are minimized due to variational nature of the approach.

As mentioned earlier, the Nmax = 0 treatment of the
alpha particles, and in general so called “s-clusters” that
carry no oscillator quanta (N = 0), allow for a relatively
simple algebraic treatment which is widely used by many
authors in Refs. [34, 35, 52, 87, 88]. In this limit our re-
sults have been verified to be identical. However, the
d-wave component of the alpha particle and the prefer-
ence for a different oscillator parameters for describing
relative motion or structure of parent and/or daughter
systems in cases of alpha decay, see Sec. III A, point to
a potential benefit in going away from this simple limit.
The advantage of our approach is that apart from in-
creasing computational difficulty it remains unchanged
for any type of clustering. In order to find an optimal

FIG. 6: RGM calculations of the rotational band of 8Be for
~ω = 20 MeV with the JISP16 interaction and with the α
particle wave function taken from a NCSM calculation with
the corresponding value of Nmax. The value N in the plot re-
flects the total number of HO quanta available to the relative
motion between the two clusters.

strategy we study the RGM spectrum as a function of
Nmax(α) and Nmax(rel) which are maximum number of
quanta in the wave function of each alpha particle and
maximum number of quanta in relative motion, respec-
tively. We will not address here computational strate-
gies, but we assume that the total computational diffi-
culty roughly scales as Nmax = 2Nmax(α) + Nmax(rel)
for the α + α case. In Fig. 6, we show RGM spectra
for a fixed ~ω = 20 grouped by Nmax(α) and Nmax(rel),
as labeled. All of the spectra show a well-formed rota-
tional band, however ground state energy is different and
considering Nmax(α) and Nmax(rel) as parameters of the
variational treatment we find that combination ~ω = 20
MeV and Nmax(α) = 2 seems to be optimal. While the
question about optimal Nmax truncation and optimal HO
frequency has to be investigated further our studies sug-
gest using Nmax(α) = 2.

In Fig. 7 we show the form of radial s-wave wave
function for the relative α+α motion defined using radial
parts of HO wave functions φn`(ρ) in Eq. (1) and RGM
solution in Eq. (20).

u`(ρ) =
∑
n

χnφn`(ρ). (28)

The ` = 0 channel is shown where we select different
values of ~ω to highlight the sensitivity of the results to
the HO parameter.

Our structural treatment should be appropriate for
the extremely narrow ground state, at the same time
one should keep in mind that projection of a many-body
problem onto dynamics of two-alphas is observed exper-
imentally only via scattering observables. Additionally
one should be wary of a common issue related to bind-
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FIG. 7: (Color online) Relative α+α wave function for the 0+

RGM channel in 8Be calculated with the JISP16 interaction.
Different curves correspond to different oscillator parameter
~ω as labeled.

ing energies and thresholds; certainly microscopic ap-
proaches utilizing fundamental nucleon-nucleon interac-
tions provide remarkable precision but it is unrealistic
to expect these models to work at the level of kilovolt
precision necessary to describe the 91.8 keV alpha decay
Q-value of 8Be. This is not a problem, however, because
the structure of the wave function does not change signif-
icantly within a reasonable energy interval near threshold
[89]. Formally, in this limit structure and reaction ques-
tions are separated, and coupling to the continuum can
be treated within the lowest order of perturbation theory
[90]. We used this approach for determining the decay
widths in Tab. V, here the standard R-matrix equation
was used [91, 92]

Γ` =
~2k
µ

ρ2cu
2
`(ρc)

F 2
` (η, kρc) +G2

`(η, kρc)
(29)

where the channel radius was selected at ρc = 3.6 fm.
With this choice, the width as a function of radius reaches
its maximum, maximizing the outgoing flux into the de-
cay channel, and in the vicinity of the extremum there
is minimal sensitivity to the channel radius, see Fig. 8.
It is remarkable that nearly the same channel radius is
appropriate for all members of the rotational 0+, 2+ and
4+ members of the band, suggesting a rigid nature of the
rotating system. For narrow resonances this is known to
be a good approximate method [90, 93] and it works well
for 8Be, see Tab. V.

Studies of 8Be have been conducted using other no-core
interactions including obtained with Similarity Renor-
malization Group (SRG), see [50]. While there are some
differences, especially in binding energies, the channel
structure, spectroscopic factors, and even effective mo-
ment of inertia for the 0+, 2+, 4+ band remain nearly
unchanged. All of this supports experimentally observed

1 2 3 4 5 6
ρc (fm)
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FIG. 8: (Color online) Dependence of the width of each res-
onance in 8Be with varying channel radius. The vertical line
corresponds to the chosen ρc = 3.6 fm value. The width for
the 0+ resonance is magnified by a factor of 105 in order to
be visible.

picture of these states being resonant scattering states of
two alphas.

E. Triple α clustering in 12C

Alpha clustering plays an important role in structure
and reactions involving 12C. Different geometrical con-
figurations of alphas have been discussed in Refs. [43,
94, 95] and signatures of the alpha condensate have been
searched for [46, 48]. In addition, the coupling of the
first excited 0+ state, named after F. Hoyle, to a triple-
alpha open decay channel is of paramount importance
for formation of elements in the universe. We concen-
trate on the structure of the triple-alpha decay channel
and comment on the clustering structure of the lowest
excited 0+ state. The Hoyle state is unbound by 285
keV and thus the process 12C → α + α + α can proceed
via an intermediate 8Be resonance, which as discussed
earlier is only 93 keV above the threshold. The decay
via an intermediate 8Be is, in fact, what happens nearly
100% of time [25–28]. Certainly such an overwhelming
probability comes mainly from three-body Coulomb final
state dynamics which favors tunneling of a single alpha
first. Here we discuss structural questions that deter-
mine transition amplitudes between initial states and fi-
nal channels.

The basis channels involving three clusters of the form
(18) are built using a sequential pair-wise coupling proce-
dure for two internal Jacobi coordinates. We allow up to
Nmax(rel) = 12 oscillator quanta of relative motion to be
shared amongst the two relative coordinates. We employ
the RGM procedure with three identical α particles, each
in an s4 configuration using the JISP16 interaction with
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~ω = 25 MeV. The minimum allowed by the exclusion
principle Nrel = 8; this basis channel with Jπ = 0+ repre-
sents configuration with filled 0s shell and eight nucleons
in the 0p shell, normalization can be found in Tab. IX.
For each of the following Nrel the number of basis chan-
nels is shown in Table VI.

Jπ E
(exp)
ex E

(NCSM)
ex E

(rgm)
ex S(rgm)

` channels

0+ 0 0 0 0.42 8

2+ 4.4 6.06 3.61 0.49 16

4+ 14.1 19.8 13.6 0.6 16

TABLE VI: Excitation energies (in MeV) for rotational band
members in 12C, experiment, NCSM and RGM both with
~ω = 25 MeV, followed by spectroscopic factor for triple alpha
decay. The last column shows the number of basis channels
included in the calculation.

Table VI shows that the NCSM predicts the lowest 0+

2+ and 4+ to be strongly clustered. While it is hard to
rely on the NCSM for the structure of the Hoyle state
here the SF S(rgm)(0+2 ) = 0.257 which, coincidently, is
a reasonable value. The overlaps squared between the
triple-alpha channel with quantum numbers 0+ and a
two-fragment channel constructed from the ground state
of 8Be (Nmax = 4) and an α in relative motion with n = 2
and ` = 0 is 0.51. This high overlap emphasizes that the
decay process going through an intermediate 8Be state is
most probable; apart from the overlap the binary channel
is strongly favored by the kinematics of the three-body
Coulomb problem.

IV. REACTIONS WITH CLUSTERS

In the preceding presentation we established clustering
channels and demonstrated how these channels can be
used to obtain spectroscopic factors and other structural
characteristics of clustering that are relevant for bound
states and in the limit of weak continuum coupling [96].
The channels also provide a formal path for dealing with
cluster reactions, which is our next subject. Here we
discuss two-body reaction processes. Formally, the same
techniques can be applied to more complicated reactions
however, the difficulty, both theoretical and experimen-
tal, in building and studying multi-fragment asymptotic
states puts the more complicated reactions outside the
scope of this presentation. On the other hand, two-body
scattering, especially the case involving a spin-less parti-
cle, is a standard textbook example of partial wave anal-
ysis [89]. The starting point for the following will be the
radial problem in the space of radial wave functions de-
scribing the separation of two clusters for a given fixed
partial wave `. The asymptotic (r → ∞) form of the ef-
fective Hamiltonian operator in this case includes a cen-

trifugal term in addition to the usual long-range Coulomb

H0 = − ~2

2µ

d2

dr2
+
Z1Z2e

2

r
+

~2`(`+ 1)

2µr2
. (30)

The asymptotic solution at a given energy E can be writ-
ten as a linear superposition of a regular F`(η, kr) and
an irregular function G`(η, kr)

ψ`(r) ' αF`(η, kr) + βG`(η, kr). (31)

Here, k =
√

2µE/~, η = Z1Z2e
2µ/~2k and tan δ` = β/α

is the phase shift. The functions F` and G` are known
as the regular and irregular Coulomb functions, respec-
tively; they are known analytically and discussed ex-
tensively in literature [97]. For the scattering of neu-
tral particles η = 0, and the Coulomb functions become
F`(0, x) = xj`(x) and G`(0, x) = −xn`(x), with j` and
n` being the spherical Bessel and Neuman functions.

In the context of our previous discussion it is natu-
ral to proceed in HO basis and continue to rely on the
expansion of the radial motion in HO functions in Eq.
(28).

Unlike the case of deeply bound states, for weakly
bound and scattering states the HO expansion appears
to be a poor choice, but knowledge of the analytic
form of basis functions remediates this issue. The J-
matrix method, Ref. [98], also known as Harmonic Oscil-
lator Representation of Scattering Equations (HORSE)
[40, 99] have been broadly discussed in the literature [98].
In its traditional form the method is limited to H0 being
the kinetic energy operator; our approach, discussed in
what follows, is different in allowing for a Coulomb in-
teraction to be a part of H0, as defined in Eq. (30). The
Coulomb problem represents a significant difficulty for
the standard J-matrix/HORSE methods, another strat-
egy for dealing with Coulomb interaction is discussed in
refs. [40, 99].

The integer n in Eq. (28), used to enumerate the basis
states, coincides with the number of nodes in the radial
part of the wave function. The method relies on the
asymptotic limit of r → ∞ in coordinate space being
equivalent to the configuration space limit of n → ∞.
Thus scattering phase shifts and related observables can
be defined for n→∞. Indeed, a classical particle spends
most time near a turning point defined by the energy
mω2r20 = ~ω(2n+ `+ 3/2), or

r0 =

√
~
mω

(2n+ `+ 3/2). (32)

Thus for large n the wave function is represented by a
peak at r0, and the resulting form

|φn`(r)|2 ∝
1√

r20 − r2
(33)

is sufficient to assure equivalence of n → ∞ limit to
asymptotic scattering limit.
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We now transfer the problem into a discrete configu-
ration space. The RGM solution (19) expressed in radial
form (28) now needs to be matched with the asymptotic
solution for the free-space Hamiltonian (30) so that sim-
ilarly to Eq. (31) the asymptotic behavior is

χn ' αFn` + βGn`, (34)

with Fn`, Gn` representing regular and irregular solutions
for the free-space Hamiltonian expanded in the HO basis,
see Ref. [100]. The regular Coulomb function can be
readily expanded

Fn` =

∫ ∞
0

F`(η, kr)φ
∗
n`(r)dr (35)

and inversely

F`(η, kr) =

∞∑
n=0

Fn`φn`(r). (36)

The coefficients Fn` satisfy the infinite matrix equation

∞∑
n=0

(H0
mn − Eδmn)Fn` = 0, (37)

which reduces to a three term recursion in the case of
Laguerre basis or in the case of HO basis for neutral
particles.

The irregular function G`(η, kr) cannot be expanded
in a similar fashion because the HO basis contains only
regular functions. However, since we are interested in re-
producing the asymptotic behavior, we can replace a true

Coulomb function with any other function G̃`(η, kr) reg-
ular at the origin, as long as asymptotically it coincides
with G`(η, kr), thus

G̃`(η, kr) = G`(η, kr) for r →∞,
G̃`(η, kr) ∝ F`(η, kr) for r → 0. (38)

In order to minimally modify the irregular function near
the origin the simplest strategy is to add a source term
thus modifying the equation (37) with an inhomogeneous
term for n = 0

∞∑
n′=0

(
H0
nn′ − Eδnn′

)
Gn′` = gδn0. (39)

Following this change in the coordinate space the mod-
ified function

G̃`(η, kr) =

∞∑
n=0

Gn`φn`(r). (40)

satisfies the following equation(
− d2

dr2
+

2ηk

r
+
`(`+ 1)

r2
− k2

)
G̃`(η, kr) =

2µg

~2
φ0`(r).

(41)

An explicit form for G̃`(r) can now be obtained via a
standard Green’s function, which is known analytically,
see for example [96]. Taking into account the asymptotic
limits (38), we arrive at the following full expression

G̃`(η, kr) =
2µg

~2k

[
F`(η, kr)

∫ ∞
r

G`(η, kr
′)φ0`(r

′)dr′+

G`(η, kr)

∫ r

0

F`(η, kr
′)φ0`(r

′)dr′
]
.

(42)

and by matching at r →∞,

g =
~2k

2µF0`
. (43)

This strategy provides a formal definition for coefficients
Gn` in expansion (34)

Gn` =

∫ ∞
0

φ∗n`(r)G̃`(r)dr. (44)

The expansion coefficients Fn` andGn` are known analyt-
ically for the limit of neutral particles (η = 0) [40, 57, 99].
In the absence of Coulomb interaction, H0 contains only
a kinetic energy term which leads to a tri-diagonal matrix
Hnn′ , as the kinetic energy operator can at most increase
the number of oscillator quanta by two and matrix equa-
tions (37) and (39) represent recurrence relations.

The truncation of the basis at some value n0 gives rise
to an internal and an external space, labeled here as P
and Q respectively. The space P is of dimension n0 + 1
containing all basis functions with 0 ≤ n ≤ n0. On the
other hand, the space Q, dubbed the external space, con-
tains matrix elements of the free Hamiltonian. Thus, we
apply here an approximation that amounts to an assump-
tion that our Hamiltonian and Norm kernels in (21) are
range limited in configuration space to n ≤ n0. Outside,
in the Q space, for n > n0, the wave function has an
asymptotic form (34).

The P space components can be obtained using a prop-
agator

GPP =
1

ENPP −HPP
, (45)

as

χP = GPPH0
PQχQ. (46)

Where components in the Q space have the asymptotic
form defined in Eq. (34). The propagator in the rela-
tively small space P is easily calculated numerically. The
matching between internal and external space is set at
n = n0 by making the assumption that

χn0
= αFn0` + βGn0`. (47)

Equation (46) and matching assumption (47) lead to a
standard HORSE method, where if H0 contains only ki-
netic energy then there is only one off-diagonal matrix
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FIG. 9: (Color online) s1/2 and d3/2 phase shifts for the
Woods-Saxon potential (see text for parameters) compared
to the ones obtained with the Numerov method.

element H0
PQ that connects the spaces, namely H0

n0n0+1.
Therefore

αFn0` + βGn0` = Gn0n0
H0
n0n0+1(αFn0+1` + βGn0+1`)

(48)
which allows to determine the β/α ratio and the phase
shift.

The Coulomb component in the free-space Hamilto-
nian H0 does not allow for a simple form of Eq. (48),
the H0

PQ is no longer given by a single matrix element,
instead all states in the external space become coupled.
Carrying out the summations becomes impractical, thus
we suggest a different strategy. Using free space solutions
(37) and (39) we rewrite

H0
PQχQ = EχP −H0

PPχP + gβδn0 (49)

where we include a source term of Eq. (39). The phase
shift tan δ` = β/α is then obtained using the finite sums
and quantities evaluated completely within the P space,
the explicit equation is as follows

β

α
=

−Fn0` +

n0∑
n=0

Gn0n

(
EFn` −

n0∑
n′=0

H0
nn′Fn′`

)

Gn0` −
n0∑
n=0

Gn0n

(
EGn` + gδn0 −

n0∑
n′=0

H0
nn′Gn′`

) .
(50)

In summary, the expression of Eq. (50) is the main
result here. It allows for a study of reactions with clus-
ter channels involving Coulomb interactions avoiding ex-
terior space summations that could be unstable or/and
poorly convergent.

In Fig. 9 we show a proof-of-principle calculation using
a Woods-Saxon potential. Since for neutral particles the
HORSE method, tested in Ref. [99], is recovered exactly,
we limit our testing to proton resonances in the potential.
The parameters used here follow parameterization [101]
for the central potential V0 = −48.25 MeV, R0 = 3.23981
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FIG. 10: (Color online) n + α and p + α phase shifts in the
p3/2 channel. Experimental points are taken from [103] (blue
squares) and [104] (red triangles) for n + α, and from [105]
(green circles) for p+ α scattering.

fm; for the spin-orbit potential Vls = 22.8386 MeV,
Rls = 3.08425 fm; and for both potentials the diffuseness
α0 = αls = 0.644174 fm; the Coulomb potential is de-
scribed by that of a hard uniformly-charged sphere of ra-
dius RC = 3.23981. This choice of parameters, along with
the reduced mass µ = 882.671 MeV/c2 approximates pro-
ton resonances in 17F that carry the single-particle quan-
tum numbers s1/2, d3/2, and d5/2. We choose two rep-
resentative cases to show the d3/2 resonance with energy
4.48 MeV and width 0.82 MeV is relatively broad, while
the s1/2 at energy 0.55 MeV and width of 25 keV is nar-
row. In Fig. 9 the convergence pattern of the phase shifts
with increasing size of the P space is shown. The basis
used is the HO basis with ~ω = 25 MeV, and therefore
the characteristic oscillator length is about 1.76 fm. Fol-
lowing Eq. (32) we can associate n = 3, 10, and 20 with
r0 = 4.8 fm, 8.2 fm, and 11.4 fm, respectively. Compari-
son of r0 with the radius and diffuseness, quoted earlier,
explains the quality of the agreement in Fig. 9 between
this method and exact result obtained using the standard
numerical integration technique (Numerov method).

Next we consider both neutrons and protons scatter-
ing off an α particle. The p + α and n + α channels
are constructed with the α particle described by a s4

configuration. Similar to the discussion in Sec. III D,
the basis channels describe a nucleon-α system in a rel-
ative state with HO wave function enumerated by the
number of nodes. The norm of the channels, simi-
lar to Eq. (C2), follows a simple analytic expression
Nnn′ = (1 − (−1/4)2n+`)δnn′ . Due to the s4 approx-
imation, each channel has a different total number of
HO quanta making the channels orthogonal. We use
the JISP16 interaction [102] and truncate the basis at
N = 2n+ ` = 6. This value of ~ω = 25 MeV corresponds
to r0 = 3.5 fm for this truncation of the basis channels
which is expected to be sufficient to describe an alpha-
nucleon potential. The results, shown in Fig. 10, show



15

0 2 4 6 8 10 12 14
E (MeV)

0

20

40

60

80

100

120

140
δ

(d
eg

re
es

)

N=12

Experiment

FIG. 11: The α + α phase shifts in the ` = 2 channel. Ex-
perimental data are taken from [106]. The solid line shows
the result of the calculation including up to N = 12 quanta
in the relative motion wave function, while the dashed shows
a truncated space with a single channel.

a good agreement with the experimentally observed ones
provided that the reaction kinematics is properly satis-
fied. Here the interior wave function from RGM solution
is matched to exterior asymptotic states of proper, exper-
imentally known, energy. This is a standard procedure
since it is unrealistic to expect the current microscopic
models based on fundamental nucleon-nucleon interac-
tions to provide energies with a kilovolt level of precision
required to properly describe sensitive reaction processes
such as tunneling over the Coulomb barrier.

As a final application, we evaluate phase shifts for
α + α scattering with the α particles approximated as
s4. This application combines our structural study in
Sec. III D with the scattering approach formulated in
Sec. IV; and goes beyond a trivial bound-state-type
matching discussed in Tab. V. Here, again the exper-
imental threshold energies have been used. The ` = 2
phase shifts are shown in Fig. 11. In order to make a
comparison with older calculations more transparent the
same Hamiltonian and Norm kernel matrix elements as
in Ref. [29] are used. The agreement with experiment,
once the threshold is set to the experimental value, is
very good.

V. CONCLUSIONS

Nuclear clustering and emergence of clustering degrees
of freedom in atomic nuclei is an important topic of mod-
ern nuclear physics. In this work we continue devel-
opments reported in Ref. [29] and put forward a new
configuration-interaction-based method that aims to fur-
ther unify different strategies and techniques, as well as
structure and reactions aiming at questions of cluster-
ing in atomic nuclei. We provide an extensive discussion
with multiple examples showing features and advantages

of the approach.

The method is built upon extensive experience within
the traditional shell model and its algebraic limits, thus
approximations such as limiting valence space or assum-
ing a trivial structure for an α particle, reduce our ap-
proach to well-studied limits. This reduction, not only
provides for a good test and alternative methods for nu-
merical calculation of algebraic cluster coefficients, but
it also assesses the quality and limits of validity of the
previously-used simplified strategies.

The method easily bridges between the traditional and
more modern microscopic nuclear many-body techniques
based on HO Slater Determinant basis expansions, thus
allowing to connect broad phenomenological experience
of the traditional nuclear shell model with yet poorly un-
derstood questions of clustering. Being built on a pow-
erful center-of-mass boosting procedure, utilizing clus-
ter configurations, and modern programming techniques
our approach represents an advancement in many-body
methods and configuration interaction approaches. We
extensively explore the boosting method introduced in
Ref. [29] both in the traditional shell model phenomeno-
logical regime and within the NCSM.

We demonstrate the new approach using sd shell nu-
clei, where previous theoretical studies and availabil-
ity of experimental data allow for quantitative compar-
isons. Special attention is devoted to 20Ne due to its
pronounced cluster structure. Detailed experimental in-
formation on alpha clustering in excited states provides
valuable data allowing us to discuss in detail the form of
the effective α-cluster channel.

Similarly, in 21Ne an extra nucleon distorts the 16O+α
motion and leads to orbital angular momentum mixing
which offers a strategy for testing molecular-like cluster
motion and the ability of our model to describe it. Our
results are in good agreement with the existing experi-
mental data and we provide comprehensive information
on channel mixing matrix elements in RGM equations
that can be tested in future experiments.

As has been experimentally observed and discussed
by numerous authors, clustering appears to be a near-
threshold phenomenon where many-body structure and
reactions are inevitably entangled. This work builds yet
another bridge between reaction dynamics and many-
body structure. While maintaining full antisymmetry
between nucleons and translational invariance, we build
cluster channels and study their static structural proper-
ties. The same channels are then used to study reactions
and reaction observables. A method for dealing with the
Coulomb problem within the Harmonic Oscillator Repre-
sentation of Scattering Equations has been further devel-
oped for this purpose. Within this extension we expect
to further probe the role of continuum degrees of freedom
in the emergence of clustering.

We have performed an extensive study of 8Be, which
is a standard benchmark in clustering methods. In our
work we use the 8Be example to show the full structure-
reaction path which includes obtaining a shell model so-
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lution and spectrum, constructing the cluster channels,
structural spectroscopic factors, obtaining decay widths
in the perturbative limit, and finally a study of 8Be as
α + α resonances. All of these studies utilize the same
nuclear Hamiltonian and emerge within the same overall
framework.

One interesting indirect finding of this work is that
clustering appears to be adequately described within rel-
atively small configuration spaces this result raises im-
mediate questions that should be explored in the future.
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Appendix A: Structure of CM-boosted states

In this appendix we comment on the structure of the
CM-boosted states and connection to the SU(3) based
models that have been widely used in the literature
[34, 35, 52, 82]. To make the connection, we limit this
discussion to CM-boosted wave functions of α particles.
As shown in Fig. 12, the ground state of an α particle
is predominately a state of four nucleons fully occupying
the lowest oscillator shell; we refer to this arrangement as
an s4 configuration. The weight of this component is over
90% for a rather broad range, approximately between 20
and 30 MeV, of oscillator frequencies ~ω.

By making an approximation, the quality of which
thus depends on ~ω, that the α particle has a simpli-
fied s4 structure or equivalently it is computed with an
Nmax = 0 truncation of the basis, we arrive at the alge-
braic limit [34, 35, 82]. For clusters that have no intrin-
sic oscillator excitation quanta N ′ = 0 the wave func-
tion Ψn`m has all quanta exclusively in the CM part;
the spatial part remains fully symmetric with respect
to permutations, moreover it is clear that with respect
to SU(3) symmetry related to spatial directions only
(λ, µ) = (N, 0) irreducible representations contribute.
Thus, in the algebraic limit, we can expand

Ψn`m =
∑
η

Xη
N Φη(N,0):`m . (A1)

over all partitions η where A nucleons are partitioned
over oscillator shells A =

∑
i αi in such a way that the

combined number of quanta is N = 2n + ` =
∑
i αiNi.

The coefficients in expansion (A1), commonly known as
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FIG. 12: (Color online) NCSM calculations with JISP16 inter-
action showing the ground state energy of 4He as a function
of ~ω values (bottom) and the fraction of s4 component of
the 4He wave function (top). Curves correspond to different
truncations Nmax.

Cluster Coefficients [35, 52, 82], are known analytically

Xη
N =

√
1

4N
N !∏

i(Ni!)
αi

4!∏
i αi!

. (A2)

The wave function Φη(N,0):`m is the wave function of the

(N, 0) SU(3) symmetry and full permutational symme-
try for this partition, which is unique. Most shell model
studies of α clustering in nuclei [34, 35, 52, 107] rely on
expansion (A1). In our work we build wave function (6)
via sequential CM-boost operations resulting in a much
simpler procedure that works for any cluster of any struc-
ture. In Tab. VII we illustrate weights of select config-
urations for a boosted state Ψ400 for α particle. For
the left column, the α particle is approximated by an
s4 closed shell wave function, while for the right column
Ψ = Ψ000 is taken from a realistic NCSM calculation
with Nmax = 4. The data in the left column reproduces
the cluster coefficients squared (A2); in this algebraic
limit only configurations with N = 8 quanta are allowed
and thus configurations such as (p)(sd)(pf)(sdg) that has
N = 10, only become possible when a more realistic α
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particle structure is used.

Configuration Nmax = 0 Nmax = 4

(sd)4 0.038 0.035

(p)(sd)2(pf) 0.308 0.282

(p)2(pf)2 0.103 0.094

(p)2(sd)(sdg) 0.154 0.141

(p)(sd)(sdg)(pfh) 0.000 0.005

(p)(sd)(pf)(sdg) 0.000 0.009

TABLE VII: Select configuration content of NCSM wave func-
tions for 4He with ~ω = 20 MeV boosted to a CM boosted
state with n = 4 and ` = 0.

Another perspective on the CM-boosted state is pro-
vided by Fig. 13 where nucleon occupancy of various
HO shells is shown for different boosted α-particle states
where CM component of the wave function has different
number of nodes n. This figure gives microscopic illus-
tration of cluster separation both in configuration and in
coordinate space, we will return to this point in Sec. IV,
see Eq. (32) in particular; and highlights the limitations
of restricted valence spaces commonly encountered in the
traditional shell model valence spaces; and could poten-
tially explain disagreements with experiment observed in
Refs. [15, 66].

Appendix B: Structural spectroscopic characteristics

The basis channels are naturally mixed. The interac-
tion Hamiltonian through the RGM procedure discussed
in subsection II D determines the asymptotic reaction
channels and reaction properties. However, it is instruc-

{n1, `1} {n2,`2} M2000;0
n1`1n2`2

(0p3/2)8 SU(3)

0,0 2,0 9
16
≈ 0.563 0.0761

√
3/32

0,1 1,1 − 3
√
3

8
≈ -0.650 -0.0878 −1/

√
8

0,2 0,2
√

3
32
≈ 0.306 0.0414 1/

√
32

1,0 1,0
√

15
128
≈ 0.342 0.0463

√
5/12

1,1 0,1 −
√
3

8
≈ -0.217 -0.0293 −1/

√
72

2,0 0,0 1
16
≈ 0.063 0.0085 1/

√
864

TABLE VIII: Example showing channel construction for
12C+α.

tive to discuss and illustrate the properties of the basis
cluster channels which is done in this part of the ap-
pendix. In a number of traditional shell model studies
the valence space is restricted to a single oscillator shell.
Many clustering studies have been done in the p-shell
[63, 108] and sd-shell [34, 52] where configuration space
allows only for a single basis channel to contribute and
hence any kind of mixing is not possible, therefore the ba-
sis channel is approximately equated to a reaction chan-
nel. Let us remind and connect our discussion to some
well-established aspects of clustering using a trivial ex-
ample discussed in Tab. VIII where the ground state of
16O is taken to cluster into the ground state of 12C and
an α particle. The ground states for 16O and an α parti-
cle are taken to be closed core; we show results for three
choices of wave functions that approximate the ground
state of 12C: closed subshell, (p3/2)8 configuration; and
an algebraic SU(3) (λ, µ) = (0, 4) configuration. The ta-
ble illustrates workings of Eq. (17) by showing an overlap
with the parent 16O

〈Ψ(16O)|Φ200〉 =
∑

n1`1 n2`2

M2000;0
n1`1n2`2

×

〈Ψ(16O)|
[
Ψ

(12C)†
n1`1m1

×Ψ
(α)†
n2`2m2

]
00
|0〉 (B1)

The only possible channel in the p-shell is with Nrel = 4;
all nuclear states carry no spin making any angular mo-
mentum recouping trivial. The only contributing 12C+α
relative angular momentum ` = 0 sets the number of
nodes in the relative wave function to n = 2. The re-
striction of this type is commonly known as Wilder-
muth condition [109, 110], and it is based on the num-
ber of quanta and Pauli exclusion principle. In Ta-
ble VIII for each set of possible n1, `1, n2, `2 where in-
dex 1 denotes CM-boosted 12C and index 2 stands for
α we show oscillator bracket M followed by the over-

lap 〈Ψ(16O)|
[
Ψ

(12C)†
n1`1m1

Ψ
(α)†
n2`2m2

]
00
|0〉. Thus, the last two

columns labeled (0p3/2)8 and SU(3) correspond to this

overlap assuming 12C wave function Ψ(12C) being filled
0p3/2 subshell and (λ, µ) = (0, 4) SU(3) configuration,
respectively. The SU(3) limit is known analytically
and provides a valuable numerical test for our method.
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With 12C being heavier than an α the CM effect of recoil
is visible; the largest oscillator bracket comes when α is
boosted to n2 = n = 2 and `2 = ` = 0. This oscillator
bracket in the first row would be equal to unity if 12C
were infinitely heavier than an α.

Until recently, the absolute values squared of overlaps
such as (B1) were interpreted as spectroscopic factors
(SF) [35, 52, 82, 111–114]

Sn,l ≡
∣∣∣〈Ψ(A)|Φnl 〉

∣∣∣2 . (B2)

In cases with multiple contributing basis channels n the
total SF is assumed to be a simple sum

Sl =
∑
n

Sn,l . (B3)

The SF are translationally invariant since both sides of
the overlap (B2) contain an overall CM wave function in
its ground state (non-spurious state). In fact, given that
the parent state Ψ(A) is non-spurious this state projects
out the non-spurious CM component in an overlap. With
orthogonality of the recouping brackets we can invert a
product

|Ψn1`1Ψn2`2〉 = (B4)∑
ncm`cm
n`

Mn`ncm`cm
n1`1n2`2

|φncm`cm(R)φn`(ρ)Ψ′(1)Ψ′(2)〉,

where both sides of the equation are assumed to be cou-
pled to proper channel quantum numbers which we sup-
press and therefore magnetic quantum numbers are not
shown. Overlap of (B4) with a non-spurious state gives

Mn`00;`
n1`1n2`2

〈Ψ(A)|Φnl 〉 = 〈Ψ(A)|
[
Ψ†n1`1m1

Ψ†n2`2m2

]
l
〉.
(B5)

From here it follows that the amplitude for the traditional
spectroscopic factor could be found from any row of Ta-
ble VIII; the overlaps in either of the last two columns
divided by the Talmi-Moshinsky-Smirnov coefficient in
the fifth column is always the same, giving the spectro-
scopic amplitude. Therefore, it is convenient to take the
row with the largest oscillator bracket, which as discussed
earlier amounts to taking the heavier fragment with non-
spurious CM motion, as it comes directly from the SM,
and only boosting the lighter fragment

〈Ψ(A)|Φnl 〉 = R 〈Ψ(A)|
[
Ψ† ×Ψ†n`m

]
l
|0〉. (B6)

The recoil coefficient here

R ≡
(
Mn`00;`

00n`

)−1
= (−1)Nrel

(
A

A1

)Nrel/2

, (B7)

where A/A1 represents the mass ratio and Nrel = 2n+ `.
The traditional spectroscopic factors discussed here for

clusters can be seen as generalizing the single-particle

spectroscopic factors used in nearly all shell model stud-
ies, see for example Ref. [115]. The CM-boosting proce-
dure applied for a single nucleon is equivalent to placing
the nucleon being emitted on the HO orbit with the cor-
rect quantum number of the channel. Spin, parity, and
limitations of the valance space in most practical cases
lead to just a single choice for the single-particle state
from which a nucleon can be removed, i.e. radial quan-
tum number n. Due to small nucleon mass the recoil is
commonly ignored, setting R ≈ 1, however more exact
recoil-corrected reaction studies have been done [116].

It is possible to obtain translationally invariant matrix
elements of operators, assuming those are translationally
invariant as well, see also [62]. Keeping the heavier sys-
tem 2 in non-spurious state n2 = 0 and `2 = 0 we can
make a list of non-translationally invariant products with
quantum numbers identical to those of the channels. Us-
ing Eq. (B4) we obtain a set of equations

〈Ψ(1)
n1`1

Ψ
(2)
00 |O|Ψ

(1)
n′
1`

′
1
Ψ

(2)
00 〉 = (B8)∑

ncm`cm
n1`1n

′`′

Mn`ncm`cm
n1`100

Mn′`′ncm`cm
n′
1`

′
100

〈Φn`|O|Φn′`′〉

which can be solved to obtain translationally invariant
matrix elements 〈Φn`|O|Φn′`′〉 of any translationally in-
variant operator O for all basis channels Φn`. The ap-
proach can be generalized to include non-elastic channels.

The spectroscopic factors provide valuable structural
information and are very useful in experimental studies,
however, one should keep in mind that their applicability
is limited to weak continuum coupling. For reaction stud-
ies full channel wave functions such as those in Eqs. (17)
and (18) are necessary; and similar to shell model stud-
ies that involve single-particle continuum [18, 117, 118]
the reaction channels introduce structural changes into
decaying states.

Appendix C: Channel orthogonality and
normalization

In this appendix we discuss non-orthogonality of the
basis channels and the norm kernel. In Table IX, see
also [29], we provide some examples that show spectro-
scopic amplitudes and channel normalizations for select
cases. The first two lines summarize the n = 2, ` = 0
channel basis state discussed in Table VIII. Other exam-
ples include basis channels for 8Be which are necessary
for RGM study in Sec. III D and for α+α scattering dis-
cussed in Sec. IV; as well as select multi-α cluster basis
channels with minimal number of quanta in relative mo-
tion for 12C and 16O. Because of simple structure, most of
the results presented in Tab. VIII are known analytically,
we emphasize this by retaining those exact expressions.

For the basis set of channel wave functions Φnl labeled
by generalized index n we introduce the norm kernel

N (l )
nn′ = 〈Φnl |Φn′l 〉. (C1)
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Parent Channel Nrel |〈Ψ|Φnl 〉| 〈Φnl |Φnl 〉
16O[0] 12C[(0, 4)] + α[0] 4

√
8/27 8/27

16O[0] 12C[p8
3/2] + α[0] 4 0.135 0.018

16O[0] 12C[p8
3/2] + α[4] 4 0.130 0.017

8Be[(4, 0)] α[0] + α[0] 4
√

3/2 3/2
8Be[0] α[0] + α[0] 4 1.160 3/2
8Be[4] α[0] + α[0] 4 0.984 3/2
8Be[4] α[0] + α[0] 6 0.644 15/8
8Be[4] α[2] + α[2] 4 0.981 1.492

12C[p8
3/2] α[0] + α[0] + α[0] 8 1/4 81/80

16O[0] (α[0])4 12
√

3/10 3/10

TABLE IX: Table shows absolute values of spectroscopic am-
plitudes and channel norms for various types of parent states
and basis channels, see also Ref. [29]. All channels here have
` = 0 and the number of quanta in relative motion of the
two fragments is denoted by Nrel = 2n + `. For each nu-
cleus square brackets indicate the structure used for the cor-
responding fragment which could include spectroscopic nota-
tion, pair of SU(3) quantum numbers, or Nmax as a single
integer. For the latter cases NCSM calculations with JISP16
was used with ~ω = 20 MeV.

The last column in Table IX shows examples of diagonal
matrix elements of the norm kernel. The norm kernel
is exclusively a structural characteristic reflecting prop-
erties of cluster configurations. Only indirectly, through
the structure of clusters, it is tied to the underlying mi-
croscopic nucleon-nucleon interaction. In the cases where
specific HO structure can be assumed, such as closed
shell nuclei, the norm kernel is universal. For clusters
whose structure is described within a single oscillator
shell (Nmax = 0 approximation) the total number of os-
cillator quanta within each basis channel is fixed which
enforces an additional orthogonality. For example for
α[0] + α[0] the norm kernel is diagonal and known ana-
lytically [119]

N (`)
nn′ = δnn′2(1− 22−2n−`), (C2)

where to satisfy Pauli exclusion principle 2n+` = Nrel ≥
4, and boson-like permutational symmetry of two α’s re-
quires ` to be even. If any of these conditions is not

fulfilled, then N (`)
nn′ = 0. These rules are fully reproduced

in our numerical studies. Asymptotically for n → ∞
the N (`)

nn ' 2 as it would be expected for a state of two
identical bosons constructed following Eq. (17).

Unlike for electromagnetic or single-particle channels
[117], where it is straight-forward to normalize reaction
channels and thus establish the corresponding sum rules,
the situation with composite objects such as clusters is
more difficult.

The true channels have to be properly normalized
asymptotically, which is done within the RGM approach.
However, within the traditional shell model with the va-
lence space where only very few basis channels are possi-
ble, Fliessbach and others have argued in Refs. [120–122]
for Orthogonality Conditions Model (OCM). The OCM
spectroscopic factors which have been widely used re-
cently, and have shown to be a significant improvement
over the traditional SF in Eq. B3, see Ref. [52]. In the
modified approach the set of basis reaction channel is or-
thonormalized using the norm kernel leading to a set of
channel vectors labeled with index ν

|Ψ(l ,ocm)
ν 〉 =

∑
n

(
1√
N (l )

)
νn

|Φnl 〉. (C3)

Here
(

1/
√
N (l )

)
νn

is a matrix element of the norm ker-

nel matrix raised to the power of -1/2 which is typically
achieved via diagonalizaiton. The index ν by itself does
not have any particular physical meaning but the part
of the full parent state wave function spanned by the or-
thonormaized set of vectors ν defines the spectroscopic
factor:

S
(ocm)
l ≡

∑
ν

∣∣∣〈Ψ(A)|Ψ(l ,ocm)
ν 〉

∣∣∣2 . (C4)

The OCM SF (S
(ocm)
l ) are normalized so that the sum of

all reduced transition probabilities from all initial states
into a particular asymptotic channel equals to the dimen-
sionality of the space ν, equivalently to the number of
basis channel n; this does not include different magnetic
substates of the asymptotic channel [52].
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