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The Pfaffian fractional quantum Hall (FQH) states are incompressible non-Abelian topological
fluids present in a half-filled electron Landau level, where there is a balanced population of electrons
and holes. They give rise to half-integral quantum Hall plateaus that divide critical transitions
between integer quantum Hall (IQH) states. On the other hand, there are Abelian FQH states,
such as the Laughlin state, that can be understood using partons, which are fermionic divisions of
the electron. In this paper, we propose a new family of incompressible paired parton FQH states
at filling v = 1/6 (modulo 1) that emerge from critical transitions between IQH states and Abelian
FQH states at filling v = 1/3 (modulo 1). These paired parton states are originated from a half-filled
parton Landau level, where there is an equal amount of partons and holes. They generically support
Ising-like anyonic quasiparticle excitations and carry non-Abelian Pfaffian topological orders (TO)
for partons. We prove the principle existence of these paired parton states using exactly solvable
interacting arrays of electronic wires under a magnetic field. Moreover, we establish a new notion
of particle-hole (PH) symmetry for partons and relate the PH symmetric parton Pfaffian TO with

the gapped symmetric surface TO of a fractional topological insulator in three dimension.

I. INTRODUCTION

Topological phases of matter [1] have been play-
ing a pivotal role in the development of modern con-
densed matter physics. Several fundamental concepts
such as fractionalization [2], topological order [3], and
anyon [4, 5] have emerged from the studies of topological
states and made striking experimental success. For ex-
ample, the celebrated Laughlin state [2] and more general
fractional quantum Hall (FQH) states [6] are inarguably
the most well-understood strongly-correlated electronic
phases beyond one dimensional systems, and have been
a ‘motif’ for many interesting quantum phases. On the
other hand, another experimentally-observed ‘topologi-
cal’ state, namely topological band insulator [7-9], em-
bodies a remarkable interplay between symmetries and
topologies of electronic wavefunctions. The topologi-
cal insulator has made a broad impact on a number of
disciplines of physics, from experimental and theoreti-
cal condensed matter physics to theoretical high-energy
physics, and is still being actively investigated. In par-
ticular, physical properties of fractional topological in-
sulators [10-18] (FTT), which are fractional analogues of
topological insulators, are largely unexplored.

Conventional topological insulators (TI) in three di-
mensions are intricately related to the quantum Hall
effect in two dimensions. The massless surface Dirac
fermions on the boundary of a TI inspired a new dual
low-energy description [19-21] of the compressible com-
posite Fermi liquid at a half-filled Landau level [22, 23] at
the critical transition between adjacent integer quantum
Hall plateaus. Under the duality, the role of time-reversal
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(TR) symmetry of the former is replaced by particle-hole
symmetry [19, 24-28] of the latter. As a consequence,
a thin TI slab with finite thickness and TR breaking
massive top and bottom surfaces can be regarded as a
quasi-2D system that is topologically equivalent to an
incompressible quantum anomalous Hall state [29] which
violates the particle-hole symmetry. This is because the
two systems share identical 2D Chern invariant [30] in
the bulk as well as chiral charge and energy transport
along their edges. Moreover, the symmetry-preserving
many-body interacting gapped surface states [31-34] of
a TT exhibit similar topological orders to the incompress-
ible Pfaffian quantum Hall state [35] at half-filling. For
instance, the T-Pfaffian TT surface state [33] has an iden-
tical anyon structure to the particle-hole symmetric Pfaf-
fian quantum Hall state [19].

Similar correspondences hold between 3D FTI and 2D
FQH states. The FTT considered in this article are elec-
tronic states where the electrons are divided into emer-
gent charge e/3 fermionic components, referred to as par-
tons. More precisely, we use the parton ansatz [10, 36, 37]

Uy = mians, (1)

where 7¢, for a = 1, 2, 3, are the fermionic partons. The
partons are coupled to a dynamical Z3 gauge field [13].
Each 7% carries a unit Z3 gauge charge so that the elec-
tronic quasiparticle W is Zs neutral. Moreover, each
parton species fills a topological band insulator spectrum.
From the construction, the FTI surface must have the
“fractional parity anomaly” o, = %, which is the same
Hall conductivity as of a FQH state with filling v = 1/6.
In previous works [38, 39], we showed that the FTI can
host two types of charge-conserving and Zs-symmetric
surface states with a finite excitation energy gap. The
first is a ferromagnetic surface state that breaks TR sym-
metry. The second is an anomalous symmetry-preserving


mailto:jteo@virginia.edu

surface state, referred to as the fractionalized T-Pfaffian
state (denoted by 7-Pf* in our previous work). This
state is topologically-ordered and supports further frac-
tionalized surface quasiparticle excitations, such as the
charge e/12 Ising anyon.
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FIG. 1. Correspondence between thin FTI slabs with gapped
surfaces and parton fractional quantum Hall states.

The three-dimensional FTT in a slab geometry with a
finite thickness can be topologically regarded as a quasi-
two-dimensional system (see figure 1). When the two
horizontal dimensions are infinite or much longer than
the vertical one, the third axis reduces to a finite set
of local variables in long length scale. If the top and
bottom surfaces are gapped, then the FTT slab is topo-
logically equivalent to a 2D FQH state. While there is
currently no confirmation of 3D FTI materials, the thin
slab correspondence allows theoretical proposals and pre-
dictions of new FQH states, which may arise in existing
2D quantum Hall materials or heterostructures given the
right conditions.

Partons FQH

states £q Po.a
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central charge |[c=1+ 2¢q c=1+q+p/2

known examples|Laughlin state £9 Q-Pfaffian state P10
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Particle-hole symmetric

Dirac parton £
parton Pfaffian PB_4 3

TABLE I. Summary of the series of Abelian parton FQH
states £4 and paired parton FQH states L, 4.

In this article, we propose two new classes of parton
FQH states inspired by FTI slabs (see table I for a sum-
mary). Each FQH state is characterized by its filling
fraction v and chiral central charge ¢ that respectively
specify the electric and thermal Hall conductance [40-
42)

dl, e? dl, m2k2
_ charge v _ energy c BT7
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where dV and dT' are the transverse potential and tem-
perature differences across sample. The first class is
a series of Abelian FQH states £, with filling fraction
v = 1/3 and chiral central charge ¢ = 1 + 2¢, where ¢ is
an integer. For example, £,—¢ is the Laughlin FQH state
U(1)s where partons are confined. £,—1 represents a de-
confined parton FQH phase U(3)1/Z3 = U(1)3®SU(3)1,
where each of the three partons 7% completely fills a
Landau level and an electrically neutral SU(3); sector
emerges. This (2 + 1)D phase is topologically equiva-
lent to a thin FTI slab with TR breaking top and bot-
tom surfaces [38]. The second class is a series of paired
parton FQH states 9, , with filling v = 1/6 and chiral
central charge ¢ = 1+ ¢ + p/2, where p and ¢ are in-
tegers. They generically carry non-Abelian topological
orders and support Ising anyons with charge e/12. For
example, P,—; =0 is identical to one of the Q-Pfaffian
states in ref. 35 where partons are confined. On the other
hand, Bp=_1,4=1 represents a FQH phase that extend the
Pfaffian topological order by deconfined partons. We re-
fer to this phase as the parton Pfaffian state and denote
it by Pf*. It is topologically equivalent to a thin FTI slab
where one of the two surfaces are TR preserving and the
other is TR breaking [38].

One of the most important issues in condensed matter
theory is to design and find microscopic electronic Hamil-
tonians for the strongly-interacting topological states.
The parton ansatz (1) that artificially divides an electron
into fractional components is an adhoc theoretical con-
struction for the purpose of providing an interpretation
of a topological state. It is only valid when the emer-
gence of partons is supported by a microscopic Hamil-
tonian of many-body interacting electrons. Instead of
relying on the parton ansatz as a premise, in this ar-
ticle, we will use the exactly solvable model approach
where Hamiltonians of interacting electrons are first de-
signed and subsequently shown to carry gapped par-
ton excitations in the (2 4+ 1)D bulk and gapless parton
(14+1)D conformal field theories (CFT) along the bound-
ary. These model Hamiltonians of parton FQH states will
be constructed by the coupled wire method. It involves a
highly anisotropic description where the low-energy elec-
tronic degrees of freedom are confined along an array of
continuous one-dimensional wires and many-body inter-
actions take the form of inter- and intra-wire electron
backscatterings. The technique was derived from slid-
ing Lutthinger liquids [43-47] and was first employed by
Kane, Mukhopadhyay and Lubensky [48] in the study
of Laughlin [2] and Haldane-Halperin hierarchy [49, 50]
FQH states. The method was later applied to more gen-
eral FQH states [51-55] such as the Moore-Read Pfaf-
fian [35, 56] and Read-Rezayi [57] FQH states. In particu-
lar, our article can be regarded as a parton generalization
of Kane, Stern and Halperin’s work [55], which provided a
coupled-wire description of a sequence of “conventional”
Pfaffian FQH states at filling v = 1/2.

Apart from being a tool to build exactly solvable mod-
els, the coupled wire construction has two more valuable



features. First, the topological order of the (2 + 1)D
bulk can be inferred from the low-energy CFT that de-
scribes the system’s (1+1)D boundary. The coupled wire
Hamiltonian introduces an excitation energy gap in the
bulk but leaves behind gapless degrees of freedom along
the edge. The gapless boundary modes of the Abelian
parton states £, and the paired parton states ‘B, , are
effectively described by the (1 + 1)D CFTs

£, =U(1); @ [SUB)]Y,

Py = Ut @ U1l @ Tsing?. )
Second, the series of paired parton states 3, , exhibits a
new notion of parton particle-hole (PH) symmetry, which
applies to the half-filled parton Landau levels. These
paired parton FQH states can be related to one another
under the PH conjugation (to be defined in details in the
main text)

PH; (PBp,q) = L1 X qu =PB-p-22-4 (4)

that “subtracts” ‘B, , from the parton Landau level
£1 = U(3)1/Zs. In particular, the parton Pfaffian state
PB_11 = Pf* is PH symmetric. It is not a coincidence
that the parton Pfaffian state contains the fractional
T-Pf* topological order that describes the symmetric
gapped surface state of the FTI. A parallel analogy can
be drawn at the half-filled electronic Landau level, where
the PH symmetric Pfaffian state [19] has identical topo-
logical order to the T-Pfaffian state [33] of the symmetric
gapped surface of a conventional TI. The exact corre-
spondence between the symmetric FTI surface and the
PH symmetric half-filled parton Landau levels is out of
the scope of this article and we leave this implication for
future studies.

This article will be presented in the following order.
In section II, we describe (141)D chiral CFTs, which
will serve as the building blocks for the (241)D parton
FQH states and will emerge at the system edge. They
also describe gapless modes at the domain walls between
gapped regions on the surface of FTIs. We will introduce
the Dirac parton CFT in section IT A, the parton Pfaf-
fian CF'T in section II B, and their relationship through
“gluing and splitting” in section IIC. In section IITA
and III B, we present the models for the series of Abelian
parton FQH states £, at filling one-third and the non-
Abelian paired parton FQH state B, 4 at filling one-sixth
by coupling electron wires in the presence of magnetic
field. In section I1I C, we present a model for the surface
topological order of the F'TT that is closely-related to par-
ton Pfaffian quantum Hall state at filling one-sixth. In
section IV, we introduce the emergent notion of particle-
hole conjugation and symmetry in the context of par-
tons and demonstrate the PH action on the paired par-
ton states B, , with respect to each of the Abelian states
£4, that we found in the section III. Finally, in section V,
we summarize our results and discuss open implications.
For completeness, we provide in appendix A a review of
the relevant Kac-Moody algebras.

II. PARTON CONFORMAL FIELD THEORIES

In this section, we present the relevant conformal field
theories [58] (CFTs) that describe the low-energy degrees
of freedom along the (1 4+ 1)D edges of the parton frac-
tional quantum Hall (FQH) states. In particular, in sec-
tion IT A and II B, we focus on the Dirac parton triplet
and the parton Pfaffian CFTs that live on the edge of the
parton Landau levels £; and the particle-hole symmetric
parton Pfaffian FQH state 3_; ; respectively. In addi-
tion to the local electron, these CFTs carry charge e/3
fermionic partons along with other fractional quasipar-
ticles as primary fields. We will characterize the charge
and energy transport in these CFTs, and show that the
parton Pfaffian carries half the degrees of freedom in the
Dirac parton triplet (see figure 2). This means a pair of
parton Pfaffians can be glued into a Dirac parton triplet
by a condensation Hamiltonian consists of many-body
electron backscattering (see (53) in section IT C). On the
other hand, a Dirac parton triplet can be split into a pair
of parton Pfaffians by a fractional basis transformation
(see figure 3 and eq.(68) in section IIC). The (2 + 1)D
parton FQH states that support these fractional bound-
ary modes will be constructed in the next section, and
their topological orders can be inferred from the edge
CFTs through the bulk-boundary correspondence [35].

A. The Dirac parton triplet

We begin with the triplet of chiral Dirac parton chan-
nels. It appears along the 1D interface separating two
time-reversal symmetry breaking domains with opposite
orientations on the surface of the fractional topological
insulator (FTT). It also appears along the 1D boundary
of the 2D parton FQH state £, where each of the three
species of deconfined partons completely occupies a Lan-
dau level.

In low energy, the triplet is described by the orb-
ifold [58] CFT U(3)1/Z3 (to be defined below). The
U(3)1 theory consists of three copies of chiral Dirac par-
ton channels, where the fermionic partons can be rep-
resented by normal-ordered bosonized vertex operators
7% ~ €% for a = 1,2,3. In low-energy, the bosonized
variables are described by the U(3); Lagrangian density

3
1 L
['U(3)1 = % Z 0t a0 Pa (5)
a=1

up to non-universal kinetic velocity terms. They follow
the equal-time commutation relation (ETCR)

0:6a(x), 51(X)| = 2mibwd(x—x),  (6)

which is equivalent to the time-ordered correlation

(Gal@)0(w)) = ~baslog(z —w) + 2 S, (7)



where z,w ~ T + ix are complex space-time parameters
(or z,w ~ €7 T™ in a radially-ordered complex space-time
geometry where x is periodic and the Euclidean time 7
parametrizes the radial direction). The non-singular sec-
ond term containing

0 1 -1
-1 0 1 (8)
1 -1 0

S = (Sap)3x3 =

is put in (7) to ensure anticommuting correlations be-
tween distinct fermions, (ei?aei??) = —(ei?vei®a). The
particular form of S, is chosen to respect the cyclic
threefold rotation of parton labels a,b = 1,2, 3.

Each parton carries the electric charge e* = e/3, where
e is the charge of the electron. The diagonal combination
Vo ~ mim2nd ~ ei(@1+02193) g 4 ocal electronic quasi-
particle with charge e. In addition to W), there are local
spin 1 bosons generated by the electrically neutral and
Z3 neutral combinations E® = ¢'(¢a=%) ~ 7o(7) for
a # b. They form the roots of a SU(3) affine Kac-Moody
current Lie algebra at level 1. It will become clear in sec-
tion IIT A that these operators are integral combinations
of electrons.

The Z3 symmetry rotates the phases of the partons
1 — €2™/37% and leaves the electronic quasiparticle
W, invariant. The orbifold construction allows additional
twist fields that corresponds to twisted boundary condi-
tions according to the Zz symmetry when the (1 + 1)D
system is compactified on a torus where both the spatial
and temporal directions are periodic. Physically, the orb-
ifold construction addresses the issue of electron locality.
If 7 were local fermions, the CFT would not support any
additional twist fields that carry non-trivial monodromy
with 7®. However, since the partons 7% are fractional
quasiparticles that carry a non-trivial Zz gauge charge,
they are non-local with respect to the Z3 gauge fluxes.

The orbifold theory includes twist field that carries a
Z3 flux component, such as the Laughlin quasiparticle
A~ ei(@1+02493)/3 Tt carries the electric charge e* = ¢/3
and spin hy = 1/6, and generate the U(1)3 charge sector.
The bosonic twist fields (%0 = e~ %atd0) ~ (70)F(70)T]
for a # b, serve as representatives for the pure Zs charge.
This is because they obey the fractional mutual statistics
with the Laughlin quasiparticle

() = )

The fractional exponent corresponds to a branch cut in
the correlation function and gives rise to the non-trivial
/3 monodromy after a braiding cycle, z(s) = w+|r|e’,
where s runs from 0 to 27. Electrically neutral combina-
tions of the Laughlin quasiparticle and Z3z charges, such
as A2(% ~ H2¢1-¢2=93)/3  generate the primary fields
for an emergent SU(3); sector (see (17) below).

The charged U(1)3 and the electrically neutral SU(3);
sectors fully decouple from each other, and their mutual

operator product expansions (OPEs) are non-singular.
The decomposition

£, = (Dirac parton)®?

=U(3)1/Z3 =U(1)3 ® SU(3)1. (10)

can be summarized by the following fractional basis
transformation of bosonized variables.

A\ (11 1) (&
(b‘}r :g 2 -1 -1 (%2 ) (11)
¢z 11 =2/ \¢3

where the above 3 x 3 transformation matrix is the inverse
of

11 0
A=11-1 1], (12)
1 0 -1

whose columns are the simple roots of U(1) x SU(3). In
(11), ¢a (¢7) are referred to as bosonized variables in the
Cartan-Weyl (resp. Chevalley) basis. The Lagrangian
density (5) turns into

1
L)y, /zs = %KIJ8X¢£81?¢# (13)

under the basis transformation. The K-matrix in the

Chevalley basis is given by

3 0 O
K=ATA=|0 2 -1], (14)
0 -1 2

and it governs the ETCR of the Chevalley bosonized vari-
ables

[0k (x), ¢ (X)] = 2mi(K 1) 6(x — X). (15)

The (1,1)-entry of (14) recovers the K-matrix of the
Laughlin v = 1/3 FQH state. The lower 2 x 2 block
of (14) is identical to the Cartan matrix of SU(3). Pri-
mary fields are in general represented by vertex opera-
tors eimi¢r = eimi(A") %0 where m = (mg, m1,m2)
are vectors with integral entries. In particular, vectors
that fall inside the image of K, i.e. m = Kn for some
integral vector n, correspond to local fields that have
trivial monodromy with all primary fields and account
for all integral electronic combinations. For example,
W) ~ ei(@1F02483) — ¢i3¢7 ig the smallest local electronic
quasiparticle in the Laughlin charge sector. The neutral
combinations 7%(7?)f ~ E® = ei(®a=dv) = eii(%’i_‘ﬁ),
eti(=9n+2070) op e£i(9n+67) for a + b, are local fields that
form the 6 roots of the SU(3) affine Kac-Moody current
Lie algebra [58] at level 1. The U(1)3 x SU(3); currents



obey the singular OPE

- - Sa
ia¢a(z)¢a¢b(w):ﬁ+...,
- b — g¢
i0¢a(2) ™ (w) = — “Eb”( )+ (16)
gad gbe (ab)(cd)(ef)
BB W) = s i BT W)+

where f(ab)(cd)(ef) — gabdgbcgaesdf _ cabcgadsbf sce ig the
structure factor of SU(3) where a # b, ¢ # d and e # f.
The derivations of the current algebra (16) as well as
OPEs between vertex operators in general are available
in appendix A 1.

The Laughlin quasiparticle A ~ ei®s = ¢i(¢1+é2+3)/3
is the smallest non-trivial primary field in the U(1)3
charge sector. It decouples from the SU(3); neutral sec-
tor and the OPE between A and any of the SU(3); roots
E is non-singular. The non-trivial primary fields of
SU(3); are given by the two fundamental representations
of the Lie algebra. Linear combinations of primary fields
in the super-selection sectors

& =span{€',£2,6%, & =span{(E")", (£, (£%)T},
0 — \Tq9 ~ ¢t [¢a—(¢1+¢2+¢3)/3] (17)
rotate according to the OPEs
ab c . 51)063 d
E*(2)& (W):—zSab27W8 (w) + .. (18)
ab c T - 6(1663 d T
B (@)E°(w)! = i L (w)' +

and form a conjugate pair of three dimensional irre-
ducible representations of SU ( ). For instance, the ma-

—a b
trices L% = (L3¢)35 and L% = (T3 )sxs, for Lbe =
—abc

654 and Ly = §9¢4Y, are the raising and lowering ma-
trices for the off-diagonal Gell-Mann matrices L + 7

and i(L® — fab), for a # b. All primary fields in £ and
& are electrically neutral and carry spin A = 1/3. Since
the root operators E are local electronic, the OPEs in
(18) show that any two primary fields within the same
sector £ or & are equivalent up to local electrons. They
obey the fusion rules

ExE=E, ExE=E, ExE=1, (19)

which abbreviate the OPEs

Z‘abc
E@ENW) = )+
Z'abc
£’ = _iv)l/g E°w) + ...
ab
e @ W) = o (20

The Dirac parton triplet carries electric and energy
transport. The external electromagntic gauge field is cou-
pled to the theory through the U(1)gy, transformation
ba = da +A/3 [or equivalently ¢ — oL + A(K~1)1 ¢,
where the charge vector is tT = (to,t1,t2) = (1,0,0)],
when the electronic quasiparticle transforms by ¥o =
mim2n? — MUy, In particular, the differential conduc-
tance of the parton channel is given by

ar - e? .. 1e?

Tav htK t_3h’ (21)
which associates to the filling fraction v = 1/3 of a FQH
state that supports a boundary Dirac parton triplet CF'T.
As all three bosons propagate in the same direction, the
channel carries a chiral central charge ¢ = cp — ¢, = 3,
which dictates the differential thermal conductance [40—

42]
dIE 71'2sz
T c( 3h (22)

in low temperature.

B. The parton Pfaffian

The parton Pfaffian CFT, denoted by Pf*, carries ex-
actly half of the degrees of freedom of the Dirac parton
triplet. It consists of an electrically charged U(1)a4 sector
and a neutral U(1)2 x Ising sector.

PB_11

Each sector is generated by a central “almost local” pri-
mary field that has non-trivial monodromy only with
Ising anyons or m-fluxes.

=Pf* = U(1)24 ®e1 U(1)12 ®el Ising. (23)

U(1)24 3 charge e spin 3 boson e'®»

U(1)12 > neutral spin 3/2 Dirac fermion e'®?  (24)
Ising © Majorana fermion 1.
The electrically charged U(1)24 and mneutral U(1)q2

sectors are Abelian and can be described by a two-
component bosonized theory

1

L= o (Kydp0ut, + KidedaOupa) (25)

up to non-universal velocity terms, where the K-matrices

K,=24, K;=12 (26)

define the levels of the two U(1) sectors. The Ising sec-
tor is generated by a Majorana fermions v, which is de-
scribed by the Lagrangian density

L =it (3y + v0y) . (27)

The Majorana fermion propagates in the opposite direc-
tion to the two U(1) sectors.



The primary field content of the Abelian part of (23)
can be represented by vertex operators e*(*®»+t%4) where
a,b are integers. The charged U(1)a4 sector supports
primary fields e®*?», denoted by [a],, that carry charge
¢o = a/12 (in units of the electric charge e) and spin h, =
a?/48. In particular, [12], represents the “almost local”
charge e boson e!®», where ®, = 12¢,. The external
U(1)gm that transforms e'®» — e!®ret shifts ¢, — ¢, +
A/12 = ¢, + AK 't,, where the charge vector is t, = 2.
This set the filling fraction
1
v=1t,K,'t, = A
that determines the differential conductance o = v(e2?/h)
of the charge sector. The primary fields satisfy the fusion
rule

(28)

la], x [a'], = [a+d],, (29)
which is an abbreviation of the operator product expan-
sion eia®p(2) gia’¢p(w) — gilata’)g,(w) (z— W)aa’/24 T

The neutral U(1);2 sector supports similar primary
fields. The vertex operators e®?¢ are denoted by [b]q4.
They carry spin hy, = b?/24 and follow similar fusion
rules in (29). [6]; represents the “almost local” neutral
spin-3/2 Dirac fermion e®?, where ®; = 6¢4. Both the
charged U(1)a4 and neutral U(1); sectors are Zo graded
with respect to their central elements [12], and [6]4 re-
spectively. Each primary field is assigned a parity ac-
cording its monodromy with the central element. The
monodromy can be determined by the time-ordered cor-
relations

<eia¢p(z) 6i<I>p(W)> ~(z— W)a/2’

(30)
<6ib¢d(z)ei<bd(w)> ~ (z—w)/2,

which carry branch cuts (i.e. odd monodromy) when a, b
are odd. Odd primary fields are also referred to as m-
fluxes.

The Ising CFT supports two non-trivial primary fields.
The first is the Majorana fermion . It carries spin hy, =
—1/2 and follows the fusion rule [¢)] x [¢)] = 1, which
is an abbreviation for the operator product expansion
Y(E@)Y(W) = 1/(Z— W) + .... The second is the Ising
twist field o. It carries spin h = —1/16 and following the
non-Abelian fusion rules

[o] x [Y] =[o], [o] x[o] =1+ [¢]. (31)
They corresponds to the OPEs o(Z)y(w) = o(W)/(z —
W)/2+. .. and 0(2)0(W) = 1/(Z—W) /349 (W) (Z—W)? /8+
.... Like the other two Abelian sectors, the Ising CFT is
also Zs-graded with respect to the fermion ¢). The 1 and
[¢] primary fields are even, and the Ising twist field [o]

is odd as it has odd monodromy with .
We associate the three primary field combinations

ey, = [12], ® [Y] ~ @iq)”ﬁ
Vo, = [12], @ [6]4 ~ ' Pre’®e (32)
Vo, = [12], @ [—6]q ~ e'PreiPd

to be electronic. This means that they are treated as
combinations of integral products of electronic operators.
All of them are charge e Dirac fermions. They carry spin
h1 = 5/2 and hy = hs = 9/2 respectively. In general,
a primary field in the parton Pfaffian CFT is local elec-
tronic if it can be expressed as combinations of We,, W,
and ¥.p,. For example, \I/Zh Uy, = [6]g ® [¢] is a spin 1
neutral boson, and is an integral combination of elec-
trons. The locality of the electron forbids the presence of
any twist field that exhibit non-trivial monodromy with
any of the Wy)’s. This includes all the 7 fluxes to the elec-
tron, such as [1],, [1]q and [o]. The “confinement” of 7
fluxes is indicated by the “electronic” tensor product ®e
in (23). A general physical primary field of the parton
Pfaffian theory takes a tensor product form, and belong
in one of the following types

Loy = [a], ® [bla

N ei(a¢p+b¢d)7 for a and b even,

Vo = [a], ® [b]a ® V]
~ (005 tb00a) g,

Za = [a], ® [bla ® [0]
~ ¢iadptbéa) 5

for a and b even, (33)

for a and b odd.

In other words, the three sector components must be ei-
ther all even or all odd according to the Zs grading. All
other combinations are not allowed by electron locality.

The electric charges, spins and fusion rules of these
primary fields can be deduced from that of the three
components of Pf* in (23). X, , carries the electric
charge ¢x,, = a/12 (in unit of the electric charge e),
for X = 1, ¥, . Their spins are given by

h — CLQ _|_ E
Low =48 7 21
a? b2 1

hy , = — 4+ — =
Yoo T g Ty Ty
a? b2 1
hy @ = 34
Sar = 18 T 91 T 16 (34)

They follow the fusion rule

ﬂa,b X ]]-a’,b’ = \Ila,b X lIja’,b’ = ]]-a+a/,b+b’
]la,b X \I/a’,b’ = \Ija+a/,b+b’
]Ia,b X Ea’,b’ = \I/a,b X Zu,’,b’ = Za’,b’
Ea,b X Ea’,b’ = ]1a+a’,b+b’ + \I/a+a’7b+b’~ (35)
Within (33), 14,12 and Wy 14 are charge e/3 spin 1/2

fermions and serve as the deconfined partons that de-
compose the electronic quasiparticles

Wep, = Uy 44 X My g2 X Dy 50 = Wy 44 X Uy 14 X Wy 44,
Wep, =Wua x Uyy x My _g=1Ly2 X Lyo X 1yo, (36)
Wep, =Wy g X Wy _y X Myo =14 o XLy _o X1y _o.

By summing the contributions from the three com-
ponents, the overall electric and thermal conductance



o =ve?/h and k = ¢(7?k% /3h)T are specified by

1 1 1 3
v 6+0+0 % c + 5= 3 (37)

each of which is half of that of the parton Dirac triplet
U(3)1/Zs3 described in the previous subsection. This sug-
gests the decomposition or conformal embedding

U(3)1/Z3 ~ Pf* @ Pf*, (38)

which will be discussed in the following subsection.
Before doing so, it is worth noticing that within the
parton Pfaffian theory, there is a subset of primary fields

I, =la], ® [a]qg ~ @@ ta)  for g even,
Yo = [a], ® [ala ® [¢)] ~ ¥ @otba)y,

00 = lal, ® [ala ® [0] ~ @ teg,

for a even, (39)

for a odd,

that are bosonic, fermionic, or semionic combinations
with spins

(a/2)?

hi, = 1 for a even,
2)2 1
Ry, = (a/4) — for a even,
2
—1
he, = a T for a odd, (40)

and are closed under fusion

Ia X Ia’ = "/]a X '(/}a’ = la+a’y
Ia X wa’ - wa+a/7 d}a X Oq/ = Oq+a’
Oq X Oqt = lgta + Ogta’- (41)

This sub-collection generates a theory, referred to as the
parton T-Pfaffian state and denoted by 7-Pf*, that de-
scribes the gapped time-reversal symmetric surface state
of a fractional topological insulator [38, 39]. The T-Pf*
state has a similar topological anyon content as the con-
ventional T-Pfaffian [33] surface state of a single-body
topological insulator. Except the charge assignment of
each anyon is 1/3 of the conventional one. Also, there
is a threefold increase of periodicity. In particular, the
spin-1/2 quasiparticle ¢4 in the T-Pf* takes the role of
the fermionic parton and carries electric charge e/3. 12
is the electronic quasiparticle and 154 is the charge 2e
bosonic Cooper pair.

C. Gluing and splitting

A pair of parton Pfaffian channels can be glued into a
parton Dirac channel through an anyon condensation [59]
process

U(3)1/Zs = Pf* R Pf*, (42)

which can be carried out explicitly by a sine-Gordon
Hamiltonian. We begin with a pair of parton Pfaffian

parton Pfaffian

(Dirac ])m'ton)/s

(Dirac ]’)m'tt,m)y'3

FIG. 2. Gluing and splitting between a pair of parton Pfaf-
fian CFTs and a Dirac parton triplet. The Dirac parton and
parton Pfaffian CFTs are defined in (10) and (23). The chiral
central charge ¢ and “filling fraction” v indicate the differen-
tial thermal and electric conductance k = ¢(m*k%/3h)T and
o = v(e?/h) respectively.

theories Pf’ @ P{};, each described by (23). First, we fo-
cus on the two neutral Ising sectors Ising 4, ® Isingg. By
condensing the bosonic fermion pair [)]4 ® [¢]p, they
becomes

S0O(2); = Ising 4, X Ising 5 (43)

where the product notation X here stands for a tensor
product and the condensation of the fermion pair. We de-
fine the electrically neutral spin h = —1/2 Dirac fermion

do = % (a + o) ~ €290 (44)
The neutral fermion dy is fractional, however it can be
made local electronic by combining with the charge e
boson from either one of the charge sectors U(1), or
U(1)%,. The bosonized variable ¢q is described by the
Lagrangian density

1
Lo = %K08t¢08x¢0 (45)
up to non-universal velocity terms, where Ko = —4. The
vertex operators s4 = e are spin h = —1/8 spinor

fields that originated from the pair of Ising twist fields
(0]4® [0l = 54 +5-. (46)

Similar to the Ising twist fields, these spinor fields si

have non-trivial monodromy with the electronic quasi-

particles \IIS;B in (32) and are confined. However, they
can be combined with the m-fluxes in the Abelian sec-
tors U(1)2;% and U(1)%4% to form deconfined excita-
tions. The spin —2 boson d3 ~ e?0 condenses because
1) x ¢ = 1. This fixes the fusion rules

dg X do = 1,

S+ X S4 Zdo7

do X 5+ = s,
54 X s =1. (47)
Next, we take the rest of the Abelian components
[U(1)8y x U(1)1y] x [U(1)5, x U(1)%] into account. The
parton Pfaffian pair is now described by the five-
component bosonized Lagrangian density

Lpegpr- = Lo + Eﬁ + Ef + ﬁ;‘ + £,103, (48)

1

LA = %Kdatqsﬁﬁa@g‘ﬁ,
1

LAP = %Kpatqsg‘ﬁa@;‘ﬂ



up to non-universal velocity terms, where K, = 24 and
K; = 12 for both the A and B sectors. The first
three bosonzied variables represent the neutral degrees
of freedom and are invariant under U(1)gy. The final
two represent the charged sectors and transforms under
(b;?’B — ¢f’B + A/12 when electron operators change by
Uy — eiA\I/el.

We define a new basis within the neutral sectors by the
transformation

o7’ 1 -1 1 ®o
prtl=2]-1 2 -1 o4 |, (49)
o3 -1 1 -2) \¢f

where the 3 x 3 matrix is unimodular and has the inverse

-1

1 -1 1 31 1
B=|-12 -1| =|110]. (50)
11 -2 10 -1

The new bosonized variables are described by the La-
grangian density

1
Ln=Lo+ L]+ L] = 27(Kn)Uathaxqs"J, (51)
s
where the K-matrix (suppressing all zeros) is

-3 -1
K, = 2 —1|=8B" 3 |B. (52
-1 2 3

Lastly, we introduce the gluing sine-Gordon potential

Heluing = U COS (12(;520 — 24gz5;1 + 24¢f)
= ucos [24 (¢0 — (bdA -~ ¢;‘ + (bf)] . (53)

It is straightforward to check that the angle variable
O = ¢y — gbg + ¢F — gb;‘ + gbf satisfies the “Haldane’s
nullity condition” [60] [©(x), ©(x')] = 0. The factor of 24
makes sure Hgluing iS constructed by integral combina-
tions of local electronic operators. The potential there-
fore introduces a finite excitation energy gap to a counter-
propagating pair of boson modes and removes them from
low-energy. It is charge preserving as © is invariant under
U(1)gm- The gapping potential pins a finite ground state
expectation value for (©(x)) and condenses the bosonic
combination

1o e(® <ei¢oe—i(¢5+¢£)ei(¢§+¢f)>
~ <S+I{4T11B> = <014T013> . (54)

This is because the Ising anyon o; (defined in (39)) is
the product oy for both the A and B sectors, and from
(46), the even spinor s, is originated from the product
oc4cP. Together with the bosonic fermion pair gy

that was condensed previously in (43), they generate all
the electrically neutral bosonic pairs in Pf’ ® Pf}

A B A B
Iimio Yama2:09ma1 Tama1

T T T
B = { Ifm Ifm7¢fm ¢fm7¢fm+2 Iéle-i-Qv } . (55)
meZ
Bosons in B have trivial mutual monodromy, and the
sine-Gordon potential (53) condenses all bosons in B. For
example, the Ising pairs take non-vanishing ground state
expectation values thanks to Hgluing

1 o ef@m+1)(©)

x <ez‘<2m+1>¢>oeﬂ'@mﬂ)<¢ﬁ+¢§>6i<2m+1><¢f+¢§>>
t t
~ <8i12Am+1 I2Bm+1> = <Ué4m+1 U2Bm+1> ) (56)

where the parity of the spinor field is fixed by the fusion
rule (47), e!@m+1% = 5. (or s_) if m is even (resp. odd).
We denote the relative tensor product Pf* Kz Pf}; to be
the remaining low-energy CF'T that is unaffected by the
condensation.

From the K-matrix (52), it is clear that the two electri-
cally neutral modes ¢™! and ¢™? are completely decou-
pled from the rest and therefore are unaffected by the
sine-Gordon potential Hgiuing. It is also straightforward
to check that the sum ¢, = 2(¢;‘ + qﬁf) commutes with
© and thus decouples from Hgjuing as well. Here we nor-
malizes ¢, with the factor of 2 because the odd vertices,

such as ¢i(®5 +¢7 ), have non-trivial monodromy with the
electronic quasiparticles 175 and 1 and are not allowed
by electron locality. Grouping together, the bosonized
variables (¢2, %, ¢2) = (¢,, o™, ¢™?) generate the rela-
tive tensor product Pf’ Xg Pf;. They obey the same
equal-time commutation relation in (15), and therefore
are described by the same U(1)3 x SU(3); parton La-
grangian density (13).

Moreover, the bosonized variables (¢,,¢"!, ¢"?) re-
spect the same charge assignment and electron locality
as the Dirac parton triplet. ¢, is the only bosonized
variable that transform under U(1)gy. The quasipar-
ticle ei®r = e2(#2+%7) carries charge e/3 and repre-
sents the Laughlin quasiparticle. We now show the
triple €?3%» = ¢®(#,+9,) is an integral electronic com-
bination.  First, it can be changed into I4)f ~
ei6(=0) —0i+6,+07 )8 by absorbing the electronic com-
bination \I/ﬁj\llfflkllff; = e_i(12¢3+6¢3)ei6¢dw§. Sec-
ond, we observe that T4,0& = IATY)E is one of the boson
in (55) that condensed to the ground state. This proves
e"3% represents an electronic quasiparticle after the con-
densation. Furthermore, in the neutral sector, the simple
SU(3) roots €126 =6™) and e(=¢"" +26™) are also local
electronic. Using the basis transformation (49), the roots
are e~1(260=663) and e_i(2¢’0+6¢d3), which are respectively

identical to the electronic operators %lei&ﬁé‘ = \Ilﬁl \I/QST

and w(?e_i%f = W51TW53 up to the condensate g yE.



This concludes the gluing procedure

Pf* @ Pf* TN pee R, PEF = U(3),/Zs. (57)

Similar gluing procedure was also presented by us in an
earlier work [38].

(Dirac parton)”® 3

> []
------ 2l 7 —
. Y AN Parton Pfaffians
) SV G s
D EEEE R o
N electronic (1)
Dirac fermion (Y(>_°>_ charged i = 3 boson
U(1), charged h =1 U()s neutral h = 3/2
—_—— T e P ; .
Ua boson Ua Dirac fermion
/(1)s chgrgefl h = 3/2 ()1_) ______ 11§1111‘a1 h : 1/2
Dirac fermion Dirac fermion
-= 2; == neutral SU(3); ----- »------ Majorana fermion

FIG. 3. Splitting of a chiral Dirac triplet channel into a pair
of parton Pfaffian channels. The basis transformations (I),
(II), (III) and (IV) are defined in (58), (61), (64) and (66)
respectively. The backscattering Hamiltonian is defined in
(60).

Next, we present the reversal — the splitting of the
chiral Dirac parton triplet U(3)1/Zs into a pair of de-
coupled parton Pfaffian CFTs. The fractionalization is
facilitated by an extension of the Dirac partons that in-
cludes an additional counter-propagating pair of neutral
spin-3/2 Dirac fermions, U(1)s x U(1)3. We first show
that the extension can be supported in a purely 1D set-
ting, such as an edge reconstruction, and does not re-
quire additional 2D topological order. In other words,
the non-chiral U(1)s x U(1); CFT can be realized in
a 1D electronic wire without being holographically sup-
ported on the boundary of a 2D topological state. To
achieve this, we start with two electronic wires that con-
tains two counter-propagating pairs of Dirac electrons
g ~ €'®e at Fermi level, where a = 0,1 is the wire index
and 0 = R,L = +,— labels the propagating direction.
They are represented by the solid black lines in figure 3.
We will introduce a many-body interacting potential that
leaves behind a pair of neutral Dirac modes in low-energy.

The interaction is based on the following fractional ba-
sis transformation of the bosonized variables

) 32 1 —1/2 -1\ [&f
ol _|-1/2 1 ~1/2 0 off (58)
op -1/2 -1 3/2 1 of
oL -1/2 0 -1/2 1 oL

This transformation will also be useful in the coupled
wire construction in section IIIB (c.f. eq.(106)). We
notice that the new bosonized variables contain half-
integral combinations of the original ones. Consequently,
the vertex operators ', ¢i®% are non-local and cannot
be expressed as integral combination of electronic ones.

On the other hand, the sum and differences <i>5” + éﬁ,

9

<i>,1§ + éﬁ and i)g + i%l are integral. The variables
@f’L represent electrically charged sector and shift by
<i>g — ‘i)g +A under a U(1)gy transformation that change

the phase of an electron ¢ — e**c. The other two vari-
ables ®2L represent electrically neutral modes and are
invariant under U(1)gym. The bosonized variables are de-
scribed by the Lagrangian density

1 T o T g
L= U;ﬁ a;:J 00,07 0,P
-Lly, (13@03 57 + 0,570 q>) (59)
2w Sl 2 PP nexen
up to non-universal velocity terms.
We introduce the sine-Gordon potential

H, = ucos (éf — éi)
= ucos (2@5 + 2&3{% — 2@5 — 2‘:151L) ) (60)

which can be constructed from electron backscattering
and preserves charge U(1)gy. This gives a finite ex-
citation energy gap to the charged sector p and re-
moves it from low-energy, and leaves behind a counter-
propagating pair of spin-1/2 neutral Dirac fermions

FH R, L . .
¢*®n"" . Next, we perform another fractional basis trans-

formation
R 12 —1) [
()G o

The new variables are described by the Lagrangian den-
sity
1

L il
P~ o

> 00:950,05

o=+,—

1
=5 D Kpddpdsh, (62)
o=+,—

where Kp = 3. The composite vertices ¢35 =
221 =20) and ¢i3¢D = i(—®i+22) are two decoupled
counter-propagating spin +3/2 neutral Dirac fermions,
and generate the non-chiral U(1); x U(1)s CFT. They
are represented by the dashed blue lines in figure 3.

Before proceeding, we notice that these neutral
fermions are not integral combinations of the original
electrons. Therefore, to be precise, the bosonic doubles
€'%%b should be regarded as the local fundamental con-
stituents instead. This changes the compactification ra-
dius and the level of the U(1) CFT. In additional to the
original primary fields e*=%p this also allows 7-fluxes
to the neutral Dirac fermions, which are represented by
half-vertex twist fields e’*=?D/2. We rescale ¢ = ¢%,/2,
which turns (62) into

Lp = o a;f 0 K 10:¢58,07, (63)



where K; = 12 and matches the £ in (25) and (48).
The rescaled bosonized variables QSCI;’"L generate the non-

chiral U(1)12 x U(1)12 CFT. The inclusion of the =-
fluxes allows additional characters that correspond to
anti-periodic boundary conditions of the Dirac fermion
in a closed (1 + 1)D system. This process is known
as Zgy-orbifolding [58] in the CFT context, and in this
case, it extends U(1)s to U(1)3/Za = U(1)12. Neverthe-
less, to simplify the notations, we suppress the rescal-
ing/orbifolding and return back to the previous normal-
ization Lp in (62) until the subtlety of electron locality
arises again.

We now combine this counter-propagating pair of neu-
tral Dirac fermions with the Dirac parton triplet. To
avoid confusion, we differentiate the auxiliary and the
parton sectors by D and wm. We denote the auxiliary
neutral Dirac fermion sectors by U(1)9 x U(1) and its
bosonized variables by (bDL. We denote the the Dirac
partons by U(1)F x SU(3)T, which we recall is identical
to U(3)T/Zs through a basis transformation (11), and
its (right-moving) bosonzied variables by ¢2, ¢L, ¢2. The
total Lagrangian density is the combination of (13) and

(62). We first perform a basis transformation between
U@)5 x U(1)g

4¢A ¢0+¢D 64
4¢f ¢ — o (4

Recall ¢ generates the charged Laughlin sector, and A ~
ei%x is the Laughlin ¢ = e¢/3 quasiparticle. The A and B
bosons here correspond to two decoupled charged sectors
U(L)zy x U5,

L0+ L = i (3at¢>0 0xd) + 30:d10k05) = L3 + L),

PP = K0 B0, (65)

where K, = 24 which is identical to that of (25) and
(48). The bosons are shifted by gbA B cb;?’B + A/12
under a U(1)gm transformation that adds the phase ¢ —
e'Mc to electrons. Each of the charged sectors carries
the differential electric conductance o8 = (1/6)e2/h,
and the two add up to the conductance of the Laughlin
channel.

There are three modes ¢%, oL, ¢2 remaining and they

correspond to the electrically neutral sectors U(1)F x

SU(3)T. We rotate to a new basis
Po . [¢D
¢ | =3B | ¢ (66)
gl 2 |,
¢d (brr

using the unimodular B transformation defined in (50).
This turns the neutral sectors into SO(2); x U(1)7, x
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Ui

1
Lh + Lsvyr = —5-3005 00D

S KPP0l 000
i,j=1,2
= £m+ ﬁ?? + Ef, (67)
1
Lsom, = 7K08t¢08><¢07
P = Kb a0) ",
where Ko = —4 and K; = 12, both of which match

that of the previous Lagrangian densities (45) and (25)
respectively, and K°V®) is the 2 x 2 Cartan matrix of
SU(3) defined in the lower 2 x 2 block of L, in (52).
Lastly, we decompose the spin 1/2 Dirac fermion
do ~ €% = (Y4 +i1pp)/\/2 into Majorana components

(see eq.(44)). They generate two decoupled Ising sectors

IsingA X IsmgB . This completes the splitting process,
which can be summarized by the following flow chart.

(Dirac Parton)®® = U(1)5 x SU(3)T

extend

U x UWF] < [UOF x sUE)T|

(64) (66)

(63)
(U3 x UME] x [SO@) x U x U)E]

Majorana decomposition

[Pe5 = U, x U1, = Tong]

x [Pf}; = U1)B x U(1)5, x Ising }

We conclude this subsection by addressing electron lo-
cality in the splitting process. First, we show that

“Yap (69)

are electronic quasiparticles in both sectors (c.f. eq.(32)).
Without loss of generality, we illustrate this on the A
sector. Written in terms of the basis of the original Dirac
partons and the auxiliary electrons,

A,B 11298 +iep B AB _ 112¢
1546 =€ e ¢, Wigo =

]1,142 1o = 6i3¢2+¢3¢>§ 6ii3¢gii3¢}r

— (1307 £i3(¢D D) o i3or (70)
. 0 . R
‘1'142,0 = 30n 39D cos (3¢% + oL+ 62)
~ 1305 pBB(PT D) pildr +67)

+ ¢i367 1385 —¢D) g—i(dn+e7) (71)



The first piece ¢¥39% is the combination of three Laughlin
quasiparticles, and is identical to the electronic spin 3/2
Dirac fermion A3 ~ 77273, From the basis transforma-
tions (58) and (61), it is straightforward to check that
the second pieces eB3@D+eD) = i(®5—S 25 +T) a4
i3(@D—9D) = ¢i(3%7—3%1) are integral combination of the
auxiliary electrons. Using the basis transformation (11),
the third and last pieces are eB3¢x = ¢i(201-62-03) and
ei(Pnte7) = e (®1=93) which are identical to the neutral
local electronic combinations E1?2E? = (71)%(72)T (73T
and E'% = 71 (73)" respectively. The electron locality of
mlr?73 and 7¢(7%)T will be shown later in section ITT A

when the Dirac parton triplet is constructed explicitly

. R
In part1cu1ar mlmmd ~ el

2t ~ ei® and 72(73)t ~ ei®n2 can be exprebsed
explicitly using (78) and (79) (also see figure 4) in terms
of electronic operators. It is important to acknowledge
that the parton Pfaffian channels descend from electronic
degrees of freedom. Electron locality forbids excitations
that have non-trivial monodromy to any electronic quasi-
particle. This restriction was addressed in (33) and will
not be repeated here.

from electronic wires.

IIT. COUPLED WIRE MODELS OF
FRACTIONAL QUANTUM HALL STATES

In this section, we present the coupled wire mod-
els that represent the parton fractional quantum Hall
(FQH) states £, and B, 4 (see table I and (3)). In sec-
tion IIT A, we construct a sequence of Abelian FQH states
£, at filling v = 1/3. Each of them carries a Laugh-
lin U(1)3 charge sector and ¢ copies of neutral SU(3),
sectors that support the deconfinement of partons (ex-
cept for ¢ = 0, which corresponds to the Laughlin state
where partons are confined). In particular, £; repre-
sents the FQH state where each of the three deconfined
partons fills a Landau level. Its 1 + 1D boundary hosts
the Dirac parton triplet conformal field theory (CFT)
U(3)1/Z2 =U(1)3 x SU(3)1, which was discussed in de-
tail in section IT A. This new parton FQH state is topo-
logically equivalent to and inspired by a 3D fractional
topological insulator (FTI) slab [38] with finite thickness
and time-reversal (TR) symmetry breaking surfaces (see
figure 1).

In section IIT B, we construct a sequence of incompress-
ible FQH states B, , at filling v = 1/6. We speculate that
they may originate from the transition between an inte-
gral quantum Hall plateau and a v = n+1/3 plateau oc-
cupied by one of the £, states. The compressible parton
liquid at the transition then gains a many-body excita-
tion energy gap by a parton pairing mechanism. It is out
of the scope of this paper to address the compressible par-
ton liquid theory that may describe an integral to frac-
tional quantum Hall plateau transition and relate to the
surface state of a FTI. Instead, we focus on incompress-
ible FQH states that exhibit parton pairing. The 3, 4
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state carries a U(1)24 charge sector, which has three times
the periodicity of the U(1)g charge sector of the Moore-
Read Pfaffian state [35] due to the charge e/3 partons.
Its neutral sector consists of g copies of U(1)12, each con-
tains a neutral spin 3/2 Dirac fermion, and p Ising copies,
each generated by a neutral spin 1/2 Majorana fermion.
In particular, the boundary of 3_; ; supports the par-
ton Pfaffian CFT Pf* = U(1)94®c1U(1)12®¢ Ising, which
was presented in section II B. Similar to £y, B_; ; is also
equivalent to a 3D FTI slab with a TR symmetric and a
TR breaking surface (see figure 1). Moreover, as shown
in section IT C, the parton Pfaffian CFT is exactly half of
the Dirac parton triplet. This infers that the parton Lan-
dau levels £ can be split into a pair of parton Pfaffian
FQH states P_; 1. In other words, B_; ; is symmetric
under a parton “particle-hole” conjugation, because the
“particle” state identical to the “hole” state, which is ob-
tained from subtracting the parton Pfaffian ‘B_;; from
the parton Landau levels £;. This new notion of parton
“particle-hole” conjugation will be discussed in the next
section.

The construction of these exactly solvable FQH models
relies on the coupled wire method. It was pioneered by
Kane, Mukhopadhyay and Lubensky [48] in modelling
the Laughlin [2] and Haldane-Halperin hierarchy [49, 50]
FQH states. The construction begins with a 2D array
of parallel metallic electron wires under a magnetic
field. Under the Lorentz gauge A, = — By, the Fermi
momenta of the wires are displaced ky — k¢ + (e/hc)By.
Many-body interactions are restricted only to mo-
mentum preserving combinations of inter-wire and
intra-wire electron backscatterings. A combination
with unbalanced momentum contains an oscillating
factor e?*etaiX and vanishes upon the integration of x.
These backscattering combinations may involve multiple
electrons, and take the form of c17. .CZZTCZ;H'I e
where 0 = R, L labels the propagatmg direction of the
plane wave electron modes ¢ at Fermi level, and a is
some wire index. They can be generated by higher order
corrections to the interacting action in the partition
function Z = f DCDCT CeXp [t [ (Skmetlc + Smteractlon)]
for some bare local interaction such as Sipteraction =
oy S Tl 0,50 ot o ch ()b (xa)ce (xs)calxa),
where ¢,(x) is the electron (annihilation) operator at
position x. The relevance of these backscattering combi-
nations in the renormalization group sense depends on
forward scattering interactions. In this paper, we do not
address the origins and energetics of these backscattering
terms. Instead, we take the strong coupling limit and
study the gapped topological state associated to a given
backscattering Hamiltonian. These models are exactly
solvable in the sense that they consist of mutually
commuting and non-competing terms. They freeze all
low-energy degrees of freedom in the 2D bulk but leave
behind chiral 1D boundary modes.



A. Filling one-third

: 4 ¥ 2k,
— }6k/
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L2 HL gl

Y.p y,cl

FIG. 4. Bundle arrangement and basis transformation for the
v = 1/3 parton FQH state. The momentum displacement be-
tween channels (directed lines) and bundles (green cylinders)
are shown in nky, where 2k; is the displacement between R
and L-movers on same wire at Fermi level. Dashed boxes
represent products of electronic operators that correspond to
(78) and (79). e and o represents electron creation and anni-
hilation operators respectively.

We begin with an array of electronic bundles. Each
bundle consists of five wires, and each wire carries a right
(R) and a left (L) moving electronic Dirac fermion chan-
nel that are separated in momentum space by 2k; at
Fermi level. We label each bundle by an integer y which
represents its vertical position. The wires within a bun-
dle are labeled by a = 0,...,4. We bosonize the Dirac
fermions so that the electron (annihilation) operator at
(y,a,0), for 0 = R, L = +, —, is represented by the ver-
tex operator

cga(x) ~ exp {z ((i)za(x) + k;}'ax)} , (72)
where k7, is the x-momentum of the Dirac fermion. The

bosonized variables obey the equal-time commutation re-
lation (ETCR)

[axci)ga (%), égfa,(x')] = 270077 8,y 0006 (x — X). (73)

The complete commutation relation that includes the
zero modes is presented in (A18) in appendix A 2.

The filling fraction of the system under a perpendicular
magnetic field B = Bz is

L Ne _ 5(2ks)/(2m) _ 5(2ky)
Ng Bd/(hc/e) (é)Cf

B he

(74)

where N, = 5(2ks)/(27) is the number electrons per unit
length in a bundle of 5 wires, Ng,, = Bd/¢g is the num-
ber of fluxes (in units of the flux quantum ¢y = hc/e)
between adjacent bundles per length, and d is the bundle
displacement in y. Under the Lorentz gauge A = —ByX,
the field shifts the x-momentum

_ ¢ 5(2ky)

kyo = thy+akf =,

<

= 4 oky (75)

S
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of each electronic channel according to its vertical posi-
tion y = y(y,a). In the coupled wire model, we arrange
the wires so that the channel momentums are given by

o0 = 30y + o)ky
ky, = (30y +4a+ 4+ o)ky,
o, = (30y + 24 + 0)k;

fora=1,2,3. (76)

This pattern of momentum shifting is shown in figure 4.
In particular, the shift of x-momentum between adjacent
bundles in this configuration is

0k =kjiq 4 — Ky = 30ky. (77)
This fixes the filling fraction to be v = 1/3 by comparing
with (75) and d = y(y + 1,a) — y(y, a).

Next, within each bundle, we perform a basis trans-
formation and group the electronic channels into three
counter-propagating pairs of electrically charged U(1)s

sectors
R _ 9&%R &L
<I>%p = 2<I)~yj§_ <I>~yé
éy,cl = 2(I)~y0 - (IiyO B B B ’
Dy = =P + O 4+ 30/, 420, — 200,
L _ 9&L HR
(I)y,p - Z(I)yo - (I)yO

Bl =200, - ) ()
L o =30 + 0L, — 0Ly —20] 4200
and a pair of electrically neutral SU(3); ones
@inl = 2?51 - ?51 - ?52
Bff 0 =200 — ol — oL,
L _opL _HR _ HR
(I)y,nl - 2q)y2 - (py? o (I)yl (79)

‘55,”2 = 2@53 - (I)gs - ‘1)5’2

These new local combinations are diagrammatically rep-
resented in figure 4. They obey the equal-time commu-
tation relation

0x®y ,(x), 7,

o (x’)} = 20677 8y K1y (x — X'),

(80)

where the K-matrix (suppressing all 0’s) is

(81)
2 —1
-1 2

and the bozonized variables CIDZ are ordered in
,
(e [ea (e o (e
(@7 s PF c15 PY 2 PY 1115, @Y o). The external electro-

magnetic gauge transformation, that rotates the phases

of electronic operators by e!®ve — eiAei‘i’ya7 shifts the
new local bosonized variables by
o7, — Py, A, (82)



where the charge vector is t = (t,,te1,te2, tn1stn2) =

(1,1,3,0,0).  Each combination &7  in (78) and

(79) corresponds to a product of electronic operators

v TR X that carries the net x-momentum

ko = 3(4+ 10y + 50)k;
kg o = 3(4+ 10y — 30)ky .
kg o = 3(12 + 30y +0)ky
=ky,

(83)

ynl

The basis transformations (78) and (79) were designed
to facilitate the Dirac partons (10). To see this, we first
introduce the intra-bundle interactions for each y,

’Hmtra = Uy Ccos @mtfa + uyy cos @Lntf[a, (84)
@mtra = 2<I)Rcl + (P y,cl + (Py c2 2(I)y c2 .
Q;JHtIrIa - cl + 2<by cl Q@RCQ + (I)y c2

The two linearly independent angle variables Giyrjtfa,
O satisfy the “Haldane’s nullity” gapping condi-
tion [60] |©}1r2(x), O (x')| = 0. (See (A31) in ap-
pendix A 2.) Thus, along each bundle y, ’H;ntra turns
two (out of five) pairs of modes, ®7 ., ®7 ., massive
and removes them from low-energy. We also see that
the interaction preserves charge U(1) and x-momentum
conservation. This is because the angle variables are in-
variant under the U(1) gas gauge transformation (82) and
the two sine-Gordon terms are products of electronic op-
erators that have trivial net x-momenta, Zchl + kL’Cl +
klo =2kl o = kJ o +2kL 0 —2kE o+ k) o = 0.

The intra-bundlé interaction (84) leaves behind, along
each bundle y, three pairs of low-energy modes

g,n2)‘ (85)

These modes are not affected by H‘Lntra because the three
bosonized variables commute with the sine-Gordon angle
variables @;“5\? (See (A31) in appendix A 2.) It is impor-
tant to acknowledge — from (78) and (79) — that the three
7 ; associate to integral combinations of electronic op-
erators which are local. Locality only allows excitations
that have non-fractional mutual monodromy with these
local electronic combinations. Let e *? be the vertex op-
erator that creates such an excitation, where ¢ is some
non-integral combination b/ > Py ;- Locality requires the
equal-time commutator

7 = (o

Yy y,09 (I)Z,h (I)Z,Z) = ((I)U Y

y,p’ T y,nls

o] =0ttt

to have integral value, where the K-matrix was defined
n (14) and

v = 5o /8 b7 (x (87)

is the number operator of the local electronic combina-
tion e'®v.7. The integrality of (86) comes from the fact
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that N7 ; is a physical observable and can only take in-

tegral eigenvalues in the electronic many-body Hilbert

space. Locality therefore only allows vertex excitations
eb 27, 7, where K ;b are integers.

Integral combinations ¢, = i@‘y’ ; of the local

bosonized variables span the root lattice

AT (1ysxsU(z), = spang {7 ,, @7 1, 7 0} (88)

of the affine Kac-Moody algebra U(1)3 x SU(3);. We de-
fine the dual bosonized variables (in the Chevalley basis),
which are fractional combinations of the local ones

977 = (K197 (89)
where J = (0,1,2) = (p,nl,n2). Integral combinations

a‘jqbg"] of these dual variables span a dual lattice, known
as the weight lattice

t= Spally, {¢Z)07 ¢Z717 ¢Z72}
= KAL), xsU3) (90)

A?](l)g XSU(3)1

whose elements correspond to vertex excitations eiag ey’
allowed by electron locality. The dual variables obey
the equal-time commutation relation (15). They can be

. . 7 o J J
transformed into the Cartan-Weyl basis ¢j , = A; d5
by (11) that gives the Dirac fermionic partons my ¢ ~
.

J

. ©®3
o/ (Dirac parton)

([)’/’,“1 % L[,‘I’:“/‘,
g Gt
ERIPALES 71 | IR :]
o B
electronic wires —— .
intra-bundle
interaction

FIG. 5. Emergence of Dirac partons from five electronic wires.
The basis transformation is defined in (78) and (79). The
intra-bundle interaction is defined in (84).

The basis transformation (78), (79) and the intra-
bundle gapping interaction (84) now turn each bundle
of five electronic wires into a counter-propagating pair
of Dirac parton triplets U(3)1/Zs = U(1)3 x SU(3);.
This process is summarized in figure 5. As promised
in section ITA, it is now evident that the charge e
fermion Uy = €% = % as well as the six neutral
bosonic SU(3) roots B = e(®a=0) = eti®u1 o+i®h,
or eF(®n1+®%:) are all integral combinations of local elec-
trons. We notice in passing that this is not the simplest
way in realizing the Dirac partons. For instance, similar
procedure can be applied to a bundle of four electronic
wires instead of five. The current method is presented so
that the neutral SU(3); sector carries zero x-momentum
(see eq.(83)). This will become useful in the next subsec-
tion in the discussion of the parton Pfaffian FQH state.



(a) U(1)3 x SU(3)1 (b)

(Dirac parton) @8

FIG. 6. Coupled wire models and gapless edge modes of (a)
the parton state £ = U(1)s x SU(3); with ¢ = 3/2, (b) the
Laughlin state £o = U(1)s with ¢ = 1, and (c) the £, =
U(1)s x (SU(3)1)? state with ¢ = 5. H, and H'? are defined
(91) and (92) respectively.

We now describe the coupled wire construction of the
£, series of FQH state with filling v = 1/3. We introduce
the interwire gapping interactions

=u, Z cos ( y o <I>5+1 o) (91)

’H(q)*u Z Zcos ynJ (I)qf—!—qnj) (92)

7j=1,2
+ cos (q)y n1 T (I)y n2 (I)y+q nl (1)5+q,n2) } )

where ¢ is a fixed integer. The coupled wire model Hamil-
tonian density contains all three interactions from (84),
(91) and (92)

H(D) — H, + ngq) + ZH;ntra_ (93)
y

All the sine-Gordon potential preserves charge U(1)gm
and x-momentum conservation. This can be verified us-
ing the charge assignment (82) and momenta (83). The
interactions introduce a finite excitation energy gap in
the bulk but leaves behind gapless edge modes. See fig-
ure 6 for illustration when ¢ = 0,1,2. In low energy,
the gapless edge modes are described by the Kac-Moody
CFT

£q = U(l)g X [SU(3)1]q (94)

and carry the chiral central charge ¢ = 1 4+ 2q. We take
the notation so that the neutral sector (SU(3)1)? is right-
—__\—4q
moving if ¢ > 0 and (SU(3)1)? = (SU(3)1) is left-
moving if ¢ < 0. For example, ¢ = 0 corresponds to the
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Laughlin ¥ = 1/3 FQH state where the topological state
has no non-trivial neutral sectors and all partons are con-
fined. We focus on the case when ¢ = 1 that corresponds
to the parton FQH state U(3)1/Z3s = U(1)3 x SU(3); at
filling v = 1/3 and central charge ¢ = 3. This has the
identical topological order to a slab of fractional topolog-
ical insulator with time reversal breaking and conjugate
top and bottom surfaces [38] (see figure 1).

We notice that the first line in (92) of #? alone can
already introduce an energy gap for the neutral SU(3);
sectors in the bulk. The last term is included so that the
interaction takes the form of SU(3); Kac-Moody current
backscattering

il = ZZEyR o (95)

where o = £(1,0),£(0,1),£(1,1) label the six roots of
SU(3)
E»:/l,a— — eiozjqr“;nj7 (96)

which are identical to the six current operators E® in
the parton basis in (16) of section ITA (or (AS8) in ap-
pendix A 1). In this case, the SU(3) symmetric interac-
tion (95) introduces a finite excitation energy gap if u,, is
negative, so that the additional sine-Gordon term on the
second line of (92) does not compete with the two terms
on the first line.

Lastly, we observe that the SU(3); current operators
have zero x-momentum. This allows the backscattering
interaction (95) of an arbitrary hopping range ¢ to pre-
serve momentum conservation. The coupled wire model
does not provide a preference towards a particular £,
phase. While the charge sector is frozen by H,, SU(3)

current backscattering Hamiltonians 7-[,({1) with different
ranges compete. A generalized coupled wire model that
simultaneously includes multiple H, (@5 could potentially
describe a SU(3) spin liquid with a complex phase dia-
gram connected by a web of topological phase transitions.

B. Filling one-sixth

The model for filling one-sixth consists of half as many
wires as in the one-third case. This is shown in figure 7
where half the bundles from figure 4 are taken out. The
bundles now has a staggered and dimerized configuration
where translation symmetry is broken and two bundles,
labeled by A = 0,1, now form a super-unit cell. The
electron (annihilation) operators are

) ~ exp [i (854,00 +kganx) | (O7)

where y is an integer that labels the vertical position of
the 2-bundle super-unit cell, a = 0, ...,4 labels the five
electronic wires in each bundle, and 0 = R,L = +,—
corresponds to the two counter-propagating electronic



FIG. 7. Bundle arrangement and basis transformation for the
v = 1/6 Pf* FQH state. The momentum displacement be-
tween channels (directed lines) and bundles (green cylinders)
are shown in nky, where 2k; is the displacement between R
and L-movers on same wire at Fermi level. Dashed boxes
represent products of electronic operators. e and o represents
electron creation and annihilation operators respectively.

channels in each wire. The bosonized variables obey the
equal-time commutation relation (ETCR)

[a BT 10(x), O 1o (x')] = 27507 8,y O 4 araar S(x — X).
(98)
The model is under a perpendicular magnetic field so
that the x-momenta of the electronic channels ¢ 4, are
kZAO = (120y + 30A + o)ky
vaq = (120y + 30A +4a +4 + o)ky ,
kg 44 = (120y + 30A + 24 + 0)ky

fora=1,2,3.

(99)

Similar to the v = 1/3 case, we first perform the ba-
sis transformation (78) and (79) for each bundle (y, A).
Then, we introduce the charge U(1)gym and momentum
conserving intra-bundle gapping potential ’Hiﬁi{a defined
in (84) to turn each bundle into the Dirac parton triplet
U3)1/Zs = U(1)s x SU(3)1. (Also see figure 5.) We
here repeat the transformed bosonized variables that are
unaffected by H"%®.

R, = 2(1) <I>

yA yas (100)
q)yAp = 2<I> <I>yA0
‘I’yA nl — 2q)yA1 - ‘I’ﬁfu - ‘I’LAz

R &L L
(I)yA n2 — 2(;)72A2 - ?%A2 (I)y?: ) (101)
(I)yA,nl - 2?3;142 - ?y (I)yAl
¢5A,n2 = 2@5,43 - (I)glng (I)yAQ
The bosonzied variabes obey the ETCR

[05.4,(x), 5005 (<)
= QWiU(SGUI(Syy/(SAA/KJJ/(S(X — X,), (102)
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where the K-matrix is

K = 2 -1
-1 2

(103)

and is ordered according to J = p,nl,n2 = 0,1,2. The
first bosonzied variable shifts by ®7,, — ®7,, + A un-
der the external U(1)gy transformation of an electron
operator ¢ — ce*®. The other two bosonized variables

wAn1s Pya no corresponds to neutral sectors and are in-

variant under U(1)gas. The vertices e!®vas()Fk7asx are
integral combinations of electronic operators, which are
diagramatically represented as the yellow boxes in fig-
ure 7. They carry the x-momenta

@ 4p = 3(4 + 40y + 10A + 50)ky,

kyA,nl - kyA;rLQ =0.

qQeq

(104)

( c‘ . '
>« &l {intra
g L)
@G >« &)
> E E
7T ES)
electronic wires H
T
>« =
-
(| | P
1] gl';‘)
2 g
g
S & - vQ)
_)_(’ charged h = 3 boson
U()s charged h = 3/2 U(l)g.) ...... neutral o = 3/2
Dirac fermion r Dirac fermion
o U <1)1_) ______ neutral h = 1/2
::::-)-;::::-— neutral SU(3), Dirac fermion
----- »------ Majorana fermion

FIG. 8. Emergence of parton Pfaffian from ten electronic
wires. Each of the pair of basis transformations in the yellow
boxes is defined in (78) and (79). The second basis trans-
formation in the blue box is the product of (106) and (110).
Himtre Hgi{}“(%r), HED and HI'% are defined in (84), (105),
(116) and (117) respectively.

At this point, there are two counter-propagating pairs
of Dirac parton triplets in each unit cell y in low-energy.
We introduce the intra-cell SU(3) current backscattering

UIH Z

dimer

v.SU(3) = (105)

-
v A=0,REy A=11

_ R L
= U E : cos (‘I’y,Azo,nj - ‘I’y,A:Lnj)
7j=1,2

R R L L
+ cos ((I)y,AZO,nl + (Dy,A:O,RQ - (I)y,A:Lnl - (by,A:LnZ) ]’

where uyr; < 0. It mirrors the neutral inter-bundle gap-
ping potential (92) and (95) at ¢ = 1 for the v = 1/3
case, except now it acts only within the dimerized super-
unit cell. This leaves two counter-propagating pairs of



charged modes ®7, and the two counter-propagating

yAp
pairs of neutral modes <I>5n] = <I>y A1, and <I>57n] =
(I)éA 0.njr for j =1,2, unaffected.

Next, we perform a fractional basis transformation to
the charged modes

of 3/2 1 —1/2 -1\ [(®fa0,
oo _|-1/2 1 —1/2 0 N1,
®f, -1/2 =1 3/2 1 L 4o,
oL, -1/2 0 —-1/2 1 oL
(106)

The p (n) sectors are electrically charged (resp. neutral).
They obey the ETCR

[a B7 (x), D% (x )} = 2mi567 8, K ,8(x — X')

yp y'p

[6 D7 s (%), <I’Z’,nJ' (X/ﬂ - 27Ti0500/5yy’KJJ’5(X —x')

005, (x), @5 ,,(<)| =0, (107)
where K is the same as that in (103) and
K,=6. (108)
They carry the x-momenta
k7, =3(9 440y +200) ky, kO, =0. (109

It should be noticed that ®7, and ®7 . are half-integral
combinations of electronic bosonized variables — pre-
viously referred to as “almost local” variables in sec-
tion ITB — and therefore they do not associate to lo-
cal electronic vertex operators. On the other hand,

their sums and differences <I>R + @5/), <I>R no L ‘I’ano and

o7, + <I>y,n0 correspond to 1ntegral electronic combina-
tions.

It will be convenient later to perform a second unimod-
ular basis transformation within the neutral sectors

B 40 10001 0\ [®F,

or 01-110 0 of

OF 1 _ |02 1100 ®ff 0 (110)
oL 01 0 10 0 f[®f,0]

o 10001 -1)|®f,

ol ) \1o o0 o021/ \et,

This changes the ETCR to

[aX(I)Z,dJ(X)a @Z’/,dJ/ (X/)}

= 27105077 8y (Ka) 7710 (x — X) (111)
where the K -matrix is now diagonal
1
Kq= 3 (112)
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The complete ETCR between the bosonized variables
@7 ,, @7 ;7 can be found in (A40) in appendix A2b.
We mtroduce the neutral Dirac fermions

d»Z7J _ eiéy aJ H (_I)N;i/

y' <y

(113)

The operator Nj, is a combination of local electronic
number operators and is defined explicitly in (A45) in
appendix A 2b. It is chosen in a way to ensure mutual
commutativity between the sine-Gordon angle variables
in the upcoming interactions (116), (118), (119),(120)
as well as (132) and (133). The fermion parity op-
erator (—1)V ¥ anticommutes with the vertex operators
¢'®5.4s in the same unit-cell y. Similar to the Jordan-
Wigner [61, 62] fermionization of the Ising model, the
string of fermion parity operators in (113) ensures the
mutual anticommutation relations between the neutral
Dirac fermions in (113)

{d5509,d5 1<) } = {d7 59,45 5, (<) h =0 (119)

for (y,J,x) # (y', J',X).

From (112), we see that df , is a spin h = £1/2 fermion
and dj ;,d; 5 have spin h = £3/2. The former can be
decomposed into a pair of Majorana fermions

- 1
dho="7
d
vy = V2cos® 4 [ (—D™,
y'<y
== \/isin @Z’do H (_

y' <y

vy +idy)

(115)

We introduce the Dirac fermion backscattering dimeriza-
tion

uIV
Hdlmer _ dR

Ly dj)Q + h.c. (116)
q)gl//,d2) B

and the Majorana fermion backscattering dimerization

R
= Uy CO8 (<I>y)d2 —

MR = —iuy o)

=uy [cos (‘b&do —

(117)

(The factors of ¢ appearing in (116) and (117) are
consequences of the Baker-Campbell-Hausdorff formula
eAeB = eATBHABI/2 and the constant terms in the com-
plete ETCR (A40) presented in appendix A2b.) These
fermion bilinear potentials can be expressed as integral
products of the original electron operators c ,,. These
intra-unit cell interactions leave behind the following de-
grees of freedom unaffected: (a) the electrically charged
spin h = £3 bosons ¢'®7.» that generate a U(1)g sector for
each propagating direction o = R, L, (b) the electrically
neutral spin h = £3/2 Dirac fermions dg, 41 that generate
the counter-propagating pair of U(1)3 sectors, and (c) the



electrically neutral spin h = +1/2 counter-propagating
pair of Majorana fermions v;. These combine into the
non-chiral parton Pfaffian CFT. (See figure 8 for a sum-

J

Hpy = —Upy E cos y+1 o

u
= P’Y E E 8182CO§

Yy s1,82=%
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mary.)
The remaining interactions in the model couple degrees
of freedom between unit cells. They are

Hap = —uap Z (idy,l dzf—&-l,l + h.c.) cos ((I)zlfp - (I’ﬁ-&-lm - WN;)

:—udpg E cos

y s==%

Hoyg = —Unya Z (zd 1 dy+1 1+ h.c.) ivyL'ny

_ R L L R
= Uya ) : > saszcos (R — Pyyyan + 518y g0 + 5285041 40)

N il 1s)
=@y, 5Py a0 52807 o) |
(119)
y+1 p T S‘I) 5q’5+1,d1) ;
(120)

Yy S1,82=%

The interwire potentials preserves the external U(1)gm
as well as x-momentum. The factors of ¢ and signs
$1, S2 in the interactions (118), (119) and (120) are
consequences of the Baker-Campbell-Hausdorff formula
eAeB = eATBHABI/2 and the constant terms in the com-
plete ETCRs (A40) and (A46) in appendix A2b. Any
two out of the three sets of interactions are enough to in-
troduce a finite excitation energy gap in the bulk. When
all three terms are present, they are not competing when
the product u,yuqgpu~q is positive. They collectively pin
the ground state expectation values of the order param-
eters

((O01/200) _ i@l 0=k, (0—mNY) (121)
A 0T, (0) i (rE ) 00)

to be either all positive or all negative. Figure 9 summa-
rizes the three sets of interactions.

To summarize, the coupled wire model involves the
following gapping potentials

H=Hyy + Hap + Hou
# DM + M+

+Z Z Hlntra

y A=0,1

(122)

The first line consists of the inter-bundle terms (118),
(119) and (120), which are also shown in figure 9. The
second line contains the terms (105), (116) and (117)
that act within a super-unit cell. The last line includes
intra-bundle terms that were defined previously in (84).
The intra-cell and intra-bundle terms are summarized in
figure 8.

-

massive

H —
°
N Hpry Hap Hya
U(l)g
&>_ charged i = 3 boson
v (1)3 _______ neutral h = 3/2
Dirac fermion
- —=»——— Majorana fermion

FIG. 9. Coupled wire model and its gapless edge modes of the
v = 1/6 parton Pfaffian state. H,, Hap, and H,q are defined
n (118), (119) and (120).

It is important to notice that these interactions are
consistent with electron locality. Paradoxically, the po-
tentials involve backscatterings of fractional fields. For
example, Hgfﬂeﬁ, Hgf%‘}r and H.q backscatter Majorana
and neutral Dirac fermions. H,, and Hg, couples the
fractional charge e boson e®» between wires. However,
these potentials are specifically designed so that under
a basis transformation of the bosonized variables, each
of them can be expressed as integral combinations of
local electrons. (See (A49), (A50) and (A50) in ap-
pendix A2b.) In particular, each of the inter-bundle
terms Hyq, H,y and Hg, simultaneously backscatters
two of the three fractional fields e*®», d; ~ €'®# and



v ~ cos ®q9. The bosonized variables ®,, ®4; are half-
integral in the sense that any sum or difference between
any pair is an integral combination of local electron vari-
ables. As a result, the inter-bundle potentials are lo-
cal. On the other hand, potentials that backscatter a
single fractional species cannot be constructed from in-
tegral combinations of electrons, and are not allowed by
electron locality.

The gapping potential (122) leave behind the gapless
edge mode

Pf* =U(1)g x U(1)3 x Majorana fermion. (123)

Along the top edge in figure 9, the three sectors are gen-
erated by

208 = 0% /6, 20F =@f /3, ¢l =4"

and are described by the Lagrangian densities (25) and
(27). The CFT supports the charge (a/12)e Abelian pri-
mary fields

(124)

T, = eia¢5eib¢dR
e (125)
U, = ezagbfezbgbg,yL

for even integers a, b (c.f. the notation from (33)). In the
bulk, these operators 14 5(x0,¥), Ya,b(X0, y) create (or an-
nihilate) gapped excitations in the form of vortices/kinks
of the order parameters in (121) at xg. As a consequence
of the pair backscattering structures of the inter-bundle
interactions Hyq, Hpy and Hgp, they allow deconfined
half-excitations that correspond to half-vortices/m-kinks
of all three sectors. They associate to the charge (a/12)e
non-Abelian bosonic products

Yop = eia®y ¢ibddh ol (126)
for odd integers a, b, where o} is the Ising twist field of
the Majorana fermion . Each Yap has m monodromy

with all three generators e'®s, df ~ ¢i®a and L of
U(1)s, U(1)s and Ising. The parton Pfaffian state there-
fore has the extended product structure

Pf* = U(1)24 ®e1 U(1)12 ®e Ising

described in section II B. Eq.(125) and (126) accounts for
all primary fields. All other vortices — such as 145, ¥4,
for a # b modulo 2, and X, , for ¢ = b modulo 2 — are
non-local with respect to the electron and are confined.
For example, the pair 17,0(xo,¥),1_1,0(x1,y) creates a
m-kink dipole for @Z 12 alone, and associates to a lin-

(127)

early diverging excitation energy 2(u,y + uap)|Xo — X1.
The confinement of these vortices is remembered by the
“electronic tensor product” ®e.

1. Variations

The coupled wire model (122) described the “particle-
hole” symmetric parton Pfaffian state. By rearranging
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the inter-bundle terms H,,, Hq, and H,q, one can con-
struct a sequence of paired parton states at the same
filling fraction ¥ = 1/6 but with different edge modes
and topological order. In section III A, the coupled wire
models (93) (see also figure 6) at filling v = 1/3 generate
a series of Abelian parton states £, = U(1)3 x [SU(3)1]?
by allowing ¢'" nearest neighbor bundle backscatterings.
A similar construction can be applied for the paired par-
ton sequence

PBp.g = U(1)21 ®er U(1){, ®er Ising?”,
where p, ¢ are integers. Negative powers associate to
counter propagating sectors. For example, U(1)s9 =
U(1)¢ and Ising™” = Ising”. For instance, the partic-
ular parton Pfaffian state described previously in (127)

is Pf* = Pp—1 4q=—1. The chiral central charge of (128)
depends on its neutral sectors, and is given by

Cpg=1+q+p/2.

(128)

(129)

The case when both powers p, ¢ are trivial is special. It
corresponds to an Abelian state with strong electronic
quasiparticle pairing. It has a strongly-paired topological
order and edge CFT

SP* = PBp=0,4=0 = U(1)2a. (130)

There is no gapless charge e electronic quasiparticles on
the boundary. Instead the smallest local electronic pri-
mary field is a charge 2e Cooper pair.

o &)_ charged h = 3 boson
U <l _________ neutral h = 3/2

Dirac fermion

——=)»——~— Majorana fermion

FIG. 10. Coupled wire model and its gapless edge modes of
the v = 1/6 parton Pfaffian state P2 —1 in (128). HE,%,) and
H;pl are defined in (132) and (133).

We first consider the variations when the powers p and
q are not both trivial. The general coupled wire model is
H (P — 7—[ ) 4+ H(q)
- Z AU + M+ i

+Z Z Hmtra'

y A=0,1

(131)



The intra-cell and intra-bundle terms in the second and
third line are identical to that of (122), and were defined
in (84), (105), (116) and (117) (see also figure 8). The
®) and ’Hl(ji) involve p*™® and ¢'" nearest

J

first two terms H
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neighbor backscattering. We ignore terms like H.,4 in
(120) that couple only neutral modes because they are
redundant for the bulk energy gap.

The generalized inter-bundle terms are defined by

p—1
—tpy D1 ey [ ] o (¥5hsp = @Yjin, = 7NGL) . forp>0
Y 71)]'7:10
H/(JZ’)Y) =) Uy me'ny+p H cos (g1, = Py, = 7Ny ;). forp<0, (132)
y Jj=0
—Upry Z i’yff*yzf, forp=0
y
q—1
—Ugp Z (idileiﬁ-q,l + h.c.) H cos (¢§+j,p — ‘135+j+17p — 7TN5+j) , forg >0
y 7qj7:10
H((iz)) =9 —Uap Z (idiﬁd;‘wi + h.c.) H cos (®FF ;| ,—®F , —7wNJ ), forg<o0- (133)
y §=0
—Udp Z (idileil + h.c.) , forg=20
y

These interactions conserve charge U(l)gm and x-
momentum. They can be re-expressed as integral combi-
nations of electron operators (see (A49), (A50) and (A50)
in appendix A 2b), and are therefore consistent with elec-
tron locality. They introduce a finite excitation energy
in the bulk and leave behind the edge CFT (128) in low-
energy. An example for p = 2 and ¢ = —1 is illustrated
in figure 10.

Special care is needed for the trivial case when p = g =
0. This is because ’H(p?y) and ’H((i(;) in (132) and (133) only
backscatter the Majorana and Dirac fermions v and d;
within a super-cell. They do not involve the charge boson
e*®¢ which still remains massless in the bulk. The charge
sector can be turned massive by the boson backscattering

H/()o,o) = —u, Z cos (2<I>5”p — 2¢5+17p) ,
y

(134)

where the factor of 2 ensures that 7—[20’0) is an integral
combination of electron operators. By including (134) in
the coupled wire model (131) for p = g = 0, 7—[20’0)+7-L(0’0)
removes all low-energy degrees of freedom in the bulk and
leave behind the strongly-paired edge CFT (130).

C. The parton T-Pfaffian surface state of a
fractional topological insulator

In previous works [38, 39], we proposed the symmetry-
preserving 7 — Pf* surface topological order of a frac-
tional topological insulator (FTT) [10-17]. The FTI con-

(

sists of deconfined partons coupled to a discrete Z3 gauge
theory. Each of the three parton species occupies a time-
reversal (TR) symmetric fermionic topological band and
hosts a parton Dirac surface state. The surface can be
turned massive without breaking TR symmetry or charge
U(1) conservation, and similar to the T-Pfaffian surface
state [33], the parton version 7 —Pf* admits a fractional
anyonic excitation structure and hosts an Ising-like topo-
logical order. The surface quasiparticle structure was in-
troduced in ref. 38 and 39 and was reviewed in (39) in
section IIB. In this section, we propose a coupled wire
description to this surface topological order. The con-
struction parallels the coupled wire description by Mross,
Essin and Alicea [63] of the T-Pfaffian surface state of a
conventional topological insulator.

The massless parton Dirac fermions on the surface of
the FTI can be mimicked by a 2D array of chiral parton
Dirac channels, labeled by their vertical position y, with
alternating propagating directions ¢ = R,L = +,— =
(—=1)¥. These channels are represented by the red wires
in figure 11. Each channel carries a parton Dirac CFT
U(3)1/Zs = U(1)s x SU(3); described in section ITA.
It consists of three parton Dirac fermions that propa-
gate in a single-direction. The emergence of these par-
ton channels can be facilitated by an antiferromagnetic
stripe order on the FTI surface. It introduces a time-
reversal symmetry-breaking parton energy gap on each
stripe, where the Dirac mass m(y) = mosgn[sin(7y)] flips
sign across adjacent stripes. This removes the 2D par-
ton Dirac surface fermions and leaves behind a chiral
Dirac channel U(3); /Z3 along each 1D interface. The un-



—)»— Dirac partons = U(3)1/Zs

—>»—— Parton Pfaffian
= U(1)24 ®e1 U(1)12 @ci Ising

FIG. 11. Coupled wire model of the 7 —Pf™ surface state of a
fractional topological insulator. The energy gap is introduced
by the many-body electron backscattering U defined in (142).

balanced chirality is allowed by TR symmetry-breaking.
On the other hand, the 2D array collectively recovers
an antiferromagnetic time-reversal (AFTR) symmetry,
which combines the local TR conjugation with the half-
translation y — y + 1.

The chiral parton Dirac fermion at wire y can be
bosonized into 7y (x) ~ e®ve() for ¢ = 1,2,3. The
bosonized variables qgg fields satisfy the equal-time com-
mutation relation (ETCR)

8X¢~)y,a(x)v (lgy’,a’ (XI) = ZWi(_l)yéy,y’da,a’é(X _ X/).
(135)

The symmetry-preserving many-body gapping interac-
tion relies on the bipartition of each parton Dirac channel
into a pair of parton Pfaffians, U(3);/Z3 = Pf* X Pf*.
The splitting allows the parton Pfaffian channels to be
backscattered independently in opposite directions (see
figure 11). This splitting basis transformation was intro-
duced in section IIC (see figure 3 for a summary). It
requires a channel reconstruction that extends the par-
ton Dirac CF'T by two counter-propagating pairs of elec-
tron modes, cf ,(x) ~ 5™ for o = R,L = +,— and
b =0,1. The electronic bosonlzed variables obey the
ETCR

057 ,(x), B2 (x')} = 208,y Oy 077 S(X — ).
(136)

The AFTR symmetry, represented by the anti-unitary
operator T, sends the partons and the auxiliary electrons
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from the y™ wire to the (y + 1)t
(=D

T,

TQ;y,aT71 = _sz—i-l,a +

( 21)y (137)
Tég, T = =800+
The AFTR operator squares to
T2 = (—1) translation, o, (138)

where (—1) is the total fermion parity operator. The ad-
ditional phases to the AF'TR transformation are included
so that T2¢, o7 2 = (=) ¢yi0a(-1)F = dyr0a +
(=1)¥m and similarly for the electronic bosonized vari-
ables <I>U

The bams transformations (58), (61), (64) and (66) to-
gether with the backscattering (60) split the chiral par-
ton Dirac CFT U(3)1/Zs along each interface into a pair
of parton Pfaffians Ptz = U(1 )A/B ®a U(1 ) B Qe

. The bosonized variables (;5A/ B, 3/ B and ¢o in

U(l)’244/B7 U(l)fQ/B and SO(2); = IsmgA X IsingB are de-
scribed by the Lagrangian densities (up to non-universal
velocity terms)

Ising A/B

Lov=2_ || D L0, +L5a)| +Lyo|. (139)
y C=A,B
L7, = 5 (1124065, 065,
LS, = %(—1)74128@5(18@&,
Lyo= %(—1)%14&%,03)(%,0-

The neutral Dirac fermion ev0 ~  cos(2¢,,0) +
isin(2¢y,0) can be split into Majorana components

1/{{!4 = V2c0s(26¢y0) H (—1)Nv,
y'<y

YP = V2sin(2¢,,0) [] (-1,

y'<y

(140)

where the Jordon-Wigner string is a product of some elec-
tronic number operators N, similar to that in (115) and it
ensures the mutual anti-commutation relations between
Majorana fermions in different wires. The bosonized vari-
ables and Majorana fermions transform according to the
antiferromagnetic time-reversal symmetry (137)

—1)¥
T =il S

TooP T = ¢V TéyoT

Ty T =w;+1, Te, T

- _¢y+1,0a

— —y? (141)
y+1-

There are three primitive electronic quasiparticles

112,46 = €i12¢p€ii6¢d, Voo = e12%04) in each par-
ton Pfaffian channel. They all carries electric charge e



and were defined in (32) in section II B and (69) in sec-
tion II C. The inter-wire gapping interactions in figure 11
consists of the backscatterings of these electronic quasi-
particles.

U= ZUyH/? = Z (uy1+1/2 +u§+1/2 +u§+1/2>
Y

Y

(142)

where the interactions between each pair of wires are

u§+1/2 =
(143)

The sine-Gordon angle variables are ©7 = 12¢y,, —

y+1/2
12¢y+1,p + 7TNy and @Z+1/2 6¢y7d - 6¢y+17d +

mN,. They transform according to the AFTR symmetry

T®Z+1/2T_1 = —@Z+3/2 +3m(—1)¥ and T@Z_H/QT_l =
7654_3/2. Together with the AFTR transformation (141)

that sends W{fﬂwf — i¢§1+2 fﬂ, this shows the collec-
tion of inter-wire backscatterings (142) preserves the an-
tiferromagnetic time-reversal symmetry. Moreover, they
all preserve charge U(1) conservation because each term
simply brings a charge e electronic quasiparticle from one
wire to the next.

The coupled wire model (142) resembles the one that
defines the paired parton Pfaffian state in (118), (119)
and (120). The model is exactly solvable and the three
gapping interactions are non-competing when e > 0
and 43 # 0 so that they pin the ground state expecta-

tion values (ithg', 11F) = (=1)™ and <@Z+1/2) = m,m,
(©) 1)) = mam, where (—1)"™*™» = sgn(i) and

(—1)met™md = gon(@y). Therefore they freeze all low-
energy degrees of freedom on the surface and introduce
a finite excitation energy gap in strong coupling.

The array of parton Dirac channels U(1)3x.SU(3); can
also model a gapped FTT surface that violates the AFTR
symmetry. The “ferrimagnetic” interaction is given by

Uy =—uy Z [cos (3¢9 -1« — 305, )

Y
+ E%AE%J}

a#b
— me Z Z cich;b + h.c (144)
y b=0,1

where 3¢9 Gy1 + yo + ¢y3 is the electronic
bosonized variable of the charge sector U(1)3 and E;b =
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FIG. 12. A parton Pfaffian CFT (highligted blue line) at the
domain wall separating two gapped regions with symmetry-
preserving interaction U and AFTR symmetry breaking in-
teraction Uy.

e(Pv.a=®y0) are the roots of the neutral SU(3); sector
(see section ITA). The last line consists of intra-wire
electronic backscatterings that removes the two pairs of
counter-propagating auxiliary electrons from low-energy.
(144) dimerizes the array of parton Dirac channels and
introduces a finite excitation energy gap on the surface.

When the AFTR symmetry-breaking surface is juxta-
posed with the parton 7 — Pf* surface enabled with in-
teraction U in (142), they leave behind a parton Pfaffian
CFT at the domain wall interface (see figure 12). This
verifies one of the propositions in our previous work [38]
that a FTI slab with a symmetry-preserving top sur-
face and a time-reversal breaking bottom surface hosts
a parton Pfaffian CFT along the boundary (see figure 1).
The bulk-boundary correspondence implies the topolog-
ical equivalence between the FTI thin film (treated as a
quasi-2D topological phase) and the particle-hole sym-
metric paired parton FQH state P11 = Pf™.

IV. PARTICLE-HOLE SYMMETRY FOR
PARTONS

Particle-hole (PH) conjugation [19, 24-28] inverts a
FQH state of electrons to a FQH state of holes in the
lowest Landau level (LLL). The PH conjugate of a FQH
state § is a new FQH state obtained by subtracting §
from the LLL. The “subtraction” is topologically cap-
tured by a product

PHLiL(3) =U(1):1®F

between the lowest Landau level U(1); and the time-
reversal conjugate § of §. This product describes the
bulk topological order as well as the gapless edge confor-
mal field theory (CFT). For instance, the time-reversal

(145)



conjugate § refers to the same edge CFT as § except with
the opposite propagating direction. The LLL’s electric
and thermal Hall transport, which are specified by the
filling fraction vy, = 1 and edge chiral central charge
conn = cgr—cr = 1in (2), are reduced by the subtraction

v (PHLLL()) = 1 — v(3),

¢(PHLLL(T)) = 1 — ¢(J). (146)

For example, this relates FQH states in the Jain’s se-
quence [64] J} with filling v = p/(2p + 1) and cen-
tral charge ¢ = p to another sequence J, ; with filling
v=(p+1)/(2(p+1)—1) and central charge ¢ =1 — p.
The former (latter) has an effective Chern-Simons de-
scription £ = %KI_]aI A day with the p x p K-matrix
(K:J;r)u = 17+ 2 [resp. (p+1) x (p+ 1) K-matrix
(Kﬁll)” = —d77 + 2]. The two are related by (145)
which identifies

1
_ AT _ _ AT
K, =G 1o (-Ky)|G=¢ ( —K;j;) G,
(147)

where 1 is the K-matrix of the lowest Landau level U(1);
and G can be chosen to be the GL(p + 1,Z) transforma-
tion

(148)
=1/ (1) x(p+1)

Particle-hole symmetry acts within the half-filled Lan-
dau level. It flips between FQH states that shares the
same filling at v = 1/2. For example, (145) conjugates
the Read-Moore Pfaffian state [35] Pf; = U(1)s ®e Ising
to the anti-Pfaffian state [65, 66] PHpr(Pf) = U(1); ®
U(1)s ®e Ising, which is equivalent to Pf_3 = U(1)g ®e

Ising3 up to anyon condensation [59]. The equivalence
can be explicitly demonstrated by the basis transforma-

tion
207\ (1 -1\ [®F,
®L ) \-1 2 20L )’

where ¢/®liL is the edge chiral U(1); Dirac electron of
the LLL, €™*" and €™®" are the charge e spin 1 bosons
in U(1)s and U(1)s, and d ~ @< ~ yF 4 ik is
a spin 1/2 neutral Dirac fermion, which can be split
into a pair of Majorana fermions and correspond to a
pair of Ising CFTs. More recently, a particle-hole sym-
metric Pfaffian state Pf_; = U(1)s ®g Ising was pro-
posed by Son [19] that is invariant under the particle-
hole conjugation (145), and has the identical topolog-
ical structure of anyon excitations as the time-reversal
symmetric T-Pfaffian surface state [33] of a 3D topo-
logical insulator. The equivalence between Pf_; and

(149)
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its conjugate PHyr,(Pf_1) = U(1); ® U(1)s ®q Ising
can be shown by a basis transformation similar to (149),
which leaves behind a L-moving neutral Dirac fermion
d¥ ~ ~F 445" that reduces to a single Majorana fermion
~F upon removing 6% from low-energy by backscatter-
ing to the R-moving Ising sector. Later, Kane, Stern
and Halperin [55] generalized a sequence of Pfaffian FQH
states Pf, = U(1)s ®e1 Ising? at filling v = 1/2 with chi-
ral central charge ¢ = 1 + p/2 using the coupled wire
construction. Particle-hole symmetry acts closely as an
involution

PHyp(Pf,) = Pf_o . (150)

In this section, we discuss the topological aspects of
a speculative emergent particle-hole symmetry based on
partons. In this case, the analogue of a filled Lan-
dau level, which defines the base of the conventional
PH symmetry (145), is one of the parton FQH states
L4 = U(1)s x [SU(3)1]? at filling v = 1/3 described
in section IIT A. In particular, the Dirac parton triplet
£1 = U(3)1/Zs consists of filled Landau levels of the
three deconfined partons 7 that constitute the electron,
U, = wln2x3. The parton particle-hole conjugate is a
FQH state of parton quasi-hole excitations in £4,. The
PH conjugation of a FQH state § can be topologically
captured by its subtraction from £,

PHEqO (3') = Sqo X §a (151)

where § is the time-reversal of §, and X is some reduced
tensor product that involves the identification of partons
in £,, and § through an anyon condensation [59] process
described below. Eq.(151) dictates the relationships of
electric and energy transport between a conjugate pair
(c.f. (146) for the conventional case)

v (PHe, (8)) = ¥(L4) — v(3) = = — v(3).

3
c(PHe, (3)) = c(Lq,) — ¢(8) = 1+ 2g0 — c(3).

(152)

We speculate that there may be an underlying micro-
scopic description of the parton PH conjugation that
support (151). It would involve an antiunitary PH con-
jugation operator that flips between parton particles and
holes. In the coupled wire mdoel, the operator would
transform the bosonized variables from wires to wires
Coy C = ng/y’,aa’(bg’,a" A similar construction has
been proposed recently by Fuji and Furusaki [67] that
applies to the conventional PH conjugation.

In this section, we focus on the topological aspects of
parton PH conjugation instead of its microscopic origin.
In particular, we focus on the conjugation among the
paired parton FQH states P, ; = U(1)24 ®e1 U(1)]5 ®el
Ising? at the PH-symmetric filling v = 1/6 described in
section III B. We will show that the parton PH conjuga-
tion PHe, =~ defined in (151) acts as an involution within



the paired parton sequence

Pquo (‘Bp,q) = s1317’41’» (153)
r_ . _1)q
where { ¥ p+2(g — 1+ (—1)%)
¢ =-q+q —(=1)*

We will demonstrate the PH action on the edge CFT
and infer its effect on topological order through the bulk-
boundary correspondence.

The general structure of the PH £,, conjugation can be
illustrated by two special cases, qg = 1 or 0. The first is
based on Dirac parton triplet

21 = U(3)1/Z3 = U(1)3 X SU(3)1, (154)

which describes the completely filled Landau levels for
the three deconfined partons (see section I A for the edge
CFT content). The second is based on the Laughlin state

£o = Laughlin = U(1)3, (155)

which is the phase where partons are confined. Both were
constructed as coupled wire models with filling fraction
v = 1/3 in section IITA. The former has central charge
¢ = 3 and the latter has ¢ = 1 on the boundary. The PH
conjugate of a paired parton state B, 4 is the subtraction
of P,.4 from the parton Landau levels (154) or from the
Laughlin state (155),

PH;: (Bpg) =L1 BBy =P-2-p2-¢;

T (156)
PH) (Bp.q) = Lo X Py =P-p 14

where 7 (A\) stands for parton (resp. Laughlin). The
gapless edge of the FQH state consists of a forward
propagating U(3)1/Zs (or U(1)s) CFT and a backward
propagating B, .. They can be turned into P_o_p, 24
(resp. P_p, —1—4) via basis transformations and electron
backscatterings. A paired parton state is PH symmetric
if it is topologically equivalent to its conjugate.

We first illustrate the particle-hole action of the parton
Pfaffian state P{* = U(1)24®cU(1)12®Ising with respect
to the parton Landau levels (154). We saw in section IT C
that a pair of parton Pfaffian states can be glued into the
parton Landau levels, U(3)1/Z3 = P{*XP{*. By formally
subtracting a parton Pfaffian state from both sides of the
equation, we expect the parton Pfaffian state to be PH
symmetric, i.e. PH,(Pf*) = Pf*. Here we demonstrate
the equality explicity.

The edge CFT of the particle-hole conjugate
PH,(Pf*) = [U(1)s x SU(3)1] x Pf* is described by the
Lagrangian density (suppressing non-universal velocity
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terms)

E - ‘65(1)3 + E?U(iﬁ) + ﬁg + ;Cé‘ + ‘Cging’ (157)

1
Ly, = 533@5’03@5’07

1 su@ i ;
Ll = 5 K5 0l 0,

1
L __ L L
Ll = 5240000},

1
L§ = —5 1200085,
ﬁfzing = Z?/}R(at - 'Uax)z/}R.

The first three bosonized variables ¢2,dL,$2 generate
the parton Dirac triplet in the Chevalley basis (c.f. La-
grangian density (13)), where K 5U(3) is the Cartan ma-
trix of SU(3) given by the lower 2 x 2 block of (14). The
remaining degrees of freedom associates to the counter-
propagating parton Pfaffian CFT (c.f. Lagrangian densi-
ties (25) and (27)). The external U(1)gym shifts ¢20 —
#0 + A/3 and (bﬁ — ¢£ + A/12 when a charge e elec-
tronic quasiparticle is transformed under ¢ — e**¢, and
leaves the other neutral fields unchanged.

We first perform a basis transformation among the
charged Laughlin U(1)3 sector ¢ and the paired
U(1)24 sector ¢F,

oy _ 11 1) [¢f°
ok ) 2\-1 2 205 )

This turns the charged sectors into U(1)24 X U(1)12,

(158)

LGy, + L5 =LY+ LG, (159)

1
R __ R R
Ly} = 52400007,

1
EdL/ - f%IZthﬁg/axqﬁg/

Under the external U(1)gm transformation that changes
¢ — e*c for a charge e electronic quasiparticle, (;Sff is
shifted by ¢f — ¢ + A/12 while ¢, is unaltered and
thus is electrically neutral.

Next, we combine the neutral sectors U(1);2 and
SU(3); — generated by ¢% and ¢f1, ¢f2 respectively
— together, and perform the basis transformation

o 207
2 ¢£; =B | ¢B! (160)
by ¢71§’2

using the unimodular B transformation defined in (50).
This turns the neutral sectors into SO(2); x U(1)12 X



U2,

Lo+ EgU(S) = EéO@) + L5+ L,
EéO(z) = —%48&55@&55 + velocity terms
W" (O + vd)Y" + iv" (B + vB )V,

1 . )
R R, R,
Ll = 512001 0,

(161)

for j = 1,2, where we have decomposed the spin-1/2 neu-

tral Dirac fermion e2%7 in SO(2); into Majorana com-
ponents (YL +ivF)/v/2.

The basis transformations (158) and (160) can be ap-
plied not only to the parton Pfaffian state Pf* but also
to any paired parton state ‘B, ,. For the PH. conju-
gate of Pf*, the total Lagrangian density is now £ =
LR+ (L8 + L%+ L£]) + Lf4,, + Lso(z)- Here each of
the d sectors carries a spin h = +3/2 Dirac fermion e?6%4,
and Ising and SO(2); carry Majorana fermions. We con-
sider the gapping potentials

Ha = —ug cos (6¢dR’2 - 6¢dL) (162)
= —ugcos (60 + 60 + 3¢5?)
~ Srdudy () (7R) () + hee.,

Hy = iuy " (163)

to cancel unprotected counter-propagating modes.

‘H,4 backscatters the pair of Dirac fermions dy, ~ i60d
and d} ~ €% to the two SU(3) current operators
EB ~aL(r3)T and E% ~ 74 (7%,)T, where 7% are the de-
confined partons in the filled parton Landau levels. (The
identification e3¢ = E'3E23 can be shown from the
basis transformation (11).) The SU(3) current opera-
tors can be expressed as integral combinations of elec-
tron operators. On the other hand, the neutral Dirac
fermions dy, and d} are non-local as they both involve
half-electronic operators. However, when combined to-
gether, dpd} ~ 1120, +664) o—i367° g ap integral elec-
tronic combination. This is because /(126 +691) g just
the charge e electronic quasiparticle 1126 in (69), and
is also the electronic combination e!®»d that is backscat-
tered by Hgq, in (119). Moreover, e3¢’ o rlp2rd = A3
is simply the charge e electronic quasiparticle in the
Laughlin sector. The Dirac fermion backscattering (162)
can be rewritten as

Ha = —uqcos {3 [(46] +207) + (=07 + 67*)]}
= U4 cos {3 {(4%5 +261) — é?} } : (164)

where from (11), ¢F = ¢f0 — ¢/2 is the bosonized vari-

able of the parton 7% = i3 in the parton Landau levels

£1. Eq.(164) therefore condenses the electrically neutral
bosonic parton pair

Ly ® (w3)1 ~ 1405 +260) g =105 (165)
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where 149 is the charge e/3 fermionic parton in Pr*.

H, in (163) backscatters between the Majorana
fermions v~ and ¢f.  Neither of the Majorana’s
is local electronic, but the combination ~Fyf ~
T sin (12(;5,% — 3pR0 4 oL 4 ¢f’2) is. This is because
dJRe“Q‘z’g is the charge e electronic quasiparticle ¥y
in Pf* (see (69)), and is also the electronic combina-
tion backscattered by H,, in (118). The remaining
i3+ 465 can be decomposed into the elec-
tronic quasiparticles e~3%% ~ A3 in the Laughlin sector
and the current operator E'? ~ 71(7®) in the neutral
SU(3) sector. Hence, (163) can be rewritten in the form
of the backscattering

Hy ~ upWiao(A3)TED (166)

between the electronic quasiparticles ¥y2 o and N (E13)T

in the parton Pfaffian Pf* and the parton Landau level
£

Eq.(162) and (163) leaves behind the low-energy de-
grees of freedom L + LF + L], where L] is the La-
grangian density for the remaining Majorana fermion %
in £§0(2) in (161). This matches exactly with the La-
grangian densities (25) and (27) for the parton Pfaffian
state. This completes the proof of the particle-hole sym-
metry

« (Pf*) = £, K Pf* = Pf*. (167)

In the process, the gapping potential (162) and (163) re-
move unprotected low-energy degrees of freedom, namely
drd, 397 4L and ¢F, along the boundary. The re-
duced tensor product notation X reminds the cancella-
tion of unprotected boundary modes. Equivalently, it
signifies the condensation of (165), which identifies the
partons in £ and Pf*.

Similar procedure can be carried out for a general
paired parton state P, , in (128) and the particle-hole
conjugation with respect to the parton Landau levels
(154) is

PH: (Bpq) =UB)1/Z3 @Ppg = B-p-22-q. (168)

The edge CF'T reconstruction and bulk condensation can



be summarized by

U(l)g ® SU(3)1 ® U(1)24 Rel U(I)Lﬁ Rel Isingp

(158)

U(1)24 ®e1 U(1)12 ® SU(3)1 @1 U(1)%y @e) Ising™?

(160)

U(1)24 Xel 50(2)1 ®el U(l)%g ®el U(l)(llg ®el ISing_p

condensation

U(1)24 Rel U(l)%;q Rel Ising_p_2.
(169)

The PH conjugation is consistent with the chiral central
charge (129) of B, 4

PH,(cpq) =3 —cpg=cCp_22-¢ (170)

where the parton Landau levels has the net central charge
c=3.

Particle-hole conjugation can also be defined with re-
spect to the Laughlin v = 1/3 FQH state, where the
partons are confined and the neutral SU(3); sector does
not appear. It relates

PHy (Bp,q) =U(1)3 @ % =PB_p-1-¢-

(171)

The procedure can be carried out similar to the previous
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case and is summarized below.

U(1)3 @ U(1)24 ®e1 U(1)]5 ®c1 Ising?

(158)

U(1)24 Rel U(l)lg Rel U(l)(b el Ising_p (172)

condensation

U(1)24 Rel U(l);zliq el Ising_p.

Again, the conjugation is consistent with the chiral cen-
tral charge

PH)(cp,) =1 —cpg=cp-1-¢ (173)

where the Laughlin FQH state has central charge ¢ = 1.

From (168) and (171), we see that the parton Pfaf-
fian state Pf* = B_; 1 is the only PH symmetric state
with respect to the parton Landau levels, and there is no
paired parton state that is PH symmetric with respect
to the Laughlin state given integer p,q. With the hind-
sight from the T-Pfaffian surface state [33] of a topolog-
ical insulator and its relationship with the PH symmet-
ric Pfaffian FQH state [19], it is perhaps not a surprise
that the parton Pfaffian state Pf* = 9_;; is PH sym-
metric. In previous works [38, 39] (reviewed in (39) in
section I1B as well as in section IITC), we proposed the
symmetry preserving gapped surface topological order,
T — Pf*, of a 3D fractional topological insulator, which
host deconfined Dirac parton excitations in the bulk. The
T — Pf* anyon content has three times the periodicity
and one-third the charge assignment as the conventional
T-Pfaffian state. It is a subset of the parton Pfaffian
Pf* topological order, which can be supported by a thin
slab of fractional topological insulator with a 7 — Pf*
top surface and a time-reversal breaking gapped bottom
surface. It is therefore not a coincidence that when the
parton Pfaffian Pf* topological order is supported by a
FQH state in 2D, it exhibits a PH symmetry in the con-
text of partons. This example may be one of many du-
alities between 2D FQH states with a generalized notion
of PH symmetry and 3D symmetry enriched topological
phases.

We conclude this section by generalizing the particle-
hole conjugations PH, = PHge, and PHy = PHg, in
(156) to the arbitrary base

Lgo =U(1)s ® [SU(3)1]%. (174)

We now show that the PH symmetry PHe =~ acts as the
involution (153) within the paired parton FQH sequence
PBp.q- Like in (169) and (172), the topological action that
turns PHe, (Pp.q) = L4y X Py, into P, o involves a se-
ries of basis transformations and condensations (or edge
backscatterings). We begin with go > 0. This process
can be summarized by
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U(l)g ® SU(?))({D & U(1)24 Rel U(l)({Q Rel Isingp

(158)

Y

U(1)24 Rl (U(1)12 ®@ SU(3){ ) @e1 U(1)7y @y Ising P

(181) | TT%, B; (175)

J=1
Y

U(1)24 ®a (S’O( ) =D Rel U(l)‘ll({(fl)qo) Rel U( )15 ®er Ising™"

condensation

Y

U(1)as ®a U(1) 570~ CD™ g Tsing Pt 2(a0—1+(-1D")

where the sequence of basis transformation

1_0[ Bj : U(1)12 ® [SU(3)1]% = [SO(2)1]2 D™ @ [U(1)19)20~ D™ (176)

(

is defined by the following. The first transformation By is The transformation equates
identical to (160), which used the unimodular B matrix

defined in (50). It turns U(1);2 and one of the SU(3);’s -1 1
into 2 —1| =B 1 B,
-1 2 -3
B:U(1)12 x SU(3); — SO(2); x [U(1)12)?.  (177) cy D@ + 550(2) + L = Loy, + L8y, (180)
The sequence of basis transformation (176) composes of

Next, the transformation By takes the SO(2); sector —  geries
Wthh is generated by ¢~ in the Lagrangian density in
(161) — and another SU(3); into U(1)12 x [SU3)1]%*

B [UW)12)? x SO2);1 x [SU(3)1]

: SO x SU(3 178 / _
SO SO U (UT8) 5, 71),0J2  [SO(@0]? Tl x (ST
¢R ! 2¢L B
9 ¢R2 _ g1 ... (181)
o2 [U(1)12]% x [SO(2)1]% x U(1)12 if g is even
) R [U(1)12]®+! % [SO(2)1]9~1 x SO(2); if go is odd
B =|_-1_1 -9 =1 -1 1 backscatteriig, 77(1),]40= (=" « [SO(2),]7~1H(-D"
0 -1 -1 10 where the backscattering Hamiltonian
R,q L . .
where ¢l p2:2 pL generate [SO(2)1]? xU(1)12 with the Hp o = —Ud COS(6¢% ’ _16¢d)L %f o %S even
Lagrangian densities — Uy €o8(2¢;,9° 1 — 2¢) if qo is even
(182)
£l oy pR2 BB BT 1 9,6F28, 12 introduces a mass gap for the counter-propagating pair
so@n + Lo, = 374 (0w 0 kO 0n”) U(1)12 x U(1)12 or SO(2); x SO(2); and removes them
rk_ _ilQatgdeaxd)dL' (179) from low-energy. Similar to (162) and (163), (182) can be

expressed as integral combination of electronic operators.



The last arrow in (175) involves backscattering in-
teractions similar to (162) and (163) that introduce a
mass gap for the counter-propagating conjugate pairs
U(1)12 x U(1)12’s and Ising x Ising’s along the system
edge, where the forward moving Ising sectors are pro-
vided by splitting the spin h = 1/2 neutral Dirac fermion

€i2%% in each SO(2); into a pair of Majorana fermions.
Analogous to (165), the edge backscattering is equivalent
to condensing electrically neutral parton pairs between
L4, and P, 4 in the bulk. This completes the proof for
the particle-hole symmetry action (153) for gy > 0.
When ¢q is negative, the center arrow in (175) needs
to be modified. This is because the sequence of basis
transformation (181) relies on the presence of counter-

propagating sectors, and U (1)1 x [SU(3)1]% consists en-
tirely of backward propagating sectors when ¢g < 0. In
this case, one can first introduce the additional counter-
propagating pair U(1);2 x U(1)12 to the system edge.
This can be achieved by turning off the Dirac fermion
backscattering Hj‘g%f in (116) along the wire at the sys-
tem boundary. Next, one can apply the sequence (181)
of B and B’ transformations to turn

77 7o 1%l

U(1)12 X SU(3)1

T 90| = (=1)70

— U(l)lg

Ca(1ya (183)
x SO(2), @I,

After condensing/backscattering counter-propagating
pairs, the PH conjugate PHe (Bp,q) becomes Py g
where

"=—p+2qp+1-(-1)®
P=-p (40 q( )" (184)
q"=—q+q+ (1% -2

which is identical to (153) when ¢q is even. When ¢ is
0dd, (184) and (153) differs by U(1)%, ®a SO(2); , which

can be described by a bosonized Lagrangian density with
the K-matrix K = 1214 @ (—414). A mass gap can be
introduced by the sine-Gordon potential

4
H=—-u Z cos (n]TKqS)

(185)
j=1
where the null-vectors can be chosen to be
— nf —— 10000 1 -1 1
—— nf 01001 0 -1 -1
—— n? 00101 -10 1
—— nl —— 00011 1 1 0
(186)

Equivalently, U(1)}, can be reduced to SO(2)} by con-
densing the following collection of mutually local bosons

HBaHOT+Ed) oid(da—itda)
187
(= Pa=9a+00) (id(du—@it+da) (187)
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Lastly, we noticed that the general PH conjugation
(153) admits a symmetric paired partonFQH state when
qo is odd

p=qo—1+(=1)%
q=[go — (=1)*]/2
(188)

PHe, (Bp,q) =PBp,q, for {

It would be interesting to associate each of these PH sym-
metric FQH states to the symmetry-preserving surface
state of a fractional topological insulator.

V. CONCLUSION AND DISCUSSION

We theoretically proposed two new sequences of elec-
tronic fractional quantum Hall (FQH) states, one at fill-
ing fractions ¥ = 1/3 and another at v = 1/6. They
were summarized in table I. The first sequence con-
sists of the Abelian states that are characterized by the
bulk topological order and edge conformal field theories
(CFTs) £, = U(1)s ® [SU(3)1]?. The charged U(1)s
sector is responsible for the electric Hall transport and
is identical to the Laughlin [2] v = 1/3 FQH state.
The electrically neutral SU(3); sectors allow the de-
confinement of partons, which are fermionic quasiparti-
cle excitations that carry the fractional electric charge
e/3. The presence of these chiral neutral sectors causes
an imbalance between electric and thermal Hall trans-
port, and leads to the violation of the Wiedemann-Franz
law, ¢/v = (Kgy/0wy) [72k%/ (3¢*)] T # 1. The parton
Abelian states £, can be distinguished by their chiral
central charge ¢ = 1 + 2¢, which specifies the thermal
Hall conductance, k., = cn?k%T/(3h).

The second sequence generically consists of non-
Abelian FQH states at filling v = 1/6 that support
charge e/12 Ising anyons. They are characterized by the
bulk topological order and edge CFT P, , = U(1)24 Qa1
U(1){y ®e1 Ising?. The U(1)24 sector couples to the ex-
ternal electromagnetic U(1)gym symmetry and is respon-
sible for the electric Hall transport o,,, = (1/6)e?/h. The
U(1)12 sectors are electrically neutral and each carries a
spin 3/2 Dirac fermion, which is an emergent fractional
excitation. The Ising sectors are generated by spin 1/2
Majorana fermions. The neutral Dirac and Majorana
fermions can be combined with the charge e boson in
U(1)24 to represent the local electronic quasiparticles.
Deconfined Ising anyons are products of w-fluxes (also
referred to as twist fields) of all sectors. The sequence
generalizes one of the Q-Pfaffian states, which is identi-
cal to P10, proposed by Read and Moore [35]. Like the
Abelian sequence at v = 1/3, the generalization here also
supports deconfined parton quasiparticles (see eq.(36)).
These paired parton FQH states have distinct thermal
Hall transports, which are specified by the chiral central
charge c =1+ g+ p/2.

Contrary to the more common phenomenological slave-
fermion mean-field approach, we presented an exact de-



scription of partons. In section II, we introduced the
CFTs that described the gapless low-energy parton de-
grees of freedom, which appeared on the 1+ 1D edges of
the FQH states and serve as the building blocks of the
coupled wire FQH models. Through the bulk-boundary
correspondence, these CFTs dictate the anyon excitation
structures and the topological orders of the 2+ 1D FQH
states that host them as boundary modes. The anyon
types in the 2D bulk has a one-to-one correspondence
to the primary fields of the 1D edge CFT. The fusion
rules between bulk anyons are identical to those that
describe the operator product expansions between edge
primary fields. Anyons’ spins equate to primary fields’
conformal scaling dimensions modulo 1. The topolog-
ical S-matrix [42], which encodes the quantum dimen-
sions as well as the mutual monodromy of bulk anyons,
is identical to the modular S-matrix that represents the
modular S transformation [58] of the characters in the
CFT partition function. The fusion and spin data of the
Dirac parton CFT £, = U(3)1/Z3 = U(1); ® SU(3),
and the parton Pfaffian CFT Py _; = Pf* = U(1)24 ®el
U(1)12®e Ising were presented in section II A and IT1B. In
section II C, we demonstrated the gluing and splitting of
these parton degrees of freedom. They were summarized
by the reduced tensor product £; = Pf* K Pf*. This was
the parton generalization of the splitting and gluing of
the electronic Dirac fermion and the PH symmetric Pfaf-
fian pair, U(1); = Pf K Pf, where Pf = U(1)s ® Ising.
The gluing of the pair of parton Pfaffian theories was
carried out by a sine-Gordon Hamiltonian (53) that fa-
cilitated the condensation of the bosonic collection (55)
of anyon pairs. The bipartitioning of the Dirac parton
triplet £, was enabled by a sequence of fractional basis
transformations, which were summarized in figure 3.

Understanding the parton CFTs allowed the coupled
wire model construction [48] of the 2 + 1D parton FQH
states £, and B, 4, which were presented in section IIT A
and III B. These models were constructed from a 2D in-
teracting array of metallic electron wires. The ballis-
tic wires were arranged in a particular periodic spatial
configuration (see figure 4 and 7) so that in the pres-
ence of a perpendicular magnetic field and at the fill-
ing fraction v = 1/3 and v = 1/6, certain combinations
of many-body inter-wire backscattering interactions be-
came favorable as they preserved momentum conserva-
tion. In strong coupling, these interactions opened a fi-
nite excitation energy gap that froze all low-energy elec-
tronic degrees of freedom in the 2D bulk. At the same
time, they left behind gapless parton degrees of freedom
along system edges that were described by the aforemen-
tioned CFTs. A summary can be found in figure 6, 9
and 10. The backscattering interactions were designed
so that the model Hamiltonians were all exactly solvable.
They consisted of mutually commuting interaction terms,
which independently froze mutually decoupled order pa-
rameters. Following a similar coupled wire construc-
tion [63] that described the T-Pfaffian surface state of a
conventional topological insulator, we presented a model
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in section III C that illustrated the symmetry-preserving
many-body gapping of the surface of a fractional topo-
logical insulator. We conjectured that the surface model
should carry a parton T-Pfaffian (7 — Pf*) topological
order, which was discussed in our previous works [38, 39]
and was reviewed in (39) in section IIB as well as in
section III C. In particular, the parton surface topolog-
ical order is a subset of the parton Pfaffian topological
order P; _; = Pf*, which exhibits an emergent parton
particle-hole symmetry.

In section IV, we presented the emergent parton
particle-hole (PH) conjugations among the paired par-
ton FQH state B, , at filling v = 1/6. The PH con-
jugations were defined by “subtracting” any one of the
paired parton FQH state 3, , from an arbitrarily given
Abelian parton FQH state £, at filling v = 1/3. The
“subtraction” was topologically defined by taking a re-
duced tensor product between the Abelian state with
the time-reversal conjugate of the paired parton state,
PHe, (Bp,q) = £4o BBy g The conjugation action pro-
duced another paired parton state and was summarized
in (153). In particular, since £; represented the filled
parton Landau levels, the PH conjugation based on £
naturally generalized the notion of particle-hole symme-
try from the context of electrons to partons. We also
showed that the parton Pfaffian state 3, 1 = Pf* =
U(1)24 ®e1 U(1)12 ®¢ Ising is PH symmetric in the basis
of the parton Landau levels £;.

We conclude this paper by identifying some unad-
dressed issues, speculations and implications. First,
the many-body interacting coupled wire models were
topologically oriented without paying attention to ener-
getics. The inter-wire backscatterings were introduced
to demonstrate the structure of the ground state and
how the low-energy electronic degrees of freedom can be
frozen out in the bulk while leaving behind gapless edge
modes. The many-body interacting terms, although al-
lowed by charge and momentum conservation, are generi-
cally irrelevant in the renormalization group sense. They
can become energetically favorable in the presence of for-
ward electron scatterings that modify the velocities of
the bosonized variables, i.e. the Luttinger liquid parame-
ters. In a more realistic setting, these intricate inter-wire
backscattering interactions may emerge as higher-order
correction terms to a more conventional interacting ac-
tion, such as an array of two-body interacting chains
or ladders. However, such approaches generically gen-
erate competing backscattering interactions that render
the model unsolvable. On the other hand, we anticipate
our topological construction to inspire lattice or contin-
uum models that can be numerically analyzed and ad-
dress naturally occurring interactions in materials.

Second, the topological order of the presented coupled
wire models relies heavily on the bulk-boundary corre-
spondence. It can also be addressed in a closed toric
geometry with no edges by the algebra of Wilson loops,
which can be generated by strings of electron intra- and
inter-wire tunneling in the vertical direction and sliding




operators in the horizontal direction. The degenerate
ground states form an irreducible representation of the
Wilson algebra. Anyon excitations manifest as kinks in
the order parameters pinns by the backscattering interac-
tions can be created by open Wilson strings. Their spin
and braiding statistics can be determined by the intersec-
tion phases from interchanging string operators. These
derivations are omitted in the scope of this paper and we
defer the continuation of this discussion to future works.

Third, the presentation of the particle-hole conju-
gation and symmetry lacks a microscopic description,
which involves the short-range non-local anti-unitary
charge conjugation action on the wire bosonized variables
Coy.aCt = CB(y — v )by s + Ky.a, where C is the PH
operator and C%(y—y'), ky o are c-numbers. Related de-
scription of electronic PH symmetry and particle-vortex
duality in the coupled wire setting has been discussed
by Mross, Alicea and Motrunich [68-70] and by Fuji and
Furusaki [67]. We anticipate a similar microscopic de-
scription can be applied in the context of partons. In
addition, we expect a general correspondence to hold be-
tween PH symmetric paired parton FQH states in two
dimensions and time-reversal symmetric fractional topo-
logical insulators (FTIs) in three dimensions. For in-
stance, the previously proposed [38, 39] correspondence
between the parton Pfaffian state P4,y = Pf* and a par-
ticular FTT [13], which hosts bulk partons coupled with
a Zs gauge theory, is one existing example.

The proposed parton FQH states could in principle be
verified in materials. The chiral central charges ¢ = 14+2¢q
for the Abelian £, states and ¢ = 1+¢+p/2 for the paired
parton B, , states corresponds to distinct thermal Hall
signatures [40-42, 71] (see (2)). Recently, thermal Hall
conductance has been measured [72, 73] in the Laughlin
particle state at filling v = 1/3 and hole state at v = 2/3
as well as the Pfaffian state at v = 5/2, suggesting PH
symmetry [19] at the 5/2 plateau. Similar thermal Hall
observations at filling v = N +£1/3 and v = N £1/6,
if such plateau exists, may provide indications to one of
these parton FQH states.
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Appendix A: Kac-Moody algebra

In this appendix, we review the algebraic properties
of bosonized variables. We demonstrate the basic arith-
metic principles in carrying out operator product expan-
sions (OPEs) of vertex operators and derive the SU(3);
Kac-Moody algebra (also known as an affine Lie algebra
or a Wess-Zumino-Witten (WZW) algebra) encountered
in section IT A. We present the equal-time commutation
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relations (ETCRs) between bosonized variables in the
coupled wire setting in section III, and pay special atten-
tion to the commutation relations between zero modes.

1. The U(1)s x SU(3): parton algebra

The bosonization of the three parton Dirac fermions
g = €% for a = 1,2,3, described in section ITA is
based on the time-ordered correlation (7) between the
three bosonized variables.

(Pa(2)Pp(W)) = —dap log(z — w) + %TSab (A1)

where z,w ~ ™7™ are complex space-time parameter in
a radially ordered geometry, and the constant factor

0 1 -1
-1 0 1
1 -1 0

S = (Sab)3x3 = (A2)

is set to ensure anticommutation relations between mu-
tual parton fermions. The correlation (A1) is equivalent
to the equal-time commutation relation (ETCR)
{q@a (x), da (x’)] = imdapsgn(z — x') + imSap, (A3)
which implies (6) upon differentiation with respect to x,
where sgn(s) = s/|s| when s # 0 or 0 when s = 0.
The operator product expansions (OPE) between a

general pair of normal ordered vertex operators can be
evaluated according to

(AR BOW) _ AR +BW)+(AR)BW)) (A4)

— AM)FIAW) W)+ Bw)+(A@) Bw)

where A, B are linear combinations of the bosonized vari-

ables qz~5a. At equal time, this is equivalent to the Baker-
Campbell-Hausdorff formula

eA0) BK) _ JACOHB)+3[A60,B(X))]

(A5)

where all higher-order commutators vanish because
[A(x), B(x)] is a c-number. For instance, the OPE be-
tween a pair of parton Dirac fermions is

7_(_a(z) (ﬂ'b(w))T — eid;a (z)—idp (W) —8ap log(z—w)+imSap /2
1 -
=0gp | —— + 10¢, A6
| =+ i0ga(w) (46)
+ Z‘Sabei(qga(w)*(l;b(w)) +...,
where higher-order non-singular pieces are suppressed in

the limit z — w. The S,; factor ensures fermions with
distinct flavors anticommutes

7 (z)w(w) = e~ ™S g (w)r?(2) = —70(w)7(2). (AT)



The U(3)1/Z3s = U(1)z x SU(3); affine Lie algebra
that generate the parton triplet (10) is generated by the
normal ordered current operators

H(z) = n%(2)7%(2)| = i06a(2)

E®(z) = —iSun(2)7b(2)T = ¢i(%a@=4 ()
where a # b. The Cartan generators H® of U(3) can
be rotated into the Cartan generators of the diagonal
charge U(1)3 sector H, = i(d¢1 + Opa + O¢3)/v/3 and
the neutral SU(§)1 sector Hy = i(0p1 — Do) /v/2 and
By = i(0p1 + Do — 20h3)/+/6. They obey the OPEs

(A8)

ab
H%z)Hb(w) = (ziw)2+ CHY(wW)H (w) : + ...
H,(z)H,(w) = E _1W)2 H,(w)H,(w) : +
Hoi(z)Hpj(w) = % 4. Hopi(W) Hj (W) s ...

(z—w)?
H,

p(2)Hpr(w) =: Hy(W)Hpr(w) : 4.... (A9)

The six SU(3) roots E? are raising and lowering op-
erators and follow the singular OPEs with the Cartan
generators

H () (0) = HGu(2a(w) 5 B0+
Jac — 5bc
= ﬁEbc(w)Jr cHY(W)E"(w) : + ...

(A10)
A pair of raising and lowering operators obey the OPEs
Eab(Z)Ecd(W)
i(#a (D)= (D) +dc(W)—da(w))
(Z _ W)adercfacfbd
1 n He(w) — Hb(w)
(z—w)?

Sad+Spe—Sac—Spa

=1

__ sadgbe
— §adg [ L (A11)

+umm—mwﬁ+§@%WFW&Wﬂ
1

Z—W

i flan e en) gef () [

where f(ab)(cd)(ef) — gabdgbcgaesdf _ cabcgadsbf sce ig the
structure factor of SU(3) where a # b, ¢ # d and e # f.
Here the constant “cocycle” factor §5eatSve—Sac=5va gt
the first equality in (A1ll) originates from the constant
non-singular term S,; in the time-ordered correlation
(A1l). Tt is responsible for the antisymmetry of the struc-
ture factor, fed)(cd)(ef) — _ fled)(ab)(ef) FEq.(A9), (A10)
and (Al1l) recover the current algebra OPE in (16) if
keeping only singular terms. The two Cartan generators
H,1, Hp> and the six roots E*° form the SU(3) current
algebra at level 1

i FaBy
(5a5 _ + Zf

Jo(z)Jp(w) = Jy(w) +...  (Al2)

(z—w) z—w

+ (H*(w) — Hb(w))} +...
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where J, are the eight SU(3) current generators and
FoB7 is the full structure factor of SU(3).

The conformal embedding of U(1)3x.SU(3); into U(3)1
is demonstrated by the splitting of the energy-momentum
tensor

Tus), = Tuy, + Tsu(s), - (A13)

The full energy-momentum tensor of the parton triplet
is the normal ordered product

3 3
Ty, (2) =Y _ 7 (2) or(z) = —% > 06%(2)09" ().
a=1 a=1 (A14)

The energy-momentum tensor of the Laughlin U(1)3 sec-
tor is

Ty (1),(2) = _%HP(Z>HP(Z) (A15)
_ _% Y 00.@)2+2 Y 964(2)0d(2)
a=1 1<a<b<3

and the energy-momentum tensor of the neutral SU(3);
sector is given by the Sugawara form

TSU(3)1(Z)

— ; (z (7 ab z ba .

" 2(1+ hsu) j;Hng( )Hnji( )+§)E (z)E"(z)
3

- _% Z(aéa(z))Q - Z 8(%(2)8&51)(2) (A16)
a=1 1<a<b<3

where hgy(3) = 3 is the dual Coxeter number. The mu-
tual OPE between Ty (1), and Tsy(s); is non-singular,
and therefore the two sectors decouple.

2. Equal-time commutation relations and Klein
factors

In this appendix, we set the equal-time commutation
relations (ETCR) between the bosonized variables in the
coupled wire models in section III. In particular, we
present the commutation relations between zero modes
that correspond to constant terms Cyg in

[6%(x), 6° ()] = im(K ) sgn(x — x') + inCap.
(A17)

these terms drop out upon differentiation and are
absent in the canonical ETCR [0,®4(x), Ps(X)] =
2mi(K~1)*8§(x — x') set by the “p§” term of the La-
grangian density £ = (1/27)K,30:¢“0x¢*. However,
they are necessary for a consistent multi-component
bosonization scheme. For example, the constant piece in-
volving the antisymmetric matrix S,p in the ETCR (A3)



for parton bosonized variables ¢, ensures the anticom-

mutation relations between fermionic parton operators
7@ = e'%a of distinct flavors. The constant term is also
essential to the antisymmetry of the structure factor in
the SU(3); current algebra (A10). In the coupled wire
construction, similar constant terms must be carefully in-
stated to the ETCR of bosonized variables to uphold the
appropriate algebraic relations between physical opera-
tors.

a. The Abelian parton sequence £4

Here we define the ETCR for the bosonized variables in
the coupled wire model for the sequence of Abelian FQH
states at filling one-third described in section III A. The
model is based on an array of electronic bundles, each
labeled by an integer y that reflects its vertical position,
and each consists of 5 counter-propagating pairs of elec-
tronic channels, labeled by the wire index a = 0,...,4
and propagation direction ¢ = R,L = +,—. The elec-
tronic operators are bosonized according to cf,(x) =

¢i(®7a()+k7)  The bosonized variables obey the ETCR
[éga (x), @Z,,a, (X)| = im0 8,y 6aarsgn(x — x')

’
- oo
+ Z'ﬂ'cyay/a/ .

(A18)

The first term corresponds to the canonical ETCR (73)
upon differentiation with respect to x, and the constant
term on the second line is antisymmetric,
_CO'IO'

y'a'yar

’
COU/ r =

yay a

(A19)

because of the antisymmetry of the commutator. In or-
der for the electron operators to obey mutual fermionic
statistics, the constant C’;g;/a, must be an odd integer
whenever (y,a,0) # (y',a’,0’) so that, from the Baker-
Campbell-Hausdorff formula (A5),

_ 95400697, 0] ide) () i, ()

- =l
eié;’a(x)eﬂy/a/ (x")

’
oo
—inC ,

L= 7 L~
=e yay’a thgla/(xl)e“bz(z (x)

e

Lz ol o
_ _ezég/a/(x/)ezéya(x)

(A20)

between electronic vertex operators with distinct channel
labels.

The bosonization of the electronic channels can alter-
natively be carried out by using the bare bosonized vari-
ables ,®7 (x) that obey the decoupled ETCR

b(i’Za (X)7 b(I)y'a’ (X/):l = iﬂaaggléyy/(saalsgn(x _ X/).
(A21)

They are related to the previous bosonized variables by

= -~ i oo’ o’
B70(0) = @y (9) + > Co w0 Ny (A22)

y/a/o./
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Here, N7, = [ dxaxéga(x) /(274) is the electron number
operator for the fermion channel

o _ ié”ax _ .o ibégax
. (x)=¢e y()fﬁ;yae y(),

° (A23)

and the constant operators

’ ’ ’
ks oo o

H}U ez? > y'alo! Cyay/a/Ny/a/

a

° (A24)

are referred to as Klein factors.
The constant terms CJ7 ., are chosen to be
ng,/ ify=1v
M g(;’,, ify<y
—MZ iy >y
T ! +-— /
oo, =LI106%? + L sgn(o —o'),

aa’

Lt ' +—
o0 =M T06% + M Tsgn(o — o)

aa’ a

’
CJU/ r =

yay a

(A25)

where

are decomposed into the 5 x 5 matrices

0 -1 -1 -1 -1

10 -1 1 -1
L*" =11 0 -1 -1

1 -1 1 0 -1

11 1 1 0

-1 -1 -1-11

-1 -1 1 11
LT =]-11 1 -11

-1 1 -1 1 1

1 1 1 11

1 1 1 11

-1 1 -1 11
Mft=|-11 1 -11

-1 -1 1 1 1

-1 -1 -1-11

11 1 1 1

1-11 1 -1
Mt™=[11 1 -1 -1 (A26)

11 -1 1 -1

1 -1 -1-1-1

with their rows, columns ordered according to a,a’ =
0,...,4 respectively. The constant factor (A25) can also
be expressed as

’
oo
yay/a/

= [L:jm?’", + L} 7sgn(o — a’)} Oy

+ [(M;; — Gaar )00 + M sgn(o — a/)} (1= 8yy)

— 8000877 sgn(y — o). (A27)



The antisymmtry relation (A19) is satisfied because

(LT =107, (A28)
(M++—]]_)T:—(M++—]].), (L+_)T:L+_.

(LTHT = L+,

The anticommutation relation (A20) between mutual

electron operators holds because ng;,a, = %1 so that
e~ Chaytar = —1 for (y,a,0) # (y',a’,0’). In addition to

the antisymmetries, the Kac-Moody algebra (A18) also
respects the time-reversal symmetry

(795,097,785, 6)T ] = = [85,00, 8510 ()]
(A29)

although the symmetry is eventually broken by the
backscattering interactions. Here, the time-reversal oper-
ator T is antiunitary and transforms the bosonized vari-
ables according to

TO7, ()T ' = —0,7(x) —imd, (A30)
where 99, are constant real numbers that satisfy 9, +
¥, = 1 so that the transformation is in agreement with
T2 = (-1)V, where N = Y [ dx0,97,/(2ri) is the
total electron number operator.

The signs of the matrix entries in (A26) are chosen so
that the sine-Gordon angle variables involved in the cou-
pled wire models (93) mutually commute. This ensures
the Hamiltonians (93) for the Abelian parton FQH states
L, are exactly solvable. In (78) and (79), we transformed
the bosonized variables from (®y,...,®7,) to the new
basis (®7 ,, @7 .1, ®7 o, P 1, P7 2). The Dirac fermion
channels ®.1, .o become massive under the intra-bundle
backscattering interactions (84), which pins the two sine-
Gordon angle variables ©,"7*, ©"77. The ETCR (A18)
with the choice of the constant terms C77 ,,, presented
in (A25) and (A26) warrants the commutation relations

(i (x), O35 (<]

0’ [@Zﬁra(X% @Z’,p(xl)] = 07
[O717(%), @ 1 (X)] =0, [6,57(x), @Y, 2(x)] =0
(A31)
for 1,I' =1,11.
The remaining three bosonized variables
(@7 55 P71, Py 0) corresponding to the U(3)1/Zs =

U(1)s x SU(3); parton Dirac triplet obey the commuta-
tion relations

{Q);p(x), @g/p(x’)} = 3micd?7 byysgn(x — x')
+ 3misgn(o — o)
— 31067 sgu(y — y')
@510, @515 6] = w07 8,0 (Ksurs))jyrsm(x = X)
+ w577

yiy's’
(@5, 5, ()] =0 (A32)
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where Kgy3) = 2lax2 — 0, is the Cartan matrix of
SU(3). The constant terms in the neutral sector are

(So)g ify =1y
(51§ ty<y
—(S1)37 ity >y
(S0)757 = (So) ;o077 + (So)frsgn(o — o)

(8037 = (S1)557 067 + (S1) ) sgn(o — o)

SO’O’I

where

and the constants are grouped into the 2 x 2 matrices

(S0)** = (g ‘03), (S0)*™ = (; _24>,
2 -4 _ 2 2
(51)Jr+ = (2 9 > ) (51)+ = (2 4) .

Equivalently, the constant terms in the neutral sector can
also be expressed as

(A34)

Sy = 3007 sgn(j — j') + (So) ;7 sen(o — ')
— (Ksu(s))jjo07 sgnly —y'). (A35)

The ETCR (A32) guarantees the commutativity

(07,4100, 11 0)] = [0, 0371, ()]

- [egfm(x), @;{y,ﬂ(x')] —0 (A36)
of the sine-Gordon angle variables
R L
Oyyr1 = Pyp = Py (A37)
nl _ &R L n2 _ &R L
Gy,erq - (I)y,nl N (I)y+q,n1’ ey,erq - q)yﬂﬂ N (I)y+q,n2

in the inter-bundle backscattering interactions (91) and
(92).

b.  The paired parton sequence By, q

Here we define the equal-time commutation relation
(ETCR) for the bosonized variables in the coupled wire
model for the sequence of paired parton FQH states at
filling one-sixth presented in section III B. The model is
based on an array of bundles, each consists of five elec-
tronic wires. The bundles are arranged in a 2-bundle
unit cell (see figure 7). The electron (annihilation) opera-
tors are bosonized according to ¢ 4,(x) = e (Praathyaax)
where the integer y labels the unit cell, A = 0,1 labels
the two bundles, a = 0,...,4 designates the five elec-
tronic wires, and ¢ = R,L = 4+, — denotes the forward
and backward channels along a wire. The ETCR for the
electronic bosonized variables can be deduced directly
from the previous appendix A 2a, which applies to the



model at filling one-third that contains twice as many
wires (see figure 4). Restricting to the current system,

|:~ ZAa(X)’ (i)Z/IA/a/ (X/)} = i?TO’(SUJ,(Syy/ (5AA/5aa/SgIl(X - X/)

—+ Z’]TC Aay’A’a/ (A38)

Lgo  ify=y, A=A
CgZay’A’a’ = Mg;; 1fy+A/2 < y'+A’/2

—MZ7 ify+ AJ2>y + A2

where the L and M constants were defined in (A25) and
(A26).

We first observe that the intra-cell sine-Gordon terms
Hintra and Hg‘gle;) defined in (84) and (105) (see also fig-

ure 8) are contained in the previous coupled wire model
(93) at filling one-third. The commutativity between
the sine-Gordon angle variables were confirmed in ap-
pendix A2a. These gapping terms leave behind two
counter-propagating pairs of charge (neutral) channels
@7, (resp. @7 ., for j = 1,2). From (A32), they obey
the ETCR

y,nj?

[(PZAP(X)’ @Z/A/p(xl)}
= 37ri05”/5,4,4/6yy/sgn(x —x)

+ 3misgn(o — o')

— 371ics [6yysgn(A — A") +sgn(y — y')]
(@510, @5, )]

’
. oo
=inod x') + ZWSny/]/

(A39)

Syy (Ksu(s))jjrsen(x —
(954,00, 87, ()] =0

where S;’]“y,J, was given in (A35).

Next, we performed the basis transformations (106)

and (110) (also see figure 8) to change (@7 ,,, 7 m) to

(@5, @ 47), Where ¢'®ir is a charge e boson, and e'®v.as

are neutral Dirac fermions. The new bosomzed variables
obey the ETCR

[CIDZP(X), @‘;;p(x/)] = 6mic677 8,y sgn(x — X)
+ 67i(2 — &y, )sgn(c — o)
— 121i60°% sgn(y — ')
|95 000, ®5 4 ()] = w067 8, () s = X
+ mz;g;,J,

(95,0, @54, (<)| = imcgey; (Ad0)

where Ky = diag(1,3,3) is the diagonal matrix (112)

and J, J' = 0,1, 2. The constant terms X79,, ;. and ¢

ny ypy’J
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are
: (Z0)73, ify =y
yTyl g = (21)%, ify <y
—(21)3.5 ify >y
) (c0)” ify=1y
gra=1 0 ify<y (A41)
(c1)37 ify >y
vhore F0)77 = (Z0)50077 + (Zo)jsen(o — o)
(El)JJ’ (El)JJ’UéaU (El)jJ_ngn(U —a')
and (c0)7”" = (co) 007 + (co)} sgn(o — o)
()37 = (1) 5007 + (e1)] "sen(o — o)

and the constants are grouped into the rank 3 matrices
and vectors

0 3 -3 1 -33
Eo)™t=1-30-9|, St =[-3-93].
390 3 39
-2 0 —6 —2 —6 0
E)™t=(0 6 -6, &t =0 -6 6],
6 12 6 6 6 12
= (¢)t™ = (6,6,6
(Co) (Co) ( ) (A42)
(c1)™ =—(c1)t™ =(-3,3,3)

Having establishing the ETCRs, we now move on to
the definition of the number operator Ng that was used
n (113) for the definition of the neutral Dirac fermions

) d
o elfbg,dJ | I eMrNy, _ ezégde+z7rZy,<yNy,.

v = (A43)

y'<y

Within the same unit-cell y, the odd off-diagonal entries
of ¢ and the odd entries of ¥~ in (A42) guarantee the
mutual anticommutation relations between vertex oper-
ators

’ ) ’ i
"I’y dJe q’y,dJ/ —e [<1>y dJ> (Dy dJ’]e“I’Z,dJ’ e“bg,(u

— ' i®ya (A44)
However, the vertex operators commute when they oc-
cupy different unit-cells because the entries of X+
and Y7~ in (A42) are even. To facilitate the mutual
fermionic anticommutation relations between the opera-

tors in (A43), we choose the number operator to be
d R R
Ny = Nya—o,p T 5Ny a=1,

y
L L
B 3Ny,A:0,p B 3Ny,A:17p7
where N;

1 R
Ap = %/dxax(byAp

It is a linear combination of the local electronic num-

R R L L
ber operators N7, = 2N,y oy — Ny g q=q and Ny, =

(A45)



2NyL7A7a:0 - N;fA,a:O’ where Nj,, are the number op-
erators for the electrons cj ,, in (97) that constitute the
coupled wire model. The number operator obeys the fol-

lowing ETCR with the bosonized variables
d §0 .
[Ny, @7, (x)] = 6idyy,
(NG @7, 4,()] =i(6 —o(c1) )y

where (cl)j,r+ = -3,3,3, for J =0,1,2, is the same vec-
tor given in (A42). In particular, the odd commutator in
the second line ensures

(A46)

’

—[®° ,;,7N% 50 o
vl Ty gy dy.ag

/
o a —
dy,dey’,dJ’ =€

- _dZ/’dJ/ dz,d.] (A47)
for y < y’. The particular combination of (A45) is cho-

sen so that the sine-Gordon angle variables @Z 12 =

o — Dy, 7N appearing in the interactions (118),
(119), (132) and (133) commutes with the neutral Dirac
fermions
[@Z (045,06 =0, (A48)
The intra-bundle Dirac/Majorana fermion backscat-
terings (116), (117) and the inter-bundle interactions
(118), (119) and (120) as well as (132) and (133) can
be expressed using local electronic operators. This can
be verified by using the basis transformations (106) and
(110) that relates the local electronic bosonized variables
gpar 0, for A = 0,1, j = 1,2 to the fractional
bosonized variables ®7 ,, ®7 ,;, for J = 0,1,2. The frac-
tional variables are half-integral in the sense that any
sum or difference between any pair of ®7, and ®7 ;; is
an integral combination of local electronic ones. Here,
for concreteness, we express the interactions in terms of
the local variables ®7 4, @7, ., which in turn are inte-
gral combinations of the fundamental electrons 7, ,, for
a =0,...,5, that constitute the coupled wire model as
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shown in (100) and (101). Intra-bundle Dirac/Majorana
fermion backscatterings, such as (117) and (117), depend
on the bosonized variables

(I)fp + @50 = py— P a=0,

O~y = 3,20 (9] 4, + BT 4y ,)

Ol TP 0= ges (P a0, +PY asr, T DY 1)
(Df,do - ‘bgido = D ges0 (‘bZ,A:I,p - ‘I’Z,m)

‘I’iﬂ - ‘I)gf,cu = D ges 0 (_‘I)Z,A:Lp + @7 1 — ‘I’Z,m)
(I)idQ - ‘bgidz = D ges 0 (*‘I)Z,A:Lp +207 4 + ‘I’Z,nz)
(A49)

Inter-bundle interactions, such as (118), (119) and (120)

as well as (132) and (133), can be broken down using the
following integral combinations of electronic variables

o o J— o (e _ —0
(I)yp + (I)y,dO - (by,AZO,p + 2q)y7A:1,p (I)y,A—

=0,p
—0 —0
_(I)y,A=1,p + (I)yml
o o — o —0 —0
(I).UP o (I)y,dO - 2(1)%14:04) T Yy A=lp T q)yml
o -0 _ 4 s o _HC )
(I)yp + (I)y7d0 - q)y,A=0,p + (I)y7A=17p + (I)y,nl y,A=0,p
o —0 J— [on (e
(byp o (I)y,dO - 2(I>y,A:07p + cI)y,A:Lp
ag —0
— 0 n1 — 2(I)yw‘&:l,p
(A50)
o o _— (o [on g
(byp + (I’y,dl - (I)y,AZO,p + (I).%A:Lp + ‘I)y,nl
_(I)Z n2 7(17470
) y,A=0,p
o o _ o o _ Ho
q)yp T Yydl T 2<I)y,A:0,p + ¢y7A:1,p y,nl
o —_92p—°
y;n2 y,A=1,p

7, + @, 0 = Y az0, T 227 a1, — P, 00,
B S AR Sl . Sty

y,A=1,p y,nl y,n2
o —0 _ o —0 —0 —0
q)yp o q)y,dl - Qq)y,A:O,p o (I)yA:l,p o (I)y,nl + (I’y,n?
(A51)
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