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The Pfaffian fractional quantum Hall (FQH) states are incompressible non-Abelian topological
fluids present in a half-filled electron Landau level, where there is a balanced population of electrons
and holes. They give rise to half-integral quantum Hall plateaus that divide critical transitions
between integer quantum Hall (IQH) states. On the other hand, there are Abelian FQH states,
such as the Laughlin state, that can be understood using partons, which are fermionic divisions of
the electron. In this paper, we propose a new family of incompressible paired parton FQH states
at filling ν = 1/6 (modulo 1) that emerge from critical transitions between IQH states and Abelian
FQH states at filling ν = 1/3 (modulo 1). These paired parton states are originated from a half-filled
parton Landau level, where there is an equal amount of partons and holes. They generically support
Ising-like anyonic quasiparticle excitations and carry non-Abelian Pfaffian topological orders (TO)
for partons. We prove the principle existence of these paired parton states using exactly solvable
interacting arrays of electronic wires under a magnetic field. Moreover, we establish a new notion
of particle-hole (PH) symmetry for partons and relate the PH symmetric parton Pfaffian TO with
the gapped symmetric surface TO of a fractional topological insulator in three dimension.

I. INTRODUCTION

Topological phases of matter [1] have been play-
ing a pivotal role in the development of modern con-
densed matter physics. Several fundamental concepts
such as fractionalization [2], topological order [3], and
anyon [4, 5] have emerged from the studies of topological
states and made striking experimental success. For ex-
ample, the celebrated Laughlin state [2] and more general
fractional quantum Hall (FQH) states [6] are inarguably
the most well-understood strongly-correlated electronic
phases beyond one dimensional systems, and have been
a ‘motif’ for many interesting quantum phases. On the
other hand, another experimentally-observed ‘topologi-
cal’ state, namely topological band insulator [7–9], em-
bodies a remarkable interplay between symmetries and
topologies of electronic wavefunctions. The topologi-
cal insulator has made a broad impact on a number of
disciplines of physics, from experimental and theoreti-
cal condensed matter physics to theoretical high-energy
physics, and is still being actively investigated. In par-
ticular, physical properties of fractional topological in-
sulators [10–18] (FTI), which are fractional analogues of
topological insulators, are largely unexplored.

Conventional topological insulators (TI) in three di-
mensions are intricately related to the quantum Hall
effect in two dimensions. The massless surface Dirac
fermions on the boundary of a TI inspired a new dual
low-energy description [19–21] of the compressible com-
posite Fermi liquid at a half-filled Landau level [22, 23] at
the critical transition between adjacent integer quantum
Hall plateaus. Under the duality, the role of time-reversal
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(TR) symmetry of the former is replaced by particle-hole
symmetry [19, 24–28] of the latter. As a consequence,
a thin TI slab with finite thickness and TR breaking
massive top and bottom surfaces can be regarded as a
quasi-2D system that is topologically equivalent to an
incompressible quantum anomalous Hall state [29] which
violates the particle-hole symmetry. This is because the
two systems share identical 2D Chern invariant [30] in
the bulk as well as chiral charge and energy transport
along their edges. Moreover, the symmetry-preserving
many-body interacting gapped surface states [31–34] of
a TI exhibit similar topological orders to the incompress-
ible Pfaffian quantum Hall state [35] at half-filling. For
instance, the T-Pfaffian TI surface state [33] has an iden-
tical anyon structure to the particle-hole symmetric Pfaf-
fian quantum Hall state [19].

Similar correspondences hold between 3D FTI and 2D
FQH states. The FTI considered in this article are elec-
tronic states where the electrons are divided into emer-
gent charge e/3 fermionic components, referred to as par-
tons. More precisely, we use the parton ansatz [10, 36, 37]

Ψel = π1π2π3, (1)

where πa, for a = 1, 2, 3, are the fermionic partons. The
partons are coupled to a dynamical Z3 gauge field [13].
Each πa carries a unit Z3 gauge charge so that the elec-
tronic quasiparticle Ψel is Z3 neutral. Moreover, each
parton species fills a topological band insulator spectrum.
From the construction, the FTI surface must have the

“fractional parity anomaly” σxy = e2

6h , which is the same
Hall conductivity as of a FQH state with filling ν = 1/6.
In previous works [38, 39], we showed that the FTI can
host two types of charge-conserving and Z3-symmetric
surface states with a finite excitation energy gap. The
first is a ferromagnetic surface state that breaks TR sym-
metry. The second is an anomalous symmetry-preserving
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surface state, referred to as the fractionalized T-Pfaffian
state (denoted by T -Pf∗ in our previous work). This
state is topologically-ordered and supports further frac-
tionalized surface quasiparticle excitations, such as the
charge e/12 Ising anyon.

TR breaking gapped surface

TR breaking gapped surface
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Parton Landau levels
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FIG. 1. Correspondence between thin FTI slabs with gapped
surfaces and parton fractional quantum Hall states.

The three-dimensional FTI in a slab geometry with a
finite thickness can be topologically regarded as a quasi-
two-dimensional system (see figure 1). When the two
horizontal dimensions are infinite or much longer than
the vertical one, the third axis reduces to a finite set
of local variables in long length scale. If the top and
bottom surfaces are gapped, then the FTI slab is topo-
logically equivalent to a 2D FQH state. While there is
currently no confirmation of 3D FTI materials, the thin
slab correspondence allows theoretical proposals and pre-
dictions of new FQH states, which may arise in existing
2D quantum Hall materials or heterostructures given the
right conditions.

Partons FQH
Lq Pp,qstates

filling fraction ν = 1/3 ν = 1/6

central charge c = 1 + 2q c = 1 + q + p/2

known examples Laughlin state L0 Q-Pfaffian state P1,0

FTI-inspired
Dirac parton L1

Particle-hole symmetric

examples parton Pfaffian P−1,1

TABLE I. Summary of the series of Abelian parton FQH
states Lq and paired parton FQH states Pp,q.

In this article, we propose two new classes of parton
FQH states inspired by FTI slabs (see table I for a sum-
mary). Each FQH state is characterized by its filling
fraction ν and chiral central charge c that respectively
specify the electric and thermal Hall conductance [40–
42]

σxy =
dIcharge

dV
= ν

e2

h
, κxy =

dIenergy

dT
= c

π2k2
B

3h
T,

(2)

where dV and dT are the transverse potential and tem-
perature differences across sample. The first class is
a series of Abelian FQH states Lq with filling fraction
ν = 1/3 and chiral central charge c = 1 + 2q, where q is
an integer. For example, Lq=0 is the Laughlin FQH state
U(1)3 where partons are confined. Lq=1 represents a de-
confined parton FQH phase U(3)1/Z3 = U(1)3⊗SU(3)1,
where each of the three partons πa completely fills a
Landau level and an electrically neutral SU(3)1 sector
emerges. This (2 + 1)D phase is topologically equiva-
lent to a thin FTI slab with TR breaking top and bot-
tom surfaces [38]. The second class is a series of paired
parton FQH states Pp,q with filling ν = 1/6 and chiral
central charge c = 1 + q + p/2, where p and q are in-
tegers. They generically carry non-Abelian topological
orders and support Ising anyons with charge e/12. For
example, Pp=1,q=0 is identical to one of the Q-Pfaffian
states in ref. 35 where partons are confined. On the other
hand, Pp=−1,q=1 represents a FQH phase that extend the
Pfaffian topological order by deconfined partons. We re-
fer to this phase as the parton Pfaffian state and denote
it by Pf∗. It is topologically equivalent to a thin FTI slab
where one of the two surfaces are TR preserving and the
other is TR breaking [38].

One of the most important issues in condensed matter
theory is to design and find microscopic electronic Hamil-
tonians for the strongly-interacting topological states.
The parton ansatz (1) that artificially divides an electron
into fractional components is an adhoc theoretical con-
struction for the purpose of providing an interpretation
of a topological state. It is only valid when the emer-
gence of partons is supported by a microscopic Hamil-
tonian of many-body interacting electrons. Instead of
relying on the parton ansatz as a premise, in this ar-
ticle, we will use the exactly solvable model approach
where Hamiltonians of interacting electrons are first de-
signed and subsequently shown to carry gapped par-
ton excitations in the (2 + 1)D bulk and gapless parton
(1+1)D conformal field theories (CFT) along the bound-
ary. These model Hamiltonians of parton FQH states will
be constructed by the coupled wire method. It involves a
highly anisotropic description where the low-energy elec-
tronic degrees of freedom are confined along an array of
continuous one-dimensional wires and many-body inter-
actions take the form of inter- and intra-wire electron
backscatterings. The technique was derived from slid-
ing Lutthinger liquids [43–47] and was first employed by
Kane, Mukhopadhyay and Lubensky [48] in the study
of Laughlin [2] and Haldane-Halperin hierarchy [49, 50]
FQH states. The method was later applied to more gen-
eral FQH states [51–55] such as the Moore-Read Pfaf-
fian [35, 56] and Read-Rezayi [57] FQH states. In particu-
lar, our article can be regarded as a parton generalization
of Kane, Stern and Halperin’s work [55], which provided a
coupled-wire description of a sequence of “conventional”
Pfaffian FQH states at filling ν = 1/2.

Apart from being a tool to build exactly solvable mod-
els, the coupled wire construction has two more valuable
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features. First, the topological order of the (2 + 1)D
bulk can be inferred from the low-energy CFT that de-
scribes the system’s (1+1)D boundary. The coupled wire
Hamiltonian introduces an excitation energy gap in the
bulk but leaves behind gapless degrees of freedom along
the edge. The gapless boundary modes of the Abelian
parton states Lq and the paired parton states Pp,q are
effectively described by the (1 + 1)D CFTs

Lq = U(1)3 ⊗ [SU(3)1]q,

Pp,q = U(1)24 ⊗el U(1)q12 ⊗el Isingp.
(3)

Second, the series of paired parton states Pp,q exhibits a
new notion of parton particle-hole (PH) symmetry, which
applies to the half-filled parton Landau levels. These
paired parton FQH states can be related to one another
under the PH conjugation (to be defined in details in the
main text)

PHπ (Pp,q) ≡ L1 �Pp,q = P−p−2,2−q (4)

that “subtracts” Pp,q from the parton Landau level
L1 = U(3)1/Z3. In particular, the parton Pfaffian state
P−1,1 = Pf∗ is PH symmetric. It is not a coincidence
that the parton Pfaffian state contains the fractional
T -Pf∗ topological order that describes the symmetric
gapped surface state of the FTI. A parallel analogy can
be drawn at the half-filled electronic Landau level, where
the PH symmetric Pfaffian state [19] has identical topo-
logical order to the T-Pfaffian state [33] of the symmetric
gapped surface of a conventional TI. The exact corre-
spondence between the symmetric FTI surface and the
PH symmetric half-filled parton Landau levels is out of
the scope of this article and we leave this implication for
future studies.

This article will be presented in the following order.
In section II, we describe (1+1)D chiral CFTs, which
will serve as the building blocks for the (2+1)D parton
FQH states and will emerge at the system edge. They
also describe gapless modes at the domain walls between
gapped regions on the surface of FTIs. We will introduce
the Dirac parton CFT in section II A, the parton Pfaf-
fian CFT in section II B, and their relationship through
“gluing and splitting” in section II C. In section III A
and III B, we present the models for the series of Abelian
parton FQH states Lq at filling one-third and the non-
Abelian paired parton FQH state Pp,q at filling one-sixth
by coupling electron wires in the presence of magnetic
field. In section III C, we present a model for the surface
topological order of the FTI that is closely-related to par-
ton Pfaffian quantum Hall state at filling one-sixth. In
section IV, we introduce the emergent notion of particle-
hole conjugation and symmetry in the context of par-
tons and demonstrate the PH action on the paired par-
ton states Pp,q with respect to each of the Abelian states
Lq0 that we found in the section III. Finally, in section V,
we summarize our results and discuss open implications.
For completeness, we provide in appendix A a review of
the relevant Kac-Moody algebras.

II. PARTON CONFORMAL FIELD THEORIES

In this section, we present the relevant conformal field
theories [58] (CFTs) that describe the low-energy degrees
of freedom along the (1 + 1)D edges of the parton frac-
tional quantum Hall (FQH) states. In particular, in sec-
tion II A and II B, we focus on the Dirac parton triplet
and the parton Pfaffian CFTs that live on the edge of the
parton Landau levels L1 and the particle-hole symmetric
parton Pfaffian FQH state P−1,1 respectively. In addi-
tion to the local electron, these CFTs carry charge e/3
fermionic partons along with other fractional quasipar-
ticles as primary fields. We will characterize the charge
and energy transport in these CFTs, and show that the
parton Pfaffian carries half the degrees of freedom in the
Dirac parton triplet (see figure 2). This means a pair of
parton Pfaffians can be glued into a Dirac parton triplet
by a condensation Hamiltonian consists of many-body
electron backscattering (see (53) in section II C). On the
other hand, a Dirac parton triplet can be split into a pair
of parton Pfaffians by a fractional basis transformation
(see figure 3 and eq.(68) in section II C). The (2 + 1)D
parton FQH states that support these fractional bound-
ary modes will be constructed in the next section, and
their topological orders can be inferred from the edge
CFTs through the bulk-boundary correspondence [35].

A. The Dirac parton triplet

We begin with the triplet of chiral Dirac parton chan-
nels. It appears along the 1D interface separating two
time-reversal symmetry breaking domains with opposite
orientations on the surface of the fractional topological
insulator (FTI). It also appears along the 1D boundary
of the 2D parton FQH state L1 where each of the three
species of deconfined partons completely occupies a Lan-
dau level.

In low energy, the triplet is described by the orb-
ifold [58] CFT U(3)1/Z3 (to be defined below). The
U(3)1 theory consists of three copies of chiral Dirac par-
ton channels, where the fermionic partons can be rep-
resented by normal-ordered bosonized vertex operators

πa ∼ eiφ̃a , for a = 1, 2, 3. In low-energy, the bosonized
variables are described by the U(3)1 Lagrangian density

LU(3)1 =
1

2π

3∑
a=1

∂tφ̃a∂xφ̃a (5)

up to non-universal kinetic velocity terms. They follow
the equal-time commutation relation (ETCR)[

∂xφ̃a(x), φ̃b(x
′)
]

= 2πiδabδ(x− x′), (6)

which is equivalent to the time-ordered correlation

〈φ̃a(z)φ̃b(w)〉 = −δab log(z− w) +
iπ

2
Sab, (7)
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where z,w ∼ τ + ix are complex space-time parameters
(or z,w ∼ eτ+ix in a radially-ordered complex space-time
geometry where x is periodic and the Euclidean time τ
parametrizes the radial direction). The non-singular sec-
ond term containing

S = (Sab)3×3 =

 0 1 −1

−1 0 1

1 −1 0

 (8)

is put in (7) to ensure anticommuting correlations be-

tween distinct fermions, 〈eiφ̃aeiφ̃b〉 = −〈eiφ̃beiφ̃a〉. The
particular form of Sab is chosen to respect the cyclic
threefold rotation of parton labels a, b = 1, 2, 3.

Each parton carries the electric charge e∗ = e/3, where
e is the charge of the electron. The diagonal combination

Ψel ∼ π1π2π3 ∼ ei(φ̃1+φ̃2+φ̃3) is a local electronic quasi-
particle with charge e. In addition to Ψel, there are local
spin 1 bosons generated by the electrically neutral and

Z3 neutral combinations Eab = ei(φ̃a−φ̃b) ∼ πa(πb)†, for
a 6= b. They form the roots of a SU(3) affine Kac-Moody
current Lie algebra at level 1. It will become clear in sec-
tion III A that these operators are integral combinations
of electrons.

The Z3 symmetry rotates the phases of the partons
πa → e2πi/3πa, and leaves the electronic quasiparticle
Ψel invariant. The orbifold construction allows additional
twist fields that corresponds to twisted boundary condi-
tions according to the Z3 symmetry when the (1 + 1)D
system is compactified on a torus where both the spatial
and temporal directions are periodic. Physically, the orb-
ifold construction addresses the issue of electron locality.
If πa were local fermions, the CFT would not support any
additional twist fields that carry non-trivial monodromy
with πa. However, since the partons πa are fractional
quasiparticles that carry a non-trivial Z3 gauge charge,
they are non-local with respect to the Z3 gauge fluxes.

The orbifold theory includes twist field that carries a
Z3 flux component, such as the Laughlin quasiparticle

λ ∼ ei(φ̃1+φ̃2+φ̃3)/3. It carries the electric charge e∗ = e/3
and spin hλ = 1/6, and generate the U(1)3 charge sector.

The bosonic twist fields ζab = e−i(φ̃a+φ̃b) ∼ (πa)†(πb)†,
for a 6= b, serve as representatives for the pure Z3 charge.
This is because they obey the fractional mutual statistics
with the Laughlin quasiparticle

〈λ(z)ζab(w)〉 =
1

(z− w)2/3
(9)

The fractional exponent corresponds to a branch cut in
the correlation function and gives rise to the non-trivial
e2πi/3 monodromy after a braiding cycle, z(s) = w+|r|eis,
where s runs from 0 to 2π. Electrically neutral combina-
tions of the Laughlin quasiparticle and Z3 charges, such

as λ2ζ23 ∼ ei(2φ̃1−φ̃2−φ̃3)/3, generate the primary fields
for an emergent SU(3)1 sector (see (17) below).

The charged U(1)3 and the electrically neutral SU(3)1

sectors fully decouple from each other, and their mutual

operator product expansions (OPEs) are non-singular.
The decomposition

L1 = (Dirac parton)⊗3

= U(3)1/Z3 = U(1)3 ⊗ SU(3)1. (10)

can be summarized by the following fractional basis
transformation of bosonized variables.φ0

π

φ1
π

φ2
π

 =
1

3

1 1 1

2 −1 −1

1 1 −2


φ̃1

φ̃2

φ̃3

 , (11)

where the above 3×3 transformation matrix is the inverse
of

A =

1 1 0

1 −1 1

1 0 −1

 , (12)

whose columns are the simple roots of U(1)× SU(3). In

(11), φ̃a (φI) are referred to as bosonized variables in the
Cartan-Weyl (resp. Chevalley) basis. The Lagrangian
density (5) turns into

LU(3)1/Z3
=

1

2π
KIJ∂xφ

I
π∂tφ

J
π (13)

under the basis transformation. The K-matrix in the
Chevalley basis is given by

K = ATA =

3 0 0

0 2 −1

0 −1 2

 , (14)

and it governs the ETCR of the Chevalley bosonized vari-
ables [

∂xφ
I
π(x), φJπ(x′)

]
= 2πi(K−1)IJδ(x− x′). (15)

The (1,1)-entry of (14) recovers the K-matrix of the
Laughlin ν = 1/3 FQH state. The lower 2 × 2 block
of (14) is identical to the Cartan matrix of SU(3). Pri-
mary fields are in general represented by vertex opera-

tors eimIφ
I
π = eimI(A−1)Iaφ̃a , where m = (m0,m1,m2)

are vectors with integral entries. In particular, vectors
that fall inside the image of K, i.e. m = Kn for some
integral vector n, correspond to local fields that have
trivial monodromy with all primary fields and account
for all integral electronic combinations. For example,

Ψel ∼ ei(φ̃1+φ̃2+φ̃3) = ei3φ
0
π is the smallest local electronic

quasiparticle in the Laughlin charge sector. The neutral

combinations πa(πb)† ∼ Eab = ei(φ̃a−φ̃b) = e±i(2φ
1
π−φ2

π),

e±i(−φ
1
π+2φ2

π) or e±i(φ
1
π+φ2

π), for a 6= b, are local fields that
form the 6 roots of the SU(3) affine Kac-Moody current
Lie algebra [58] at level 1. The U(1)3 × SU(3)1 currents
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obey the singular OPE

i∂φ̃a(z)i∂φ̃b(w) =
δab

(z− w)2
+ . . . ,

i∂φ̃a(z)Ebc(w) =
δba − δca
z− w

Ebc(w) + . . . , (16)

Eab(z)Ecd(w) =
δadδbc

(z− w)2
+
if (ab)(cd)(ef)

z− w
Eef (w) + . . .

where f (ab)(cd)(ef) = εabdδbcδaeδdf − εabcδadδbfδce is the
structure factor of SU(3) where a 6= b, c 6= d and e 6= f .
The derivations of the current algebra (16) as well as
OPEs between vertex operators in general are available
in appendix A 1.

The Laughlin quasiparticle λ ∼ eiφ
0
π = ei(φ̃1+φ̃2+φ̃3)/3

is the smallest non-trivial primary field in the U(1)3

charge sector. It decouples from the SU(3)1 neutral sec-
tor and the OPE between λ and any of the SU(3)1 roots
Eab is non-singular. The non-trivial primary fields of
SU(3)1 are given by the two fundamental representations
of the Lie algebra. Linear combinations of primary fields
in the super-selection sectors

E = span
{
E1, E2, E3

}
, E = span

{
(E1)†, (E2)†, (E3)†

}
,

Ea = λ†πa ∼ ei[φ̃a−(φ̃1+φ̃2+φ̃3)/3] (17)

rotate according to the OPEs

Eab(z)Ec(w) = −iSab
δbcδad
z− w

Ed(w) + . . . (18)

Eab(z)Ec(w)† = iSab
δacδbd
z− w

Ed(w)† + . . .

and form a conjugate pair of three dimensional irre-
ducible representations of SU(3). For instance, the ma-

trices Lab = (Labcd )3×3 and L
ab

= (L
abc

d )3×3, for Labcd =

δbcδad and L
abc

d = δacδbd, are the raising and lowering ma-

trices for the off-diagonal Gell-Mann matrices Lab + L
ab

and i(Lab − Lab), for a 6= b. All primary fields in E and
E are electrically neutral and carry spin h = 1/3. Since
the root operators Eab are local electronic, the OPEs in
(18) show that any two primary fields within the same
sector E or E are equivalent up to local electrons. They
obey the fusion rules

E × E = E , E × E = E , E × E = 1, (19)

which abbreviate the OPEs

Ea(z)Eb(w) =
−iεabc

(z− w)1/3
Ec(w)† + . . . ,

Ea(z)†Eb(w)† =
−iεabc

(z− w)1/3
Ec(w) + . . . ,

Ea(z)Eb(w)† =
δab

(z− w)2/3
+ . . . . (20)

The Dirac parton triplet carries electric and energy
transport. The external electromagntic gauge field is cou-
pled to the theory through the U(1)EM transformation

φ̃a → φ̃a + Λ/3 [or equivalently φIπ → φIπ + Λ(K−1)IJ tJ ,
where the charge vector is tT = (t0, t1, t2) = (1, 0, 0)],
when the electronic quasiparticle transforms by Ψel =
π1π2π3 → eiΛΨel. In particular, the differential conduc-
tance of the parton channel is given by

σ =
dI

dV
=
e2

h
tTK−1t =

1

3

e2

h
, (21)

which associates to the filling fraction ν = 1/3 of a FQH
state that supports a boundary Dirac parton triplet CFT.
As all three bosons propagate in the same direction, the
channel carries a chiral central charge c = cR − cL = 3,
which dictates the differential thermal conductance [40–
42]

κ =
dIE
dT

= c

(
π2k2

B

3h

)
T (22)

in low temperature.

B. The parton Pfaffian

The parton Pfaffian CFT, denoted by Pf∗, carries ex-
actly half of the degrees of freedom of the Dirac parton
triplet. It consists of an electrically charged U(1)24 sector
and a neutral U(1)12 × Ising sector.

P−1,1 = Pf∗ = U(1)24 ⊗el U(1)12 ⊗el Ising. (23)

Each sector is generated by a central “almost local” pri-
mary field that has non-trivial monodromy only with
Ising anyons or π-fluxes.

U(1)24 3 charge e spin 3 boson eiΦρ

U(1)12 3 neutral spin 3/2 Dirac fermion eiΦd

Ising 3 Majorana fermion ψ.

(24)

The electrically charged U(1)24 and neutral U(1)12

sectors are Abelian and can be described by a two-
component bosonized theory

L =
1

2π
(Kρ∂tφρ∂xφρ +Kd∂tφd∂xφd) (25)

up to non-universal velocity terms, where the K-matrices

Kρ = 24, Kd = 12 (26)

define the levels of the two U(1) sectors. The Ising sec-
tor is generated by a Majorana fermions ψ, which is de-
scribed by the Lagrangian density

L = iψ (∂t + v∂x)ψ. (27)

The Majorana fermion propagates in the opposite direc-
tion to the two U(1) sectors.
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The primary field content of the Abelian part of (23)
can be represented by vertex operators ei(aφρ+bφd), where
a, b are integers. The charged U(1)24 sector supports
primary fields eiaφρ , denoted by [a]ρ, that carry charge
qa = a/12 (in units of the electric charge e) and spin ha =
a2/48. In particular, [12]ρ represents the “almost local”
charge e boson eiΦρ , where Φρ = 12φρ. The external
U(1)EM that transforms eiΦρ → eiΦρeiΛ shifts φρ → φρ+
Λ/12 = φρ + ΛK−1

ρ tρ, where the charge vector is tρ = 2.
This set the filling fraction

ν = tρK
−1
ρ tρ =

1

6
(28)

that determines the differential conductance σ = ν(e2/h)
of the charge sector. The primary fields satisfy the fusion
rule

[a]ρ × [a′]ρ = [a+ a′]ρ, (29)

which is an abbreviation of the operator product expan-
sion eiaφρ(z)eia

′φρ(w) = ei(a+a′)φρ(w)(z− w)aa
′/24 + . . ..

The neutral U(1)12 sector supports similar primary
fields. The vertex operators eibφd are denoted by [b]d.
They carry spin hb = b2/24 and follow similar fusion
rules in (29). [6]d represents the “almost local” neutral
spin-3/2 Dirac fermion eiΦd , where Φd = 6φd. Both the
charged U(1)24 and neutral U(1)12 sectors are Z2 graded
with respect to their central elements [12]ρ and [6]d re-
spectively. Each primary field is assigned a parity ac-
cording its monodromy with the central element. The
monodromy can be determined by the time-ordered cor-
relations 〈

eiaφρ(z)eiΦρ(w)
〉
∼ (z− w)a/2,〈

eibφd(z)eiΦd(w)
〉
∼ (z− w)b/2,

(30)

which carry branch cuts (i.e. odd monodromy) when a, b
are odd. Odd primary fields are also referred to as π-
fluxes.

The Ising CFT supports two non-trivial primary fields.
The first is the Majorana fermion ψ. It carries spin hψ =
−1/2 and follows the fusion rule [ψ] × [ψ] = 1, which
is an abbreviation for the operator product expansion
ψ(z)ψ(w) = 1/(z − w) + . . .. The second is the Ising
twist field σ. It carries spin h = −1/16 and following the
non-Abelian fusion rules

[σ]× [ψ] = [σ], [σ]× [σ] = 1 + [ψ]. (31)

They corresponds to the OPEs σ(z)ψ(w) = σ(w)/(z −
w)1/2+. . . and σ(z)σ(w) = 1/(z−w)1/8+ψ(w)(z−w)3/8+
. . .. Like the other two Abelian sectors, the Ising CFT is
also Z2-graded with respect to the fermion ψ. The 1 and
[ψ] primary fields are even, and the Ising twist field [σ]
is odd as it has odd monodromy with ψ.

We associate the three primary field combinations

Ψel1 = [12]ρ ⊗ [ψ] ∼ eiΦρψ
Ψel2 = [12]ρ ⊗ [6]d ∼ eiΦρeiΦd

Ψel3 = [12]ρ ⊗ [−6]d ∼ eiΦρe−iΦd
(32)

to be electronic. This means that they are treated as
combinations of integral products of electronic operators.
All of them are charge e Dirac fermions. They carry spin
h1 = 5/2 and h2 = h3 = 9/2 respectively. In general,
a primary field in the parton Pfaffian CFT is local elec-
tronic if it can be expressed as combinations of Ψel1 , Ψel2

and Ψel3 . For example, Ψ†el1
Ψel2 = [6]d ⊗ [ψ] is a spin 1

neutral boson, and is an integral combination of elec-
trons. The locality of the electron forbids the presence of
any twist field that exhibit non-trivial monodromy with
any of the Ψel’s. This includes all the π fluxes to the elec-
tron, such as [1]ρ, [1]d and [σ]. The “confinement” of π
fluxes is indicated by the “electronic” tensor product ⊗el

in (23). A general physical primary field of the parton
Pfaffian theory takes a tensor product form, and belong
in one of the following types

11a,b = [a]ρ ⊗ [b]d

∼ ei(aφρ+bφd), for a and b even,

Ψa,b = [a]ρ ⊗ [b]d ⊗ [ψ]

∼ ei(aφρ+bφd)ψ, for a and b even, (33)

Σa,b = [a]ρ ⊗ [b]d ⊗ [σ]

∼ ei(aφρ+bφd)σ, for a and b odd.

In other words, the three sector components must be ei-
ther all even or all odd according to the Z2 grading. All
other combinations are not allowed by electron locality.

The electric charges, spins and fusion rules of these
primary fields can be deduced from that of the three
components of Pf∗ in (23). Xa,b carries the electric
charge qXa,b = a/12 (in unit of the electric charge e),
for X = 11,Ψ,Σ. Their spins are given by

h11a,b =
a2

48
+
b2

24
,

hΨa,b =
a2

48
+
b2

24
− 1

2
,

hΣa,b =
a2

48
+
b2

24
− 1

16
. (34)

They follow the fusion rule

11a,b × 11a′,b′ = Ψa,b ×Ψa′,b′ = 11a+a′,b+b′

11a,b ×Ψa′,b′ = Ψa+a′,b+b′

11a,b × Σa′,b′ = Ψa,b × Σa′,b′ = Σa′,b′

Σa,b × Σa′,b′ = 11a+a′,b+b′ + Ψa+a′,b+b′ . (35)

Within (33), 114,±2 and Ψ4,±4 are charge e/3 spin 1/2
fermions and serve as the deconfined partons that de-
compose the electronic quasiparticles

Ψel1 = Ψ4,±4 × 114,∓2 × 114,∓2 = Ψ4,±4 ×Ψ4,±4 ×Ψ4,±4,

Ψel2 = Ψ4,4 ×Ψ4,4 × 114,−2 = 114,2 × 114,2 × 114,2, (36)

Ψel3 = Ψ4,−4 ×Ψ4,−4 × 114,2 = 114,−2 × 114,−2 × 114,−2.

By summing the contributions from the three com-
ponents, the overall electric and thermal conductance
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σ = νe2/h and κ = c(π2k2
B/3h)T are specified by

ν =
1

6
+ 0 + 0 =

1

6
, c = 1 + 1− 1

2
=

3

2
, (37)

each of which is half of that of the parton Dirac triplet
U(3)1/Z3 described in the previous subsection. This sug-
gests the decomposition or conformal embedding

U(3)1/Z3 ∼ Pf∗ ⊗ Pf∗, (38)

which will be discussed in the following subsection.
Before doing so, it is worth noticing that within the

parton Pfaffian theory, there is a subset of primary fields

Ia = [a]ρ ⊗ [a]d ∼ eia(φρ+φd), for a even,

ψa = [a]ρ ⊗ [a]d ⊗ [ψ] ∼ eia(φρ+φd)ψ, for a even, (39)

σa = [a]ρ ⊗ [a]d ⊗ [σ] ∼ eia(φρ+φd)σ, for a odd,

that are bosonic, fermionic, or semionic combinations
with spins

hIa =
(a/2)2

4
, for a even,

hψa =
(a/2)2

4
− 1

2
, for a even,

hσa =
a2 − 1

16
, for a odd, (40)

and are closed under fusion

Ia × Ia′ = ψa × ψa′ = Ia+a′ ,

Ia × ψa′ = ψa+a′ , ψa × σa′ = σa+a′

σa × σa′ = Ia+a′ + σa+a′ . (41)

This sub-collection generates a theory, referred to as the
parton T -Pfaffian state and denoted by T -Pf∗, that de-
scribes the gapped time-reversal symmetric surface state
of a fractional topological insulator [38, 39]. The T -Pf∗

state has a similar topological anyon content as the con-
ventional T-Pfaffian [33] surface state of a single-body
topological insulator. Except the charge assignment of
each anyon is 1/3 of the conventional one. Also, there
is a threefold increase of periodicity. In particular, the
spin-1/2 quasiparticle ψ4 in the T -Pf∗ takes the role of
the fermionic parton and carries electric charge e/3. ψ12

is the electronic quasiparticle and 124 is the charge 2e
bosonic Cooper pair.

C. Gluing and splitting

A pair of parton Pfaffian channels can be glued into a
parton Dirac channel through an anyon condensation [59]
process

U(3)1/Z3 = Pf∗ � Pf∗, (42)

which can be carried out explicitly by a sine-Gordon
Hamiltonian. We begin with a pair of parton Pfaffian

parton Pfaffian

c = 3 ν =
1

3

c =
3

2
ν =

1

6

(Dirac parton)
⊗3

(Dirac parton)
⊗3

parton Pfaffian

FIG. 2. Gluing and splitting between a pair of parton Pfaf-
fian CFTs and a Dirac parton triplet. The Dirac parton and
parton Pfaffian CFTs are defined in (10) and (23). The chiral
central charge c and “filling fraction” ν indicate the differen-
tial thermal and electric conductance κ = c(π2k2B/3h)T and
σ = ν(e2/h) respectively.

theories Pf∗A⊗Pf∗B , each described by (23). First, we fo-
cus on the two neutral Ising sectors IsingA ⊗ IsingB . By
condensing the bosonic fermion pair [ψ]A ⊗ [ψ]B , they
becomes

SO(2)1 = IsingA � IsingB (43)

where the product notation � here stands for a tensor
product and the condensation of the fermion pair. We de-
fine the electrically neutral spin h = −1/2 Dirac fermion

d0 =
1√
2

(ψA + iψB) ∼ ei2φ0 (44)

The neutral fermion d0 is fractional, however it can be
made local electronic by combining with the charge e
boson from either one of the charge sectors U(1)A24 or
U(1)B24. The bosonized variable φ0 is described by the
Lagrangian density

L0 =
1

2π
K0∂tφ0∂xφ0 (45)

up to non-universal velocity terms, where K0 = −4. The
vertex operators s± = e±iφ0 are spin h = −1/8 spinor
fields that originated from the pair of Ising twist fields

[σ]A ⊗ [σ]B = s+ + s−. (46)

Similar to the Ising twist fields, these spinor fields s±
have non-trivial monodromy with the electronic quasi-

particles ΨA,B
elj

in (32) and are confined. However, they

can be combined with the π-fluxes in the Abelian sec-
tors U(1)A,B24 and U(1)A,B12 to form deconfined excita-
tions. The spin −2 boson d2

0 ∼ ei4φ0 condenses because
ψ × ψ = 1. This fixes the fusion rules

d0 × d0 = 1, d0 × s± = s∓,

s± × s± = d0, s± × s∓ = 1. (47)

Next, we take the rest of the Abelian components[
U(1)A24 × U(1)A12

]
×
[
U(1)B24 × U(1)B12

]
into account. The

parton Pfaffian pair is now described by the five-
component bosonized Lagrangian density

LPf∗⊗Pf∗ = L0 + LAd + LBd + LAρ + LBρ , (48)

LA,Bd =
1

2π
Kd∂tφ

A,B
d ∂xφ

A,B
d ,

LA,Bρ =
1

2π
Kρ∂tφ

A,B
ρ ∂xφ

A,B
ρ
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up to non-universal velocity terms, where Kρ = 24 and
Kd = 12 for both the A and B sectors. The first
three bosonzied variables represent the neutral degrees
of freedom and are invariant under U(1)EM. The final
two represent the charged sectors and transforms under
φA,Bρ → φA,Bρ + Λ/12 when electron operators change by

Ψel → eiΛΨel.
We define a new basis within the neutral sectors by the

transformationφn0
L

φn1
R

φn2
R

 = 2

 1 −1 1

−1 2 −1

−1 1 −2


φ0

φAd
φBd

 , (49)

where the 3×3 matrix is unimodular and has the inverse

B =

 1 −1 1

−1 2 −1

−1 1 −2


−1

=

 3 1 1

1 1 0

−1 0 −1

 . (50)

The new bosonized variables are described by the La-
grangian density

Ln = L0 + LAd + LBd =
1

2π
(Kn)IJ∂tφ

nI∂xφ
nJ , (51)

where the K-matrix (suppressing all zeros) is

Kn =

−3

2 −1

−1 2

 = BT

−1

3

3

B. (52)

Lastly, we introduce the gluing sine-Gordon potential

Hgluing = u cos
(
12φn0

L − 24φAρ + 24φBρ
)

= u cos
[
24
(
φ0 − φAd + φBd − φAρ + φBρ

)]
. (53)

It is straightforward to check that the angle variable
Θ = φ0 − φAd + φBd − φAρ + φBρ satisfies the “Haldane’s
nullity condition” [60] [Θ(x),Θ(x′)] = 0. The factor of 24
makes sure Hgluing is constructed by integral combina-
tions of local electronic operators. The potential there-
fore introduces a finite excitation energy gap to a counter-
propagating pair of boson modes and removes them from
low-energy. It is charge preserving as Θ is invariant under
U(1)EM. The gapping potential pins a finite ground state
expectation value for 〈Θ(x)〉 and condenses the bosonic
combination

1 ∝ ei〈Θ〉 ∝
〈
eiφ0e−i(φ

A
ρ +φAd )ei(φ

B
ρ +φBd )

〉
∼
〈
s+I

A
1

†
IB1

〉
=
〈
σA1
†
σB1

〉
. (54)

This is because the Ising anyon σ1 (defined in (39)) is
the product σI1 for both the A and B sectors, and from
(46), the even spinor s+ is originated from the product
σAσB . Together with the bosonic fermion pair ψA0 ψ

B
0

that was condensed previously in (43), they generate all
the electrically neutral bosonic pairs in Pf∗A ⊗ Pf∗B

B =

{
IA4m

†
IB4m, ψ

A
4m
†
ψB4m, ψ

A
4m+2

†
IB4m+2,

IA4m+2
†
ψB4m+2, σ

A
2m+1

†
σB2m+1

}
m∈Z

. (55)

Bosons in B have trivial mutual monodromy, and the
sine-Gordon potential (53) condenses all bosons in B. For
example, the Ising pairs take non-vanishing ground state
expectation values thanks to Hgluing

1 ∝ ei(2m+1)〈Θ〉

∝
〈
ei(2m+1)φ0e−i(2m+1)(φAρ +φAd )ei(2m+1)(φBρ +φBd )

〉
∼
〈
s±I

A
2m+1

†
IB2m+1

〉
=
〈
σA2m+1

†
σB2m+1

〉
, (56)

where the parity of the spinor field is fixed by the fusion
rule (47), ei(2m+1)φ0 = s+ (or s−) if m is even (resp. odd).
We denote the relative tensor product Pf∗A �B Pf∗B to be
the remaining low-energy CFT that is unaffected by the
condensation.

From the K-matrix (52), it is clear that the two electri-
cally neutral modes φn1 and φn2 are completely decou-
pled from the rest and therefore are unaffected by the
sine-Gordon potential Hgluing. It is also straightforward
to check that the sum φρ = 2(φAρ + φBρ ) commutes with
Θ and thus decouples from Hgluing as well. Here we nor-
malizes φρ with the factor of 2 because the odd vertices,

such as ei(φ
A
ρ +φBρ ), have non-trivial monodromy with the

electronic quasiparticles ψA12 and ψB12 and are not allowed
by electron locality. Grouping together, the bosonized
variables (φ0

π, φ
1
π, φ

2
π) = (φρ, φ

n1, φn2) generate the rela-
tive tensor product Pf∗A �B Pf∗B . They obey the same
equal-time commutation relation in (15), and therefore
are described by the same U(1)3 × SU(3)1 parton La-
grangian density (13).

Moreover, the bosonized variables (φρ, φ
n1, φn2) re-

spect the same charge assignment and electron locality
as the Dirac parton triplet. φρ is the only bosonized
variable that transform under U(1)EM. The quasipar-

ticle eiφρ = ei2(φAρ +φBρ ) carries charge e/3 and repre-
sents the Laughlin quasiparticle. We now show the

triple ei3φρ = ei6(φAρ +φBρ ) is an integral electronic com-
bination. First, it can be changed into IA−6ψ

B
6 ∼

ei6(−φAρ −φAd +φBρ +φBd )ψB by absorbing the electronic com-

bination ΨA
el2

†
ΨB

el1
ΨB

el3

†
= e−i(12φAρ +6φAd )ei6φdψB0 . Sec-

ond, we observe that IA−6ψ
B
6 = IA6

†
ψB6 is one of the boson

in (55) that condensed to the ground state. This proves
ei3φρ represents an electronic quasiparticle after the con-
densation. Furthermore, in the neutral sector, the simple

SU(3) roots ei(2φ
n1−φn2) and ei(−φ

n1+2φn2) are also local
electronic. Using the basis transformation (49), the roots

are e−i(2φ0−6φAd ) and e−i(2φ0+6φBd ), which are respectively

identical to the electronic operators ψA0 e
i6φAd = ΨA

el1
ΨA

el3

†

and ψB0 e
−i6φBd = ΨB

el1

†
ΨB

el3
up to the condensate ψA0 ψ

B
0 .
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This concludes the gluing procedure

Pf∗ ⊗ Pf∗
Hgluing−−−−→Pf∗ �B Pf∗ = U(3)1/Z3. (57)

Similar gluing procedure was also presented by us in an
earlier work [38].

I II

III

IV
Parton Pfaffians

neutral
Dirac fermion

h = 3/2

neutral
Dirac fermion

h = 1/2

Majorana fermion

charged             bosonh = 3
U(1)6

U(1)3

U(1)1U(1)3

SU(3)1

charged
Dirac fermion

h = 3/2

neutral

U(1)2 charged
boson

h = 1

electronic
Dirac fermion

(Dirac parton)
⊗3

Hρ

FIG. 3. Splitting of a chiral Dirac triplet channel into a pair
of parton Pfaffian channels. The basis transformations (I),
(II), (III) and (IV) are defined in (58), (61), (64) and (66)
respectively. The backscattering Hamiltonian is defined in
(60).

Next, we present the reversal – the splitting of the
chiral Dirac parton triplet U(3)1/Z3 into a pair of de-
coupled parton Pfaffian CFTs. The fractionalization is
facilitated by an extension of the Dirac partons that in-
cludes an additional counter-propagating pair of neutral
spin-3/2 Dirac fermions, U(1)3 × U(1)3. We first show
that the extension can be supported in a purely 1D set-
ting, such as an edge reconstruction, and does not re-
quire additional 2D topological order. In other words,
the non-chiral U(1)3 × U(1)3 CFT can be realized in
a 1D electronic wire without being holographically sup-
ported on the boundary of a 2D topological state. To
achieve this, we start with two electronic wires that con-
tains two counter-propagating pairs of Dirac electrons

cσa ∼ eiΦ̃
σ
a at Fermi level, where a = 0, 1 is the wire index

and σ = R,L = +,− labels the propagating direction.
They are represented by the solid black lines in figure 3.
We will introduce a many-body interacting potential that
leaves behind a pair of neutral Dirac modes in low-energy.

The interaction is based on the following fractional ba-
sis transformation of the bosonized variables

Φ̃Rρ
Φ̃Rn
Φ̃Lρ
Φ̃Ln

 =


3/2 1 −1/2 −1

−1/2 1 −1/2 0

−1/2 −1 3/2 1

−1/2 0 −1/2 1




Φ̃R0
Φ̃R1
Φ̃L0
Φ̃L1

 . (58)

This transformation will also be useful in the coupled
wire construction in section III B (c.f. eq.(106)). We
notice that the new bosonized variables contain half-
integral combinations of the original ones. Consequently,

the vertex operators eiΦ̃
σ
ρ , eiΦ̃

σ
n are non-local and cannot

be expressed as integral combination of electronic ones.
On the other hand, the sum and differences Φ̃Rρ ± Φ̃Lρ ,

Φ̃Rn ± Φ̃Ln and Φ̃σρ ± Φ̃σ
′

n are integral. The variables

Φ̃R,Lρ represent electrically charged sector and shift by

Φ̃σρ → Φ̃σρ+Λ under a U(1)EM transformation that change

the phase of an electron c → eiΛc. The other two vari-
ables Φ̃R,Ln represent electrically neutral modes and are
invariant under U(1)EM. The bosonized variables are de-
scribed by the Lagrangian density

L =
1

2π

∑
σ=+,−

∑
a=0,1

σ∂tΦ̃
σ
a∂xΦ̃

σ
a

=
1

2π

∑
σ=+,−

σ

(
1

2
∂tΦ̃

σ
ρ∂xΦ̃

σ
ρ + ∂tΦ̃

σ
n∂xΦ̃

σ
n

)
(59)

up to non-universal velocity terms.
We introduce the sine-Gordon potential

Hρ = u cos
(

Φ̃Rρ − Φ̃Lρ

)
= u cos

(
2Φ̃R0 + 2Φ̃R1 − 2Φ̃L0 − 2Φ̃L1

)
, (60)

which can be constructed from electron backscattering
and preserves charge U(1)EM. This gives a finite ex-
citation energy gap to the charged sector ρ and re-
moves it from low-energy, and leaves behind a counter-
propagating pair of spin-1/2 neutral Dirac fermions

ciΦ̃
R,L
n . Next, we perform another fractional basis trans-

formation (
φRD
φLD

)
=

1

3

(
2 −1

−1 2

)(
Φ̃Rn
Φ̃Ln

)
. (61)

The new variables are described by the Lagrangian den-
sity

LD =
1

2π

∑
σ=+,−

σ∂tΦ̃
σ
n∂xΦ̃

σ
n

=
1

2π

∑
σ=+,−

σKD∂tφ
σ
D∂xφ

σ
D, (62)

where KD = 3. The composite vertices ei3φ
R
D =

ei(2Φ̃Rn−Φ̃Ln) and ei3φ
L
D = ei(−Φ̃Rn+2Φ̃Ln) are two decoupled

counter-propagating spin ±3/2 neutral Dirac fermions,

and generate the non-chiral U(1)3 × U(1)3 CFT. They
are represented by the dashed blue lines in figure 3.

Before proceeding, we notice that these neutral
fermions are not integral combinations of the original
electrons. Therefore, to be precise, the bosonic doubles
ei6φ

σ
D should be regarded as the local fundamental con-

stituents instead. This changes the compactification ra-
dius and the level of the U(1) CFT. In additional to the
original primary fields eiaσφ

σ
D , this also allows π-fluxes

to the neutral Dirac fermions, which are represented by
half-vertex twist fields eiaσφ

σ
D/2. We rescale φσd = φσD/2,

which turns (62) into

LD =
1

2π

∑
σ=+,−

σKd∂tφ
σ
d∂xφ

σ
d , (63)



10

where Kd = 12 and matches the Ld in (25) and (48).

The rescaled bosonized variables φR,Ld generate the non-

chiral U(1)12 × U(1)12 CFT. The inclusion of the π-
fluxes allows additional characters that correspond to
anti-periodic boundary conditions of the Dirac fermion
in a closed (1 + 1)D system. This process is known
as Z2-orbifolding [58] in the CFT context, and in this
case, it extends U(1)3 to U(1)3/Z2 = U(1)12. Neverthe-
less, to simplify the notations, we suppress the rescal-
ing/orbifolding and return back to the previous normal-
ization LD in (62) until the subtlety of electron locality
arises again.

We now combine this counter-propagating pair of neu-
tral Dirac fermions with the Dirac parton triplet. To
avoid confusion, we differentiate the auxiliary and the
parton sectors by D and π. We denote the auxiliary

neutral Dirac fermion sectors by U(1)D3 × U(1)D3 and its

bosonized variables by φR,LD . We denote the the Dirac
partons by U(1)π3 × SU(3)π1 , which we recall is identical
to U(3)π1/Z3 through a basis transformation (11), and
its (right-moving) bosonzied variables by φ0

π, φ
1
π, φ

2
π. The

total Lagrangian density is the combination of (13) and
(62). We first perform a basis transformation between
U(1)π3 × U(1)D3

4φAρ = φ0
π + φRD

4φBρ = φ0
π − φRD

. (64)

Recall φ0
π generates the charged Laughlin sector, and λ ∼

eiφ
0
π is the Laughlin q = e/3 quasiparticle. The A and B

bosons here correspond to two decoupled charged sectors
U(1)A24 × U(1)B24

L0
π + LRD =

1

2π

(
3∂tφ

0
π∂xφ

0
π + 3∂tφ

R
D∂xφ

R
D

)
= LAρ + LBρ ,

LA,Bρ =
1

2π
Kρ∂tφ

A,B
ρ ∂xφ

A,B
ρ , (65)

where Kρ = 24 which is identical to that of (25) and
(48). The bosons are shifted by φA,Bρ → φA,Bρ + Λ/12
under a U(1)EM transformation that adds the phase c→
eiΛc to electrons. Each of the charged sectors carries
the differential electric conductance σA,B = (1/6)e2/h,
and the two add up to the conductance of the Laughlin
channel.

There are three modes φLD, φ
1
π, φ

2
π remaining and they

correspond to the electrically neutral sectors U(1)D3 ×
SU(3)π1 . We rotate to a new basisφ0

φAd
φBd

 =
1

2
B

φLDφ1
π

φ2
π

 (66)

using the unimodular B transformation defined in (50).

This turns the neutral sectors into SO(2)1 × U(1)A12 ×

U(1)B12

LLD + LSU(3)π1
= − 1

2π
3∂tφ

L
D∂xφ

L
D

+
1

2π

∑
i,j=1,2

K
SU(3)
ij ∂tφ

i
π∂xφ

j
π

= L
SO(2)1

+ LAd + LBd , (67)

L
SO(2)1

=
1

2π
K0∂tφ0∂xφ0,

LA,Bd =
1

2π
Kd∂tφ

A,B
d ∂xφ

A,B
d ,

where K0 = −4 and Kd = 12, both of which match
that of the previous Lagrangian densities (45) and (25)
respectively, and KSU(3) is the 2 × 2 Cartan matrix of
SU(3) defined in the lower 2× 2 block of Ln in (52).

Lastly, we decompose the spin 1/2 Dirac fermion

d0 ∼ ei2φ0 = (ψA + iψB)/
√

2 into Majorana components
(see eq.(44)). They generate two decoupled Ising sectors

IsingA × IsingB . This completes the splitting process,
which can be summarized by the following flow chart.

(Dirac Parton)⊗3 = U(1)π3 × SU(3)π1

[
U(1)π3 × U(1)D3

]
×
[
U(1)D3 × SU(3)π1

]
extend

?

[
U(1)A24 × U(1)B24

]
×
[
SO(2)1 × U(1)A12 × U(1)B12

]
(64)

?

(66)

?

[
Pf∗A = U(1)A24 × U(1)A12 × IsingA

]
Majorana decomposition

?

×
[
Pf∗B = U(1)B24 × U(1)B12 × IsingB

]

(68)

We conclude this subsection by addressing electron lo-
cality in the splitting process. First, we show that

11A,B12,±6 = ei12φA,Bρ e±i6φ
A,B
d , ΨA,B

12,0 = ei12φA,Bρ ψA,B (69)

are electronic quasiparticles in both sectors (c.f. eq.(32)).
Without loss of generality, we illustrate this on the A
sector. Written in terms of the basis of the original Dirac
partons and the auxiliary electrons,

11A12,±6 = ei3φ
0
π+i3φRDe±i3φ

L
D±i3φ1

π

= ei3φ
0
πei3(φRD±φLD)e±i3φ

1
π (70)

ΨA
12,0 = ei3φ

0
π+i3φRD cos

(
3φLD + φ1

π + φ2
π

)
∼ ei3φ0

πei3(φRD+φLD)ei(φ
1
π+φ2

π)

+ ei3φ
0
πei3(φRD−φLD)e−i(φ

1
π+φ2

π). (71)
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The first piece ei3φ
0
π is the combination of three Laughlin

quasiparticles, and is identical to the electronic spin 3/2
Dirac fermion λ3 ∼ π1π2π3. From the basis transforma-
tions (58) and (61), it is straightforward to check that

the second pieces ei3(φRD+φLD) = ei(Φ̃
R
0 −Φ̃R1 −Φ̃L0 +Φ̃L1 ) and

ei3(φRD−φLD) = ei(3Φ̃R0 −3Φ̃L1 ) are integral combination of the
auxiliary electrons. Using the basis transformation (11),

the third and last pieces are ei3φ
1
π = ei(2φ̃1−φ̃2−φ̃3) and

ei(φ
1
π+φ2

π) = ei(φ̃1−φ̃3), which are identical to the neutral
local electronic combinations E12E13 = (π1)2(π2)†(π3)†

and E13 = π1(π3)† respectively. The electron locality of
π1π2π3 and πa(πb)† will be shown later in section III A
when the Dirac parton triplet is constructed explicitly

from electronic wires. In particular, π1π2π3 ∼ eiΦ
R
ρ ,

π1(π2)† ∼ eiΦ
R
n1 and π2(π3)† ∼ eiΦ

R
n2 can be expressed

explicitly using (78) and (79) (also see figure 4) in terms
of electronic operators. It is important to acknowledge
that the parton Pfaffian channels descend from electronic
degrees of freedom. Electron locality forbids excitations
that have non-trivial monodromy to any electronic quasi-
particle. This restriction was addressed in (33) and will
not be repeated here.

III. COUPLED WIRE MODELS OF
FRACTIONAL QUANTUM HALL STATES

In this section, we present the coupled wire mod-
els that represent the parton fractional quantum Hall
(FQH) states Lq and Pp,q (see table I and (3)). In sec-
tion III A, we construct a sequence of Abelian FQH states
Lq at filling ν = 1/3. Each of them carries a Laugh-
lin U(1)3 charge sector and q copies of neutral SU(3)1

sectors that support the deconfinement of partons (ex-
cept for q = 0, which corresponds to the Laughlin state
where partons are confined). In particular, L1 repre-
sents the FQH state where each of the three deconfined
partons fills a Landau level. Its 1 + 1D boundary hosts
the Dirac parton triplet conformal field theory (CFT)
U(3)1/Z2 = U(1)3 × SU(3)1, which was discussed in de-
tail in section II A. This new parton FQH state is topo-
logically equivalent to and inspired by a 3D fractional
topological insulator (FTI) slab [38] with finite thickness
and time-reversal (TR) symmetry breaking surfaces (see
figure 1).

In section III B, we construct a sequence of incompress-
ible FQH states Pp,q at filling ν = 1/6. We speculate that
they may originate from the transition between an inte-
gral quantum Hall plateau and a ν = n+1/3 plateau oc-
cupied by one of the Lq states. The compressible parton
liquid at the transition then gains a many-body excita-
tion energy gap by a parton pairing mechanism. It is out
of the scope of this paper to address the compressible par-
ton liquid theory that may describe an integral to frac-
tional quantum Hall plateau transition and relate to the
surface state of a FTI. Instead, we focus on incompress-
ible FQH states that exhibit parton pairing. The Pp,q

state carries a U(1)24 charge sector, which has three times
the periodicity of the U(1)8 charge sector of the Moore-
Read Pfaffian state [35] due to the charge e/3 partons.
Its neutral sector consists of q copies of U(1)12, each con-
tains a neutral spin 3/2 Dirac fermion, and p Ising copies,
each generated by a neutral spin 1/2 Majorana fermion.
In particular, the boundary of P−1,1 supports the par-

ton Pfaffian CFT Pf∗ = U(1)24⊗elU(1)12⊗el Ising, which
was presented in section II B. Similar to L1, P−1,1 is also
equivalent to a 3D FTI slab with a TR symmetric and a
TR breaking surface (see figure 1). Moreover, as shown
in section II C, the parton Pfaffian CFT is exactly half of
the Dirac parton triplet. This infers that the parton Lan-
dau levels L1 can be split into a pair of parton Pfaffian
FQH states P−1,1. In other words, P−1,1 is symmetric
under a parton “particle-hole” conjugation, because the
“particle” state identical to the “hole” state, which is ob-
tained from subtracting the parton Pfaffian P−1,1 from
the parton Landau levels L1. This new notion of parton
“particle-hole” conjugation will be discussed in the next
section.

The construction of these exactly solvable FQH models
relies on the coupled wire method. It was pioneered by
Kane, Mukhopadhyay and Lubensky [48] in modelling
the Laughlin [2] and Haldane-Halperin hierarchy [49, 50]
FQH states. The construction begins with a 2D array
of parallel metallic electron wires under a magnetic
field. Under the Lorentz gauge Ax = −By, the Fermi
momenta of the wires are displaced kf → kf + (e/~c)By.
Many-body interactions are restricted only to mo-
mentum preserving combinations of inter-wire and
intra-wire electron backscatterings. A combination
with unbalanced momentum contains an oscillating
factor eiktotalx and vanishes upon the integration of x.
These backscattering combinations may involve multiple
electrons, and take the form of cσ1

a1
† . . . cσnan

†cσn+1

b1
. . . cσ2n

bn
,

where σ = R,L labels the propagating direction of the
plane wave electron modes cσa at Fermi level, and a is
some wire index. They can be generated by higher order
corrections to the interacting action in the partition
function Z =

∫
DcDc† exp [i (Skinetic + Sinteraction)],

for some bare local interaction such as Sinteraction =∑
y

∫ ∏
r=1,2,3,4 dxru

abcd
x1x2x3x4c

†
a(x1)c†b(x2)cc(x3)cd(x4),

where ca(x) is the electron (annihilation) operator at
position x. The relevance of these backscattering combi-
nations in the renormalization group sense depends on
forward scattering interactions. In this paper, we do not
address the origins and energetics of these backscattering
terms. Instead, we take the strong coupling limit and
study the gapped topological state associated to a given
backscattering Hamiltonian. These models are exactly
solvable in the sense that they consist of mutually
commuting and non-competing terms. They freeze all
low-energy degrees of freedom in the 2D bulk but leave
behind chiral 1D boundary modes.
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A. Filling one-third

{2kf

{2kf

{2kf

{2kf

6kf{

6kf{

L0

L1

L2

L3

L4

R0

R1

R2

R3

R4

y+1{30kf
y

...
...

y−1{30kf

ΦR
y,ρ

ΦR
y,c1

ΦR
y,c2

ΦL
y,ρ

ΦL
y,c1

ΦL
y,c2ΦR

y,n1

ΦR
y,n2

ΦL
y,n1

ΦL
y,n2

FIG. 4. Bundle arrangement and basis transformation for the
ν = 1/3 parton FQH state. The momentum displacement be-
tween channels (directed lines) and bundles (green cylinders)
are shown in nkf , where 2kf is the displacement between R
and L-movers on same wire at Fermi level. Dashed boxes
represent products of electronic operators that correspond to
(78) and (79). • and ◦ represents electron creation and anni-
hilation operators respectively.

We begin with an array of electronic bundles. Each
bundle consists of five wires, and each wire carries a right
(R) and a left (L) moving electronic Dirac fermion chan-
nel that are separated in momentum space by 2kf at
Fermi level. We label each bundle by an integer y which
represents its vertical position. The wires within a bun-
dle are labeled by a = 0, . . . , 4. We bosonize the Dirac
fermions so that the electron (annihilation) operator at
(y, a, σ), for σ = R,L = +,−, is represented by the ver-
tex operator

cσya(x) ∼ exp
[
i
(

Φ̃σya(x) + kσyax
)]
, (72)

where kσya is the x-momentum of the Dirac fermion. The
bosonized variables obey the equal-time commutation re-
lation (ETCR)[
∂xΦ̃

σ
ya(x), Φ̃σ

′

y′a′(x
′)
]

= 2πiσδσσ
′
δyy′δaa′δ(x− x′). (73)

The complete commutation relation that includes the
zero modes is presented in (A18) in appendix A 2.

The filling fraction of the system under a perpendicular
magnetic field B = Bẑ is

ν =
Ne
NΦB

=
5(2kf )/(2π)

Bd/(hc/e)
=

5(2kf )(
eB
~c
)
d
, (74)

where Ne = 5(2kf )/(2π) is the number electrons per unit
length in a bundle of 5 wires, NΦB = Bd/φ0 is the num-
ber of fluxes (in units of the flux quantum φ0 = hc/e)
between adjacent bundles per length, and d is the bundle
displacement in y. Under the Lorentz gauge A = −Byx̂,
the field shifts the x-momentum

kσya =
e

~c
By + σkf =

5(2kf )

ν

y

d
+ σkf (75)

of each electronic channel according to its vertical posi-
tion y = y(y, a). In the coupled wire model, we arrange
the wires so that the channel momentums are given by

kσy0 = (30y + σ)kf
kσya = (30y + 4a+ 4 + σ)kf , for a = 1, 2, 3

kσy4 = (30y + 24 + σ)kf

. (76)

This pattern of momentum shifting is shown in figure 4.
In particular, the shift of x-momentum between adjacent
bundles in this configuration is

δk = kσy+1,a − kσya = 30kf . (77)

This fixes the filling fraction to be ν = 1/3 by comparing
with (75) and d = y(y + 1, a)− y(y, a).

Next, within each bundle, we perform a basis trans-
formation and group the electronic channels into three
counter-propagating pairs of electrically charged U(1)3

sectors

ΦRy,ρ = 2Φ̃Ry4 − Φ̃Ly4

ΦRy,c1 = 2Φ̃Ry0 − Φ̃Ly0

ΦRy,c2 = −Φ̃Ry1 + Φ̃Ry2 + 3Φ̃Ry3 + 2Φ̃Ly1 − 2Φ̃Ly3

,

ΦLy,ρ = 2Φ̃Ly0 − Φ̃Ry0

ΦLy,c1 = 2Φ̃Ly4 − Φ̃Ry4

ΦLy,c2 = 3Φ̃Ly1 + Φ̃Ly2 − Φ̃Ly3 − 2Φ̃Ry1 + 2Φ̃Ry3

, (78)

and a pair of electrically neutral SU(3)1 ones

ΦRy,n1 = 2Φ̃Ry1 − Φ̃Ly1 − Φ̃Ly2

ΦRy,n2 = 2Φ̃Ry2 − Φ̃Ly2 − Φ̃Ly3

,

ΦLy,n1 = 2Φ̃Ly2 − Φ̃Ry2 − Φ̃Ry1

ΦLy,n2 = 2Φ̃Ly3 − Φ̃Ry3 − Φ̃Ry2

. (79)

These new local combinations are diagrammatically rep-
resented in figure 4. They obey the equal-time commu-
tation relation[

∂xΦ
σ
y,µ(x),Φσ

′

y′,µ′(x
′)
]

= 2πiσδσσ
′
δyy′Kµµ′δ(x− x′),

(80)

where the K-matrix (suppressing all 0’s) is

K =


3

3

3

2 −1

−1 2

 (81)

and the bozonized variables Φσy,µ are ordered in
(Φσy,ρ,Φ

σ
y,c1,Φ

σ
y,c2,Φ

σ
y,n1,Φ

σ
y,n2). The external electro-

magnetic gauge transformation, that rotates the phases

of electronic operators by eiΦ̃ya → eiΛeiΦ̃ya , shifts the
new local bosonized variables by

Φσy,µ → Φσy,µ + tµΛ, (82)
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where the charge vector is t = (tρ, tc1, tc2, tn1, tn2) =
(1, 1, 3, 0, 0). Each combination Φσy,µ in (78) and
(79) corresponds to a product of electronic operators

eiΦ
σ
y,µ(x)+ikσy,µx that carries the net x-momentum

kσy,ρ = 3(4 + 10y + 5σ)kf
kσy,c1 = 3(4 + 10y − 3σ)kf
kσy,c2 = 3(12 + 30y + σ)kf
kσy,n1 = kσy,n2 = 0

. (83)

The basis transformations (78) and (79) were designed
to facilitate the Dirac partons (10). To see this, we first
introduce the intra-bundle interactions for each y,

Hintra
y = uI cos Θintra

y,I + uII cos Θintra
y,II , (84)

Θintra
y,I = 2ΦRy,c1 + ΦLy,c1 + ΦRy,c2 − 2ΦLy,c2

Θintra
y,II = ΦRy,c1 + 2ΦLy,c1 − 2ΦRy,c2 + ΦLy,c2

.

The two linearly independent angle variables Θintra
y,I ,

Θintra
y,II satisfy the “Haldane’s nullity” gapping condi-

tion [60]
[
Θintra
y,l (x),Θintra

y′,l′ (x′)
]

= 0. (See (A31) in ap-

pendix A 2.) Thus, along each bundle y, Hintra
y turns

two (out of five) pairs of modes, Φσy,c1,Φ
σ
y,c2, massive

and removes them from low-energy. We also see that
the interaction preserves charge U(1) and x-momentum
conservation. This is because the angle variables are in-
variant under the U(1)EM gauge transformation (82) and
the two sine-Gordon terms are products of electronic op-
erators that have trivial net x-momenta, 2kRy,c1 + kLy,c1 +

kRy,c2 − 2kLy,c2 = kRy,c1 + 2kLy,c1 − 2kRy,c2 + kLy,c2 = 0.
The intra-bundle interaction (84) leaves behind, along

each bundle y, three pairs of low-energy modes

Φσ
y = (Φσy,0,Φ

σ
y,1,Φ

σ
y,2) = (Φσy,ρ,Φ

σ
y,n1,Φ

σ
y,n2). (85)

These modes are not affected by Hintra
y because the three

bosonized variables commute with the sine-Gordon angle
variables Θintra

y,M . (See (A31) in appendix A 2.) It is impor-

tant to acknowledge – from (78) and (79) – that the three
Φσy,J associate to integral combinations of electronic op-
erators which are local. Locality only allows excitations
that have non-fractional mutual monodromy with these
local electronic combinations. Let e−iφ be the vertex op-
erator that creates such an excitation, where φ is some
non-integral combination bJσΦσy,J . Locality requires the
equal-time commutator[

Nσ′

y′,J′ , φ(x)
]

= iσδσσ
′
δyy′KJJ ′b

J
σ (86)

to have integral value, where the K-matrix was defined
in (14) and

Nσ
y,J =

1

2π

∫
∂xΦ

σ
y,J(x)dx (87)

is the number operator of the local electronic combina-
tion eiΦ

σ
y,J . The integrality of (86) comes from the fact

that Nσ
y,J is a physical observable and can only take in-

tegral eigenvalues in the electronic many-body Hilbert
space. Locality therefore only allows vertex excitations

eib
J
σΦσy,J , where KJJ ′b

J are integers.
Integral combinations Φα = αJσΦσy,J of the local

bosonized variables span the root lattice

ΛσU(1)3×SU(3)1
= spanZ

{
Φσy,ρ,Φ

σ
y,n1,Φ

σ
y,n2

}
(88)

of the affine Kac-Moody algebra U(1)3×SU(3)1. We de-
fine the dual bosonized variables (in the Chevalley basis),
which are fractional combinations of the local ones

φσ,Jy = (K−1)JJ
′
Φσy,J , (89)

where J = (0, 1, 2) = (ρ, n1, n2). Integral combinations
aσJφ

σ,J
y of these dual variables span a dual lattice, known

as the weight lattice

ΛσU(1)3×SU(3)1
∗ = spanZ

{
φσ,0y , φσ,1y , φσ,2y

}
= K−1ΛσU(1)3×SU(3)1

(90)

whose elements correspond to vertex excitations eia
σ
Jφ

σ,J
y

allowed by electron locality. The dual variables obey
the equal-time commutation relation (15). They can be

transformed into the Cartan-Weyl basis φ̃σy,a = AJaφ
σ,J
y

by (11) that gives the Dirac fermionic partons πσ,ay ∼
eiφ̃

σ
y,a .

ba
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FIG. 5. Emergence of Dirac partons from five electronic wires.
The basis transformation is defined in (78) and (79). The
intra-bundle interaction is defined in (84).

The basis transformation (78), (79) and the intra-
bundle gapping interaction (84) now turn each bundle
of five electronic wires into a counter-propagating pair
of Dirac parton triplets U(3)1/Z3 = U(1)3 × SU(3)1.
This process is summarized in figure 5. As promised
in section II A, it is now evident that the charge e
fermion Ψel = ei3φ

σ
ρ = eiΦ

σ
ρ as well as the six neutral

bosonic SU(3) roots Eab = ei(φ̃
σ
a−φ̃σb ) = e±iΦ

σ
n1 , e±iΦ

σ
n2

or e±i(Φ
σ
n1+Φσn2) are all integral combinations of local elec-

trons. We notice in passing that this is not the simplest
way in realizing the Dirac partons. For instance, similar
procedure can be applied to a bundle of four electronic
wires instead of five. The current method is presented so
that the neutral SU(3)1 sector carries zero x-momentum
(see eq.(83)). This will become useful in the next subsec-
tion in the discussion of the parton Pfaffian FQH state.
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FIG. 6. Coupled wire models and gapless edge modes of (a)
the parton state L1 = U(1)3 × SU(3)1 with c = 3/2, (b) the
Laughlin state L0 = U(1)3 with c = 1, and (c) the L2 =

U(1)3 × (SU(3)1)2 state with c = 5. Hρ and H(q)
n are defined

(91) and (92) respectively.

We now describe the coupled wire construction of the
Lq series of FQH state with filling ν = 1/3. We introduce
the interwire gapping interactions

Hρ = uρ
∑
y

cos
(
ΦRy,ρ − ΦLy+1,ρ

)
, (91)

H(q)
n = un

∑
y

∑
j=1,2

cos
(
ΦRy,nj − ΦLy+q,nj

)
(92)

+ cos
(
ΦRy,n1 + ΦRy,n2 − ΦLy+q,n1 − ΦLy+q,n2

) ]
,

where q is a fixed integer. The coupled wire model Hamil-
tonian density contains all three interactions from (84),
(91) and (92)

H(q) = Hρ +H(q)
n +

∑
y

Hintra
y . (93)

All the sine-Gordon potential preserves charge U(1)EM

and x-momentum conservation. This can be verified us-
ing the charge assignment (82) and momenta (83). The
interactions introduce a finite excitation energy gap in
the bulk but leaves behind gapless edge modes. See fig-
ure 6 for illustration when q = 0, 1, 2. In low energy,
the gapless edge modes are described by the Kac-Moody
CFT

Lq = U(1)3 × [SU(3)1]
q

(94)

and carry the chiral central charge c = 1 + 2q. We take
the notation so that the neutral sector (SU(3)1)

q
is right-

moving if q > 0 and (SU(3)1)
q

=
(
SU(3)1

)−q
is left-

moving if q < 0. For example, q = 0 corresponds to the

Laughlin ν = 1/3 FQH state where the topological state
has no non-trivial neutral sectors and all partons are con-
fined. We focus on the case when q = 1 that corresponds
to the parton FQH state U(3)1/Z3 = U(1)3 × SU(3)1 at
filling ν = 1/3 and central charge c = 3. This has the
identical topological order to a slab of fractional topolog-
ical insulator with time reversal breaking and conjugate
top and bottom surfaces [38] (see figure 1).

We notice that the first line in (92) of H(q)
n alone can

already introduce an energy gap for the neutral SU(3)1

sectors in the bulk. The last term is included so that the
interaction takes the form of SU(3)1 Kac-Moody current
backscattering

H(q)
n =

un
2

∑
y

∑
α

Eα
y,RE

−α
y+q,L, (95)

where α = ±(1, 0),±(0, 1),±(1, 1) label the six roots of
SU(3)1

Eα
y,σ = eiα

jΦσy,nj , (96)

which are identical to the six current operators Eab in
the parton basis in (16) of section II A (or (A8) in ap-
pendix A 1). In this case, the SU(3) symmetric interac-
tion (95) introduces a finite excitation energy gap if un is
negative, so that the additional sine-Gordon term on the
second line of (92) does not compete with the two terms
on the first line.

Lastly, we observe that the SU(3)1 current operators
have zero x-momentum. This allows the backscattering
interaction (95) of an arbitrary hopping range q to pre-
serve momentum conservation. The coupled wire model
does not provide a preference towards a particular Lq
phase. While the charge sector is frozen by Hρ, SU(3)

current backscattering Hamiltonians H(q)
n with different

ranges compete. A generalized coupled wire model that

simultaneously includes multiple H(q)
n ’s could potentially

describe a SU(3) spin liquid with a complex phase dia-
gram connected by a web of topological phase transitions.

B. Filling one-sixth

The model for filling one-sixth consists of half as many
wires as in the one-third case. This is shown in figure 7
where half the bundles from figure 4 are taken out. The
bundles now has a staggered and dimerized configuration
where translation symmetry is broken and two bundles,
labeled by A = 0, 1, now form a super-unit cell. The
electron (annihilation) operators are

cσyAa(x) ∼ exp
[
i
(

Φ̃σyAa(x) + kσyAax
)]
, (97)

where y is an integer that labels the vertical position of
the 2-bundle super-unit cell, a = 0, . . . , 4 labels the five
electronic wires in each bundle, and σ = R,L = +,−
corresponds to the two counter-propagating electronic
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FIG. 7. Bundle arrangement and basis transformation for the
ν = 1/6 Pf∗ FQH state. The momentum displacement be-
tween channels (directed lines) and bundles (green cylinders)
are shown in nkf , where 2kf is the displacement between R
and L-movers on same wire at Fermi level. Dashed boxes
represent products of electronic operators. • and ◦ represents
electron creation and annihilation operators respectively.

channels in each wire. The bosonized variables obey the
equal-time commutation relation (ETCR)[
∂xΦ̃

σ
yAa(x), Φ̃σ

′

y′A′a′(x
′)
]

= 2πiσδσσ
′
δyy′δAA′δaa′δ(x− x′).

(98)

The model is under a perpendicular magnetic field so
that the x-momenta of the electronic channels cσyAa are

kσyA0 = (120y + 30A+ σ)kf

kσyAa = (120y + 30A+ 4a+ 4 + σ)kf

kσyA4 = (120y + 30A+ 24 + σ)kf

, for a = 1, 2, 3.

(99)

Similar to the ν = 1/3 case, we first perform the ba-
sis transformation (78) and (79) for each bundle (y,A).
Then, we introduce the charge U(1)EM and momentum
conserving intra-bundle gapping potential Hintra

y,A defined

in (84) to turn each bundle into the Dirac parton triplet
U(3)1/Z3 = U(1)3 × SU(3)1. (Also see figure 5.) We
here repeat the transformed bosonized variables that are
unaffected by Hintra

y,A .

ΦRyAρ = 2Φ̃RyA4 − Φ̃LyA4

ΦLyAρ = 2Φ̃LyA0 − Φ̃RyA0

, (100)

ΦRyA,n1 = 2Φ̃RyA1 − Φ̃LyA1 − Φ̃LyA2

ΦRyA,n2 = 2Φ̃RyA2 − Φ̃LyA2 − Φ̃Ly3

ΦLyA,n1 = 2Φ̃LyA2 − Φ̃RyA2 − Φ̃RyA1

ΦLyA,n2 = 2Φ̃LyA3 − Φ̃RyA3 − Φ̃RyA2

. (101)

The bosonzied variabes obey the ETCR[
∂xΦ

σ
yAJ(x),Φσ

′

y′A′J′(x
′)
]

= 2πiσδσσ
′
δyy′δAA′KJJ ′δ(x− x′), (102)

where the K-matrix is

K =

3

2 −1

−1 2

 (103)

and is ordered according to J = ρ, n1, n2 = 0, 1, 2. The
first bosonzied variable shifts by ΦσyAρ → ΦσyAρ + Λ un-

der the external U(1)EM transformation of an electron
operator c → ceiΛ. The other two bosonized variables
ΦσyA,n1,Φ

σ
yA,n2 corresponds to neutral sectors and are in-

variant under U(1)EM . The vertices eiΦ
σ
yAJ (x)+ikσyAJx are

integral combinations of electronic operators, which are
diagramatically represented as the yellow boxes in fig-
ure 7. They carry the x-momenta

kσyAρ = 3(4 + 40y + 10A+ 5σ)kf ,

kσyA,n1 = kσyA,n2 = 0.
(104)
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FIG. 8. Emergence of parton Pfaffian from ten electronic
wires. Each of the pair of basis transformations in the yellow
boxes is defined in (78) and (79). The second basis trans-
formation in the blue box is the product of (106) and (110).
Hintra, Hdimer

SU(3), Hdim
DF and Hdim

MF are defined in (84), (105),
(116) and (117) respectively.

At this point, there are two counter-propagating pairs
of Dirac parton triplets in each unit cell y in low-energy.
We introduce the intra-cell SU(3) current backscattering

Hdimer
y,SU(3) =

uIII
2

∑
α

Eα
y,A=0,RE

−α
y,A=1,L (105)

= uIII

∑
j=1,2

cos
(
ΦRy,A=0,nj − ΦLy,A=1,nj

)
+ cos

(
ΦRy,A=0,n1 + ΦRy,A=0,n2 − ΦLy,A=1,n1 − ΦLy,A=1,n2

) ]
,

where uIII < 0. It mirrors the neutral inter-bundle gap-
ping potential (92) and (95) at q = 1 for the ν = 1/3
case, except now it acts only within the dimerized super-
unit cell. This leaves two counter-propagating pairs of
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charged modes ΦσyAρ and the two counter-propagating

pairs of neutral modes ΦRy,nj = ΦRy,A=1,nj and ΦLy,nj =

ΦLy,A=0,nj , for j = 1, 2, unaffected.
Next, we perform a fractional basis transformation to

the charged modes
ΦRyρ

ΦRy,n0

ΦLyρ
ΦLy,n0

 =


3/2 1 −1/2 −1

−1/2 1 −1/2 0

−1/2 −1 3/2 1

−1/2 0 −1/2 1




ΦRy,A=0,ρ

ΦRy,A=1,ρ

ΦLy,A=0,ρ

ΦLy,A=1,ρ

 .

(106)

The ρ (n) sectors are electrically charged (resp. neutral).
They obey the ETCR[
∂xΦ

σ
yρ(x),Φ

σ′

y′ρ(x
′)
]

= 2πiσδσσ
′
δyy′Kρδ(x− x′)[

∂xΦ
σ
y,nJ(x),Φσ

′

y′,nJ′(x
′)
]

= 2πiσδσσ
′
δyy′KJJ ′δ(x− x′)[

∂xΦ
σ
yρ(x),Φ

σ′

y′,nJ(x′)
]

= 0, (107)

where K is the same as that in (103) and

Kρ = 6. (108)

They carry the x-momenta

kσyρ = 3 (9 + 40y + 20σ) kf , kσy,nJ = 0. (109)

It should be noticed that Φσyρ and Φσy,n0 are half-integral
combinations of electronic bosonized variables – pre-
viously referred to as “almost local” variables in sec-
tion II B – and therefore they do not associate to lo-
cal electronic vertex operators. On the other hand,
their sums and differences ΦRyρ ± ΦLyρ, ΦRy,n0 ± ΦLy,n0 and

Φσyρ ± Φσ
′

y,n0 correspond to integral electronic combina-
tions.

It will be convenient later to perform a second unimod-
ular basis transformation within the neutral sectors

ΦRy,d0

ΦRy,d1

ΦRy,d2

ΦLy,d0

ΦLy,d1

ΦLy,d2


=



1 0 0 0 1 0

0 1 −1 1 0 0

0 2 1 1 0 0

0 1 0 1 0 0

1 0 0 0 1 −1

1 0 0 0 2 1





ΦRy,n0

ΦRy,n1

ΦRy,n2

ΦLy,n0

ΦLy,n1

ΦLy,n2


. (110)

This changes the ETCR to[
∂xΦ

σ
y,dJ(x),Φσ

′

y′,dJ′(x
′)
]

= 2πiσδσσ
′
δyy′(Kd)JJ ′δ(x− x′) (111)

where the Kd-matrix is now diagonal

Kd =

1

3

3

 . (112)

The complete ETCR between the bosonized variables
Φσyρ,Φ

σ
y,dJ can be found in (A40) in appendix A 2 b.

We introduce the neutral Dirac fermions

dσy,J = eiΦ
σ
y,dJ

∏
y′<y

(−1)N
d
y′ . (113)

The operator Nd
y′ is a combination of local electronic

number operators and is defined explicitly in (A45) in
appendix A 2 b. It is chosen in a way to ensure mutual
commutativity between the sine-Gordon angle variables
in the upcoming interactions (116), (118), (119),(120)
as well as (132) and (133). The fermion parity op-

erator (−1)N
d
y anticommutes with the vertex operators

eiΦ
σ
y,dJ in the same unit-cell y. Similar to the Jordan-

Wigner [61, 62] fermionization of the Ising model, the
string of fermion parity operators in (113) ensures the
mutual anticommutation relations between the neutral
Dirac fermions in (113){

dσy,J(x), dσ
′

y′,J′(x
′)
}

=
{
dσy,J(x), dσ

′

y′,J′(x
′)†
}

= 0 (114)

for (y, J, x) 6= (y′, J ′, x′).
From (112), we see that dσy,0 is a spin h = ±1/2 fermion

and dσy,1, d
σ
y,2 have spin h = ±3/2. The former can be

decomposed into a pair of Majorana fermions

dσy,0 =
1√
2

(
γσy + iδσy

)
,

γσy =
√

2 cos Φσy,d0

∏
y′<y

(−1)N
d
y′ ,

δσy =
√

2 sin Φσy,d0

∏
y′<y

(−1)N
d
y′ .

(115)

We introduce the Dirac fermion backscattering dimeriza-
tion

Hdimer
y,DF = −iuIV

2
dRy,2

†
dLy,2 + h.c. (116)

= uIV cos
(
ΦRy,d2 − ΦLy,d2

)
,

and the Majorana fermion backscattering dimerization

Hdimer
y,MF = −iuV δRy δLy (117)

= uV
[
cos
(
ΦRy,d0 − ΦLy,d0

)
+ cos

(
ΦRy,d0 + ΦLy,d0

)]
.

(The factors of i appearing in (116) and (117) are
consequences of the Baker-Campbell-Hausdorff formula
eAeB = eA+B+[A,B]/2 and the constant terms in the com-
plete ETCR (A40) presented in appendix A 2 b.) These
fermion bilinear potentials can be expressed as integral
products of the original electron operators cσyAa. These
intra-unit cell interactions leave behind the following de-
grees of freedom unaffected: (a) the electrically charged

spin h = ±3 bosons eiΦ
σ
y,ρ that generate a U(1)6 sector for

each propagating direction σ = R,L, (b) the electrically
neutral spin h = ±3/2 Dirac fermions dσy,d1 that generate

the counter-propagating pair of U(1)3 sectors, and (c) the
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electrically neutral spin h = ±1/2 counter-propagating
pair of Majorana fermions γσy . These combine into the
non-chiral parton Pfaffian CFT. (See figure 8 for a sum-

mary.)
The remaining interactions in the model couple degrees

of freedom between unit cells. They are

Hργ = −uργ
∑
y

cos
(
ΦRyρ − ΦLy+1,ρ − πNd

y

)
iγLy γ

R
y+1 (118)

=
uργ
2

∑
y

∑
s1,s2=±

s1s2 cos
(
ΦRyρ − ΦLy+1,ρ + s1ΦLy,d0 + s2ΦRy+1,d0

)
,

Hdρ = −udρ
∑
y

(
idRy,1

†
dLy+1,1 + h.c.

)
cos
(
ΦRyρ − ΦLy+1,ρ − πNd

y

)
(119)

= −udρ
∑
y

∑
s=±

cos
(
ΦRyρ − ΦLy+1,ρ + sΦRy,d1 − sΦLy+1,d1

)
,

Hγd = −uγd
∑
y

(
idRy,1

†
dLy+1,1 + h.c.

)
iγLy γ

R
y+1 (120)

= uγd
∑
y

∑
s1,s2=±

s1s2 cos
(
ΦRy,d1 − ΦLy+1,d1 + s1ΦLy,d0 + s2ΦRy+1,d0

)
.

The interwire potentials preserves the external U(1)EM

as well as x-momentum. The factors of i and signs
s1, s2 in the interactions (118), (119) and (120) are
consequences of the Baker-Campbell-Hausdorff formula
eAeB = eA+B+[A,B]/2 and the constant terms in the com-
plete ETCRs (A40) and (A46) in appendix A 2 b. Any
two out of the three sets of interactions are enough to in-
troduce a finite excitation energy gap in the bulk. When
all three terms are present, they are not competing when
the product uργudρuγd is positive. They collectively pin
the ground state expectation values of the order param-
eters

e
i
〈

Θρ
y+1/2

(x)
〉

= ei〈ΦRy,ρ(x)−ΦLy+1,ρ(x)−πNdy 〉,
i
〈
dRy,1(x)†dLy+1,1(x)

〉
, i

〈
γLy (x)γRy+1(x)

〉 (121)

to be either all positive or all negative. Figure 9 summa-
rizes the three sets of interactions.

To summarize, the coupled wire model involves the
following gapping potentials

H = Hργ +Hdρ +Hγd
+
∑
y

Hdimer
y,MF +Hdimer

y,DF +Hdimer
y,SU(3)

+
∑
y

∑
A=0,1

Hintra
y,A . (122)

The first line consists of the inter-bundle terms (118),
(119) and (120), which are also shown in figure 9. The
second line contains the terms (105), (116) and (117)
that act within a super-unit cell. The last line includes
intra-bundle terms that were defined previously in (84).
The intra-cell and intra-bundle terms are summarized in
figure 8.

FIG. 9. Coupled wire model and its gapless edge modes of the
ν = 1/6 parton Pfaffian state. Hργ , Hdρ and Hγd are defined
in (118), (119) and (120).

It is important to notice that these interactions are
consistent with electron locality. Paradoxically, the po-
tentials involve backscatterings of fractional fields. For
example, Hdimer

y,MF , Hdimer
y,DF and Hγd backscatter Majorana

and neutral Dirac fermions. Hργ and Hdρ couples the
fractional charge e boson eiΦρ between wires. However,
these potentials are specifically designed so that under
a basis transformation of the bosonized variables, each
of them can be expressed as integral combinations of
local electrons. (See (A49), (A50) and (A50) in ap-
pendix A 2 b.) In particular, each of the inter-bundle
terms Hγd, Hργ and Hdρ simultaneously backscatters
two of the three fractional fields eiΦρ , d1 ∼ eiΦd1 and
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γ ∼ cos Φd0. The bosonized variables Φρ, ΦdJ are half-
integral in the sense that any sum or difference between
any pair is an integral combination of local electron vari-
ables. As a result, the inter-bundle potentials are lo-
cal. On the other hand, potentials that backscatter a
single fractional species cannot be constructed from in-
tegral combinations of electrons, and are not allowed by
electron locality.

The gapping potential (122) leave behind the gapless
edge mode

Pf∗ = U(1)6 × U(1)3 ×Majorana fermion. (123)

Along the top edge in figure 9, the three sectors are gen-
erated by

2φRρ = ΦRρ /6, 2φRd = ΦRd1/3, ψL = γL (124)

and are described by the Lagrangian densities (25) and
(27). The CFT supports the charge (a/12)e Abelian pri-
mary fields

11a,b = eiaφ
R
ρ eibφ

R
d

Ψa,b = eiaφ
R
ρ eibφ

R
d γL

(125)

for even integers a, b (c.f. the notation from (33)). In the
bulk, these operators 11a,b(x0, y),Ψa,b(x0, y) create (or an-
nihilate) gapped excitations in the form of vortices/kinks
of the order parameters in (121) at x0. As a consequence
of the pair backscattering structures of the inter-bundle
interactions Hγd, Hργ and Hdρ, they allow deconfined
half-excitations that correspond to half-vortices/π-kinks
of all three sectors. They associate to the charge (a/12)e
non-Abelian bosonic products

Σa,b = eiaφ
R
ρ eibφ

R
d1σL0 (126)

for odd integers a, b, where σL0 is the Ising twist field of
the Majorana fermion γL. Each Σa,b has π monodromy

with all three generators eiΦ
R
ρ , dR1 ∼ eiΦ

R
d1 and γL of

U(1)6, U(1)3 and Ising. The parton Pfaffian state there-
fore has the extended product structure

Pf∗ = U(1)24 ⊗el U(1)12 ⊗el Ising (127)

described in section II B. Eq.(125) and (126) accounts for
all primary fields. All other vortices – such as 11a,b,Ψa,b,
for a 6≡ b modulo 2, and Σa,b, for a ≡ b modulo 2 – are
non-local with respect to the electron and are confined.
For example, the pair 111,0(x0, y), 11−1,0(x1, y) creates a
π-kink dipole for Θρ

y+1/2 alone, and associates to a lin-

early diverging excitation energy 2(uργ + udρ)|x0 − x1|.
The confinement of these vortices is remembered by the
“electronic tensor product” ⊗el.

1. Variations

The coupled wire model (122) described the “particle-
hole” symmetric parton Pfaffian state. By rearranging

the inter-bundle terms Hργ , Hdρ and Hγd, one can con-
struct a sequence of paired parton states at the same
filling fraction ν = 1/6 but with different edge modes
and topological order. In section III A, the coupled wire
models (93) (see also figure 6) at filling ν = 1/3 generate
a series of Abelian parton states Lq = U(1)3× [SU(3)1]q

by allowing qth nearest neighbor bundle backscatterings.
A similar construction can be applied for the paired par-
ton sequence

Pp,q = U(1)24 ⊗el U(1)q12 ⊗el Isingp, (128)

where p, q are integers. Negative powers associate to
counter propagating sectors. For example, U(1)−q6 =

U(1)q6 and Ising−p = Isingp. For instance, the partic-
ular parton Pfaffian state described previously in (127)
is Pf∗ = Pp=1,q=−1. The chiral central charge of (128)
depends on its neutral sectors, and is given by

cp,q = 1 + q + p/2. (129)

The case when both powers p, q are trivial is special. It
corresponds to an Abelian state with strong electronic
quasiparticle pairing. It has a strongly-paired topological
order and edge CFT

SP∗ = Pp=0,q=0 = U(1)24. (130)

There is no gapless charge e electronic quasiparticles on
the boundary. Instead the smallest local electronic pri-
mary field is a charge 2e Cooper pair.

FIG. 10. Coupled wire model and its gapless edge modes of

the ν = 1/6 parton Pfaffian state P2,−1 in (128). H(2)
ργ and

H−1
dρ are defined in (132) and (133).

We first consider the variations when the powers p and
q are not both trivial. The general coupled wire model is

H(p,q) = H(p)
ργ +H(q)

dρ

+
∑
y

Hdimer
y,MF +Hdimer

y,DF +Hdimer
y,SU(3)

+
∑
y

∑
A=0,1

Hintra
y,A . (131)
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The intra-cell and intra-bundle terms in the second and
third line are identical to that of (122), and were defined
in (84), (105), (116) and (117) (see also figure 8). The

first two terms H(p)
ργ and H(q)

dρ involve pth and qth nearest

neighbor backscattering. We ignore terms like Hγd in
(120) that couple only neutral modes because they are
redundant for the bulk energy gap.

The generalized inter-bundle terms are defined by

H(p)
ργ =



−uργ
∑
y

iγRy γ
L
y+p

p−1∏
j=0

cos
(
ΦRy+j,ρ − ΦLy+j+1,ρ − πNd

y+j

)
, for p > 0

−uργ
∑
y

iγRy γ
L
y+p

−p−1∏
j=0

cos
(
ΦRy−j−1,ρ − ΦLy−j,ρ − πNd

y−j−1

)
, for p < 0

−uργ
∑
y

iγRy γ
L
y , for p = 0

, (132)

H(q)
dρ =



−udρ
∑
y

(
idRy,1

†
dLy+q,1 + h.c.

) q−1∏
j=0

cos
(
ΦRy+j,ρ − ΦLy+j+1,ρ − πNd

y+j

)
, for q > 0

−udρ
∑
y

(
idRy,1

†
dLy+q,1 + h.c.

)−q−1∏
j=0

cos
(
ΦRy−j−1,ρ − ΦLy−j,ρ − πNd

y−j−1

)
, for q < 0

−udρ
∑
y

(
idRy,1

†
dLy,1 + h.c.

)
, for q = 0

. (133)

These interactions conserve charge U(1)EM and x-
momentum. They can be re-expressed as integral combi-
nations of electron operators (see (A49), (A50) and (A50)
in appendix A 2 b), and are therefore consistent with elec-
tron locality. They introduce a finite excitation energy
in the bulk and leave behind the edge CFT (128) in low-
energy. An example for p = 2 and q = −1 is illustrated
in figure 10.

Special care is needed for the trivial case when p = q =

0. This is because H(0)
ργ and H(0)

dρ in (132) and (133) only
backscatter the Majorana and Dirac fermions γ and d1

within a super-cell. They do not involve the charge boson
eiΦρ , which still remains massless in the bulk. The charge
sector can be turned massive by the boson backscattering

H(0,0)
ρ = −uρ

∑
y

cos
(
2ΦRyρ − 2ΦLy+1,ρ

)
, (134)

where the factor of 2 ensures that H(0,0)
ρ is an integral

combination of electron operators. By including (134) in

the coupled wire model (131) for p = q = 0,H(0,0)
ρ +H(0,0)

removes all low-energy degrees of freedom in the bulk and
leave behind the strongly-paired edge CFT (130).

C. The parton T-Pfaffian surface state of a
fractional topological insulator

In previous works [38, 39], we proposed the symmetry-
preserving T − Pf∗ surface topological order of a frac-
tional topological insulator (FTI) [10–17]. The FTI con-

sists of deconfined partons coupled to a discrete Z3 gauge
theory. Each of the three parton species occupies a time-
reversal (TR) symmetric fermionic topological band and
hosts a parton Dirac surface state. The surface can be
turned massive without breaking TR symmetry or charge
U(1) conservation, and similar to the T-Pfaffian surface
state [33], the parton version T −Pf∗ admits a fractional
anyonic excitation structure and hosts an Ising-like topo-
logical order. The surface quasiparticle structure was in-
troduced in ref. 38 and 39 and was reviewed in (39) in
section II B. In this section, we propose a coupled wire
description to this surface topological order. The con-
struction parallels the coupled wire description by Mross,
Essin and Alicea [63] of the T-Pfaffian surface state of a
conventional topological insulator.

The massless parton Dirac fermions on the surface of
the FTI can be mimicked by a 2D array of chiral parton
Dirac channels, labeled by their vertical position y, with
alternating propagating directions σ = R,L = +,− =
(−1)y. These channels are represented by the red wires
in figure 11. Each channel carries a parton Dirac CFT
U(3)1/Z3 = U(1)3 × SU(3)1 described in section II A.
It consists of three parton Dirac fermions that propa-
gate in a single-direction. The emergence of these par-
ton channels can be facilitated by an antiferromagnetic
stripe order on the FTI surface. It introduces a time-
reversal symmetry-breaking parton energy gap on each
stripe, where the Dirac mass m(y) = m0sgn[sin(πy)] flips
sign across adjacent stripes. This removes the 2D par-
ton Dirac surface fermions and leaves behind a chiral
Dirac channel U(3)1/Z3 along each 1D interface. The un-
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y+1

y−1

y

y−2

U

U

Dirac partons = U(3)1/Z3

Parton Pfaffian
= U(1)24 ⊗el U(1)12 ⊗el Ising

FIG. 11. Coupled wire model of the T −Pf∗ surface state of a
fractional topological insulator. The energy gap is introduced
by the many-body electron backscattering U defined in (142).

balanced chirality is allowed by TR symmetry-breaking.
On the other hand, the 2D array collectively recovers
an antiferromagnetic time-reversal (AFTR) symmetry,
which combines the local TR conjugation with the half-
translation y → y + 1.

The chiral parton Dirac fermion at wire y can be

bosonized into πay(x) ∼ eiφ̃y,a(x), for a = 1, 2, 3. The

bosonized variables φ̃ay fields satisfy the equal-time com-
mutation relation (ETCR)

[
∂xφ̃y,a(x), φ̃y′,a′(x

′)
]

= 2πi(−1)yδy,y′δa,a′δ(x− x′).

(135)

The symmetry-preserving many-body gapping interac-
tion relies on the bipartition of each parton Dirac channel
into a pair of parton Pfaffians, U(3)1/Z3 = Pf∗ � Pf∗.
The splitting allows the parton Pfaffian channels to be
backscattered independently in opposite directions (see
figure 11). This splitting basis transformation was intro-
duced in section II C (see figure 3 for a summary). It
requires a channel reconstruction that extends the par-
ton Dirac CFT by two counter-propagating pairs of elec-

tron modes, cσy,b(x) ∼ eiΦ̃
σ
y,b(x), for σ = R,L = +,− and

b = 0, 1. The electronic bosonized variables obey the
ETCR[

∂xΦ̃
σ
y,b(x), Φ̃

σ′

y′,b′(x
′)
]

= 2πiσδy,y′δb,b′δ
σ,σ′δ(x′ − x).

(136)

The AFTR symmetry, represented by the anti-unitary
operator T , sends the partons and the auxiliary electrons

from the yth wire to the (y + 1)th one

T φ̃y,aT −1 = −φ̃y+1,a +
(−1)y

2
π,

T Φ̃σy,bT −1 = −Φ̃σy+1,b +
(−1)y

2
π.

(137)

The AFTR operator squares to

T 2 = (−1)F translationy→y+2, (138)

where (−1)F is the total fermion parity operator. The ad-
ditional phases to the AFTR transformation are included
so that T 2φ̃y,aT −2 = (−1)F φ̃y+2,a(−1)F = φ̃y+2,a +
(−1)yπ and similarly for the electronic bosonized vari-

ables Φ̃σy,b.

The basis transformations (58), (61), (64) and (66) to-
gether with the backscattering (60) split the chiral par-
ton Dirac CFT U(3)1/Z3 along each interface into a pair

of parton Pfaffians Pf∗A/B = U(1)
A/B
24 ⊗el U(1)

A/B
12 ⊗el

Ising
A/B

. The bosonized variables φ
A/B
ρ , φ

A/B
d and φ0 in

U(1)
A/B
24 , U(1)

A/B
12 and SO(2)1 = Ising

A× Ising
B

are de-
scribed by the Lagrangian densities (up to non-universal
velocity terms)

Ltot =
∑
y

 ∑
C=A,B

LCy,ρ + LCy,d

+ Ly,0

 , (139)

LCy,ρ =
1

2π
(−1)y24∂tφ

C
y,ρ∂xφ

C
y,ρ,

LCy,d =
1

2π
(−1)y12∂tφ

C
y,d∂xφ

C
y,d,

Ly,0 =
1

2π
(−1)y+14∂tφy,0∂xφy,0.

The neutral Dirac fermion eiφy,0 ∼ cos(2φy,0) +
i sin(2φy,0) can be split into Majorana components

ψAy =
√

2 cos(2φy,0)
∏
y′<y

(−1)Ny′ ,

ψBy =
√

2 sin(2φy,0)
∏
y′<y

(−1)Ny′ ,
(140)

where the Jordon-Wigner string is a product of some elec-
tronic number operatorsNy similar to that in (115) and it
ensures the mutual anti-commutation relations between
Majorana fermions in different wires. The bosonized vari-
ables and Majorana fermions transform according to the
antiferromagnetic time-reversal symmetry (137)

T φA/By,ρ T −1 = −φA/By+1,ρ +
(−1)y

8
π,

T φA/By,d T −1 = −φA/By+1,d, T φy,0T −1 = −φy+1,0,

T ψAy T −1 = ψAy+1, T ψBy T −1 = −ψBy+1. (141)

There are three primitive electronic quasiparticles
1112,±6 = ei12φρe±i6φd , Ψ12,0 = ei12φρψ in each par-
ton Pfaffian channel. They all carries electric charge e
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and were defined in (32) in section II B and (69) in sec-
tion II C. The inter-wire gapping interactions in figure 11
consists of the backscatterings of these electronic quasi-
particles.

U =
∑
y

Uy+1/2 =
∑
y

(
U1
y+1/2 + U2

y+1/2 + U3
y+1/2

)
(142)

where the interactions between each pair of wires are

U1
y+1/2 = −u1(−1)y11A12,6,y+1

†
11B12,6,y + h.c.

= −ũ1(−1)y cos
(

Θρ
y+1/2 + Θd

y+1/2

)
,

U2
y+1/2 = −u2(−1)y11A12,−6,y+1

†
11B12,−6,y + h.c.

= −ũ2(−1)y cos
(

Θρ
y+1/2 −Θd

y+1/2

)
,

U3
y+1/2 = −u3(−1)yiΨA

12,0,y+1

†
ΨB

12,0,y + h.c.

= −ũ3(−1)y cos(Θρ
y+1/2)iψAy+1ψ

B
y . (143)

The sine-Gordon angle variables are Θρ
y+1/2 = 12φy,ρ −

12φy+1,ρ + πNy and Θd
y+1/2 = 6φy,d − 6φy+1,d +

πNy. They transform according to the AFTR symmetry
T Θρ

y+1/2T −1 = −Θρ
y+3/2 +3π(−1)y and T Θd

y+1/2T −1 =

−Θd
y+3/2. Together with the AFTR transformation (141)

that sends iψAy+1ψ
B
y → iψAy+2ψ

B
y+1, this shows the collec-

tion of inter-wire backscatterings (142) preserves the an-
tiferromagnetic time-reversal symmetry. Moreover, they
all preserve charge U(1) conservation because each term
simply brings a charge e electronic quasiparticle from one
wire to the next.

The coupled wire model (142) resembles the one that
defines the paired parton Pfaffian state in (118), (119)
and (120). The model is exactly solvable and the three
gapping interactions are non-competing when ũ1ũ2 > 0
and ũ3 6= 0 so that they pin the ground state expecta-
tion values 〈iψAy+1ψ

B
y 〉 = (−1)mψ and 〈Θρ

y+1/2〉 = mρπ,

〈Θρ
y+1/2〉 = mdπ, where (−1)mψ+mρ = sgn(ũ3) and

(−1)mρ+md = sgn(ũ1). Therefore they freeze all low-
energy degrees of freedom on the surface and introduce
a finite excitation energy gap in strong coupling.

The array of parton Dirac channels U(1)3×SU(3)1 can
also model a gapped FTI surface that violates the AFTR
symmetry. The “ferrimagnetic” interaction is given by

Uf =− uf
∑
y

[
cos
(
3φ0

2y−1,π − 3φ0
2y,π

)
+
∑
a 6=b

Eab2y−1E
ab
2y

]
−me

∑
y

∑
b=0,1

cRy,b
†
cLy,b + h.c. (144)

where 3φ0
y,π = φ̃y,1 + φ̃y,2 + φ̃y,3 is the electronic

bosonized variable of the charge sector U(1)3 and Eaby =

...

U

...

U f

2y0 − 1

2y0 + 1

2y0

FIG. 12. A parton Pfaffian CFT (highligted blue line) at the
domain wall separating two gapped regions with symmetry-
preserving interaction U and AFTR symmetry breaking in-
teraction Uf .

ei(φ̃y,a−φ̃y,b) are the roots of the neutral SU(3)1 sector
(see section II A). The last line consists of intra-wire
electronic backscatterings that removes the two pairs of
counter-propagating auxiliary electrons from low-energy.
(144) dimerizes the array of parton Dirac channels and
introduces a finite excitation energy gap on the surface.

When the AFTR symmetry-breaking surface is juxta-
posed with the parton T − Pf∗ surface enabled with in-
teraction U in (142), they leave behind a parton Pfaffian
CFT at the domain wall interface (see figure 12). This
verifies one of the propositions in our previous work [38]
that a FTI slab with a symmetry-preserving top sur-
face and a time-reversal breaking bottom surface hosts
a parton Pfaffian CFT along the boundary (see figure 1).
The bulk-boundary correspondence implies the topolog-
ical equivalence between the FTI thin film (treated as a
quasi-2D topological phase) and the particle-hole sym-
metric paired parton FQH state P1,−1 = Pf∗.

IV. PARTICLE-HOLE SYMMETRY FOR
PARTONS

Particle-hole (PH) conjugation [19, 24–28] inverts a
FQH state of electrons to a FQH state of holes in the
lowest Landau level (LLL). The PH conjugate of a FQH
state F is a new FQH state obtained by subtracting F
from the LLL. The “subtraction” is topologically cap-
tured by a product

PHLLL(F) = U(1)1 ⊗ F (145)

between the lowest Landau level U(1)1 and the time-
reversal conjugate F of F. This product describes the
bulk topological order as well as the gapless edge confor-
mal field theory (CFT). For instance, the time-reversal
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conjugate F refers to the same edge CFT as F except with
the opposite propagating direction. The LLL’s electric
and thermal Hall transport, which are specified by the
filling fraction νLLL = 1 and edge chiral central charge
cLLL = cR−cL = 1 in (2), are reduced by the subtraction

ν (PHLLL(F)) = 1− ν(F),

c (PHLLL(F)) = 1− c(F).
(146)

For example, this relates FQH states in the Jain’s se-
quence [64] J+

p with filling ν = p/(2p + 1) and cen-

tral charge c = p to another sequence J−p+1 with filling

ν = (p+ 1)/(2(p+ 1)− 1) and central charge c = 1− p.
The former (latter) has an effective Chern-Simons de-
scription L = 1

2πKIJaI ∧ daJ with the p × p K-matrix
(KJ+

p
)IJ = δIJ + 2 [resp. (p + 1) × (p + 1) K-matrix

(KJ−p+1
)IJ = −δIJ + 2]. The two are related by (145)

which identifies

KJ−p+1
= GT

[
1⊕ (−KJ+

p
)
]
G = GT

(
1

−KJ+
p

)
G,

(147)

where 1 is the K-matrix of the lowest Landau level U(1)1

and G can be chosen to be the GL(p+ 1,Z) transforma-
tion

G =


1 2 2 ... 2
−1
−1

. . .
−1


(p+1)×(p+1)

. (148)

Particle-hole symmetry acts within the half-filled Lan-
dau level. It flips between FQH states that shares the
same filling at ν = 1/2. For example, (145) conjugates
the Read-Moore Pfaffian state [35] Pf1 = U(1)8 ⊗el Ising
to the anti-Pfaffian state [65, 66] PHLLL(Pf) = U(1)1 ⊗
U(1)8 ⊗el Ising, which is equivalent to Pf−3 = U(1)8 ⊗el

Ising
3

up to anyon condensation [59]. The equivalence
can be explicitly demonstrated by the basis transforma-
tion (

2φR

ΦLn

)
=

(
1 −1

−1 2

)(
Φ̃RLLL

2φL

)
, (149)

where eiΦ̃
R
LLL is the edge chiral U(1)1 Dirac electron of

the LLL, ei4φ
R

and ei4φ
L

are the charge e spin 1 bosons

in U(1)8 and U(1)8, and dL ∼ eiΦ
L
n ∼ γL + iδL is

a spin 1/2 neutral Dirac fermion, which can be split
into a pair of Majorana fermions and correspond to a
pair of Ising CFTs. More recently, a particle-hole sym-
metric Pfaffian state Pf−1 = U(1)8 ⊗el Ising was pro-
posed by Son [19] that is invariant under the particle-
hole conjugation (145), and has the identical topolog-
ical structure of anyon excitations as the time-reversal
symmetric T-Pfaffian surface state [33] of a 3D topo-
logical insulator. The equivalence between Pf−1 and

its conjugate PHLLL(Pf−1) = U(1)1 ⊗ U(1)8 ⊗el Ising
can be shown by a basis transformation similar to (149),
which leaves behind a L-moving neutral Dirac fermion
dL ∼ γL+ iδL that reduces to a single Majorana fermion
γL upon removing δL from low-energy by backscatter-
ing to the R-moving Ising sector. Later, Kane, Stern
and Halperin [55] generalized a sequence of Pfaffian FQH
states Pfp = U(1)8 ⊗el Isingp at filling ν = 1/2 with chi-
ral central charge c = 1 + p/2 using the coupled wire
construction. Particle-hole symmetry acts closely as an
involution

PHLLL(Pfp) = Pf−2−p. (150)

In this section, we discuss the topological aspects of
a speculative emergent particle-hole symmetry based on
partons. In this case, the analogue of a filled Lan-
dau level, which defines the base of the conventional
PH symmetry (145), is one of the parton FQH states
Lq0 = U(1)3 × [SU(3)1]q at filling ν = 1/3 described
in section III A. In particular, the Dirac parton triplet
L1 = U(3)1/Z3 consists of filled Landau levels of the
three deconfined partons πa that constitute the electron,
Ψel = π1π2π3. The parton particle-hole conjugate is a
FQH state of parton quasi-hole excitations in Lq0 . The
PH conjugation of a FQH state F can be topologically
captured by its subtraction from Lq0

PHLq0
(F) = Lq0 � F, (151)

where F is the time-reversal of F, and � is some reduced
tensor product that involves the identification of partons
in Lq0 and F through an anyon condensation [59] process
described below. Eq.(151) dictates the relationships of
electric and energy transport between a conjugate pair
(c.f. (146) for the conventional case)

ν
(
PHLq0

(F)
)

= ν(Lq0)− ν(F) =
1

3
− ν(F),

c
(
PHLq0

(F)
)

= c(Lq0)− c(F) = 1 + 2q0 − c(F).
(152)

We speculate that there may be an underlying micro-
scopic description of the parton PH conjugation that
support (151). It would involve an antiunitary PH con-
jugation operator that flips between parton particles and
holes. In the coupled wire mdoel, the operator would
transform the bosonized variables from wires to wires
Cφσy,αC−1 = cσσ

′

y−y′,αα′φ
σ
y′,α′ . A similar construction has

been proposed recently by Fuji and Furusaki [67] that
applies to the conventional PH conjugation.

In this section, we focus on the topological aspects of
parton PH conjugation instead of its microscopic origin.
In particular, we focus on the conjugation among the
paired parton FQH states Pp,q = U(1)24 ⊗el U(1)q12 ⊗el

Isingp at the PH-symmetric filling ν = 1/6 described in
section III B. We will show that the parton PH conjuga-
tion PHLq0

defined in (151) acts as an involution within
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the paired parton sequence

PHLq0
(Pp,q) = Pp′,q′ , (153)

where

{
p′ = −p+ 2(q0 − 1 + (−1)q0)

q′ = −q + q0 − (−1)q0
.

We will demonstrate the PH action on the edge CFT
and infer its effect on topological order through the bulk-
boundary correspondence.

The general structure of the PHLq0
conjugation can be

illustrated by two special cases, q0 = 1 or 0. The first is
based on Dirac parton triplet

L1 = U(3)1/Z3 = U(1)3 × SU(3)1, (154)

which describes the completely filled Landau levels for
the three deconfined partons (see section II A for the edge
CFT content). The second is based on the Laughlin state

L0 = Laughlin = U(1)3, (155)

which is the phase where partons are confined. Both were
constructed as coupled wire models with filling fraction
ν = 1/3 in section III A. The former has central charge
c = 3 and the latter has c = 1 on the boundary. The PH
conjugate of a paired parton state Pp,q is the subtraction
of Pp,q from the parton Landau levels (154) or from the
Laughlin state (155),

PHπ (Pp,q) ≡ L1 �Pp,q = P−2−p,2−q,

PHλ (Pp,q) ≡ L0 �Pp,q = P−p,−1−q,
(156)

where π (λ) stands for parton (resp. Laughlin). The
gapless edge of the FQH state consists of a forward
propagating U(3)1/Z3 (or U(1)3) CFT and a backward
propagating Pp,q. They can be turned into P−2−p,2−q
(resp. P−p,−1−q) via basis transformations and electron
backscatterings. A paired parton state is PH symmetric
if it is topologically equivalent to its conjugate.

We first illustrate the particle-hole action of the parton
Pfaffian state Pf∗ = U(1)24⊗elU(1)12⊗Ising with respect
to the parton Landau levels (154). We saw in section II C
that a pair of parton Pfaffian states can be glued into the
parton Landau levels, U(3)1/Z3 = Pf∗�Pf∗. By formally
subtracting a parton Pfaffian state from both sides of the
equation, we expect the parton Pfaffian state to be PH
symmetric, i.e. PHπ(Pf∗) = Pf∗. Here we demonstrate
the equality explicity.

The edge CFT of the particle-hole conjugate

PHπ(Pf∗) = [U(1)3 × SU(3)1] × Pf∗ is described by the
Lagrangian density (suppressing non-universal velocity

terms)

L = LRU(1)3
+ LRSU(3) + LLρ + LLd + LRIsing, (157)

LRU(1)3
=

1

2π
3∂tφ

R,0
π ∂xφ

R,0
π ,

LRSU(3) =
1

2π
K
SU(3)
ij ∂tφ

R,i
π ∂xφ

R,j
π ,

LLρ = − 1

2π
24∂tφ

L
ρ ∂xφ

L
ρ ,

LLd = − 1

2π
12∂tφ

L
d ∂xφ

L
d ,

LRIsing = iψR(∂t − v∂x)ψR.

The first three bosonized variables φ0
π, φ

1
π, φ

2
π generate

the parton Dirac triplet in the Chevalley basis (c.f. La-

grangian density (13)), where K
SU(3)
ij is the Cartan ma-

trix of SU(3) given by the lower 2× 2 block of (14). The
remaining degrees of freedom associates to the counter-
propagating parton Pfaffian CFT (c.f. Lagrangian densi-
ties (25) and (27)). The external U(1)EM shifts φR,0π →
φR,0π + Λ/3 and φLρ → φLρ + Λ/12 when a charge e elec-

tronic quasiparticle is transformed under c → eiΛc, and
leaves the other neutral fields unchanged.

We first perform a basis transformation among the
charged Laughlin U(1)3 sector φR,0π and the paired

U(1)24 sector φLρ ,

(
φRρ
φLd′

)
=

1

2

(
1 −1

−1 2

)(
φR,0π

2φLρ

)
. (158)

This turns the charged sectors into U(1)24 × U(1)12,

LRU(1)3
+ LLρ = LRρ + LLd′ , (159)

LRρ =
1

2π
24∂tφ

R
ρ ∂xφ

R
ρ ,

LLd′ = − 1

2π
12∂tφ

L
d′∂xφ

L
d′ .

Under the external U(1)EM transformation that changes
c → eiΛc for a charge e electronic quasiparticle, φRρ is

shifted by φRρ → φRρ + Λ/12 while φLd′ is unaltered and
thus is electrically neutral.

Next, we combine the neutral sectors U(1)12 and
SU(3)1 – generated by φLd′ and φR,1π , φR,2π respectively
– together, and perform the basis transformation

2

 φLn
φR,1d

φR,2d

 = B

2φLd′

φR,1π

φR,2π

 (160)

using the unimodular B transformation defined in (50).

This turns the neutral sectors into SO(2)1 × U(1)12 ×
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U(1)12,

LLd′ + LRSU(3) = LLSO(2) + LRd1 + LRd2, (161)

LLSO(2) = − 1

2π
4∂tφ

L
n∂xφ

L
n + velocity terms

= iψL(∂t + v∂x)ψ
L + iγL(∂t + v∂x)γ

L,

LRdj =
1

2π
12∂tφ

R,j
d ∂xφ

R,j
d ,

for j = 1, 2, where we have decomposed the spin-1/2 neu-

tral Dirac fermion ei2φ
L
n in SO(2)1 into Majorana com-

ponents (ψL + iγL)/
√

2.
The basis transformations (158) and (160) can be ap-

plied not only to the parton Pfaffian state Pf∗ but also
to any paired parton state Pp,q. For the PHπ conju-
gate of Pf∗, the total Lagrangian density is now L =
LRρ +

(
LRd1 + LRd2 + LLd

)
+ LRIsing + LSO(2). Here each of

the d sectors carries a spin h = ±3/2 Dirac fermion ei6φd ,

and Ising and SO(2)1 carry Majorana fermions. We con-
sider the gapping potentials

Hd = −ud cos
(

6φR,2d − 6φLd

)
(162)

= −ud cos
(
6φLd + 6φLd′ + 3φR,2π

)
∼ ud

2
dLd

′
L(π1

R)†(π2
R)†(π3

R)2 + h.c.,

Hn = iunγ
LψR (163)

to cancel unprotected counter-propagating modes.

Hd backscatters the pair of Dirac fermions dL ∼ ei6φ
L
d

and d′L ∼ ei6φ
L
d′ to the two SU(3) current operators

E13
R ∼ π1

R(π3
R)† and E23

R ∼ π2
R(π3

R)†, where πaR are the de-
confined partons in the filled parton Landau levels. (The

identification e−i3φ
R,2
π = E13E23 can be shown from the

basis transformation (11).) The SU(3) current opera-
tors can be expressed as integral combinations of elec-
tron operators. On the other hand, the neutral Dirac
fermions dL and d′L are non-local as they both involve
half-electronic operators. However, when combined to-

gether, dLd
′
L ∼ ei(12φLρ+6φLd )e−i3φ

R,0
π is an integral elec-

tronic combination. This is because ei(12φLρ+6φLd ) is just
the charge e electronic quasiparticle 1112,6 in (69), and
is also the electronic combination eiΦρd that is backscat-
tered by Hdρ in (119). Moreover, ei3φ

R,0
π ∼ π1π2π3 = λ3

is simply the charge e electronic quasiparticle in the
Laughlin sector. The Dirac fermion backscattering (162)
can be rewritten as

Hd = −ud cos
{

3
[
(4φLρ + 2φLd ) + (−φR,0π + φR,2π )

]}
= −ud cos

{
3
[
(4φLρ + 2φLd )− φ̃R3

]}
, (164)

where from (11), φ̃R3 = φR,0π −φR,2π is the bosonized vari-

able of the parton π3 = eiφ̃
R
3 in the parton Landau levels

L1. Eq.(164) therefore condenses the electrically neutral
bosonic parton pair

114,2 ⊗ (π3)† ∼ ei(4φLρ+2φLd )e−iφ̃
R
3 (165)

where 114,2 is the charge e/3 fermionic parton in Pf∗.

Hn in (163) backscatters between the Majorana
fermions γL and ψR. Neither of the Majorana’s
is local electronic, but the combination γLψR ∼
ψR sin

(
12φLρ − 3φR,0π + φR,1π + φR,2π

)
is. This is because

ψRei12φLρ is the charge e electronic quasiparticle Ψ12,0

in Pf∗ (see (69)), and is also the electronic combina-
tion backscattered by Hργ in (118). The remaining

ei(−3φR,0π +φR,1π +φR,2π ) can be decomposed into the elec-

tronic quasiparticles e−i3φ
R,0
π ∼ λ3 in the Laughlin sector

and the current operator E13 ∼ π1(π3)† in the neutral
SU(3) sector. Hence, (163) can be rewritten in the form
of the backscattering

Hn ∼ unΨ12,0(λ3)†E13 (166)

between the electronic quasiparticles Ψ12,0 and λ3(E13)†

in the parton Pfaffian Pf∗ and the parton Landau level
L1.

Eq.(162) and (163) leaves behind the low-energy de-
grees of freedom LRρ + LRd1 + LLψ, where LLψ is the La-

grangian density for the remaining Majorana fermion ψL

in LLSO(2) in (161). This matches exactly with the La-

grangian densities (25) and (27) for the parton Pfaffian
state. This completes the proof of the particle-hole sym-
metry

PHπ (Pf∗) ≡ L1 � Pf∗ = Pf∗. (167)

In the process, the gapping potential (162) and (163) re-
move unprotected low-energy degrees of freedom, namely

dLd
′
L, ei3φ

R,2
π , γL and ψR, along the boundary. The re-

duced tensor product notation � reminds the cancella-
tion of unprotected boundary modes. Equivalently, it
signifies the condensation of (165), which identifies the

partons in L1 and Pf∗.

Similar procedure can be carried out for a general
paired parton state Pp,q in (128) and the particle-hole
conjugation with respect to the parton Landau levels
(154) is

PHπ (Pp,q) ≡ U(3)1/Z3 ⊗Pp,q = P−p−2,2−q. (168)

The edge CFT reconstruction and bulk condensation can
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be summarized by

U(1)3 ⊗ SU(3)1 ⊗ U(1)24 ⊗el U(1)q12 ⊗el Isingp

U(1)24 ⊗el U(1)12 ⊗ SU(3)1 ⊗el U(1)q12 ⊗el Ising−p

(158)

?

U(1)24 ⊗el SO(2)1 ⊗el U(1)2
12 ⊗el U(1)q12 ⊗el Ising−p

(160)

?

U(1)24 ⊗el U(1)2−q
12 ⊗el Ising−p−2.

condensation

?

(169)

The PH conjugation is consistent with the chiral central
charge (129) of Pp,q

PHπ(cp,q) ≡ 3− cp,q = c−p−2,2−q (170)

where the parton Landau levels has the net central charge
c = 3.

Particle-hole conjugation can also be defined with re-
spect to the Laughlin ν = 1/3 FQH state, where the
partons are confined and the neutral SU(3)1 sector does
not appear. It relates

PHλ (Pp,q) ≡ U(1)3 ⊗Pp,q = P−p,−1−q. (171)

The procedure can be carried out similar to the previous

case and is summarized below.

U(1)3 ⊗ U(1)24 ⊗el U(1)q12 ⊗el Isingp

U(1)24 ⊗el U(1)12 ⊗el U(1)q12 ⊗el Ising−p

(158)

?

U(1)24 ⊗el U(1)−1−q
12 ⊗el Ising−p.

condensation

?

(172)

Again, the conjugation is consistent with the chiral cen-
tral charge

PHλ(cp,q) ≡ 1− cp,q = c−p,−1−q (173)

where the Laughlin FQH state has central charge c = 1.
From (168) and (171), we see that the parton Pfaf-

fian state Pf∗ = P−1,1 is the only PH symmetric state
with respect to the parton Landau levels, and there is no
paired parton state that is PH symmetric with respect
to the Laughlin state given integer p, q. With the hind-
sight from the T-Pfaffian surface state [33] of a topolog-
ical insulator and its relationship with the PH symmet-
ric Pfaffian FQH state [19], it is perhaps not a surprise
that the parton Pfaffian state Pf∗ = P−1,1 is PH sym-
metric. In previous works [38, 39] (reviewed in (39) in
section II B as well as in section III C), we proposed the
symmetry preserving gapped surface topological order,
T − Pf∗, of a 3D fractional topological insulator, which
host deconfined Dirac parton excitations in the bulk. The
T − Pf∗ anyon content has three times the periodicity
and one-third the charge assignment as the conventional
T-Pfaffian state. It is a subset of the parton Pfaffian
Pf∗ topological order, which can be supported by a thin
slab of fractional topological insulator with a T − Pf∗

top surface and a time-reversal breaking gapped bottom
surface. It is therefore not a coincidence that when the
parton Pfaffian Pf∗ topological order is supported by a
FQH state in 2D, it exhibits a PH symmetry in the con-
text of partons. This example may be one of many du-
alities between 2D FQH states with a generalized notion
of PH symmetry and 3D symmetry enriched topological
phases.

We conclude this section by generalizing the particle-
hole conjugations PHπ = PHL1 and PHλ = PHL0 in
(156) to the arbitrary base

Lq0 = U(1)3 ⊗ [SU(3)1]q0 . (174)

We now show that the PH symmetry PHLq0
acts as the

involution (153) within the paired parton FQH sequence
Pp,q. Like in (169) and (172), the topological action that

turns PHLq0
(Pp,q) ≡ Lq0 ×Pp,q into Pp′,q′ involves a se-

ries of basis transformations and condensations (or edge
backscatterings). We begin with q0 ≥ 0. This process
can be summarized by
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U(1)3 ⊗ SU(3)q01 ⊗ U(1)24 ⊗el U(1)q12 ⊗el Isingp

U(1)24 ⊗el

(
U(1)12 ⊗ SU(3)q01

)
⊗el U(1)q12 ⊗el Ising−p

(158)

?

U(1)24 ⊗el

(
SO(2)

q0−1+(−1)q0

1 ⊗el U(1)
q0−(−1)q0

12

)
⊗el U(1)q12 ⊗el Ising−p

(181)
∏q0
j=1Bj

?

U(1)24 ⊗el U(1)
−q+q0−(−1)q0

12 ⊗el Ising−p+2(q0−1+(−1)q0 ),

condensation

?

(175)

where the sequence of basis transformation

q0∏
j=1

Bj : U(1)12 ⊗ [SU(3)1]q0 → [SO(2)1]q0−1+(−1)q0 ⊗el [U(1)12]q0−(−1)q0 (176)

is defined by the following. The first transformation B1 is
identical to (160), which used the unimodular B matrix

defined in (50). It turns U(1)12 and one of the SU(3)1’s
into

B : U(1)12 × SU(3)1 → SO(2)1 × [U(1)12]2. (177)

Next, the transformation B2 takes the SO(2)1 sector –
which is generated by φLn in the Lagrangian density in
(161) – and another SU(3)1 into

B′ : SO(2)1 × SU(3)1 → [SO(2)1]2 × U(1)12 (178)

2

φR,1n

φR,2n

φLd

 = B′

2φLn
φR,1π

φR,2π



B′ =

 1 1 3

−1 −1 −2

0 −1 −1


−1

=

−1 −2 1

−1 −1 −1

1 1 0


where φR,1n , φR,2n , φLd generate [SO(2)1]2×U(1)12 with the
Lagrangian densities

LR,1SO(2)1
+ LR,2SO(2)1

=
1

2π
4
(
∂tφ

R,1
n ∂xφ

R,1
n + ∂tφ

R,2
n ∂xφ

R,2
n

)
LLd = − 1

2π
12∂tφ

L
d ∂xφ

L
d . (179)

The transformation equates−1

2 −1

−1 2

 = (B′)T

1

1

−3

B′,

LR,1SO(2)1
+ LR,2SO(2)1

+ LLd = LLSO(2)1
+ LRSU(3)1

. (180)

The sequence of basis transformation (176) composes of
series

U(1)12 × [SU(3)1]q0

B−→ [U(1)12]2 × SO(2)1 × [SU(3)1]q0−1

B′−→ [U(1)12]2 × [SO(2)1]2 × U(1)12 × [SU(3)1]q0−2

B−→ . . .→ (181){
[U(1)12]q0 × [SO(2)1]q0 × U(1)12 if q0 is even

[U(1)12]q0+1 × [SO(2)1]q0−1 × SO(2)1 if q0 is odd

backscattering−−−−−−−−−→ [U(1)12]q0−(−1)q0 × [SO(2)1]q0−1+(−1)q0

where the backscattering Hamiltonian

Hb.c. =

{
−ud cos(6φR,q0d − 6φLd ) if q0 is even

−un cos(2φR,q0−1
n − 2φLn) if q0 is even

(182)

introduces a mass gap for the counter-propagating pair
U(1)12 × U(1)12 or SO(2)1 × SO(2)1 and removes them
from low-energy. Similar to (162) and (163), (182) can be
expressed as integral combination of electronic operators.
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The last arrow in (175) involves backscattering in-
teractions similar to (162) and (163) that introduce a
mass gap for the counter-propagating conjugate pairs
U(1)12 × U(1)12’s and Ising × Ising’s along the system
edge, where the forward moving Ising sectors are pro-
vided by splitting the spin h = 1/2 neutral Dirac fermion

ei2φ
R
n in each SO(2)1 into a pair of Majorana fermions.

Analogous to (165), the edge backscattering is equivalent
to condensing electrically neutral parton pairs between
Lq0 and Pp,q in the bulk. This completes the proof for
the particle-hole symmetry action (153) for q0 ≥ 0.

When q0 is negative, the center arrow in (175) needs
to be modified. This is because the sequence of basis
transformation (181) relies on the presence of counter-

propagating sectors, and U(1)12× [SU(3)1]q0 consists en-
tirely of backward propagating sectors when q0 < 0. In
this case, one can first introduce the additional counter-
propagating pair U(1)12 × U(1)12 to the system edge.
This can be achieved by turning off the Dirac fermion
backscattering Hdimer

y,DF in (116) along the wire at the sys-

tem boundary. Next, one can apply the sequence (181)
of B and B′ transformations to turn

U(1)12 × SU(3)1
|q0|

→ U(1)12
|q0|−(−1)q0 × SO(2)1

|q0|−1+(−1)q0
.

(183)

After condensing/backscattering counter-propagating
pairs, the PH conjugate PHLq0

(Pp,q) becomes Pp′′,q′′

where

p′′ = −p+ 2(q0 + 1− (−1)q0)

q′′ = −q + q0 + (−1)q0 − 2
, (184)

which is identical to (153) when q0 is even. When q0 is

odd, (184) and (153) differs by U(1)4
12⊗elSO(2)1

4
, which

can be described by a bosonized Lagrangian density with
the K-matrix K = 12114 ⊕ (−4114). A mass gap can be
introduced by the sine-Gordon potential

H = −u
4∑
j=1

cos
(
nTj Kφ

)
(185)

where the null-vectors can be chosen to be
−− nT1 −−
−− nT2 −−
−− nT3 −−
−− nT4 −−

 =


1 0 0 0 0 1 −1 1

0 1 0 0 1 0 −1 −1

0 0 1 0 1 −1 0 1

0 0 0 1 1 1 1 0

 .

(186)

Equivalently, U(1)4
12 can be reduced to SO(2)4

1 by con-
densing the following collection of mutually local bosons

ei4(φ2
d+φ3

d+φ4
d), ei4(φ1

d−φ3
d+φ4

d),

ei4(−φ1
d−φ2

d+φ4
d), ei4(φ1

d−φ2
d+φ3

d).
(187)

Lastly, we noticed that the general PH conjugation
(153) admits a symmetric paired partonFQH state when
q0 is odd

PHLq0
(Pp,q) = Pp,q, for

{
p = q0 − 1 + (−1)q0

q = [q0 − (−1)q0 ]/2
.

(188)

It would be interesting to associate each of these PH sym-
metric FQH states to the symmetry-preserving surface
state of a fractional topological insulator.

V. CONCLUSION AND DISCUSSION

We theoretically proposed two new sequences of elec-
tronic fractional quantum Hall (FQH) states, one at fill-
ing fractions ν = 1/3 and another at ν = 1/6. They
were summarized in table I. The first sequence con-
sists of the Abelian states that are characterized by the
bulk topological order and edge conformal field theories
(CFTs) Lq = U(1)3 ⊗ [SU(3)1]q. The charged U(1)3

sector is responsible for the electric Hall transport and
is identical to the Laughlin [2] ν = 1/3 FQH state.
The electrically neutral SU(3)1 sectors allow the de-
confinement of partons, which are fermionic quasiparti-
cle excitations that carry the fractional electric charge
e/3. The presence of these chiral neutral sectors causes
an imbalance between electric and thermal Hall trans-
port, and leads to the violation of the Wiedemann-Franz
law, c/ν = (κxy/σxy)

[
π2k2

B/
(
3e2
)]
T 6= 1. The parton

Abelian states Lq can be distinguished by their chiral
central charge c = 1 + 2q, which specifies the thermal
Hall conductance, κxy = cπ2k2

BT/(3h).
The second sequence generically consists of non-

Abelian FQH states at filling ν = 1/6 that support
charge e/12 Ising anyons. They are characterized by the
bulk topological order and edge CFT Pp,q = U(1)24 ⊗el

U(1)q12 ⊗el Isingp. The U(1)24 sector couples to the ex-
ternal electromagnetic U(1)EM symmetry and is respon-
sible for the electric Hall transport σxy = (1/6)e2/h. The
U(1)12 sectors are electrically neutral and each carries a
spin 3/2 Dirac fermion, which is an emergent fractional
excitation. The Ising sectors are generated by spin 1/2
Majorana fermions. The neutral Dirac and Majorana
fermions can be combined with the charge e boson in
U(1)24 to represent the local electronic quasiparticles.
Deconfined Ising anyons are products of π-fluxes (also
referred to as twist fields) of all sectors. The sequence
generalizes one of the Q-Pfaffian states, which is identi-
cal to P1,0, proposed by Read and Moore [35]. Like the
Abelian sequence at ν = 1/3, the generalization here also
supports deconfined parton quasiparticles (see eq.(36)).
These paired parton FQH states have distinct thermal
Hall transports, which are specified by the chiral central
charge c = 1 + q + p/2.

Contrary to the more common phenomenological slave-
fermion mean-field approach, we presented an exact de-
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scription of partons. In section II, we introduced the
CFTs that described the gapless low-energy parton de-
grees of freedom, which appeared on the 1 + 1D edges of
the FQH states and serve as the building blocks of the
coupled wire FQH models. Through the bulk-boundary
correspondence, these CFTs dictate the anyon excitation
structures and the topological orders of the 2 + 1D FQH
states that host them as boundary modes. The anyon
types in the 2D bulk has a one-to-one correspondence
to the primary fields of the 1D edge CFT. The fusion
rules between bulk anyons are identical to those that
describe the operator product expansions between edge
primary fields. Anyons’ spins equate to primary fields’
conformal scaling dimensions modulo 1. The topolog-
ical S-matrix [42], which encodes the quantum dimen-
sions as well as the mutual monodromy of bulk anyons,
is identical to the modular S-matrix that represents the
modular S transformation [58] of the characters in the
CFT partition function. The fusion and spin data of the
Dirac parton CFT L1 = U(3)1/Z3 = U(1)3 ⊗ SU(3)1

and the parton Pfaffian CFT P1,−1 = Pf∗ = U(1)24 ⊗el

U(1)12⊗elIsing were presented in section II A and II B. In
section II C, we demonstrated the gluing and splitting of
these parton degrees of freedom. They were summarized
by the reduced tensor product L1 = Pf∗�Pf∗. This was
the parton generalization of the splitting and gluing of
the electronic Dirac fermion and the PH symmetric Pfaf-
fian pair, U(1)1 = Pf � Pf, where Pf = U(1)8 ⊗ Ising.
The gluing of the pair of parton Pfaffian theories was
carried out by a sine-Gordon Hamiltonian (53) that fa-
cilitated the condensation of the bosonic collection (55)
of anyon pairs. The bipartitioning of the Dirac parton
triplet L1 was enabled by a sequence of fractional basis
transformations, which were summarized in figure 3.

Understanding the parton CFTs allowed the coupled
wire model construction [48] of the 2 + 1D parton FQH
states Lq and Pp,q, which were presented in section III A
and III B. These models were constructed from a 2D in-
teracting array of metallic electron wires. The ballis-
tic wires were arranged in a particular periodic spatial
configuration (see figure 4 and 7) so that in the pres-
ence of a perpendicular magnetic field and at the fill-
ing fraction ν = 1/3 and ν = 1/6, certain combinations
of many-body inter-wire backscattering interactions be-
came favorable as they preserved momentum conserva-
tion. In strong coupling, these interactions opened a fi-
nite excitation energy gap that froze all low-energy elec-
tronic degrees of freedom in the 2D bulk. At the same
time, they left behind gapless parton degrees of freedom
along system edges that were described by the aforemen-
tioned CFTs. A summary can be found in figure 6, 9
and 10. The backscattering interactions were designed
so that the model Hamiltonians were all exactly solvable.
They consisted of mutually commuting interaction terms,
which independently froze mutually decoupled order pa-
rameters. Following a similar coupled wire construc-
tion [63] that described the T-Pfaffian surface state of a
conventional topological insulator, we presented a model

in section III C that illustrated the symmetry-preserving
many-body gapping of the surface of a fractional topo-
logical insulator. We conjectured that the surface model
should carry a parton T-Pfaffian (T − Pf∗) topological
order, which was discussed in our previous works [38, 39]
and was reviewed in (39) in section II B as well as in
section III C. In particular, the parton surface topolog-
ical order is a subset of the parton Pfaffian topological
order P1,−1 = Pf∗, which exhibits an emergent parton
particle-hole symmetry.

In section IV, we presented the emergent parton
particle-hole (PH) conjugations among the paired par-
ton FQH state Pp,q at filling ν = 1/6. The PH con-
jugations were defined by “subtracting” any one of the
paired parton FQH state Pp,q from an arbitrarily given
Abelian parton FQH state Lq0 at filling ν = 1/3. The
“subtraction” was topologically defined by taking a re-
duced tensor product between the Abelian state with
the time-reversal conjugate of the paired parton state,
PHLq0

(Pp,q) ≡ Lq0 �Pp,q. The conjugation action pro-
duced another paired parton state and was summarized
in (153). In particular, since L1 represented the filled
parton Landau levels, the PH conjugation based on L1

naturally generalized the notion of particle-hole symme-
try from the context of electrons to partons. We also
showed that the parton Pfaffian state P1,−1 = Pf∗ =

U(1)24 ⊗el U(1)12 ⊗el Ising is PH symmetric in the basis
of the parton Landau levels L1.

We conclude this paper by identifying some unad-
dressed issues, speculations and implications. First,
the many-body interacting coupled wire models were
topologically oriented without paying attention to ener-
getics. The inter-wire backscatterings were introduced
to demonstrate the structure of the ground state and
how the low-energy electronic degrees of freedom can be
frozen out in the bulk while leaving behind gapless edge
modes. The many-body interacting terms, although al-
lowed by charge and momentum conservation, are generi-
cally irrelevant in the renormalization group sense. They
can become energetically favorable in the presence of for-
ward electron scatterings that modify the velocities of
the bosonized variables, i.e. the Luttinger liquid parame-
ters. In a more realistic setting, these intricate inter-wire
backscattering interactions may emerge as higher-order
correction terms to a more conventional interacting ac-
tion, such as an array of two-body interacting chains
or ladders. However, such approaches generically gen-
erate competing backscattering interactions that render
the model unsolvable. On the other hand, we anticipate
our topological construction to inspire lattice or contin-
uum models that can be numerically analyzed and ad-
dress naturally occurring interactions in materials.

Second, the topological order of the presented coupled
wire models relies heavily on the bulk-boundary corre-
spondence. It can also be addressed in a closed toric
geometry with no edges by the algebra of Wilson loops,
which can be generated by strings of electron intra- and
inter-wire tunneling in the vertical direction and sliding
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operators in the horizontal direction. The degenerate
ground states form an irreducible representation of the
Wilson algebra. Anyon excitations manifest as kinks in
the order parameters pinns by the backscattering interac-
tions can be created by open Wilson strings. Their spin
and braiding statistics can be determined by the intersec-
tion phases from interchanging string operators. These
derivations are omitted in the scope of this paper and we
defer the continuation of this discussion to future works.

Third, the presentation of the particle-hole conju-
gation and symmetry lacks a microscopic description,
which involves the short-range non-local anti-unitary
charge conjugation action on the wire bosonized variables
Cφy,αC−1 = Cβα(y − y′)φy′,β + κy,α, where C is the PH
operator and Cβα(y−y′), κy,α are c-numbers. Related de-
scription of electronic PH symmetry and particle-vortex
duality in the coupled wire setting has been discussed
by Mross, Alicea and Motrunich [68–70] and by Fuji and
Furusaki [67]. We anticipate a similar microscopic de-
scription can be applied in the context of partons. In
addition, we expect a general correspondence to hold be-
tween PH symmetric paired parton FQH states in two
dimensions and time-reversal symmetric fractional topo-
logical insulators (FTIs) in three dimensions. For in-
stance, the previously proposed [38, 39] correspondence
between the parton Pfaffian state P1,−1 = Pf∗ and a par-
ticular FTI [13], which hosts bulk partons coupled with
a Z3 gauge theory, is one existing example.

The proposed parton FQH states could in principle be
verified in materials. The chiral central charges c = 1+2q
for the Abelian Lq states and c = 1+q+p/2 for the paired
parton Pp,q states corresponds to distinct thermal Hall
signatures [40–42, 71] (see (2)). Recently, thermal Hall
conductance has been measured [72, 73] in the Laughlin
particle state at filling ν = 1/3 and hole state at ν = 2/3
as well as the Pfaffian state at ν = 5/2, suggesting PH
symmetry [19] at the 5/2 plateau. Similar thermal Hall
observations at filling ν = N ± 1/3 and ν = N ± 1/6,
if such plateau exists, may provide indications to one of
these parton FQH states.
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Appendix A: Kac-Moody algebra

In this appendix, we review the algebraic properties
of bosonized variables. We demonstrate the basic arith-
metic principles in carrying out operator product expan-
sions (OPEs) of vertex operators and derive the SU(3)1

Kac-Moody algebra (also known as an affine Lie algebra
or a Wess-Zumino-Witten (WZW) algebra) encountered
in section II A. We present the equal-time commutation

relations (ETCRs) between bosonized variables in the
coupled wire setting in section III, and pay special atten-
tion to the commutation relations between zero modes.

1. The U(1)3 × SU(3)1 parton algebra

The bosonization of the three parton Dirac fermions

πa = eiφ̃a , for a = 1, 2, 3, described in section II A is
based on the time-ordered correlation (7) between the
three bosonized variables.

〈φ̃a(z)φ̃b(w)〉 = −δab log(z− w) +
iπ

2
Sab (A1)

where z,w ∼ eτ+ix are complex space-time parameter in
a radially ordered geometry, and the constant factor

S = (Sab)3×3 =

 0 1 −1

−1 0 1

1 −1 0

 (A2)

is set to ensure anticommutation relations between mu-
tual parton fermions. The correlation (A1) is equivalent
to the equal-time commutation relation (ETCR)[

φ̃a(x), φ̃a(x′)
]

= iπδabsgn(x− x′) + iπSab, (A3)

which implies (6) upon differentiation with respect to x,
where sgn(s) = s/|s| when s 6= 0 or 0 when s = 0.

The operator product expansions (OPE) between a
general pair of normal ordered vertex operators can be
evaluated according to

eA(z)eB(w) = eA(z)+B(w)+〈A(z)B(w)〉 (A4)

= eA(w)+∂A(w)(z−w)+...+B(w)+〈A(z)B(w)〉,

where A,B are linear combinations of the bosonized vari-

ables φ̃a. At equal time, this is equivalent to the Baker-
Campbell-Hausdorff formula

eA(x)eB(x′) = eA(x)+B(x′)+ 1
2 [A(x),B(x′)] (A5)

where all higher-order commutators vanish because
[A(x), B(x′)] is a c-number. For instance, the OPE be-
tween a pair of parton Dirac fermions is

πa(z)
(
πb(w)

)†
= eiφ̃a(z)−iφ̃b(w)−δab log(z−w)+iπSab/2

= δab

[
1

z− w
+ i∂φ̃a(w)

]
(A6)

+ iSabe
i(φ̃a(w)−φ̃b(w)) + . . . ,

where higher-order non-singular pieces are suppressed in
the limit z → w. The Sab factor ensures fermions with
distinct flavors anticommutes

πa(z)πb(w) = e−iπSabπb(w)πa(z) = −πb(w)πa(z). (A7)
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The U(3)1/Z3 = U(1)3 × SU(3)1 affine Lie algebra
that generate the parton triplet (10) is generated by the
normal ordered current operators

Ha(z) = πa(z)πa(z)† = i∂φ̃a(z)

Eab(z) = −iSabπa(z)πb(z)† = ei(φ̃a(z)−φ̃b(z))
(A8)

where a 6= b. The Cartan generators Ha of U(3) can
be rotated into the Cartan generators of the diagonal
charge U(1)3 sector Hρ = i(∂φ̃1 + ∂φ̃2 + ∂φ̃3)/

√
3 and

the neutral SU(3)1 sector Hn1 = i(∂φ̃1 − ∂φ̃2)/
√

2 and

hn2 = i(∂φ̃1 + ∂φ̃2 − 2∂φ̃3)/
√

6. They obey the OPEs

Ha(z)Hb(w) =
δab

(z− w)2
+ : Ha(w)Hb(w) : + . . .

Hρ(z)Hρ(w) =
1

(z− w)2
+ : Hρ(w)Hρ(w) : + . . .

Hni(z)Hnj(w) =
δij

(z− w)2
+ : Hni(w)Hnj(w) : + . . .

Hρ(z)HnI(w) =: Hρ(w)HnI(w) : + . . . . (A9)

The six SU(3) roots Eab are raising and lowering op-
erators and follow the singular OPEs with the Cartan
generators

Ha(z)Ebc(w) = i〈φ̃a(z)φ̃d(w)〉 δ

δφ̃d(w)
Ebc(w) + . . .

=
δac − δbc
z− w

Ebc(w)+ : Ha(w)Ebc(w) : + . . .

(A10)

A pair of raising and lowering operators obey the OPEs

Eab(z)Ecd(w)

= iSad+Sbc−Sac−Sbd e
i(φ̃a(z)−φ̃b(z)+φ̃c(w)−φ̃d(w))

(z− w)ad+bc−ac−bd

= δadδbc
[

1

(z− w)2
+
Ha(w)−Hb(w)

z− w
(A11)

+
(
Ha(w)−Hb(w)

)2
+
i

2

(
∂2φ̃a(w)− ∂2φ̃b(w)

)]
+ if (ab)(cd)(ef)Eef (w)

[
1

z− w
+
(
Ha(w)−Hb(w)

)]
+ . . .

where f (ab)(cd)(ef) = εabdδbcδaeδdf − εabcδadδbfδce is the
structure factor of SU(3) where a 6= b, c 6= d and e 6= f .
Here the constant “cocycle” factor iSad+Sbc−Sac−Sbd at
the first equality in (A11) originates from the constant
non-singular term Sab in the time-ordered correlation
(A1). It is responsible for the antisymmetry of the struc-
ture factor, f (ab)(cd)(ef) = −f (cd)(ab)(ef). Eq.(A9), (A10)
and (A11) recover the current algebra OPE in (16) if
keeping only singular terms. The two Cartan generators
Hn1, Hn2 and the six roots Eab form the SU(3) current
algebra at level 1

Jα(z)Jβ(w) =
δαβ

(z− w)2
+
ifαβγ

z− w
Jγ(w) + . . . (A12)

where Jα are the eight SU(3) current generators and
fαβγ is the full structure factor of SU(3).

The conformal embedding of U(1)3×SU(3)1 into U(3)1

is demonstrated by the splitting of the energy-momentum
tensor

TU(3)1 = TU(1)3 + TSU(3)1 . (A13)

The full energy-momentum tensor of the parton triplet
is the normal ordered product

TU(3)1(z) =

3∑
a=1

πa(z)†∂πa(z) = −1

2

3∑
a=1

∂φ̃a(z)∂φ̃a(z).

(A14)

The energy-momentum tensor of the Laughlin U(1)3 sec-
tor is

TU(1)3(z) = −1

2
Hρ(z)Hρ(z) (A15)

= −1

6

 3∑
a=1

(∂φ̃a(z))2 + 2
∑

1≤a<b≤3

∂φ̃a(z)∂φ̃b(z)


and the energy-momentum tensor of the neutral SU(3)1

sector is given by the Sugawara form

TSU(3)1(z)

=
1

2(1 + hSU(3))

∑
j=1,2

Hnj(z)Hnj(z) +
∑
a 6=b

Eab(z)Eba(z)


= −1

3

 3∑
a=1

(∂φ̃a(z))2 −
∑

1≤a<b≤3

∂φ̃a(z)∂φ̃b(z)

 (A16)

where hSU(3) = 3 is the dual Coxeter number. The mu-
tual OPE between TU(1)3 and TSU(3)1 is non-singular,
and therefore the two sectors decouple.

2. Equal-time commutation relations and Klein
factors

In this appendix, we set the equal-time commutation
relations (ETCR) between the bosonized variables in the
coupled wire models in section III. In particular, we
present the commutation relations between zero modes
that correspond to constant terms Cαβ in

[φα(x), φβ(x′)] = iπ(K−1)αβsgn(x− x′) + iπCαβ .
(A17)

these terms drop out upon differentiation and are
absent in the canonical ETCR [∂xΦα(x),Φβ(x′)] =
2πi(K−1)αβδ(x − x′) set by the “pq̇” term of the La-
grangian density L = (1/2π)Kαβ∂tφ

α∂xφ
α. However,

they are necessary for a consistent multi-component
bosonization scheme. For example, the constant piece in-
volving the antisymmetric matrix Sab in the ETCR (A3)
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for parton bosonized variables φ̃a ensures the anticom-
mutation relations between fermionic parton operators

πa = eiφ̃a of distinct flavors. The constant term is also
essential to the antisymmetry of the structure factor in
the SU(3)1 current algebra (A10). In the coupled wire
construction, similar constant terms must be carefully in-
stated to the ETCR of bosonized variables to uphold the
appropriate algebraic relations between physical opera-
tors.

a. The Abelian parton sequence Lq

Here we define the ETCR for the bosonized variables in
the coupled wire model for the sequence of Abelian FQH
states at filling one-third described in section III A. The
model is based on an array of electronic bundles, each
labeled by an integer y that reflects its vertical position,
and each consists of 5 counter-propagating pairs of elec-
tronic channels, labeled by the wire index a = 0, . . . , 4
and propagation direction σ = R,L = +,−. The elec-
tronic operators are bosonized according to cσya(x) =

ei(Φ̃
σ
ya(x)+kσyax). The bosonized variables obey the ETCR[

Φ̃σya(x), Φ̃σ
′

y′a′(x
′)
]

= iπσδσσ
′
δyy′δaa′sgn(x− x′)

+ iπCσσ
′

yay′a′ . (A18)

The first term corresponds to the canonical ETCR (73)
upon differentiation with respect to x, and the constant
term on the second line is antisymmetric,

Cσσ
′

yay′a′ = −Cσ′σy′a′ya, (A19)

because of the antisymmetry of the commutator. In or-
der for the electron operators to obey mutual fermionic
statistics, the constant Cσσ

′

yay′a′ must be an odd integer

whenever (y, a, σ) 6= (y′, a′, σ′) so that, from the Baker-
Campbell-Hausdorff formula (A5),

eiΦ̃
σ
ya(x)eiΦ̃

σ′
y′a′ (x

′) = e

[
iΦ̃σya(x),iΦ̃σ

′
y′a′ (x

′)
]
eiΦ̃

σ′
y′a′ (x

′)eiΦ̃
σ
ya(x)

= e−iπC
σσ′
yay′a′ eiΦ̃

σ′
y′a′ (x

′)eiΦ̃
σ
ya(x)

= −eiΦ̃σ
′
y′a′ (x

′)eiΦ̃
σ
ya(x) (A20)

between electronic vertex operators with distinct channel
labels.

The bosonization of the electronic channels can alter-
natively be carried out by using the bare bosonized vari-
ables [Φ̃

σ
ya(x) that obey the decoupled ETCR[

[Φ̃
σ
ya(x), [Φ̃

σ′

y′a′(x
′)

]
= iπσδσσ

′
δyy′δaa′sgn(x− x′).

(A21)

They are related to the previous bosonized variables by

Φ̃σya(x) = [Φ̃
σ

ya(x) +
iπ

2

∑
y′a′σ′

Cσσ
′

yay′a′σ
′Nσ′

y′a′ . (A22)

Here, Nσ
ya =

∫
dx∂xΦ̃

σ
ya(x)/(2πi) is the electron number

operator for the fermion channel

cσya(x) = eiΦ̃
σ
ya(x) = κσyae

i[Φ̃
σ
ya(x), (A23)

and the constant operators

κσya = e
iπ
2

∑
y′a′σ′ C

σσ′
yay′a′N

σ′
y′a′ (A24)

are referred to as Klein factors.
The constant terms Cσσ

′

yay′a′ are chosen to be

Cσσ
′

yay′a′ =


Lσσ

′

aa′ if y = y′

Mσσ′

aa′ if y < y′

−Mσ′σ
a′a if y > y′

(A25)

where
Lσσ

′

aa′ = L++
aa′ σδ

σσ′ + L+−
aa′ sgn(σ − σ′),

Mσσ′

aa′ = M++
aa′ σδ

σσ′ +M+−
aa′ sgn(σ − σ′)

are decomposed into the 5× 5 matrices

L++ =


0 −1 −1 −1 −1

1 0 −1 1 −1

1 1 0 −1 −1

1 −1 1 0 −1

1 1 1 1 0



L+− =


−1 −1 −1 −1 1

−1 −1 1 1 1

−1 1 1 −1 1

−1 1 −1 1 1

1 1 1 1 1



M++ =


1 1 1 1 1

−1 1 −1 1 1

−1 1 1 −1 1

−1 −1 1 1 1

−1 −1 −1 −1 1



M+− =


1 1 1 1 1

1 −1 1 1 −1

1 1 1 −1 −1

1 1 −1 1 −1

1 −1 −1 −1 −1

 (A26)

with their rows, columns ordered according to a, a′ =
0, . . . , 4 respectively. The constant factor (A25) can also
be expressed as

Cσσ
′

yay′a′

=
[
L++
aa′ σδ

σσ′ + L+−
aa′ sgn(σ − σ′)

]
δyy′

+
[
(M++

aa′ − δaa′)σδσσ
′
+M+−

aa′ sgn(σ − σ′)
]

(1− δyy′)

− δaa′σδσσ
′
sgn(y − y′). (A27)
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The antisymmtry relation (A19) is satisfied because

(L++)T = −L++, (L+−)T = L+−, (A28)

(M++ − 11)T = −(M++ − 11), (L+−)T = L+−.

The anticommutation relation (A20) between mutual

electron operators holds because Cσσ
′

yay′a′ = ±1 so that

e−iπC
σσ′
yay′a′ = −1 for (y, a, σ) 6= (y′, a′, σ′). In addition to

the antisymmetries, the Kac-Moody algebra (A18) also
respects the time-reversal symmetry[
T Φ̃σya(x)T −1, T Φ̃σ

′

y′a′(x
′)T −1

]
= −

[
Φ̃σya(x), Φ̃σ

′

y′a′(x
′)
]
,

(A29)

although the symmetry is eventually broken by the
backscattering interactions. Here, the time-reversal oper-
ator T is antiunitary and transforms the bosonized vari-
ables according to

T Φ̃σya(x)T −1 = −Φ̃−σya (x)− iπϑσya (A30)

where ϑσya are constant real numbers that satisfy ϑ+
ya +

ϑ−ya = 1 so that the transformation is in agreement with

T 2 = (−1)N , where N =
∑
yaσ

∫
dx∂xΦ̃

σ
ya/(2πi) is the

total electron number operator.
The signs of the matrix entries in (A26) are chosen so

that the sine-Gordon angle variables involved in the cou-
pled wire models (93) mutually commute. This ensures
the Hamiltonians (93) for the Abelian parton FQH states
Lq are exactly solvable. In (78) and (79), we transformed

the bosonized variables from (Φ̃σy0, . . . , Φ̃
σ
y4) to the new

basis (Φσy,ρ,Φ
σ
y,c1,Φ

σ
y,c2,Φ

σ
y,n1,Φ

σ
y,n2). The Dirac fermion

channels Φc1,Φc2 become massive under the intra-bundle
backscattering interactions (84), which pins the two sine-
Gordon angle variables Θintra

y,I ,Θintra
y,II . The ETCR (A18)

with the choice of the constant terms Cσσ
′

yay′a′ presented

in (A25) and (A26) warrants the commutation relations[
Θintra
y,l (x),Θintra

y′,l′ (x′)
]

= 0,
[
Θintra
y,l (x),Φσy′,ρ(x

′)
]

= 0,[
Θintra
y,l (x),Φσy′,n1(x′)

]
= 0,

[
Θintra
y,l (x),Φσy′,n2(x′)

]
= 0

(A31)

for l, l′ = I, II.
The remaining three bosonized variables

(Φσy,ρ,Φ
σ
y,n1,Φ

σ
y,n2) corresponding to the U(3)1/Z3 =

U(1)3 × SU(3)1 parton Dirac triplet obey the commuta-
tion relations[

Φσy,ρ(x),Φ
σ′

y′ρ(x
′)
]

= 3πiσδσσ
′
δyy′sgn(x− x′)

+ 3πisgn(σ − σ′)
− 3πiσδσσ

′
sgn(y − y′)[

Φσy,nj(x),Φ
σ′

y′,nj′(x
′)
]

= iπσδσσ
′
δyy′(KSU(3))jj′sgn(x− x′)

+ iπSσσ
′

yjy′j′[
Φσy,ρ(x),Φ

σ′

y′,nj(x
′)
]

= 0 (A32)

where KSU(3) = 2112×2 − σx is the Cartan matrix of
SU(3). The constant terms in the neutral sector are

Sσσ
′

yjy′j′ =


(S0)σσ

′

jj′ if y = y′

(S1)σσ
′

jj′ if y < y′

−(S1)σ
′σ
j′j if y > y′

(A33)

where
(S0)σσ

′

jj′ = (S0)++
jj′ σδ

σσ′ + (S0)+−
jj′ sgn(σ − σ′)

(S1)σσ
′

jj′ = (S1)++
jj′ σδ

σσ′ + (S1)+−
jj′ sgn(σ − σ′)

and the constants are grouped into the 2× 2 matrices

(S0)++ =

(
0 −3

3 0

)
, (S0)+− =

(
2 2

2 −4

)
,

(S1)++ =

(
2 −4

2 2

)
, (S1)+− =

(
2 2

2 −4

)
.

(A34)

Equivalently, the constant terms in the neutral sector can
also be expressed as

Sσσ
′

yjy′j′ = 3σδσσ
′
sgn(j − j′) + (S0)+−

jj′ sgn(σ − σ′)
− (KSU(3))jj′σδ

σσ′sgn(y − y′). (A35)

The ETCR (A32) guarantees the commutativity[
Θρ
y,y+1(x),Θρ

y′,y′+1(x′)
]

=
[
Θρ
y,y+1(x),Θnj

y′,y′+q(x
′)
]

=
[
Θnj
y,y+q(x),Θ

nj′

y′,y′+q(x
′)
]

= 0 (A36)

of the sine-Gordon angle variables

Θρ
y,y+1 = ΦRy,ρ − ΦLy+1,ρ, (A37)

Θn1
y,y+q = ΦRy,n1 − ΦLy+q,n1, Θn2

y,y+q = ΦRy,n2 − ΦLy+q,n2

in the inter-bundle backscattering interactions (91) and
(92).

b. The paired parton sequence Pp,q

Here we define the equal-time commutation relation
(ETCR) for the bosonized variables in the coupled wire
model for the sequence of paired parton FQH states at
filling one-sixth presented in section III B. The model is
based on an array of bundles, each consists of five elec-
tronic wires. The bundles are arranged in a 2-bundle
unit cell (see figure 7). The electron (annihilation) opera-

tors are bosonized according to cσyAa(x) = ei(Φ̃
σ
yAa+kσyAax),

where the integer y labels the unit cell, A = 0, 1 labels
the two bundles, a = 0, . . . , 4 designates the five elec-
tronic wires, and σ = R,L = +,− denotes the forward
and backward channels along a wire. The ETCR for the
electronic bosonized variables can be deduced directly
from the previous appendix A 2 a, which applies to the
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model at filling one-third that contains twice as many
wires (see figure 4). Restricting to the current system,[

Φ̃σyAa(x), Φ̃σ
′

y′A′a′(x
′)
]

= iπσδσσ
′
δyy′δAA′δaa′sgn(x− x′)

+ iπCσσ
′

yAay′A′a′ . (A38)

Cσσ
′

yAay′A′a′ =


Lσσ

′

aa′ if y = y′, A = A′

Mσσ′

aa′ if y +A/2 < y′ +A′/2
−Mσ′σ

a′a if y +A/2 > y′ +A′/2

where the L and M constants were defined in (A25) and
(A26).

We first observe that the intra-cell sine-Gordon terms
Hintra and Hdimer

SU(3) defined in (84) and (105) (see also fig-

ure 8) are contained in the previous coupled wire model
(93) at filling one-third. The commutativity between
the sine-Gordon angle variables were confirmed in ap-
pendix A 2 a. These gapping terms leave behind two
counter-propagating pairs of charge (neutral) channels
ΦσyAρ (resp. Φσy,nj , for j = 1, 2). From (A32), they obey
the ETCR[

ΦσyAρ(x),Φ
σ′

y′A′ρ(x
′)
]

= 3πiσδσσ
′
δAA′δyy′sgn(x− x′)

+ 3πisgn(σ − σ′)
− 3πiσδσσ

′
[δyy′sgn(A−A′) + sgn(y − y′)][

Φσy,nj(x),Φ
σ′

y′,nj′(x
′)
]

= iπσδσσ
′
δyy′(KSU(3))jj′sgn(x− x′) + iπSσσ

′

yjy′j′[
ΦσyAρ(x),Φ

σ′

y′,nj′(x
′)
]

= 0 (A39)

where Sσσ
′

yjy′j′ was given in (A35).

Next, we performed the basis transformations (106)
and (110) (also see figure 8) to change (ΦσyAρ,Φ

σ
y,nj) to

(Φσyρ,Φ
σ
y,dJ), where eiΦ

σ
yρ is a charge e boson, and eiΦ

σ
y,dJ

are neutral Dirac fermions. The new bosonized variables
obey the ETCR[

Φσyρ(x),Φ
σ′

y′ρ(x
′)
]

= 6πiσδσσ
′
δyy′sgn(x− x′)

+ 6πi(2− δyy′)sgn(σ − σ′)
− 12πiσδσσ

′
sgn(y − y′)[

Φσy,dJ(x),Φσ
′

y′,dJ′(x
′)
]

= iπσδσσ
′
δyy′(Kd)JJ ′sgn(x− x′)

+ iπΣσσ
′

yJy′J′[
Φσyρ(x),Φ

σ′

y′,dJ(x′)
]

= iπcσσ
′

yρy′J (A40)

where Kd = diag(1, 3, 3) is the diagonal matrix (112),

and J, J ′ = 0, 1, 2. The constant terms Σσσ
′

yJy′J′ and cσσ
′

yρy′J

are

Σσσ
′

yJy′J′ =


(Σ0)σσ

′

JJ ′ if y = y′

(Σ1)σσ
′

JJ ′ if y < y′

−(Σ1)σ
′σ
J′J if y > y′

cσσ
′

yρy′J =


(c0)σσ

′

J if y = y′

0 if y < y′

(c1)σσ
′

J if y > y′
(A41)

where
(Σ0)σσ

′

JJ ′ = (Σ0)++
JJ ′σδ

σσ′ + (Σ0)+−
JJ ′sgn(σ − σ′)

(Σ1)σσ
′

JJ ′ = (Σ1)++
JJ ′σδ

σσ′ + (Σ1)+−
JJ ′sgn(σ − σ′)

and
(c0)σσ

′

J = (c0)++
J σδσσ

′
+ (c0)+−

J sgn(σ − σ′)
(c1)σσ

′

J = (c1)++
J σδσσ

′
+ (c1)+−

J sgn(σ − σ′)

and the constants are grouped into the rank 3 matrices
and vectors

(Σ0)++ =

 0 3 −3

−3 0 −9

3 9 0

 , (Σ0)+− =

 1 −3 3

−3 −9 3

3 3 9

 ,

(Σ1)++ =

−2 0 −6

0 6 −6

6 12 6

 , (Σ1)+− =

−2 −6 0

0 −6 6

6 6 12

 ,

(c0)++ = (c0)+− = (6, 6, 6)

(c1)++ = −(c1)+− = (−3, 3, 3)
(A42)

Having establishing the ETCRs, we now move on to
the definition of the number operator Nd

y that was used
in (113) for the definition of the neutral Dirac fermions

dσy,J = eiΦ
σ
y,dJ

∏
y′<y

eiπN
d
y′ = eiΦ

σ
y,dJ+iπ

∑
y′<y N

d
y′ . (A43)

Within the same unit-cell y, the odd off-diagonal entries
of Σ++

0 and the odd entries of Σ+−
0 in (A42) guarantee the

mutual anticommutation relations between vertex oper-
ators

eiΦ
σ
y,dJ eiΦ

σ′
y,dJ′ = e−[Φσy,dJ ,Φ

σ′
y,dJ′ ]eiΦ

σ′
y,dJ′ eiΦ

σ
y,dJ

= −eiΦσ
′
y,dJ′ eiΦ

σ
y,dJ . (A44)

However, the vertex operators commute when they oc-
cupy different unit-cells because the entries of Σ++

1

and Σ+−
1 in (A42) are even. To facilitate the mutual

fermionic anticommutation relations between the opera-
tors in (A43), we choose the number operator to be

Nd
y = NR

y,A=0,ρ + 5NR
y,A=1,ρ

− 3NL
y,A=0,ρ − 3NL

y,A=1,ρ, (A45)

where Nσ
yAρ =

1

2π

∫
dx∂xΦ

R
yAρ.

It is a linear combination of the local electronic num-
ber operators NR

yAρ = 2NR
y,A,a=4−NL

y,A,a=4 and NL
yAρ =
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2NL
y,A,a=0 − NR

y,A,a=0, where Nσ
yAa are the number op-

erators for the electrons cσyAa in (97) that constitute the
coupled wire model. The number operator obeys the fol-
lowing ETCR with the bosonized variables[

Nd
y ,Φ

σ
y′ρ(x)

]
= 6iδyy′ ,[

Nd
y ,Φ

σ
y′,dJ(x)

]
= i(6− σ(c1)++

J )δyy′ , (A46)

where (c1)++
J = −3, 3, 3, for J = 0, 1, 2, is the same vec-

tor given in (A42). In particular, the odd commutator in
the second line ensures

dσy,dJd
σ′

y′,dJ′ = e−[Φσy,dJ ,πN
d
y ]dσ

′

y′,dJ′d
σ
y,dJ

= −dσ′y′,dJ′dσy,dJ (A47)

for y < y′. The particular combination of (A45) is cho-
sen so that the sine-Gordon angle variables Θρ

y+1/2 =

ΦRyρ −Φρy+1,ρ − πNd
y appearing in the interactions (118),

(119), (132) and (133) commutes with the neutral Dirac
fermions [

Θρ
y+1/2(x), dσy′,J(x′)

]
= 0. (A48)

The intra-bundle Dirac/Majorana fermion backscat-
terings (116), (117) and the inter-bundle interactions
(118), (119) and (120) as well as (132) and (133) can
be expressed using local electronic operators. This can
be verified by using the basis transformations (106) and
(110) that relates the local electronic bosonized variables
ΦσyρA, Φσy,nj for A = 0, 1, j = 1, 2 to the fractional
bosonized variables Φσyρ, Φσy,dJ , for J = 0, 1, 2. The frac-
tional variables are half-integral in the sense that any
sum or difference between any pair of Φσyρ and Φσy,dJ is
an integral combination of local electronic ones. Here,
for concreteness, we express the interactions in terms of
the local variables ΦσyρA, Φσy,nj , which in turn are inte-
gral combinations of the fundamental electrons ΦσyAa, for
a = 0, . . . , 5, that constitute the coupled wire model as

shown in (100) and (101). Intra-bundle Dirac/Majorana
fermion backscatterings, such as (117) and (117), depend
on the bosonized variables

ΦRyρ + ΦLyρ =
∑
σ=±Φσy,A=0,ρ

ΦRyρ − ΦLyρ =
∑
σ=± 2σ

(
Φσy,A=0,ρ + Φσy,A=1,ρ

)
ΦRy,d0 + ΦLy,d0 =

∑
σ=±

(
−Φσy,A=0,ρ + Φσy,A=1,ρ + Φσy,n1

)
ΦRy,d0 − ΦLy,d0 =

∑
σ=± σ

(
Φσy,A=1,ρ − Φσy,n1

)
ΦRy,d1 − ΦLy,d1 =

∑
σ=± σ

(
−Φσy,A=1,ρ + Φσy,n1 − Φσy,n2

)
ΦRy,d2 − ΦLy,d2 =

∑
σ=± σ

(
−Φσy,A=1,ρ + 2Φσy,n1 + Φσy,n2

)
(A49)

Inter-bundle interactions, such as (118), (119) and (120)
as well as (132) and (133), can be broken down using the
following integral combinations of electronic variables

Φσyρ + Φσy,d0 = Φσy,A=0,ρ + 2Φσy,A=1,ρ − Φ−σy,A=0,ρ

−Φ−σy,A=1,ρ + Φ−σy,n1

Φσyρ − Φσy,d0 = 2Φσy,A=0,ρ − Φ−σy,A=1,ρ − Φ−σy,n1

Φσyρ + Φ−σy,d0 = Φσy,A=0,ρ + Φσy,A=1,ρ + Φσy,n1 − Φ−σy,A=0,ρ

Φσyρ − Φ−σy,d0 = 2Φσy,A=0,ρ + Φσy,A=1,ρ

−Φσy,n1 − 2Φ−σy,A=1,ρ

,

(A50)

Φσyρ + Φσy,d1 = Φσy,A=0,ρ + Φσy,A=1,ρ + Φσy,n1

−Φσy,n2 − Φ−σy,A=0,ρ

Φσyρ − Φσy,d1 = 2Φσy,A=0,ρ + Φσy,A=1,ρ − Φσy,n1

Φσy,n2 − 2Φ−σy,A=1,ρ

Φσyρ + Φ−σy,d1 = Φσy,A=0,ρ + 2Φσy,A=1,ρ − Φ−σy,A=0,ρ

−Φ−σy,A=1,ρ + Φ−σy,n1 − Φ−σy,n2

Φσyρ − Φ−σy,d1 = 2Φσy,A=0,ρ − Φ−σy,A=1,ρ − Φ−σy,n1 + Φ−σy,n2

.
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