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Abstract

The Berry-phase mediated valley-selected skew scattering in a-T3 lattices is demonstrated. The
interplay of Lorentz and Berry forces in position and momentum spaces is revealed and ana-
lyzed. Many-body screening of the electron-impurity interaction is taken into account to avoid
overestimation of back- and skew-scattering of electrons in the system. Triplet peak from skew
interactions at two valleys is found in near-vertical and near-horizontal forward- and backward-
scattering directions for small Berry phases and low magnetic fields. Magnetic-field dependence in
both non-equilibrium and thermal-equilibrium currents is also presented for valley-dependent lon-
gitudinal and transverse transports mediated by a Berry phase. Mathematically, two Boltzmann
moment equations are employed for computing scattering-angle distributions of non-equilibrium
skew currents by using microscopic inverse energy- and momentum-relaxation times. Meanwhile,
a valley-dependent unbalanced thermal-equilibrium anomalous Hall current induced by the Berry
force in momentum space, due to different mobilities for two valleys, is also computed for compar-

isons.



I. INTRODUCTION

In electronics or spintronics !, information is encoded through either charge or spin. Val-
ley quantum numbers, on the other hand, become another way to distinguish and desig-
nate quantum states of a crystal lattice, which leads to the so-called valleytronics?? and
has already attracted a lot of interest ! from both fundamental research and application
perspectives. Physically speaking, valleytronics bases itself on controlling the valley degree-
of-freedom of certain semiconductors with multiple valleys inside their first Brillouin zone,
such as I') K, L and M band-extreme points. As a comparison, electron spins have al-
ready been used for storing, manipulating and reading out bits of information. ! Therefore,
we expect valleytronics will also demonstrate similar functionalities through multiple band

extrema, where the information of Os and 1s could be stored as discrete crystal momenta.

The valley electronic properties of solids have acquired a long history back to the early
days of silicon electronics. As an example, the sixfold valley degeneracy was initially observed
in electron inversion layers on (111) surfaces of silicon. ' Later, intervalley gap anomaly was
further found in two-dimensional electron gases in silicon under a strong tilted magnetic
field. '3 Moreover, similar valley splitting for two-dimensional electrons has also been studied

in AlAs semiconductor materials. 1.

By taking graphene ! as an example, its two nonequivalent valleys can be described as an
ideal two-state system (similar to the isospin degree of freedom), and its two nonequivalent
Dirac points, K and K’ in the first Brillouin zone, are associated with distinct momenta
or valley quantum numbers. These two valleys are well separated by a vary large crystal
momentum, and therefore become robust against usual external perturbations at room tem-
perature. Quantum manipulation of valleys in semiconductors has just been demonstrated
recently, 16 and electrons belonging to different valleys are employed for quantum-information
processing. Beyond graphene, valley characteristics are also present in other two-dimensional

materials such as silicene, germanene, MoS,, WSe,, and etc.

By looking from a technical perspective, a key issue in valleytronics turns out to be
the separation of electrons with different valley quantum numbers in either position or
momentum space, i.e., the so-called valley filters!”. One way to obtain valley filtering

is based on the valley Hall effect '® (VHE), where electrons from different valleys can be



separated spatially. There are other physical phenomena, e.g., the anomalous Hall effect '8

(AHE) and the spin Hall effect ' (SHE), which are closely related to VHE. In fact, SHE
has already been proven as a connection between the electrical and spin currents and can be
used for spin-current generation and detection electrically in spintronics. In a similar way,

we expect VHE can also generate transverse valley currents in position space like SHE.

The «-T; physics model is recognized as the most recent and promising candidate for
novel two-dimensional materials. Its low-energy dispersions. including a flat band, can be

20-22 and

found from a three-component generalization of standard Dirac-Weyl Hamiltonian
acquires a close similarity when compared with graphene.?3 2% The experimental observa-
tion for a dispersion-less state was confirmed 25?7 in a photonic Lieb lattice formed by a
two-dimensional array of optical waveguides. This photonic Lieb lattice can support three
energy bands, including a perfectly flat middle band (i.e., an infinite effective mass). Mean-
while, even the presence of topological-insulator behavior is predicted in Lieb and kagome
lattices. 2 Alternatively, the realization of the Lieb lattice can be fulfilled with an optical
lattice, 2 which has a flat energy band as the first excited state. Furthermore, by employing
accidental degeneracy, dielectric photonic crystals with zero-refractive-index can be designed
and fabricated that exhibit Dirac cone dispersion at the center of the Brillouin zone at a

finite frequency. 3931

The idea of highly-efficient valley filtering in «a-T3 lattices with variable Berry phase,
as shown schematically in Figs.1(a) and 1(b), has been reported very recently3? with a
Berry-phase-mediated VHE, which is termed as gVHE due to the geometric nature of the
underlying mechanism. In this case, the Berry phase in momentum space can be fractionally
quantized, and charge-neutral valley currents occur through skew scattering by the usual
thermally-ionized donor or acceptor impurities. Furthermore, a physical understanding is
sought for resonant valley filtering®* assisted by skew scattering to ensure gVHE could be
robust against both thermal fluctuations and structural disorders as a result of large inter-

valley momentum separation.

Since novel two-dimensional (2D) materials span the full range of electronic properties,
including insulators, semiconductors, semimetals and metals, we hope to stack them layer
by layer through van der waals forces so as to build various compact planar electronic

devices with high and multifunctional performance, light weight, low-power consumption,



flexibility, and even transparency. The semiconducting 2D monolayer gives rise to excellent
gate control in field-effect transistors (FETs) with much shorter gate lengths (or smaller
and faster transistors). Furthermore, by aligning the material’s low-effective-mass lattice
direction with the FET’s transport, the carrier mobility will be enhanced greatly along with
a high carrier density. Recent theoretical and experimental endeavors on the charge transfer
across a 2D material interface lead to the successful fabrication of low-resistance contacts,
where the covalently bonded in-plane interfaces between different 2D materials demonstrate

hope for reducing contact resistances, power consumption and heat generation.

In this paper, our previous single-particle quantum-mechanical theory 3? for a-Tj lattices
with variable Berry phases will be generalized into a many-body quantum-statistical theory
based on a generalized Boltzmann transport formalism, which microscopically calculates
the inverse energy-relaxation time using the screened second-order Born approximation, the
inverse momentum-relaxation-time tensor for electron elastic scattering by ionized donor
and acceptor impurities, and the generalized mobility tensor based on the force-balance
equation. Moreover, the zeroth- and first-order moment equations derived from the gen-
eral Boltzmann transport equation will be employed for computing both the forward- and
backward-scattering (near-horizontal) and skew-scattering (near-vertical) currents. Further-
more, the interplay between Lorentz and Berry forces acting on electrons in position and
momentum space for both non-equilibrium and thermal-equilibrium currents is analyzed and

explained.

The rest of this paper is organized as follows. In Sec.Il, we derive the zeroth- and first-
order Boltzmann moment equations for calculating both non-equilibrium back- and skew-
scattering currents in a-T3 lattices as well as thermal-equilibrium anomalous Hall current.
Meanwhile, both energy- and momentum-relaxation times are computed microscopically. In
Sec. I, we present numerical results for valley-dependent distributions of longitudinal and
transverse currents with respect to different scattering directions, and valley-dependent 2D
contour plots for partial back- and skew-scattering currents as a function of both magnetic
field and Berry phase at several scattering angles. We also display in this section the total
back- and skew-scattering currents in individual valleys as a function of magnetic field for

different Berry phases. Finally, a summary and some remarks are presented in Sec. V.



II. MODEL AND THEORY

<~
The single-particle Hamiltonian 232 for an a-Tj lattice takes the form of Ho(k|) = hvpet-
k|, where vp and k = {k,, k,} are the Fermi velocity and wave vector of electrons, a={fe
e e g
Se, o ® S;“}, <?1,273 are three Pauli matrices, ¥y = I is the identity matrix corresponding

to valley degree of freedom,

0 cosgp O 0 —tcoso 0

Ho{ . Ha . ..

Se=|cos¢g 0 sing| , Sy = |icos¢ 0  —ising | , (1)
0 sing 0 0 18in ¢ 0

and a = tan¢ (0 < a < 1) to parameterize the a-T3 lattice. For this Hamiltonian, three
eigenvalues are e,(k)) = shvpk) with s = 0, £1 as the band index, and the associated

eigenstates are

T cosde K
1
5,7, ) = NG $ I7) (2)
7 sing e

for valley-degenerate eigenvalues e (k) = & hvgpk) (recorded as (c) for s = 41 and (v) for

s =—1), and

T singe K
10,7, K)o = 0 I7) (3)

170,
—T cosgpe

for e(ky) = 0, where 6y, = tan~"(k,/k,), and |7 = £1) represent two different valley states.
The Berry connection® (field) of each band is defined as the quantum-mechanical average
of the position operator | = i@ku, ie., A;’d’(k”) = 4(s, 7, k| |i@ku|s,7,k”)¢ and we get
from Egs. (2) and (3) that
AP = T Vi AT = 3 AT () )
1+ a2 » K7k 9
Therefore, the Berry curvature Q7% (k)) = Vi, X AT? (k) is calculated as

1 —a?
14+ a2

Q§’¢(k||)=T( )mknéz, 0 (ky) = 297 (k) (5)
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where e, is the unit coordinate vector in the z direction (perpendicular to a-T3 plane).
Connecting to the Berry connection presented in Eq. (4), the Berry phases are obtained as
7(¢) = § dk) - AT?(ky) = Tmcos2¢ for s = £1 and Of(¢) = —287(¢). For clearness, we
simply call the geometry phase ¢ as the “Berry phase” in this paper.

For linear transport of electrons in an n-doped two-dimensional (2D) «a-T3 lattice, we start
with the semi-classical Boltzmann transport equation for doped electrons in a conduction
band e(kj) = hvpkj of this 2D material. In this case, the electron distribution function

f+(ry, k5 ) in position-momentum spaces satisfies *?

Of-(ry kyst)  dry(t)
Tgt ” +< To‘llt >av'Vrufr(7‘Ha’<~’||;t)

afr(rl\a k||7t>

R e I (6

where 7 = %1 characterize two inequivalent valleys K and K', 7 = {z, y} and kj = {k,, ky}

dk(t)
+< dt

are 2D position and wave vector, respectively. The term on the right-hand side of Eq. (6)
corresponds to all collision contributions of electrons with ionized-impurities, phonons, other
electrons, etc. Moreover, for electrons, we get their group velocities through v(kj) =
(1/h)Ve(ky) = (ky/ky) vp. Meanwhile, we find semi-classically that®® (dr)(t)/dt)., =
v(ky) — dK(t)/dt x Q, (k) = v*(k|,t), where v*(k|,t) contains the so-called anomalous
group velocity *, K(t) is the center-of-mass wave vector, 2 (kj) = Vi, x Ro(ky) is called
the Berry curvature, and Ro(k|) = (k|7 k) = (k| |z'@kH |k) is called the Berry connection
and related to the quantum-mechanical average of the center-of-mass position operator with
respect to Bloch states |kj) of a conduction band under the adiabatic condition **. Further-
more, we introduce a semi-classical Newton-type force equation 2 for the wave vector of elec-
trons, yielding (dky(t)/dt)ay = (1/B)(F e (k|| 1))ay = —(e/h)< [E)(t) +v(ky) x BL(t))] > ,
where E|(t) and B (t) are external time-dependent electric and magnetic fields, respgg—
tively, and Fep(k),t) is the electromagnetic force acting on an electron in the k| state.
Here, B (t) is assumed as a non-quantizing magnetic field with Landau-level separation
~ hw, smaller than the level lifetime broadening A/7, where w. denotes the associated cy-
clotron frequency. On the other hand, both the longitudinal and Hall conductivities for
magneto-quantum transport of electrons in a-Tj3 lattice have been calculated by using the

Kubo formula. 37



3841 can be obtained

Based on Eq. (6), the zeroth-order Boltzmann moment equation
simply by summing over all k| states on both sides of this equation. After ignoring the inter-
valley scattering at low temperatures with a very large transition momentum, this gives rise
to the electron number conservation equation, i.e., dp/0t + V., - J =0, where the number

of electrons p(r|,t) per area, as well as the particle-number current J(r|,t) per length, are

2 2 “ .
defined by p(T||, t) = 5 Z fT(’l“”, ky; t) and J(’I"H,t) = 5 Z v (k”,t) fT(’l"”, ky; t) with S as
T,k” T’kH
the sheet area.

For the first-order Boltzmann moment equation, on the other hand, we have to employ the

38-41

so-called Fermi kinetics . For this purpose, we first introduce the energy-relaxation-time

approximation for collisions, given explicitly by
0
Of(ry, ky;t) Jr(rkyst) — 1 [ (ky)]

= — s 7
at coll T¢(k“’7) ( )

which conserves the particle number, where f}o) () = {1 + exp[(z — ug)/kpT]} " is the

Fermi function for electrons in thermal-equilibrium states, 1" is the sample temperature,
up(T) is the chemical potential for doped electrons, and 7,(k|,7) is the microscopic and
valley-dependent energy-relaxation time for electrons in the k| state. The detailed quantum-
statistical calculation of 7,4(kj,7) can be found in Appendix C. The chemical poten-

tial uo(7T") of a canonical system should be determined self-consistently by the constraint:

42 fT k” /d e ’I"||7 = Z/d LA fT 'T'H,k”, ) NO = pOS, where No and Lo
ky Tk
represent the fixed total number of spin-degenerate electrons and the electron areal density.

Finally, applying this energy relaxation-time approximation to Eq. (6), we arrive at

Ofr(ry, ky;t)

fr(rp o t) + 76(T,7) ——— —— = Fle(k))] — = (Fen(ky, 1)) - Vi, e (k)]
T, ) w () - Vi AR = A2k~ D (o, 0 - W ] (6)

where we have assumed T and wug are spatially-uniform within the sample, and the

thermally—averaged and valley-dependent energy-relaxation time 7,(7,7) is defined by

1 k
(T, 7_) No Z J;E; (E{:”(’ ”i]. By introducing another microscopic inverse momentum-
ki

relaxation-time tensor T Y(7,¢), we can further rewrite the force-balance equation? for

the macroscopic center-of-mass wave vector K 8’¢(t) in steady states as

7



dK™%(t o - 1
KoY _ T M ¢) - Kp(t) + — F.4(t)
dt h
— o) K50 - 5 B+ (1) Ko B f =0, )
F
where F, () = (Fon(ky,t))a = —e{EH(t)+(vF/kF) K79t x BL(t)} is the macro-
scopic electromagnetic force, and kr = /mpy is the Fermi wave number. The detailed

quantum-statistical calculation of the inverse momentum-relaxation-time tensor ’T Y1, 9)

is provided in Appendix D. The solution of Eq. (9) can be formally expressed as K 6¢( t) =
pa pa

(kr/vr) Bro(BL(t), T,") - Ey(t), where pi- (B, T,

1) is the so-called mobility tensor of

electrons. The details for calculating the steady-state mobility tensor ﬁw(B L,fi}'; 1) are
presented in Appendix E. Using this mobility tensor, we can simply write F,,(t) =
(hkr [or) T (r,0) - { e o BL(D), T By (1)}

In a similar way in deriving the zeroth-order Boltzmann moment equation, multiplying

both sides of Eq. (8) by v*(kj,t) and summing over all electron k; states afterwards, we are

left with the following dynamical equation

Toa0) 4 7 r) 2T 2 2 S e, 1) 10y
ky

o1y [ (ky)]

—76(T, H% > 0 (k) [Fro(t) - wlky)] ==

ky

+7(T',7) <%> % > vlky)

v
4 kj
F1 < 1 af}O) [e(ky)]

A T1r0) - [ins(BL), T, ) - By(0)] | ol  -=L=22 0 (10)
where the second term on the left-hand side of the equation results from the non-adiabatic
correction to the macroscopic particle-number current J,,(t) per length. From Eq.(10)
we know J ., is also independent of 7| within our approximation. As a result, from the
electron number conservation equation we find the number of electrons p per area must be a

constant pg, determined by py = Z (0) le(ky)], which determines the chemical potential
kj
uo(T) of the sample at any given temperature 7.

8



oz (k)]
Oe
E(‘)‘ and By, we get from Eq. (10) the total charge (—e) current j(7,¢) = j,(7, ) + 4,(7, @)

If T is low, i.e., — ~ 0 (EF — 5(k||)), and external fields are assumed static

per length for each valley, where Er = hvpkp is the Fermi energy of electrons. Explicitly,

we calculate the two current components j,(7, ¢) and j,(7, ¢) as

27

. k27, (kp, _ o o

Ji(rd) = —%/dekl v(0) { T, (e, 7. 0) - [liro( B3, T, ") - EL] } - 00k
0

_ek%ﬁz)(krp, )

— T/dﬁs [€.Cy(kp, T, 0, B5) + €,Cy(kp, T,0,0)] = /dﬁsjl(q—, 0,53,), (11)

—T —T

which is mediated by the Lorentz force in position space, and

62

j2(7—7 ¢) = _27T2h,

/ko Ok — ky) { | B + (iies(BS, T,) - BL) x By | x Q. (k) }

62

= ~5.35 / &’k O(kr — ky) { & [By — B (faa(kr, 7, 0) By + pray(kr, 7, 0) )] Qe 6(ky)
_éy [Ew + BZ (Mym(kF, T, (b) Eiv + :uyy<kF7 T, ¢) Ey)] QT,¢<kH>}
2 1 — 2

2 {T(l m ZQ)W} {0 [By = B (ta(kp, 7,0) B + oy (b, 7, 0) By

_éy [Ew + Bz (Myx(kFa T, ¢) Ex + Myy(kF7 T, gb) Ey)]} = jQ:c(Ta ¢) éz + jQy(Ty ¢) éy ) (12>

which is mediated by the Berry curvature (or Berry force) in momentum space. Here,
©(x) is a unit-step function, p;;(kp,7,¢) for i, j = x,y are four elements of the mobility
tensor p(kp,7,¢) given by Eq. (18), Q. (k) = Qs(ky) és, Qrg(ky) = [7(1 — a®) /(1 +
a?)]o(ky), a = tan¢, Oy, = tan~'(k,/k,), v(fy,) = vr(cosby, sinfy ), and &,, &,, &, are
three unit coordinate vectors. In addition, j,(7, ¢, 5s) in Eq. (11) represents the extrinsic
non-equilibrium scattering current along the direction of a scattering angle [,, which is
different for 7 = 1 and —1, while j,(7,¢) in Eq. (12) is the anomalous thermal-equilibrium
(extrinsic) current under doping (Er > 0) due to Berry curvature and independent of f;.

Furthermore, we have denoted C,,(kp,T, ¢, 3s) as two spatial components of the vector
b
Clk,7,0,85) = T, (kr, 7,6, 8,) - {ilkr, 7, 6) - B} in Ba. (11).

The elements of a conductivity tensor &(7, ¢, 35) can be obtained from o;;(7, ¢, 3s) =

7101, 0, 85) - &/ (E|(|) - €;). Therefore, from Eq. (11), we know that the conductivity tensor

9



depends not only on the mobility tensor, but also on the conduction-band energy dispersion
and on how electrons are distributed within the conduction band. To elucidate scattering
dynamics more clearly, we study the longitudinal j (7, ¢) and transverse jr(7,®) currents

which flow along and perpendicular to the direction of S, yielding

Jo(T, ) _ /Wdﬁ Jr (T, &, Bs) _ ekipTy(kp, ) jdﬂ Colhp. 6. 51) cos f3,
jT(T7¢ “n jT(T7 ¢7 BS) 2m g Y sin /Bs
_M /ﬂdﬁ C,(kp, 7, b, Bs) sin (13)
o s Cy\VF, 1, @y Ps —COS/BS )

where the terms containing cos s select out the diagonal elements of ’?’; Ykp, 7,0, 8s)
in Eq.(16) below, while those containing sin 35, keep only the off-diagonal elements of

fi)’;l(kFa T, ¢7 Bs)

At low temperatures, from Eq.(C14) the thermally-averaged energy-relaxation time

Ty(kp, 7) introduced in Eq. (11) is given by

1
77'(75(]{3}7‘, T

4
= —= > Wl (kyO(kr — k)
) S ki

4n;

which depends on both 7 = +1 and 0 < ¢ < 7/4, where |cosf| = |sin(5s/2)], s is the

Us 2k cos ]
<ot cosl)

2
‘ Foskn 80P, (4)

scattering angle, n; = N;/S is the areal density of ionized impurities, and e4(g) is the static
dielectric function obtained from Egs. (B6) and (B7). Meanwhile, the scattering form factor
in Eq. (14) is calculated as

D A=) T cos T olky) + Xae(ky) + (—0) T sing x5 (k) }

L

N | —

F‘F,tﬁ(kllvBS) =

X {( i)" Tcosqﬁxu(kﬂ) Py _ Xa.0(Ky) + (1) "7 sin ¢ x3 ,(ky) e_iTﬁls‘u!qu}
= rio(ky, ¢, 7) + ki (ky, 6, 7) €7 + ma(ky, 6, 7) €77+ hg(ky, 6, 7) (L4 €7)

+ra(ky, &, 7)(1 + e~ Py 4 ks(ky, ¢, 7) cos(Th8s) (15)

10



where X7 ,(k), x5,(k|) and x3 ,(k|) are the scattering factors defined in Eq. (C12), and six
real scattering coefficients x; with 7 =0, 1, --- , 5 can be obtained from Eq. (C13).

In addition, from Eq.(D3) the inverse momentum-relaxation-time tensor employed in

Eq. (11) is microscopically calculated at low temperatures as

= 2mn; - 2
T, ke, 7,0) = 2 (,;) > |Unttay k)| 8o, — Er) e sq, — 2) gy @ af]

Po
LSRG

2

’fT,tﬁ(kFa 65)‘2

= P Rorpe / dp; | sin(Bs/2)| sin®(Bs/2)

—Tr

Ug (2kr| sin(Bs/2)[)
€o(2kp|sin(ss/2)[)

™

E/dﬁs fi)’;l(k‘F>7_7 ¢768)7 (16)

sin?(B,/2) —sin(Bs)/2

—sin(Bs)/2 cos?(Bs/2)
where |, 4(kr, B5)|? has already been given by Eq. (15). It is evident from Eq. (16) that the
off-diagonal elements of ’<7_>'; Ykp, T, ) become zero after the integral has been performed with
respect to (s from —m to w, while the diagonal elements of %17 Ykp,T,¢) are nonzero and
different simultaneously. Physically, the diagonal elements of ’7’; Ykp,T,¢,8,) correspond
to the case in which directions of the scattering force and center-of-mass momentum are
parallel to each other. The off-diagonal elements of ’<7—>'Ij Ykp, 7,9, Bs), on the other hand, are
related to a situation where the direction of the scattering force is perpendicular to that of

the center-of-mass momentum.

Formally, by denoting the results in Eq. (16) as

pui bzz(kFa T, Qb) 0
Tpl(kFaTa ¢) = ) (17)
0 byy(kFa T, ¢)
from Eqs. (E3), (E5)-(E7) and pu;(kp,7,¢) = (vp/kp)0K]?/OE;, the mobility-tensor

i(kp, 7,¢) introduced in Eq. (11) can easily be found as

e
hk
ke, 7. 0) = DAY
bmx(kFaT7 ¢) byy(kF’T’ ¢> T < hl;fpz>
evp B,
byy(ke, 7, ¢) B hP/;F
8 o | (18)
hkF xra F?TJ

11



which depends on 7 = +1 and ¢, where By = (0,0, B.) introduces a normal Hall mobility
(off-diagonal elements) due to broken time-reversal symmetry. We would like to point out
that the off-diagonal elements of ’<7_>' N Ykp,,9¢,08s) in Eq. (16) can be nonzero in principle if

an anisotropic energy dispersion (k) contains a k, and k, crossing term, e.g., e(ky|) o< k,k,.

Finally, by using Eq.(18), we obtain two components of the vector C(kp,T,d,[s) =
<>
[Cl‘(kFa T, ¢7 ﬁs)a Cy(kFa T, ¢7 ﬁs)] = T/;l(kﬂ T, ¢7 ﬁs) : [ﬁ(ka T, Qb) : Egi| introduced in Eq (11>

as

evpB,
byy(kFa T, ¢)Ex - (m) Ey

Cac(kFaTu ¢7/BS) = (eUF> dmx(kFaTu ¢7/Bs)

hik B.\’
TN bk, 7, 6) byy ey 7, 8) + (o
hkp
B
ev (elli}?jf]‘; Z) Eac + bzx<kF7T7 ¢)Ey
_ ( F) F N0 8) . (19)

hkp evp B,

ba:a:(k:Fa T, gb) byy(kFa T, ¢) +

hkg

evpB,
( hk’F ) Eac + b:cx(kFa T, Qb)Ey

dyy(k y Ty @y Ps
GUFBZ)2 yy( F 9256)

hkp

Cykp,7,6,8,) = = (h,; )

b:rx<kF7 T, ¢) byy(kFa T, ¢) + (

evp B,
byy(kFa T, gb)Ex - (m) Ey

e’UFB )2 dmy(kFa T, ¢7 65) ) (20>

hkp

_ EVF
hkp

which depend on B,, 7 = %1, geometry phase ¢, as well as on S, where Eg = (E,, E,,0) is
assumed. In addition, d,.(kp, T, ¢, Bs), dyy(kr, T, ¢, Bs) and dyy(kr, T, ¢, Bs) in Eq. (20) are
given explicitly by

bmz(kFu T, ¢) byy(kF7 T, gb) + <

dmc(kFaT7 ¢7 58) = gs<kFaTa (baﬂs) (1 — COS ﬂs) )
dyy(kr, 7,0, Bs) = Gs(kp, 7,0, 8s) (1 + cos ;)
dxy(kFaTy ¢7 68) - _gs(kFuTa Qb, Bs) Sinﬁs ) (21)

12



where the scattering function G,(kr, 7, ¢, Bs), which depends on 7, ¢ and f;, is defined as

wb |y o UG kel sin(B/2))
g O s, 2)

In Egs. (19) and (20), the terms containing d,,(kr, T, ¢, B5) represent the contributions to

gs(kFaTa ¢7 BS) = |f77¢(kF758)’2 : (22)

skew scattering.

III. NUMERICAL RESULTS AND DISCUSSIONS

In our numerical calculations, vp = 10%cm/s is the graphene Fermi velocity, py = 5 x
10" cm™? the electron areal density, kp = /mpy = 1.25 x 10°cm™" the Fermi wave number
of electrons, By = hvpkr = 130 meV the electron Fermi energy, and n; = 2.5x 10t cm™2 the
impurity areal density. In addition, ¢, = 13 stands for the average dielectric constant of a
host for embedding a-Tj lattices, Vo /Er = 1.4 gives rise to the step height V4 for an impurity
potential, kprg = 7 decides the radius 7y of the step potential. Finally, £, = 0.5kV/cm
is the applied longitudinal electric field, and £, = 0 the external transverse electric field.
The other parameters, such as, ¢ (geometry phase), 7 (valley index) and B, (perpendicular

magnetic field), will be directly given in figure captions.

Using Eq.(B2), we have shown in Fig.2 the real part of the polarization function
Re[Q4(q,w)] as a function of ¢ at hw/Ep = 0 (a) and 0.5 (b) and as a function of Aw
at q/kp = 0.3 (c) and 0.7 (d). We know from Fig.2(a) that all results with different ¢
approach a finite constant as ¢ — 0 in the static limit (w = 0), including graphene with
¢ = 0 within the whole region of ¢|/kr < 2. However, they increase significantly with ¢ as
q)/kr > 2 and become strongly ¢ dependent. These features in Fig. 2(a) change completely
for hw/Ep = 0.5, as shown in Fig.2(b), where Re[Q4(q),w)] = 0 (i.e., no screening) at
q) = 0 for all values of ¢. Figures 2(c) and 2(d) display Re[Qy(qj,w)] as a function of hw at
q)/kr = 0.3 (c) and 0.7 (d), where a sharp and nearly ¢-independent negative peak shifts up
rapidly in frequency as g increases. Moreover, a series of intersections with the thin dashed
line (i.e., Re[Q4(g),w)] = 0) is seen in the two insets in Figs. 2(c) and 2(d). This highlights
a sign switch of Re[Q4(q,w)] and implies the existence of a set of ¢-dependent plasmon
resonances determined from Re[Qy(g,w)] = —ag)/kr with a = 2¢ye,ivp/e? on the right-

hand-side shoulder of this negative peak. As seen from the dielectric function in Eq. (B1),
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the nonzero flat-band part in Eq. (B2) can be obtained separately by using Eq. (B4), which

represents the flat-band contribution to the screening of impurity scattering.

The form factor |, 4(kyj, 35)| defined in Eq. (15) introduces different effects from various
geometry phases (¢) on scattering-angle (f;) dependence for both energy-relaxation time in
Eq. (14) and momentum-relaxation time in Egs. (16) and (22) compared with special cases
of graphene (¢ = 0) and dice lattice ¢ = 7/4. We present the calculated square of the form
factor |F; (K|, B5)]* in Fig.3 for 7 = £1 by using Eq. (15) as a function of the scattering
angle s at kj/kp = 0.8 (a) and as a function of the wave number k/kp at 3, = 7/8 (b)
with ¢ = 7/8 and 7/6. From Fig.3(a), we find either a single peak or double peaks with
respect to s for 7 = 1 (black, left-scale) or 7 = —1 (red, right-scale), respectively. This
valley-dependent behavior of |F; (K, 3)|* is attributed to different barrier-like (trap-like)
impurity scattering for 7 = 1 (7 = —1), and the latter only acquires a weak strength.
Moreover, we find from Fig.3(b) that significant difference in |F; 4(ky, 55)|* for 7 = =£1
exists only for large k| values (kj/kp > 0.5). This valley dependence of |F, 4(kyj, 55)|* has a
profound influence on the energy-relaxation time 74(kp, 7), as demonstrated by Fig. 3(c) and
3(d), where 74(kp, 7) calculated from Eq. (14) is displayed as a function of Berry phase ¢ for
7 =1 and —1 under both unscreened (c) with €,(q|,w) = 1 and screened (d) conditions. By
comparing Figs. 3(c) with 3(d), it is apparent that the strength of impurity scattering can
be overestimated by almost two orders of magnitude if the many-body screening effect has
been neglected. Meanwhile, 74(kp, 7) increases monotonically with ¢, and it becomes larger
for 7 = —1, in comparison with that for 7 = 1, due to a weaker trap-like impurity scattering
of electrons. Furthermore, the difference in 7,(kp, 7) under screening for two valleys remains

unchanged for all values of ¢.

The same form factor |F; 4 (K, fs)| also leads to a unique ¢ dependence for two diagonal
elements of an inverse momentum-relaxation-time tensor in Eq. (17). The calculated two
diagonal elements, by, (kr, T, ¢) and by, (kr, T, ¢), of the inverse momentum-relaxation-time
tensor %;1(161:, 7,¢) in Eq. (17) are presented in Figs.4(a) and 4(b) as a function of ¢ for
7 = 1 and —1, respectively. We first notice from Fig.4(b) that b,.(kgr, T, ) is lower than
by, (kr, T, ¢), but both of them decrease monotonically with ¢ in a similar way. Also, we
would like to point out that the rate difference 6b = by, (kp, 7, ¢) — byy(kp, T, ¢), as shown

by the inset in Fig.4(a), decreases with ¢ initially but switches to negative and saturates
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afterwards for large ¢ values. Contrary to the result in Fig.4(b), we find b, (kp, T, ¢) >
byy(kp, T, ¢) in Fig. 4(a) before the sign switch of 6b. Moreover, b,,(kg, 7, ¢) and by, (kp, T, @)
in Fig.4(a) are more than two orders of magnitude higher than those in Fig.4(b), implying
an enhanced momentum-dissipation rate for electrons at the 7 = 1 valley due to much larger

| Fro(ky, Bs)|? for 7 =1 and ky = kr in Fig. 3(b).

In Fig. 5 we exhibit two diagonal elements, p,,(kp, T, ¢) (a)-(b) and py,(kr, 7, ¢) (e)-(f),
as well as the off-diagonal element, 1., (kr, T, ¢) (c)-(d), of the mobility tensor kg, T, ¢) in
Eq. (18) as a function of magnetic field B, for four different Berry phases and 7 = +1. By
comparing Figs.5(a), 5(c) and 5(e) for 7 = 1 with Figs.5(b), 5(d) and 5(f) for 7 = —1, we
discover significant difference between their dependence and magnitudes due to two orders
of magnitude change in b,,(kp, 7, ¢) and b, (kp, T, ¢) in Fig. 4 for 7 = 1 and —1. The longi-
tudinal mobilities p,,(kp, T, ¢) and g, (kp, 7, ¢), related to back scattering of electrons, are
somewhat suppressed not only by increasing the Lorentz force (or increasing B,) in position

space due to cyclotron motion, but also by decreasing the Berry force (or decreasing Berry
2

)

curvature Q7(kj)) in momentum space. For high B,, we arrive at fizy, fiy, ~ 1/B2, cor-
responding to a classical limit. In addition, the transverse mobility i, (kr, T, ¢), connected
to skew scattering of electrons, also decreases with reduced Berry force in momentum space
at low B,, where an initial sharp increase (logarithm scale in Figs. 5(¢)-5(d)) of piy(kp, 7, @)
is found slightly above B, = 0 but it quickly changes to decreasing with B, until a classical
limit, i.e., ptzy ~ 1/B,, is reached in the strong-field limit. The calculated magnetic-field de-
pendence in both diagonal and off-diagonal elements of a mobility tensor defined in Eq. (18)

can be verified experimentally by using the so-called time-of-flight technique. *4

After presenting a full calculation of physical parameters of a-T3 lattices in Figs. 2-5,
we turn to discussions on valley-dependent electrical responses, i.e., gVHE on directly-
measurable sheet current density. To clearly reveal valley scattering dynamics, we show in
Fig. 6 the scattering-angle (/35) distributions of longitudinal j. (7, ¢, B5) (a)-(b) and transverse
Jr(7, ¢, Bs) (¢)-(d) currents given by Eq. (13) with various Berry phases ¢ and B, for 7 =1
(a),(c) and 7 = —1 (b), (d). From Figs.6(a) and 6(b) we see a triplet peak in ji(7,¢) with
opposite signs for S5 > 0 and B, < 0. Much more interestingly, we always find one backward
plus one forward near-vertical (near-horizontal) scattering of electrons from two different

valley impurities, characterized by 7 = 1 (7 = —1) here. As expected, j.(7,¢) for 7 = 1
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is one order of magnitude higher than that for 7 = —1 because of a larger mobility for the
former. The increase of B, significantly reduces j (7, ¢) at ¢ = /6 for both 7 = +1 (black
and red) due to cyclotron motion. Meanwhile, the increase of Berry phase ¢ further reduces
jo(7,¢) at B,/By = 0.01 for both 7 = £1 (red and blue) due to decreasing Berry force.
Furthermore, the negative triplet peak is always present for jr(7,¢) in both s > 0 and
Bs < 0 regions, as shown in Figs. 6(c) and 6(d). Here, jo(7, ¢) exhibits the same dependence
as for the triplet peak in j;(7,¢) on B, and ¢. In this case, however, one always finds
a counter-clockwise tangential current jr(7,¢) for dominant near-horizontal forward- and

backward-scattering of electrons with an impurity at both valleys.

In order to gain a better physics picture about the valley-dependent triplet peak of the
longitudinal scattering currents in Figs. 6(a) and 6(b), we present in Fig. 7 the back-scattering
current-distribution component C,(kg, T, ¢, fs) from Eq. (19) as a function of either B, or
Bs, as well as 2D contour plots of Cy(kg, T, ¢, Bs) as a function of both ¢ and B, for 7 =1
(1 = —1) and Bs = —57/8 (Bs = —97/40), respectively. We find from Figs.7(a) and
7(b) that for all cases C,(kp, T, ¢, (s) is initially increased but subsequently reduced by a
magnetic field for both 7 = +1. Increasing ¢ from 7/6 (black) to w/4 (green) at fixed
fs = m/6 can switch the sign of (reduce) C,(kp,7,¢,0s) for 7 =1 (7 = —1) at low B..
An opposite situation occurs at S = 7/3, but experiences a smaller change for 7 = 1.
On the other hand, from Figs.7(c) and 7(d) we see one backward plus one forward weak
near-vertical (very strong near-horizontal) scattering for 7 =1 (7 = —1), respectively, with
similar features as those found in Figs. 6(a) and 6(b) for their dependence on B, and ¢. The
contour plot at s = —57/8 and 7 = 1 in Fig. 7(e) displays an “island” in C,(kp, T, ¢, Bs) at
the left side of this panel associated with low ¢ and intermediate B, values. For 7 = —1 and
Bs = —9m/40 in Fig. 7(f), however, only a negative peak at bottom is found for very low
B.. Such distinctive features in Figs. 7(e) and 7(f) present a clear proof to the existence of

gVHE in the current system.

We also plot in Fig. 8 the skew-scattering current-distribution component Cy(kg, T, ¢, Bs)
from Eq. (20) as a function of B, and f;, as well as 2D contour plots of Cy(kp, T, ¢, 55) as a
function of both ¢ and B, for 7 =1 (7 = —1) and f; = —37/10 (s = —n/4), respectively.
We observe from Figs. 8(a) and 8(b) that for all cases Cy(kp, 7, ¢, §5) initially switches sign

slow (fast) but subsequently decreases with B, for 7 = 1 (7 = —1), different from the results
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in Figs.7(a) and 7(b). Increasing ¢ from 7/6 (red) to w/4 (blue) at Bs = 7/3 will reduce
(enhance) Cy(kp, T, ¢,08;s) for 7 =1 (1 = —1) at very low B,. However, C,(kp, T, ¢, ;) is
always enhanced with ¢ for another scattering angle at 5, = 7/6 with a bigger variation for
7 = —1. From Figs. 8(c) and 8(d), we only see a strong (weak) sharp negative triplet skew-
scattering peak in the full region of s with similar features as those found in Figs. 6(c) and
6(d) for their dependence on B, and ¢ at 7 = 1 (7 = —1). This leads to upward currents for
both near-vertical (near-horizontal) forward- and backward-scattering at 7 = 1 (7 = —1),
respectively. The contour plot with S, = —37/10 and 7 = 1 in Fig.8(e) again reveals a
unique strong negative peak in Cy(kp, T, ¢, Bs) at the lower-right corner of this panel. For
7 =—1and s = —7/4 in Fig.8(f), on the other hand, only one negative peak at bottom

is seen for very small B,, similar to that in Fig. 7(f).

For a comparison with experimentally measurable currents, we display in Fig.9 the cal-
culated total back-scattering current ji.(7,¢) in (a)-(b), as well as total skew-scattering
current ji,(7, ¢) in (¢)-(d), from Eq. (11) as a function of B, with various phases ¢ for 7 = 1
(a), (¢) and 7 = —1 (b), (d). From Figs.9(a) and 9(b), we see a slow (fast) monotonic
decrease of ji,(7,¢) with increasing B, in the scale of ~ 1/B? for 7 =1 (7 = —1) due to
cyclotron motion. Such different behaviors are attributed to lower (higher) mobility at the
7 =1 (7 = —1) valley. However, increasing ¢ reduces ji,(7,¢) for both 7 = £1, similar
to the observed behaviors in Figs.5(a) and 5(b). For ji,(7,¢) in Figs.9(c) and 9(d), on
the other hand, the same Lorentz force initially strengthens ji,(7,¢) dramatically for all
values of ¢ and 7 = %1 at very low B, but eventually weakens j1,(7, ¢) slowly (quickly) for
7 =1 (7 = —1) in the strong-field limit (in the scale of ~ 1/B,) due to cyclotron motion
of electrons. Such a huge initial increase in ji,(7, ¢) at very low B, is greatly suppressed
in graphene with the maximum Berry force at ¢ = 0 (black). Consequently, a Berry-phase
dependent asymmetry in suppressing the skew currents by electron cyclotron motion can be
seen by directly comparing Figs. 9(c) with Fig.9(d). For a gVHE, the Berry phase can be
used for mediating the VHE. In our case, an external magnetic field can be employed fur-
ther to control this gVHE. Experimentally, one can directly measure both the back-scatter
and the skew-scattering non-equilibrium electrical currents calculated by Eq. (11) as a func-
tion of perpendicular magnetic field B, using the standard van der Pauw method %® so as
to verify unique features associated with different geometry phases ¢ at low B,, including

graphene and dice lattice. In this case, however, the contributions from equilibrium longitu-
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dinal and Hall currents in Fig. 10 (see discussions of Fig. 10 below) should be deducted from

the corresponding total current measured.

Finally, from Eq.(12) we know there exists another conduction current j,(7,¢) even
in the thermal-equilibrium state due to Berry curvature €, (kj), leading to the so-called
anomalous Hall effect (AHE) if ¢ # n/4. Figure 10 presents the calculated AHE current
components jo, (7, ¢) in (a)-(b) and jo, (7, ¢) in (c)-(d). Since jo(7,¢) is proportional to 7
(i.e., valley dependent), we expect the opposite signs in Figs. 10(a) and 10(b) for jo, (7, ¢)
and in Figs. 10(¢) and 10(d) for jo, (7, ¢). As an indication of gVHE, the increase of the Berry
force (or reducing ¢) in momentum space will slowly (quickly) enlarge jo. (7, ¢) at small B,
and jo, (7, ¢) at B, = 0 simultaneously due to small (large) mobility at 7 = 1 (7 = —1).
However, this AHE current is always weakened by the Lorentz force (or increasing B,) in
position space for large B,, where js, (7, ¢) is induced only by one term ~ B, ., E,, while
Joy(T, @) is generated by two terms ~ (1 + B,pu,,)E,. Therefore, jo,(7,¢) decreases like
~ 1/B, in the high-field limit. Meanwhile, j,,(7, ¢) also approaches zero in the same strong-
field limit but it scales as ~ 1/B2. Since there are two orders of magnitude difference in
foe and p,, for 7 =1 and —1, we expect the decrease in jo, (7, ¢) and jo, (7, ¢) to become
much faster at the 7 = —1 valley, and therefore a net AHE current (sum of currents from
both valleys) exists and will be dominated by the 7 = 1 valley for large B,. We can make
use of the experimentally measured mobility tensor and Eq. (12) to independently quantify
the Berry-curvature induced longitudinal and Hall currents as a function of perpendicular

magnetic field B,.

IV. CONCLUSIONS AND REMARKS

In conclusions, we have demonstrated the Berry-phase mediation to valley-dependent
Hall transport in «-T3 lattices. We analyze and explain the found interplay between the
Lorentz force in position space and the Berry force in momentum space for the total sheet
current density including both normal conduction and Hall currents as well as anomalous
Hall current. We also include many-body screening effects on electron-impurity interac-
tions, which is crucial for avoiding overestimation of elastic scattering. We further find
triplet peak at two distinct valleys and in near-horizontal and near-vertical scattering di-

rections for forward- and back-scattering current, which favor small Berry phases and low

18



magnetic fields. We also show a magnetic-field dependence of both non-equilibrium and
thermal-equilibrium conduction currents from Berry-phase-mediated and valley-dependent

longitudinal and transverse transport.

In our theory, we have employed the first two Boltzmann moment equations in calculations
of scattering-angle distributions for extrinsic skew-scattering currents due to the presence of
random impurities in a-T3 lattices, where both energy- and momentum-relaxation times are
computed microscopically. We attribute this scattering-angle dependence to an anisotropic
inverse momentum-relaxation-time tensor calculated within the screened second-order Born
approximation and using a static dielectric function within the random-phase approximation.
Meanwhile, we also include the isotropic intrinsic current due to Berry curvature for electrons
in thermal-equilibrium states. Under a perpendicular non-quantizing magnetic field, we find
an interplay by Lorentz and valley-dependent resistive forces acting on electrons, leading
to field-dependent skew currents. We further find these skew currents can be mediated by
Berry phases of a-Tj lattices and depend on barrier- or trap-type impurity potentials at two

inequivalent valleys.
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Appendix A: Impurity Scattering Matrix

For impurity scattering of electrons in an «-Tj lattice, the initial |i) and final |f) states
e
for Bloch electrons with wave vectors kj and k| can be written as |i) = 15,7, Kk|)e

75

|s, T, kh)d,, where [s, 7, k)¢ is given by Eq. (2) and S is the sheet area. We

Vs

assume an isotropic sublattice-selected step-like impurity-scattering potential, i.e., uj(r) =

and |f) =

Vo O(rg — 1)), for electrons, where Vj is the step height, 7y represents the interaction range,
and 7 = 41 (or 7 = —1) corresponds to a barrier-like (or trap-like) impurity potential. As

a result, the screened impurity scattering matrix is found to be 3

Us(a) | o1 ity Us (q]
Uil (K, Joy) = Zﬁ(ﬂeql ”]z):z _(q/”)

/
q ¢>(QH> q 6¢>(‘1||)
1 e
<> f0rgp roll €41y = d?ri ™™ rj £
¢ g v <ro on
—iT(© s —0,/ iT(© s —0,/ .
x{rcos¢e © kH)Rl(r"‘)+SR2(T|’|)+TSin¢e © “I)Rg(rﬂ)} /d%ez(ql“‘l)"”“
TS0
e O on 0 o
“Van {Teosoe™TIIRI () + sRy(ry) + singe IR b, (A1)

where Uo(q))/€5(q)) is the 2D Fourier transform of the screened impurity potential, and

Rl (TH) 6—i79ru
Ra(ry)
1TOp
Ra(ry) e

4Oy
e I

0=
‘>,¢ \/ﬁ

are the intermediate quantum states for scattered electrons by an ionized impurity atom
with a locally-spherical symmetry [see Eq. (C7) below| at the valley |7). Moreover, the first

integral with respect to 7‘1‘ in Eq. (A1) can be evaluated analytically and gives rise to
145} /
—im(0,s —O,s)

0
Integral-r| = /dT|'| Tlll/d@/ Word Z I (K(r)) € (e (=)™
0 0

O, —

—iT 0,/ 1T(0, —0,s
X {Tcosgbe © kH)Rl(T‘,‘)—|—SR2(T|/|)+TSiH¢€ ©r k|)7—\),3(7“|/|)}
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To

= V2r(—i)e g /dr ri (=) T cos ¢ Jo_r (Kjr)) Ra(r))
+sJo(kyry) Ra(r)) + (—i)" 7sin ¢ Joy - (K| Rg(?”ﬂ)} .

Similarly, for the second integral with respect to 7 in Eq. (A1), we have

zl@r

=)
Integral-r| = /dr” r”/d@r \/_ Z I (K +qH|7~”) O+ o (i)

% {7— cosge' 7(Or) — ) R: (7"”) + SRQ(T‘”) +Tsinge i (Or) —i) R;(r”)}

ro
iTBE

—1iL0 ’ ,
=V 27T (Z)Z e k\|+q|\ / dr” /r” {<—Z)T T COS ¢ JZ—T(U{:” + q/H |T||) RT (7””) e kH’qH

0
N —T . * _iT/BS o
+3Jg(|k” —|—q1||TH)R§(TH)+ (—Z) TSIH¢J@+T(|’€H —|—q1||TH)R3(TH>e kj I} ,

where ﬁls‘u’qﬂ = QkHJrqh — by, is the scattering angle. Finally, by combining the results for

these two integrals and inserting them into Eq. (A1) we obtain a simple expression

Ug (q))
€o(q)) S

where the form factor F; 4(kj, q|) is defined as

Uil (ke + q), k) = Frolky,q)) (A2)

Frolky,q)) = Z{ )T cos é xa (K + qyl) + sxa(lky + qy)

+(—4)7Tsin ¢ xs(|ky + qy) } {( i)"Tcos ¢ X1 (|ky +qH|) "y + sx3(|ky +q)
(=) Trsing (kg + gy e (A3)

Furthermore, we have introduced the notations in Eq. (A3), given by

xi(|k) +qy) g Jo—-(|ky + qlr) Ri(r))
xa(lky +qpl) ¢ = m/dw Ty Jellky + qylry) Ra(ry) ; (Ad)
xs(|k +qy) 0 Jo- ([ + q)lr) Ra(r))

where a wave-function normalization factor should be included as shown in Eq. (C6).
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Appendix B: Dielectric Function

Under the random-phase approximation *®, the dielectric function €,(q), w) for a-Tj lat-

tices is calculated as

2

es(q,w) =1+ ( ) Qu(q),w) (B1)

where the polarization function Qg(g,w) is given by

QEOErQH

Qulapw) =3 3 GIikp.ay) (B2)

T,k”,S,S’

A es (k) + ayD)] — £ [es(Ry)]
Mw +1407) — e (k) +ql) +es(hy) [

Here, the prefactor 2 comes from the spin degeneracy, S is the sheet area, £,(kj) = shvpk) for
s = 0, £1, w is the angular frequency of a probe field, f}o) (r) = {1+exp[(z —uo)/kpT]|} ' is
the Fermi function for electrons in thermal-equilibrium states, uo(7") is the chemical potential
for doped electrons, and 7T is the temperature. In addition, the overlap integral Q;j (K, qH)
introduced in Eq. (B2) is defined by

2
Q;’?(kn, q)) = g;’ﬁ(q”a k) = ‘¢<S,T, ks, T, k| + q||>¢‘ , (B3)

and the wave functions |s, 7, k)4 for s = 0, £1 and 7 = %1 are given by Egs. (2) and (3). At
low T', the remaining nonzero terms in Eq. (B2) in the summation over s and s" correspond

to s’ = +1, s = 0, +1, or vice versa. Therefore, we get three finite terms?!' from Eq. (B3):

Git (ki) = 5 sin®(20) sin* (5, ) (B4)
1 2 1
GT0 o qy) = 7 {1 cos(B )} + 7 cos?(20) sin? (5 q,) (B5)

which are independent of 7 = +1, where Bﬁu:qn = b +q, — Ok, 1s the angle between two wave

vectors ky and kj + g, and 6, = tan~'(k,/k,) is the angle between kj and z-axis.

After setting w = 0, we obtain the static dielectric function €,(g) from Eq. (B1) using

Qu(qy,w =0) = ay(q)) + O(q) — 2kr) bs(q)) , (B6)

22



where kp = /T po, po is the areal density of doped electrons. If ¢ < 2k is further assumed,
we find g4 = (€?/2¢0¢,) ag(q)) ~ (e*kr)/(Teoe,fvr) for es(q)) = 1+ as/q). As q < kr,
as(qy) becomes independent of ¢ and is given by *!

1 g 2%
= 4k |~ —. B7
%(q”) 2rhvg ( Pt kp) Thup (BT)

Appendix C: Energy-Relaxation Time

By using the detailed-balance condition, the microscopic energy-relaxation time 7,(kj, 7)

introduced in Eq. (7) can be calculated according to 42

1
T¢(k||, 7')

where the scattering-in rate for electrons in the final k-state is

= W2 (k) + Wi (k) (C1)

T ’/TNZ' T 2
Wm’(ﬁ(kH) = A U1r£1¢(q||7 kll)‘ {fk\l_q\l 5(€k“ - ng_qH) + fk”—i—q“ 5(51(” - 5k\|+qu)} )
q

(C2)

and the scattering-out rate for electrons in the initial k|-state is

T WNZ' T, 2
Wo(ﬁ?(ku) = 3 Z ’Ulmd)(q”a kH)‘ {(1 - fk”—&-qu) 5(5k”+qH - 5k|‘>
qj

(L = fig—a)) O(Erg—ay — 8ku)} ' (C3)
Here, for simplicity, we have introduced the notations fi = 1(10) [e(ky)] and ey, = e (k). We

have also assumed low 7" and py so that both phonon and pair scattering can be neglected
in comparison with dominant impurity scattering. In addition, N; represents the number of

2
randomly-distributed ionized impurities in the system, and ‘Uﬂf(qn, k:”)‘ comes from the

random-impurity scattering within the second-order Born approximation.

Explicitly, using the results in Appendix A, we write down the expression for the screened

impurity scattering interaction as

| Usta) |7 )
B %(q”)g’ [ Fro (ki )| (C4)

‘ 2

Ui;’l(b(Q\\a kH)
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where S is the sheet area, and €4(q)) is a static dielectric function [see Eqs. (B1) and (B6)].
In addition, the scattering form factor F. 4(kj,qy) in Eq. (C4) is given by

Fro(ky,q)) = Z{ )T eosd x|k + qpl) + sxa(lk) + q)

(=) 7 sin 6 xa (ke + ay)} { ()77 cos o iy + @yl €T + sxa(lky + )
+(—1) T sin ¢ x3(1k) + qy) efiT’Biu»qH} ) (C5)

where s = +1 is selected for doped electrons, 7 = +1 for two inequivalent valleys, o = tan ¢
is the parameter identifying non-equivalent crystalline sublattices, 51‘;'7 a = Ok +ay — b, 1s the
scattering angle, 6, = tan~"(k,/k,), and by q, = tan~"[(k, +q,)/(ks + ¢.)]. Furthermore,
we define the scattering factors in Eq. (C5) by

. xi(lky +qy) 1 ~1/2
7oz xellk+al) o= / dE€ (IR + [Ra(O + [Rs(O)[)
xs(lky + qyl) °

Jo—-([k) + q)|rof) Ri(§)
d€& q Ju(lky + q)lro€) Ra(§) ; (C6)
Joir (k) + q)lrof) Ra(€)

where Jy(x) is the Bessel function of the first kind, ¢ is the angular-momentum quantum

X

S —

number and r( is the range of impurity interaction. In addition, the radial parts of the wave
function, R1(€), Re(§) and R3(€), introduced in Eq. (C6) satisfy the following matrix-form

Dirac equation for massless three-component generalization of Dirac-Weyl particles 32

g (€) _i‘rﬁvi‘ocos¢ (d% X %e> 0
Whvfocow i #) ug(§) _W d% + #
0 - (4 - %) G
R1(8) R1(8)
® Ra(€) | = Eolky) | Ro(€) | (C7)
Rs(¢) R3(&)
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where Ey (k) represents the given kinetic energy of incident electrons, uj(§) = 7V, ©(1 —¢§)
for a barrier-like (7 = +1) or a trap-like (7 = —1) impurity potential, V; is a potential-step
height in the region of 0 < & =7r/ry <1, and

1

Ug (q) = Vo(2n12) / dé € Jo(Eroay) - (C8)

is the Fourier transform of the scattering potential uj(&). It is clear from Egs. (C5)-(C7)
that Frg(ky, qy) # F-re(ky, q) and x1(lky + qy]) # xs(/k + qyl) if ¢ # 7/4, which gives
rise to valley-dependent impurity scattering. This can be attributed to the change from
the translational symmetry in a crystal to locally-rotational symmetry around an impurity

atom., as well as to the valley-dependent barrier- or trap-like impurity potential.

The matrix-form Dirac equation in Eq.(C7) can be solved analytically 32, yielding the

solutions for € <1

Rﬂlr,é (6) COS QS JK—T (5778)
R3,(&) | = iS§ Jo(Eng) ; (C9)
5.0(8) —sin ¢ Joy - (§175)

where n§ (k) = |Eo(ky) — 7Vo|ro/hvp, and S§ = sgn(Eo(k|) — 7Vo) with (S7)*=1

Now, we turn to the calculation of 7,(kp, 7). From Eq. (C2) we get

U (2k)| cos 6]) 2 ,
k 1
e @R lcosapy | etk A1, (C10)

Wi (ky) = 27rh2 Ky fr, Z/dﬁs

where |cos 0| = |sin(|fs]/2)|, n; = N;/S is the areal density of ionized impurities, and the

summation Z corresponds to conditions ek, = i +q, for two delta-functions in Eq. (C2).

+
Additionally, from Eq. (C5) we find for s = +1 that

Fro(ky, Bs) = % Z {(=i)7r cos ¢ X7 (k) + Xag,(ky) + (=i)"T Sinﬁng,e(kll)}
¢

x { (=) cos o (y) €N = xg () + (=0) Trsing xG (k) e T |

= ro(ky, &, 7) + w1 (ky, &, 7) €7 + ka(ky, ¢, 7) €7 + kg (R, 6, 7) (14 €7)
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+ra(ky, &, 7)(1 + e~ P 4 ks (ky, @, ) cos(TPs) , (C11)

where
X1,e(y) 1 —1/2
\iolky) § = V2 { [ 6 [eos? a2 (6x5) + TE(€R) +-sin 077, (D) }
X5 () ’
cos ¢ 1 Jo—r(kyro&)Je—-(Eng)
«Quspt [deed amrgiaten) g €12)
— sin ¢ 0 Jz+r(ku7“0§)Je+T(§776)
and six real coefficients x; for : =0, 1,---, 5 are given by

1 (o]
lio(k||,¢,7') = B Z ‘Xg,e(k\\)‘z )

{=—00

1 00
Hl(k||a¢77_) - 5COS2¢ Z [XI,Z(]{:H)]Q )

f=—00

1 (o.9]
Iig(k”, ,T) = §Sin2¢ Z [X;Z(k;\l)f ’

l=—00
i = . ;
k3(ky, 0, 7) = 3 cos ¢ Z X1,e (kX3 (Ry)
f{=—00

ka(ky, ¢, 7) = +%Sin¢ > XGk)xaeky)

{=—00

1 oo
sk, 6,7) = —5sin2¢ > XLekxGa(ky) - (C13)

{=—00

Then, at low 7', from the detailed-balance condition and Eq. (C10) we finally arrive at

’fn 7
E E k k —k
7_'¢</€F,T pOS T¢ (ky,7) S Wi (1) E 1)

K kj

4n;
m/d&kosﬂ/d@k

—T

Ug (2ky| cos 0])
€p(2k)| cos 0|)

2
\ Foolkn ). (CL4)
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Appendix D: Inverse Momentum-Relaxation-Time Tensor

pd
The inverse momentum-relaxation-time tensor 77, (7, ¢) introduced in Eq. (9) comes from
the statistically-averaged resistive forces f,(7,¢) due to scattering of electrons by ionized

impurities (i) at low temperatures. 353

For electrons moving with a center-of-mass momentum hK 8’¢, the resistive force f,(7, ¢)

from impurity scattering is calculated as 2

fi(r,0) = —N; (2%) Z—i Z hq” (th 'K8’¢>

LSRG

2
X U171-171¢(qH7 kH)‘ <_a€k|> 6(€kH+qH - €k”> ) (Dl)

and we have ’?’;1(7, ¢) - K = —f.(1,6)/Noh by definition. This leads to

© 2 N;vp b ‘2 9 fx, T
) = E A k —— 19 - D2
2
| G .y . . . :
where [q” ® qj ] = ) . Finally, the inverse momentum-relaxation-time tensor is
Wle G,

simply given by ;7_]; Y1 ¢) = ’?’;1(7, ¢) after neglecting phonon scattering at low 7.
Furthermore, at low T, from Egs. (D1) and (D2) we find
’2

Uﬂf(q”, k)| 0(eiy = Er) olerq) — €1y lg)® qﬂ

=3 2mn; (v
Tpl(kF77—7 ¢) = (é) Z

Po
kj.q

2

47%]’(73
E |]:7',¢(kFaﬂs)|2

m2h2vEpo

UJ (2kp|cos b))
€2 (2kr| cos 0])

/dﬂs | cos 0] cos® 6

—T

cos?@ cosfsinf
X , (D3)

sinfcosf sin’6

where €4(gy) is the static dielectric function, |F, 4(kr,5s)|? is given by Eq. (C11), cosf =
—sin(|fs]/2), sinf = sgn(fs) cos(|Bs|/2) for —m < By < 7, and sgn(zx) is a sign function.
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Appendix E: Mobility Tensor

From the force-balance equation in Eq. (9), we get the following set of linear equations

for center-of-mass wave vector KS"b = {K?, KyT"i’}, ie.,

T, qQovrB. e _ 40

b:m?(7—7 ¢)Kx ¢ + |ib:ty(7—7 ¢) - hkF :| Ky ¢ = E E:r ) (El)
q v BZ T T q

[byx(ﬂ ) + %] K772 4 by (T ) = 2 B (E2)

where we have used the notations B, = {0,0,B.}, E| = {E,, E,,0}, g0 = —e, and have
written the matrix %;1(7', ¢) = {bij(1,¢)} for i,j = x,y. By defining the determinant of
the coefficient matrix in Egs. (E1) and (E2) as Det{gw}, ie.,

o B. B,
Det(E.) = bua(r, ) (1. 0) = [bnfr.0) = D= 1,000+ o) iy

as well as the source vector s, given by

4o
ot
8= ,
D g
h Y
<
we can reduce this linear equations to a matrix form C,.4- K = s with the formal solution

K}? = g;é - 5. Explicitly, we find the solution K¢ = {K7?, K;?} for j = x,y from

(E4)

Det{ AT}
e ;
KM =—ol— (E5)
Det{Cws}
where
] .
Det{A*} = L g, (r, ) = LB, (b, (7, 0) - LX) (E6)
h 2l hkp |
] .
Det{Ay =L B b (r,0) — LB, |byu(r,¢) + 2F (E7)
n ot hkp

Even in the case of E, = 0, the transverse center-of-mass wave number K;’d’ can still be
nonzero due to an external magnetic field B, or by nonzero off-diagonal element b, of the
inverse momentum-relaxation-time tensor. The mobility tensor ﬁmb ={ uy’} can be simply

obtained from /LZJ’»¢ = (vp/kp) (OKT?JOE;).
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FIG. 1: (a) a-T3 lattice with three atoms (A, B, C') per unit cell within the (z,y)-plane, where the
o« = tan ¢ parameter characterizes the ratio of the bonding strengths between A-C' and A-B atoms;
(b) illustration for a band structure featuring three bands of a-T3 lattice, where the middle one
is flat; (c) schematic diagram for a scattering angle (35 of an incident electron with wavevector ki,
by different impurities at two valleys characterized by 7 = +1 under an applied electric field E,
along the = direction, where an external non-quantizing magnetic field B, and the internal Berry
curvature €2y as well, are along the z direction and the longitudinal (transverse) scattering is labeled
by L (T), respectively. Here, the Berry phases are calculated in Section I as ®7(¢) = 77 cos2¢
for s = £1 and ®j(¢) = —2®7(¢). For the sake of clearness, we call the geometry phase ¢ as the

“Berry phase” in this paper.
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FIG. 2: Calculated real part of the polarization function Re[Qy4(q ), w)] from Eq. (B2) with ¢ = 7/4
(dice, green), w/6 (black), 7/8 (blue), and 0 (graphene, red) as a function of g at fw = 0 (a) and
hw/Ep = 0.5 (b), as well as a function of hw at q/kr = 0.3 (¢) and q/kr = 0.7 (d). Here, the
unit of (k%/EF) has been used for scaling Qs(q,w) in Eq. (B2).
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unscreened (c) and screened (d) conditions. Here, the unit of (72h/4Er) has been used for scaling

’7‘¢(k7F,T).
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/3 (blue) and ¢ = 7/6, s = 7/3 (red) for 7 = 1 (a) and 7 = —1 (b), as well as a function of
Bs with ¢ = 7/6, B,/By = 0.05 (black), ¢ = 7/6, B,/By = 0.1 (red) and ¢ = 7/4, B,/By = 0.1
(blue) for 7 =1 (¢) and 7 = —1 (d); 2D contour plots of Cy(kr, T, ¢, s) (€),(f) as a function of
both ¢ and B, for s = —57/8 and 7 =1 (e) and for f; = —97/40 and 7 = —1 (f). Here, two
green circles in (¢), (d) indicate large back-scattering current peaks at s ~ —57/8 (85 ~ —97/40)
for 7 =1 (1 = —1), respectively. In addition, the unit of Cy = 4kpv% /7% has been used for scaling

Cy(kp,T,¢,8s) and By is given in Fig. 5.
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FIG. 8: (a)-(d) skew-scattering current-distribution component Cy(kr, 7, ¢, 8s) from Eq. (20) as a
function of B, (a)-(b) with ¢ = /4, Bs = /6 (green), ¢ = 7/6, Bs = w/6 (black), ¢ = 7/4, s =
/3 (blue) and ¢ = 7/6, s = 7/3 (red) for 7 = 1 (a) and 7 = —1 (b), as well as a function of
Bs with ¢ = 7/6, B,/By = 0.05 (black), ¢ = 7/6, B,/By = 0.1 (red) and ¢ = 7/4, B,/By = 0.1
(blue) for 7 =1 (¢) and 7 = —1 (d); (e)-(f) 2D contour plots of Cy(kr, T, ¢, 5s) as a function of
both ¢ and B, for fs = —37/10 and 7 = 1 (e) and for B3 = —7n/4 and 7 = —1 (f). Here, two
green circles in (c), (d) indicate large skew-current peaks at 5 ~ —37/10 (8s = —7/4) for 7 =1

(1 = —1), respectively. In addition, Cy and By are given in Figs. 7 and 5, respectively.
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FIG. 9: Calculated non-equilibrium total back-scattering current ji,(7, ¢) (a)-(b) and total skew-
scattering current ji4(7, @) (¢)-(d) from Eq. (11) as a function of B, with ¢ = /4 (green), ¢ = 7/6
(blue), ¢ = 7/8 (red) and ¢ = 0 (black) for 7 =1 (a), (¢) and 7 = —1 (b), (d). Here By and jy are

given in Figs. 5 and 6, respectively.
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FIG. 10: Calculated thermal-equilibrium Berry-curvature induced longitudinal current jo, (7, ¢)
(a)-(b) and Hall current jo, (7, ¢) (c)-(d) from Eq. (12) as a function of B, with ¢ = m/4 (green),
¢ = m/6 (blue), ¢ = 7/8 (red) and ¢ = 0 (black) for 7 =1 (a), (¢) and 7 = —1 (b), (d). Here By

and jp are given in Figs.5 and 6, respectively.
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