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We use hydrodynamic techniques to analyze the one-dimensional propagation of solitons in gated
graphene on an arbitrary uniform background current. Results are derived for both the Fermi liquid
and Dirac fluid regimes. We find that these solutions satisfy the Korteweg-de Vries-Burgers equation.
Viscous dissipation and ohmic heating are included, causing the solitons to decay. Experiments are
proposed to measure this decay and thereby quantify the shear viscosity in graphene.

I. INTRODUCTION

Graphene offers a promising platform to realize and
explore the hydrodynamics of electrons [m] Graphene
serves as an excellent model system for theorists due to
its simple electronic band structure; likewise, it is utilized
by experimentalists for the relative ease of manufactur-
ing pure samples. In certain thermodynamic regimes, the
electrons in graphene become strongly interacting; hydro-
dynamics is a useful tool to study strongly interacting
systems not amenable to ordinary perturbation methods.
Hydrodynamics is applicable when systems rapidly ther-
malize and when both the mean-free path (l..) and mean-
free time (7..) are short compared to relevant length
scales of the problem [ﬁ] When a system is in this regime,
the main observables are conserved quantities: these are
precisely the objects tracked by hydrodynamics.

Graphene has two different hydrodynamic regimes.
When the chemical potential y is much larger than the
temperature, kpT < p, graphene behaves like an ordi-
nary conductor and is described by Fermi liquid theory.
First discovered by Landau B] in 1959, Fermi liquid the-
ory treats the electrons as a non-interacting Fermi gas
and then turns on interactions adiabatically; thus, Fermi
liquids exhibit weakly interacting quasiparticles. The
excitations, no longer pure electron states, are instead
described as quasiparticles. Though weak interactions
imply long mean-free paths, graphene can actually ex-
hibit hydrodynamic effects in this regime. The electrons
in graphene only weakly interact with phonons (which
typically disrupt the hydrodynamic signature), so it is
still possible to have lce < lphonon. Likewise, graphene
samples can be made very pure; therefore, the impurity
scattering distances can be made large compared to the
mean-free path as well (lee < Limyp)-

In the opposite limit—i.e., when u < kgT—graphene
enters a strongly coupled state known as a Dirac fluid
(also known as a “quantum critical regime”). In the Fermi
liquid regime, the presence of a Fermi surface imposes
strong kinematic constraints on the possible scattering
pathways; this prevents electrons far from the Fermi sur-
face from interacting strongly. However, near charge neu-
trality, the Fermi surface shrinks, allowing electrons to
interact strongly. The bare coupling constant «g gives a
measure of this interaction strength. In the Dirac regime
of graphene, o can be of order unity; renormalization

reveals the coupling to be marginally irrelevant, but for
many laboratory conditions, it can still be on the order of
0.1 to 0.5: see Lucas and Fong ﬂ] for more details. This
strong coupling makes Dirac fluids ideal candidates for
hydrodynamic analysis.

A hydrodynamic analysis of electron motion in
graphene is governed by a number of phenomenological
parameters. A derivative expansion can be utilized to de-
rive the hydrodynamic equation [m] The first-order cor-
rections contain three such parameters: the shear viscos-
ity n, the bulk viscosity (, and the “intrinsic” conductivity
0g. These cannot be predicted from the hydrodynamic
theory and must be measured or calculated microscopi-
cally.

A number of experiments have measured the value of
intrinsic conductivity M, B] Similarly, there have been
a number experimental proposals [@é] for measuring 7.
While there have been a few measurements ﬂE, ] of nin
the Dirac regime, many of the proposals—such as nega-
tive nonlocal resistance measurements [@]—only apply to
the Fermi regime [m] Therefore, different hydrodynamic
predictions would be useful for investigating n in Dirac
fluids.

Solitons—disturbances that propagate without chang-
ing shape, even after interacting with each other—serve
as prototypical hydrodynamics phenomena amenable to
analytic tools. Solitons are made possible when disper-
sion balances focusing-nonlinearities. Graphene’s hydro-
dynamic regime supports collective electron/hole sound
waves called “first-sound” modes [12] or “demons” [13];
these sound modes can become solitons if dispersion bal-
ances focusing. Akbari-Moghanjoughi Iﬂ] analyzed soli-
tons and periodic waves in both the 2D and 3D com-
pletely degenerate (T = 0) Fermi regimes. Solitons
are permitted due to the inherently nonlinear nature of
the hydrodynamic equations; to capture this behavior, a
Bernoulli pseudo-potential was used to analyze the fully
nonlinear equations. However, while this method pre-
dicted some parameters—such as minimum propagation
speeds—it did not generate an analytic expression for the
soliton’s profile.

A different approach to studying solitons was presented
by Svintsov et al. [15] using standard perturbation the-
ory. This produced a Korteweg-de Vries (KdV) equation
to describe the solitons’ propagation and generated ana-
lytic approximations to the disturbances’ shapes. Unlike



the analysis of Akbari-Moghanjoughi M], this linearized
approach lacked a dispersive term to balance the nonlin-
earities. Instead, the graphene was placed on a gated
substrate; this provided a weak dispersive force that per-
mitted the formation of solitons.

While the analysis of solitons by Svintsov et al. ]
provided a more concrete result, it was limited to invis-
cid Fermi liquids. The present study will extend the re-
sults to include the Dirac regime as well. Whereas Sv-
intsov et al. ] used kinetic theory, we will instead treat
the system using a systematic hydrodynamic expansion.
Additionally, this paper will extend the results of both
Svintsov et al. [15] and Akbari-Moghanjoughi [14] by in-
cluding the effects of dissipation. This allows us to pro-
pose new experiments to measure the viscosity of the
electron fluid. The derivation presented here is applica-
ble to either the Dirac (¢ < kpT) or Fermi (kT < p)
regime, though it is unable to interpolate between the
two. Nevertheless, our proposal offers an advantage over
transport measurements in that its interpretation is less
theory-laden.

In section [l we will derive the governing equations.
Section [[IT] will be devoted to the subtle aspects of nor-
malization. Next, section [[V] will detail the perturbation
expansion for the special case of stationary solitons. Sec-
tion [V] extends the analysis to the more general case of
solitons on an arbitrary background flow. We will provide
a short analysis of the results in section [VIl Finally, in
section [VIIl, we will detail potential experimental setups
using these solitons to measure graphene’s viscosity.

II. GOVERNING EQUATIONS

The electrons in graphene satisfy a pseudo-relativistic
dispersion relation |1

e(p) = xvr|p|, (1)

with p the momentum, vrp ~ ¢/300 the Fermi velocity,
and e(p) the energy density. This equation is valid near
a Dirac point at p = 0, and deviates from linearity when
’p}a/h ~ 1/2 with a the distance between adjacent car-
bon atoms in the graphene.

Given the pseudo-relativistic dispersion, it is natural to
write the conserved currents in relativistic notation with
' = (vpt,x)" and 9, = (0y/vr, V),. Ignoring impurity
and phonon scattering, the equations of motion are |1

B J" =0, (2)

1
0, TH = —F"".],. (3)
vp

Here, TH" is the energy-momentum tensor, and F*" is
the electromagnetic tensor (including self-interactions).
Additionally, J# is the charge 4-current ] Note that
we will be using Gaussian units with e = |e| positive.
Finally, we will include a factor of vg in the time-like

components of four-vectors, like z# = (vpt, x)*, so that
the metric g*” = diag(—1, 1,1, 1)#” is dimensionless.

It is often preferable to write these equations in terms
of more conventional quantities such as the fluid 3-
velocity u and the (rest-frame) number density of charge
carriers, n = (ne — Npot), With ne (npe) the number
density of electrons (holes). To do so, J* and T"" are ex-
panded in the small parameter l..0. In this equation, le.
is the electron-electron scattering mean free path and ¢
is a characteristic inverse length scale of the observables.
Since § ~ O (with the partial derivative acting on slow
observables) this is called the derivative expansion: see
Lucas and Fong [1] for more details.

The expansions for TH” and J" become unwieldy at
higher orders, but truncating at order l..6 [17] we find [1]

JH = —enut + U?Q’P‘“’ ((%M — %(%T—i— eFVpup) , (4)
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with € the energy density P pressure, pu chemical poten-
tial, and temperature 7' in the rest frame. We have
defined the spacelike projection operator PH = gt +
utu” /v} and used utu, = —v% to write the four-velocity

as u* = y(vp,u) with v = 1/4/1 — (Ju|/vr)? a Lorentz

factor. Further, we have chosen the Landau frame, where
u, J" =envy and  u,T" = —eu”. (6)
It is sometimes more instructive to write-out four-

vectors in terms of their three-vector and time-like com-
ponents. For instance, J* is
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where D = 0; + u- V is a material derivative.

In order to facilitate comparison with the existing lit-
erature, it is useful to re-write the spacelike components
as vp0, T — u'd, TV = ’UFFMJH — uiF“OJH. Thus, our
system becomes

o JH =0, (9)
2,T% =F"J,, (10)

vpd, T —u'0, T = vpF*J, —u'F*J,.  (11)



A. Ideal Fluid

It is illuminating to temporarily consider the dissipa-
tionless case 0 =1 = ( = 0. We are then able to write
Egs. @) to () in three-vector notation as

0
&(”yn) + V- (ynu) =0, (12)
0 [ 4 5 oP
E(’y (E—I—P))—I—V-(’y (E—I—P)u)—a— (13)
—yneE - u,
72¥ (%—‘;Jru.Vu) + <U12%—];+VP> -
F r
(14)
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Then, it is clear that Egs. [@) to () represent charge,
energy, and 3-momentum conservation, respectively.

B. Phonons and Heat Flow

We have neglected the interactions (emission, absorp-
tion, and scattering) with phonons in our governing equa-
tions, Eqs. [@) to (); we will now attempt to justify
that choice. First, we consider the momentum equation
Eq. ().

The hydrodynamic regime is relevant when the
electron-electron interaction time t.. is the smallest
timescale: tee K tenar K tg With tepar the soliton’s propa-
gation timescale and ¢4 its dissipation timescale. Follow-
ing the standard prescription ﬂ, 5, [18, @], we will neglect
phonon-induced momentum relaxation in the momentum
conservation equation, Eq. (), if the phonon-induced
)

momentum-relaxation time ti ph 1s much longer than the
()

other timescales of interest, to K tg K tg K tc_ph.

In order to support the claim that such a regime exists,
we now present sample numerical values that satisfy such
a timescale hierarchy. Nevertheless, we stress that this
is simply an example; the derivation in the remainder of
the paper will be valid over a wide range of experimental
parameters; see appendix [Bl for further details.

The electron-electron scattering time in the Dirac
regime is [1]

om0t (298], s)

At T = 60K, this gives tee = 0.17ps. Using the sample
values chosen in section [VIIl we find (cf., section [VIIB) a
characteristic propagation time of t¢har = 6.5 ps. In that
same section, we calculate a decay time of t; ~ 44 ps.
Finally, the electron-phonon momentum-relaxation time
for acoustic phonons (with speed vy = 2 x 10*ms™1) is

10
1 D . (16)

e-ph T "
100K 102 cm 2

This yields tg)})?h = 280ps. Therefore, we see that we
have tee < tehar K tqg < tepn. Thus, with the exper-
imental values chosen here, phonon-induced momentum
relaxation can be neglected from Eq. ([IT).

Importantly, as shown in recent experiments [ﬁ], there
does appear to exist an experimentally realizable regime

where the requisite hydrodynamic condition t.. <
tehar <K ti’_j I)>h holds. Indeed, these experiments motivate
us to suggest that such an approximation might be valid.
Nevertheless, it would be useful to have a more refined
estimate of the rate at which momentum and energy are
lost to phonons.

1. Isothermal vs. Adiabatic

Now we consider the effect of phonons on the energy
conservation equation Eq. (I0) The energy conservation
equation implicitly assumes our system is adiabatic: that
is, the absence of energy sources/sinks presumes that
heat neither enters nor leaves the system. In general,
we could include terms (such as coupling to phonons)
representing heat gain/loss. Instead, we could consider
the opposite limit involving rapid heat transfer with the
environment resulting in isothermal conditions. Under
this assumption, the energy conservation equation is no
longer needed; rather, the thermodynamic relations of
section [[TClcould be used to relate our dynamic variables
P and n, since T" would no longer be dynamical. There-
fore, (as in the case of Newton’s calculation of sound-
speed in air) it is important to determine whether adia-
batic or isothermal conditions are more applicable.

The most likely thermalization pathway would involve
energy loss to phonons: the soliton’s location in the mid-
dle of the sample minimizes heat advection through the
edge contacts; similarly, radiative cooling is far too slow
to thermalize the system on relevant timescales ] In-
deed, if the graphene is placed on a substrate, phonons
are responsible for the majority of the heat transfer to
the environment [22, 23].

In order for the isothermal condition to be applica-
ble, the electrons must quickly lose energy to the envi-

ronment: that is, the energy-relaxation time t‘(j;h must

satisty tii))h < tee K tehar K ti{’ gh. However, single-
phonon interactions are unlikely to extract heat quickly
enough. Each phonon with wavenumber k carries a mo-
mentum Ak while the electron fluid has momentum den-
sity u(e+P)/v% ~ ue/v%. Likewise, phonons have energy
hkvs with sound speed v, while the electrons have energy
density €. Recall that we require the electron-electron
momentum exchange rate p.. to be much greater than

the electron-phonon momentum relaxation rate pe-pn in



order for hydrodynamics to be valid: Pee > Pe-pn. How-
ever, multiplying by vs and re- writing in terms of the
energy exchange rates ylelds EeellVg / vV > Eepn. Given
that v, & 2 x 10?ms ! < vp for acoustic phonons Iﬂ]
and u ~ 4.0 x 10°ms ! ~ vp for our system, we see that
€ece > Ecpn. Hence, if phonon-induced momentum relax-
ation can be neglected, so can phonon-induced energy
relaxation.

—1

In order for isothermal conditions to be applicable,
other thermalization pathways must be available. For
instance, multiphonon supercollisions | can increase
the energy flux relative to the momentum flux. However,
under the assumption of weak phonon coupling, we can
ignore the influence of multiphonon processes. Therefore,
in the absence of other energy-relaxation mechanisms, it
appears that adiabatic conditions are more appropriate

for our system, with t.e < tepar < t( )h < tisl))h.

In the body of this paper, we will use isothermal con-
ditions: these are more common in the literature m, |E]
and are somewhat simpler. Nevertheless, adiabatic con-
ditions appear to be more practical and are used for the

derivation in appendix

C. Thermodynamics

Currently, our system, Eqs. ([@) and (), is underde-
termined. This can be remedied by including a thermo-
dynamic equation of state to relate ¢ and P.

In graphene, the photon-like dispersion relation for the
electrons gives the pressure as P = ed, with d the dimen-
sion of the system (d = 2 for graphene) [l]. Graphene
has a natural energy scale at which the band structure’s
curvature becomes relevant. However, for temperatures
much lower than this scale A ~ 10*K, there are only
two energy scales in the problem: kpT and p. There-
fore, from dimensional analysis, the pressure must be ex-
pressed as [1]

P(u,T) = (kBT)dHF< a ) (17)

(h’UF)d kBT

for a function F' subject to constraints imposed by the
positivity of the entropy density s = P / 0T > 0. Addi-
tionally, since our system is charge conjugation symmet-
ric with g — —pu, F must be an even function.

In the Dirac regime (u < kpT), P can be expanded

% [CO = (kBT>2

4
D H
cep() 4]

P(MvT) -

(Dirac: 18)

Similarly, the carrier density can be expressed as

3_P7 (kT) p D
op — (hwp)d kgT |7!

() ]

Instead, in the Fermi regime (u > kpT'), we can write
P as

d+1 2
kT
Py = L4 d[c§+cf (—j )

+cf <sz> +] (Fermi: 20)

Likewise, the carrier density is given by
(d+1)|“|dsgn“ e+ 9= Lor ket 2
(hvp)d d+11 o

4
d—3 kT
3o (_ﬂ )

Throughout the remainder of this paper, we will gener-
ically write Cy, C1, etc.; the current regime of interest will
determine whether to use C? or C¥'. Explicit expressions
for these coefficients are given in appendix [Al It is impor-
tant to reiterate that, for our isothermal system, 7" is not
a dynamical quantity dependent on space or time, but is
merely a parameter.

n(p,T) =

(Dirac: 19)

n(p,T) =

+ } (Fermi: 21)

D. Electrostatics

While our electron fluid moves in d-dimensions (d = 2
for graphene), we will assume the electromagnetic field
propagates in d+ 1 dimensions (i.e., 3-space for graphene,
as usual). We are only concerned with the electric poten-
tial ¢ since the magnetic terms are smaller by a factor of
vp/c ~ 1/300. The self-interaction of the charge distribu-
tion n(x,t) generates an electric potential in the Lorenz
gauge as

1 0%
2 at2
Note that we are using the d + 1-dimensional Laplacian.

Neglecting the 1/c? time derivative gives Poisson’s equa-
tion. For instance, with d = 2; this gives

+ V2 = —4nJ® = —dn(—en(z,t)y). (22)

¢(Xat) = —¢
\l‘—y\

Making the quasi-static approximation that 0;/0, < ¢—
so we can neglect electrodynamic effects like 0y A—we
find

_ [ =yl )y s
E-— /—yx_yy?’ 3y (24)



This equation is highly non-local in n, and using it in
the energy-momentum tensor equation would produce a
complicated integro-differential equation. While we can
deal with this (via a Fourier transform) for the linear
approximation, going to higher orders would necessarily
involve convolutions.

The main problem with this setup is that the Coulomb
force is long-ranged; we can simplify this by using con-
ducting gates. Since the electric field lines must be nor-
mal to conductors, placing conductors directly above and
below the graphene will force E to be nearly normal to
the graphene IE, @] Therefore, the z-component E,
will necessarily be small and can be handled perturba-
tively.

We impose gates a distance d; above and ds below the
sample and fill the intervening space with a dielectric of
relative permittivity . This gives a potential (in d = 2)
of the form [15]

didy 02

(25)
Naturally, the electric field is given by the negative gradi-
ent of ¢. Here, we have assumed that d;0, < 1. Further-
more, we have replaced 4mwe?/hvr with o(T), the renor-
malized coupling constant; this accounts for the effect of
screening and is given by E“

(]5 _ —Oéh’UFdldg <

eﬂ(dl + dg)

o(T) = S — (26)

4 104 K

with ag =~ 1 depending on the graphene’s substrate. For
the Dirac regime at T' = 60 K considered throughout this
paper, this gives a =~ 0.439.
For convenience, we will define the collection of coeffi-
cients
Oéﬁl)Fdl d2

A= m 5 (27)

so that the potential is given as

¢:_é<1+
e

While Eq. 27)) only applies for d = 2, we will use ¢ given
by Eq. [28) for arbitrary dimension, with an appropri-
ately chosen A.

The first term on the right-hand side of Eq. (28]) rep-
resents the electric potential from a uniform charge den-
sity. The second term is a weakly non-local correction
that causes a weak dispersion.

didy 0?

T@) (vn) + O(did,)" . (28)

IIT. DIMENSIONS, UNITS, AND REGIME OF
INTEREST

It will be helpful in the following sections to be rather
precise in specifying a nondimensionalization scheme.

For convenience, we will choose units where kg = h =
vp = e = 1. We still have one dimension unspecified;
in order to fully specify our unit system, we will choose
an arbitrary reference length [,.f = 50 nm; this is chosen

so that T is nondimensionalized to roughly unity (see
below) [24].

In later sections, we will be performing a perturba-
tion expansion to solve the nonlinear system of equa-
tions. There, we will use expansions of the form f =
fo+efi + fae® + ... with e < 1 a small parameter repre-
senting the size of perturbations.

Choosing the order of the problem’s variables is very
important. When collecting terms in perturbation the-
ory, we assume that all variables and constants are order
O(1); the relative magnitude of terms is given solely by
powers of €. Let us emphasize that, unlike the choice of
parameters to normalize above, this choice of nondimen-
sionalization is physically relevant and determines our
regime of interest.

Nondimensionalization sets the relative size of different
terms and corresponds to a specification of our location
in parameter space. Indeed, this choice dictates which
terms and processes are relevant and which are negligi-
ble. Equivalently, this process can be viewed through
the lens of dimensional analysis. Our system has seven-
teen variables (six dynamic n, u, &, P, u, and kgT'; nine
static: x, t, d;, K, og/e*, 0, ¢, B, vp, and ler; and the
previously defined perturbation scale €). In total, there
are three independent physical units (mass, length, and
time). Therefore, the Buckingham Pi theorem implies
there are fourteen dimensionless parameters.

However, these fourteen dimensionless parameters are
not all independent. Our three thermodynamic equations
(e = Pd, as well as the definitions of P and n) reduce this
number to eleven. Furthermore, we have not yet special-
ized to solitons: in appendix [Bl we will use dominant bal-
ance to impose four additional restrictions arising from
our conservation equations, Eqs. (@) to (II)). This leaves
a total of seven independent nondimensional parameters:

e, m, D, q, o(th) : O(nz;lef/h) , and o(a;lef/h), as de-
fined in appendix [B] [27).

Naturally, investigations of the Fermi and Dirac
regimes entail different nondimensionalizations. Addi-
tionally, even without a set regime, there are different
nondimensionalization choices highlighting different ar-
eas of parameter space. Appendix [B] outlines a general
nondimensionalization using dominant balance that en-
compasses various parameter spaces in both the Dirac
and Fermi regimes. For concreteness, we will examine
one particular nondimensionalization in the Dirac regime
in this section. Nevertheless, the equations and solutions
generated in the remainder of the paper are largely simi-
lar for both the Dirac and Fermi regimes; we will explic-
itly highlight the few terms that do differ between the
two regimes. The nondimensionalization utilized in the
Fermi regime is laid out in appendix [B1l



A. Dirac Nondimensionalization

We will denote nondimensional variables with a hat.
Restricting to the Dirac regime and using a bit of fore-
sight, we will choose to nondimensionalize the dynamical
variables as follows:

d+2)/47—d
nlref ’

u = Uuvg ,

P =D/ ppyp 9=t

T = e Thopl kg
(29)

Here, we made use of the fact that we are in the Dirac

regime (/T < 1) and the thermodynamic equations of

section [[LC] by ensuring
d—1
1 (T,
g £ (30)

n = e
e = D Aghypl 971

W= 63/4[1th171 and

ref »

o (nl;lef) =0 hvp \ hogp

and

d+1
Pt kpTles

Note that we took p to be small but finite; as we will see
later, taking i to be identically zero causes disturbances
to be “frozen” in place.

The gating distance will be normalized as d; =
Leegdie™(4F3)/4 The electrostatic coefficient A (de-
fined for d = 2 in Eq. (27)) is normalized as A =
Ae_(d+3)/4ﬁlfc}1vp.

The dissipative “intrinsic” conductivity ogh/e® repre-
sents another non-dimensional parameter in our problem.
In the hydrodynamic regime for d = 2, we have |2§]

o _ 0.760
e2 " 21ha(T)? (32)
with o(T') given by Eq. ([28). We see that for T ~ 60K,
we have o = 0.20e?/h. Therefore, ogh/e? is now a sec-
ond small parameter (in addition to €). To make progress
with our perturbation expansion we need to fix the mag-
nitude of ogh/e? relative to e. Since we will later choose
e ~ 0.1, we see that 69 = 0.20 = Vv0.1. Thus, we will
nondimensionalize og as 0g =& el/QeQch_fd/h.
According to Lucas and Fong [1], near the charge neu-
trality point with d = 2, the shear viscosity is given by

(kpT)?

~045——— .
g hv%a(T)?

(33)
For T ~ 60K, we have ni%2;/h = 1.1. Therefore, we
will choose n = eoﬁhl;?. Though the bulk viscosity ( is

expected to be much smaller than 7 (due to approximate
scale invariance), our setup is only sensitive to {+2n(1 —

1/d); therefore, we will simply choose { = eofhl;? as

6

well. We can safely take CA — 0 without affecting the
derivation.

In performing a derivative expansion, it is assumed
that the relevant variables (n, e, etc.) vary on length
scales € > l... If we normalize the length scales by £ as
x = €, then the derivatives are normalized according to
appendix [Bl as

0o 10

or  £0%

lrcf 1 8 (d+5)/4 1 8
=t - 2 o i 34
€ Lt 03 lrot 07 (34)

For the remainder of this paper, hats denoting normal-
ized variables will be dropped for convenience.

Note that, in addition to our perturbation expansion in
terms of €, we have already made use of two other expan-
sions: one for ¢ expanding in (9,d;)? and one for P(u,T)
expanding in (u/T)%. Using these normalizations, we
see that both (9,d;)? and (u/T)? are of order e, so all
perturbation expansions in the problem have the same
accuracy.

IV. PERTURBATION EXPANSION

In order to analyze Eqgs. [@) to (), it will be useful to
expand the dependent variables in a perturbation series:

u=ug+eu +eug+..., (35)
P=Py+eP + Py +..., (36)
n=no+en, +€ens +.... (37)

A. Perturbative Thermodynamics

We will be using the thermodynamic relationships of
section [IC] to write p and T in terms of n and P;
however, since T is non-dynamical, it will only have a
constant Ty component, but not a 77 (x,t) contribution.
It is useful to define m as the order of (uo/Tp)?; that
is, €™ = O(pu/(kpT) ?. For the nondimensionalization
specified in section m = 1.

Expanding the thermodynamic variables and collecting
powers of e yields the following relations for the Dirac
regime:

Py =Ty, (Dirac: 38)
ng = 2T5171u061 , (Dirac: 39)
c 2
P =P, ?;(%) St . (Dirac: 40)
G\ .
n=nyg|—+25-7=] ém, 1|, (Dirac: 41)
o Ci\To



(Dirac: 42)

Ci \ T Ci\Tp
(Dirac: 43)
with &, the Kronecker delta function.
Similarly, for the Fermi regime, we find
Py = |po|*Co, (Fermi: 44)
d .
no = |pol|” sgn(po)Co(d + 1), (Fermi: 45)
_ e [t |
Pi=P M d+1)+ —1<—0> Sm.—1|, (Fermi: 46)
o Co \ Ho
b cd-1(n). ]
M1 14— 0 .
—no |Prg+ 22872 20) 50|, (Fermi: 47
ny = ng " +Cod+1<uo> 1 (Fermi: 47)
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Using these equations, we can now write p and P in
terms of n at each order. In particular, we find

P om Cr o\ 1
—=—Ko+ | = Om, —Om,—1 ) - 50
PO no O+CQ(T0 71+d 1 ( )

Here, we have defined Ky as

0
KO:{@
d

As a side note, it is straightforward to show with ther-
modynamic identities that Ky is the leading order term
in the ratio of bulk modulus B to pressure P; that is,
Ky = By/P.

m > 0 (Dirac regime) (51)
m < 0 (Fermi regime) -

B. Conservation Equations

First, let us investigate a scenario with a constant, uni-
form background flow ug # 0 chosen such that the per-
turbations are stationary in the lab frame. This will both
simplify the mathematics and be experimentally interest-
ing. To accomplish this, we will only permit variations
on long timescales (this will be important when includ-
ing dissipation). Mathematically, we accomplish this by
normalizing the time variable as t = ef1£/vp such that
O, = €0 (BI)

Expanding the governing equation, we find

0
— (fyznoul + uonl) =0, (52a)

ox
(52b)
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Here, we have defined v = 1/4/1 — u3 (with vp = 1) and  and (B2D) to be zero, giving
used the electrostatic coupling A according to Eq. (28]).
Additionally, we have used the Heaviside function . 0
Uy = — ny+U;. (57)

O(—m) = 0 m > 0 (Dirac regime) (54)
|1 m <0 (Fermi regime) '

C. Leading Order Equations

Using the thermodynamic relation € = Pd, the leading
order equations can be manipulated as

Py K,
v2d <An + =2 o 0) [Eq. (M)} — ~duyg [Eq. (m)}
yielding
0_72d[An3+72P0(K0 —ud(d+ 1))]1“. (55)

We want nontrivial perturbations u; # 0, so we require
the terms in square brackets to vanish. We see that this
gives an equation for ug required to make the leading
order solutions time-independent:

u — 4 | Bo/(d+ D]+ [Ang/ Py(d + 1)]
o 1+ [An2]/Py(d +1)]

(56)

It is easy to check that u3 < 1 for d # 1; this is required,

otherwise v = 1/4/1 — u3 would be imaginary.
Additionally, if we restrict to solutions bounded in
x, we can require each term inside 0, from Eqs. (52al)

7’1o
Here, we have included a constant, uniform current
Ui(x,to,t1) = Uy; this will allow us—at the next order—

to cancel the disturbance’s propagation speed (similar to
our use of ug at this order).

D. First-Order Corrections

Now, we can do the same for the first-order corrections.
Manipulating them as before,

PyKy

2d<Ano + ) [Eq. 638)] - yduo [Ea. E3B)] ,

gives

72d{An§ +42P, (KO —wd(d+ 1))} us = RHS.  (58)

Here, the right-hand side (RHS) depends only on ni, uq,
€1 and P;. However, inserting our solution for ug causes
the left-hand side to vanish, giving us our desired compat-
ibility condition on n;. Thus, we have the compatibility

equation
6n1 6n1 6n1 63711 - 62711
Ao T oe TP T~ 9
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This is known as the KdV-Burgers (KdVB) equation.
Note the underbraced term in G vanishes in both the
Dirac and Fermi regimes.

+ du

E. Ideal Fluid

Before tackling the full KAVB equation, it is beneficial
to consider the simpler inviscid problem with o =7 =
¢ = 0. In this case, we find G = 0 and the KdV-Burgers
equation reduces to the KdV equation. The KdV equa-
tion has soliton solutions of the form

_ 2 a|B|
ny(x,t1) = 1 sgn(BC) sech 12[c]

61’8’ F
X lx — <3|A‘ sgn(AC) + Z)h] )

for arbitrary, order-1 constant ¢; > 0.
Substituting the coeflicients, we find

n = ng + ecy sgn(BC) sech? (%vt) 5 (62)

with

and

12|C]|
Cl}B| '

(64)

Let us seek a soliton which is stationary in the lab
frame; we have already accomplished d;,n1 = 0 by a
choice of up; we can similarly set d,n1 = 0 by an ap-
propriate choice of U;. If we choose Uy so that F =
—c1B/3sgnBC, then the soliton is stationary:

n = no + ecy sgn(BC) sech? <%> . (65)

F. Dissipation

Now, we return to the full KAVB equation Eq. (B3)).
It does not appear that the KdV-Burgers equation with
G # 0 has an analytic, solitonic solution. However, if
G < (A, B,C), then an approximate solution is given by
Eq. but with time-dependent ¢, as described in Mei
et al. |29]. For clarity, we can factor out this smallness as
G = §G so that § < 1 and G is the same order as A. Then,
another short multiple scales expansion for n; can be
done in § = O(G/A). In order to be consistent with our
original perturbation series, we requlre that e < i< 1.

As usual, we expand nq as n; = ”1 —i— 5n ) and Oy =
Or, + 60;,. Then, to leading order, the equatlon

Lon” 9 4 Fo,n °>+Ba( ) (66)

+caint” =0, (67)

= A0

where we have again defined the linear operator £ acting

on ngl). This is the ordinary KdV equation; therefore,

ngo) has the solution given by Eq. (6I) with order-1 free
parameter c¢; > 0.

At next order in §, we must allow the constant ¢; to
become time-dependent on a slow time-scale ¢; = ¢1(71).
Then, our equation is

L = A0 n + Foun(? + B, (n{"n")
+coiniV
= — 400" + Ganl (68)

where we have again defined the linear operator £ acting
on ngl).

For certain inhomogeneous terms in Eq. (68)), it is pos-
sible to generate secular (i.e., unbounded) growth; since

this is clearly no longer a localized solution, we wish to



avoid this. Here, we will utilize a multiple scales ap-
proach, though it will differ slightly from the method
used in section [V] since the homogeneous operator Lg is
nonlinear. Following the example of Mei et al. Iﬁ], we
note that £y and —L£; are adjoints:

/dx (ngl)ﬁongo)

Then, substituting the right-hand sides of Egs.
and (G8), we get the compatibility condition

/ ngo) (A@Tl n{®
(0)

Inserting the soliton solution for n;
for ¢y (m):

ngo)ﬁlngl)) =0. (69)

©7)
- Ga§n§°>) dz =0. (70)

, we get an equation

(71)
Then, solving this equation and converting back to time
t1 gives

45A[C|
401 (O)Q|B‘ ’

with tq = (72)

with ¢;(0) the initial value of the parameter ¢;(t1). Re-
call that this is derived under the assumption that ¢ <
0(G/A) < 1.

Additionally, we can solve the KdV-Burgers equation
numerically for arbitrary G; this shows similar behavior
to the analytic approximation (cf., figs. [l and ). That
is, the soliton slowly decays as it progresses.

Leading Order:
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V. MULTIPLE SCALES EXPANSION

Now, we wish to study the previous solitonic solution
in more generality. Here, we will allow for an arbitrary
uniform, time-independent background current wuyg.

As we have seen previously, the nonlinearities affect
the propagation velocity v (¢f,, Eq. (G3))). This is an
example of a singular perturbation and requires the use
of singular perturbation theory. Singular methods such
as Poincaré-Lindstedt are only applicable to steady or
periodic solutions. Since we are interested in decaying
solutions, we need to make use of the method of mul-
tiple scales. Note that this approach is similar to that
employed by Akbari-Moghanjoughi @] in the study of
partially degenerate electron-ion plasmas.

First, unlike the previous section, we will nondimen-
sionalize the timescale so that 0; = 0,. Now, if we in-
troduce a series of timescales tg = ¢, t; = €t, to = €%t,

..each presumed independent, the chain rule gives

9_0 .0 290 _
ot oty ¢

oty Ot (73)

Further, we now assume that each variable is a function
of all time scales: n = n(z,tg, t1,1ta,...).

If we again restrict to 1D motion and collect terms by
powers of € we get the following equations:

onq onq

3 Uy
oo +~%n 0Bty —I—uoa——l—no’y %—O, (74a)
Ouq 0P Ouyp OP; on ou
73(50+P0)6 +yu rT + ugy (50+P0)6— +”Ya—1+A O”Ya— + Angugy 36—:51 =0, (74b)
First-Order Correction:

ona Ous ons 26u2 o

Bty + 2 nouoa +u0 Ee + ngy Ee = RHS, (75a)
Ous OP, Ous OP, Ono

3 772 2 =

’Y(Eo-i-Po)at + yu Oat + up?y (50+P0)ax +’}/a + An, 06 = RHS. (75b)

Again, we have used the electrostatic coupling A accord-
ing to Eq. ([28). See appendix [Dl for the terms on the
right-hand side.

Notice that, as is often the case for multiple scales
analyses, the linear operator acting on ni, wy, etc. in
Eqgs. ([4a) and (74D) is identical to the linear operator
acting on nso, usz, etc. in Eqgs. (@5a) and (5h). Further-
more, since this operator is linear, we do not need to

employ the operator formalism of section [V EF] but can
instead use a linear algebraic approach similar to sec-
tion [[V] (with the addition of another timescale, ¢1).



11

Density Profile at Successive Times
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FIG. 1. (Color online) Solitonic solution to KdV-Burgers. Values used were A = 0.88, B = —0.70, C = —0.060, F = —1.1,
and G = 0.53 with the height normalized to 4.0 x 10% cm 2. This choice of parameters gives a soliton propagating in the +x
direction and a counter-current uo in the —z direction (indicated by the arrow).

Decay of KdV-Burgers Soliton

Charge Density n (108 cm‘2>

FIG. 2. (Color online) Solitonic solution to KdV-Burgers showing decay as a function of time. Values used were A = 0.88,
B =-0.70, C = —0.060, F = —1.1, and G = 0.53 with the height normalized to 4.0 x 10% cm 2.

A. Leading Order Equations gives
Using ¢ = Pd and combining equations like 0?
ing n mbining equations li O:’de —72P0(d+1—u§Ko) 6;1
0
0 Py K, 0 0
2 040
d| Ang=— + =2 ug— + — {E(IEE])} 2
v 08:17 ) ( 08150 3:0) d — 2’72P0’U,0(d + 1-— Ko)a(i—ual (76)
00T

0x?

0 0 2
_ 9 frew) )
7d<at0 o (9:5) {Eq' } + {Ang + 2Py —u2(d+1) + KO} } il



This wave equation has solutions f(x+wvgtg) + g(x —voto)
with vy given by

(£) —up(d+1— Kp) 1
Yo = = (77)
R . )
Ko(d+1) An? )
x\/ =+ R, (d—i—l—uOKo). (78)

We will take the (+) sign so that vy = v(()+); the other can
be recovered by taking uyg — —ug and vy — —vg. Fur-
ther, we restrict to unidirectional solutions us (x, to, t1) =
f(x £ wotp,t1) for a definite choice of +; here, we choose
(4+) as well—the other propagation direction can be re-
covered by taking vg — —vyg.

For stationary perturbations (vg = 0), we can solve for
ug to recover the result from section [Vt

e — 4 | o/ (d+ 1)) + [Ang/Po(d + 1)]
0 1+ [An2/Py(d + 1)]

(79)

For reference, the velocity of propagation in the absence
of a background flow (ug = 0) is

1
=y | Ko+ 220
v P ()

In general, ny, u;, and P, have traveling wave solu-
tions; neglecting solutions of the form f(x —wuoto,t1) that
are simply advected by the background current, we find
solutions given by

(80)

nl(x,to,tl) = nl(x + UOtO,tl) + Fl(tl) , (81&)
(uo + o)
ui(x,to,t1) = ———————n1(x + volo, t
1@ to,t1) noy?(1 + uovo) i om0 1). (81b)
+ Fa(t)

Here, we have arbitrary functions Fi(t1) and Fa(t2); by
imposing boundary conditions n; = 0 at x = +oo, we
set F1 = 0. We will allow Uy (t2) := Fy(t2) to remain
arbitrary; this uniform background current can be su-
perimposed on the soliton solution as in section [[V] if
desired [31].

Now, we can also see why it was important to take
o < Ty small but finite. Had 1 = 0 identically, then the
thermodynamic relations would require ng = 0. Then,
the leading order charge conservation equation Eq. (74al)
would give Oy, n1 + updzni = 0; i.e., charge density per-
turbations are simply advected along by the background
flow. That is, the density perturbations lack any dynamic
propagation and are “frozen-in”. Since the other depen-
dent variables are proportional to nq, we see P; and u;
are similarly affected. Hence, if we want a dynamic dis-
turbance, we require pg # 0; intuitively, this is under-
standable as there are no net charge carriers at the Dirac
point.

12
B. First-Order Corrections

Now considering the first-order corrections, preventing
secular growth of the higher-order terms (i.e., na, us, etc.)
requires imposing a compatibility condition on the lower-
order terms (i.e., ny, uy, etc.). We can manipulate the
system as

0  PK 0 0
2 v 040
v Ano g T < T ) [Ba. (73|

0 0

which gives

v2d —72P0(d—|— 1— uOKO)8 2
8t0
(92’112
—29v2Pyug(d+1 — K
Y OUO( =+ 0) atoax (82)

8211,2
0x?

+ {Ang + V2P |—ud(d+ 1) + KO} }
=1L.0.T.,

where L.O.T. represents lower-order terms (i.e., nq, w1,
ete.).

It is instructive here to change variables to Xéi) =
T+ v(i)to. Then, the equation becomes

74P0d(d +1-— ugK()) (véﬂ — v((f))2
0 0
+y Y2

8Xo )3X0
=L.O.T.

(83)

This is where we encounter an apparent problem. Upon
inserting our solutions for the lower-order terms, we find
the right-hand side depends on products and derivatives

of f(x((;r)). This implies that the L.O.T. is solely a func-

tion of Xéﬂ .

However, we see that functions of the form f(x()) are
also solutions to the homogeneous equation in Eq. (82)
due to the presence of the 8X(7> operator.

0

So, products and derivatives of f (X(()-k)) appear as inho-
mogeneous forcing terms that give rise to secular terms.

For instance, terms proportional to f ) (X(+)) give rise

to solutions of the form Xéf)f@) (Xé )). This grows un-

bounded in Xé_)—and hence, in time ¢. This will even-
tually cause |uz| > |uj|, invalidating the perturbation

expansion. Thus, unless L.O.T. vanishes identically, it



- . + . , .
will give rise to x((J )_secular terms in ug—i.e., solutions

growing unbounded in ¢y or x.
Hence, we require the right-hand side to vanish and we
are left with the desired compatibility equation:

0= %E;F)(KdVB[m])- (84)

Here, (KdVB[ni]) represents the Korteweg-de Vries-
Burgers equation, discussed earlier, acting on nq:

A/% + F o + B/nl ony
oty ax(+) aX(Jr)
0 0
83711 82711 (85)
+C' -G sn1 =0

see appendix [El for the functional form of the coefficients.

The solution to the KdV-Burgers equation was already
derived in section [V F] and is simply reiterated here for
convenience:

(+) _ /1 2 C1|B/|
ny (Xo ,tl) = ¢1(t1) sgn(B'C’) sech 12’0‘
C1 Bl F/
X [Xéﬂ - 3141 sgn(A'C/)—i-z t1] , (86)
where
c1(0)
t) = —t
Cl( 1) 1+t1/td (87)
with
45A'(C’
tq (88)

" 16(0)[B]g

with ¢1(0) the initial amplitude of the soliton.

VI. ANALYSIS

Nondimensionalizing helped ensure that all quantities
were order O(1) and any information about their mag-
nitude was solely contained in e prefactors. However,
having ordinary, dimensional expressions is more useful
for comparing with experiments or existing literature.
Therefore, the KdV-Burgers coefficients are written in
terms of ordinary, dimensional variables in appendices [E]
and [F] @] Note that the coeflicients are still dimension-
less and order unity [33].

The observables that characterize the system, to this
order, are the amplitude, width, speed, and decay period
of the soliton. The amplitude is simply given by

]| = Lof e T2 eer () sgn(B'C’) = nmax . (89)
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We can use npax to eliminate ¢; in the following expres-
sions @] Furthermore, we will factor out the explicit
factors of € and l.o¢ from the KdV-Burgers coefficients;
we will denote the original, order unity, coeflicients with
a hat. Then, we can write the speed as

018/ 7 1 ]:-l
V= vy — €V —sgn(B'C") + —
! 6F(3A/ T

/ /
nnlaXB ‘F

A T

= Vo — (90)

Similarly, the width is given by

12¢C7
-\J—F (91)

Finally, the soliton decays with

12|¢

01‘8/

max 0
Nmax (1) = 1 240/ 4¢) (1) sgn(B'C") = ”7(; . (92)
ta
and decay period
45A|C (¢ 10
A o BAC gy

‘ 461(0)6/}BA}/1)F a 4nmax(0)1)Fg/B/

Here, nmax(0) is the initial value of nyax. The factor of
¢ in the first equality came from converting our #; / tq to
te€/tqur == t/tq.

We see that, upon re-dimensionalizing, ¢; and € never
appear alone. Therefore, simply defining ny.x as their
combination causes all € and ¢; to drop out, showing
that this is a one-parameter family of solutions. Note
that these results hold in general for all nondimension-
alizations specified in appendix Bl Similarly, notice that
the factors of [,of have all canceled: the observables are all
independent of l,¢f, as they must be since [, is arbitrary.

As mentioned in section [[IIl not all of the system’s
parameters are independent. It is helpful to re-iterate
here which can be set freely. Taking into account the
thermodynamic relations, one experimentally useful set
of independent parameters would be Ty, ng, Nmax(0), u =
ug + €Uy, dyi, ds, and k.

A. Relation to Previous Results

As mentioned in the introduction, Svintsov et al. ]
performed a similar perturbative analysis of solitons,
though that analysis was restricted to the inviscid, Fermi
liquid regime. It is straightforward to compare the invis-
cid results presented in section [V E] to those of Svintsov
et al. [15].

First, our results for vy in the case of no background
flow, up = 0, are in agreement for the regime where



u/T > 1 and p/T > 0, but they differ otherwise. How-
ever, this is to be expected: in setting up the problem,
Svintsov et al. ] neglect the contribution of holes. If
the contribution of holes is included in their thermody-
namic quantities, then our results are in agreement in
both Fermi regimes, ,u/T‘ > 1.

Nevertheless, the leading order Dirac regime speed vy
used by Svintsov et al. [15] and derived in Svintsov et al.
[35] has a minor error. There, the terms Z']{J2E?’UF/W<]9J-_1>,
with j = e or h for electrons/holes, appear in Svintsov
et al. [Egs. (28) and (29) 35]. These terms arise from

the V(vr(p;))/2 terms in the momentum conservation

equation, Svintsov et al. [Eq. (8) and (9)[35]. This corre-
sponds to our pressure terms V P; (though we combine P,
and P, as P = P. + P},). The issue arises when Svintsov
et al. m] restricts to leading order terms when calculat-
ing vg. As we showed in Eq. (50), VP/P ~ €? in the
Dirac regime (i.e., Ko = 0), while the inclusion of these
ik225vp/w<p;1) terms in Svintsov et al. [35] implicitly
assumes VP/P ~ e. On removing these terms from the
leading-order equations, the results Svintsov et al. @]
are consistent with ours.

Furthermore, the Fermi-Dirac distribution function
chosen by Svintsov et al. ] differs from the one chosen
by Lucas and Fong [1] (and hence, used in this paper):
Svintsov et al. [13] chose f(p) as

1
) = (@) —u-p = W)/keT)

while Lucas and Fong [m] chose the manifestly covariant

1
- 1+exp((pPuy — p)/kpT)’

with p” = (|p|,p) and v” = (1,u)/4/1 — u|*/v%. This

choice of distribution function is preferable as it pre-
serves the form of the dispersion relation ¢ = v F‘p’ under
Lorentz boosts (with v = 1/4/1 — (u/vg)?).

After accounting for these differences, our results are
nearly in agreement. A few typographical errors @] re-
main in the KdV equation and corresponding soliton solu-
tion and dispersion relation of Svintsov et al. ] After
repairing these errors, we have consistent solutions and
dispersion relations.

It is worth noting Svintsov et al. [@] also use an isother-
mal assumption, though it is not directly stated; this as-
sumption is utilized when stating the formula Iﬂ]

de dn dT
8_2§n+(3 4§)T, (96)
with & :=n?/e(e™1), and (¢71) # e~ ! the average inverse
energy. While € depends on both n and T the correspond-
ing formula for de /e in Svintsov et al. [15] only has the
dn /n term. In the Fermi regime |p1/T'| > 1 and £ = 3/4,
so this is a valid simplification. However, in the Dirac
regime, £ < 1, and the dT' /T term cannot be neglected
unless the system is isothermal, d7T" = 0.

(94)

f(p) (95)
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B. Role of gating

Our setup involves the use of conducting gates to
screen the electrostatic interactions and make the prob-
lem local, and hence more mathematically tractable.
However, Akbari-Moghanjoughi ] instead considered
solitons in ungated graphene; that analysis was restricted
to the inviscid, T'= 0 Fermi regime with no background
flow [38]. While Akbari-Moghanjoughi [14] also derived
solitonic solutions, a number of their properties differed
markedly from those derived here.

First, Akbari-Moghanjoughi [@] found there exists
a critical propagation velocity v. that separates peri-
odic, wavelike solutions (v < v.) and solitonic solutions
(v > v.). This was found to be v, = 3/1/38 for d = 2 and
v, = 2/3 for d = 3. However, there appears to be small
error in the derivation: Eq. (7) for ¢ involves a term
n~2/3 which should be n=3/2. Repeating the derivation
with this change shows that the critical propagation ve-
locity is actually v, = 1/v/d. Our (ug = 0, Fermi regime)
solutions have velocity

1 An2d 1
v=—=4 1+ —L  t vy > — =, 97
v\ TR TG (97)

where we have used the fact that sgnv; = sgnwvg. Thus,
we see that our soliton’s speeds are bounded below by
the critical speed, while Akbari-Moghanjoughi Iﬂ] found
that solitons speeds should be bounded above by the crit-
ical speed.

Another difference involves the relation between the
soliton height and speed. Using our expression for vy, we
found that the total speed with ug = 0 is

v—v()(l—i-e Cl‘B‘ ) (98)

3‘UOA|

while the soliton height is ec;, with a free parame-
ter ¢t > 0 @] Thus, increasing the height corre-
sponds to increasing the speed, and wvice versa. How-
ever, Akbari-Moghanjoughi [@] found that increasing the
height causes the speed to decrease. Nevertheless, we
both find the same, inverse relation between the height
and width (as required by total charge conservation).
Furthermore, Akbari-Moghanjoughi [@] finds only
dark (n1/ng < 0) solitons. However, our solutions only
give bright (ni/ng > 0) solitons. Referring to Eq. (86),

we have sgn(ny) = sgn (B'C’) . Here, we will consider the

Dirac (m > 0) and Fermi (m < 0) cases separately. For
the Dirac regime, with Ky = 0, it is readily apparent that
B'C’ (cf., appendix[El) is positive, yielding bright solitons.

Showing that the same holds true in the Fermi regime,
with Ko = (d+1)/d, is more involved. Using the expres-
sions for B’ and C’ from appendix [E] we see

sgn (Z—;) = sgn (3d(uo +vp)? — (14 uovo)Q) . (99)



We see that this is clearly positive when 1y = 0; using the
expression for vg, we find it only crosses zero ] when
ug is given by

V2ABd—1) +4+
ug = =+x1 or (3 AV3d
L V/2X 3d—1 i/\\/_

(100)

or

with A\ = An2/Py(d + 1) as before. Finally, it can be
checked that each of these solutions are larger (in mag-
nitude) than unity; that is, B'C’ does not cross zero in
the range ug € (—1,1). Thus, for |ug| < 1, we find that
ny/nog > 0, and only bright solitons are permitted. Note
that the adiabatic B’ and C’ coefficients in appendix[Fare
identical to their isothermal Fermi counterparts: there-
fore the same reasoning shows the adiabatic system only
has bright solutions, too.

Thus, it appears that a number of our findings are
directly opposed to those of Akbari-Moghanjoughi [@]
While one might be tempted to compare the results of
Akbari-Moghanjoughi ] with our solutions by taking
the gating distance d; — oo, various quantities (e.g., vo,
W, ete.) would no longer be order-1, violating our expan-
sion assumptions. Instead, it appears that the presence
or absence of gates can create qualitatively different re-
sults. However, this should not be surprising: the elec-
tric field with gates is given by derivatives of the density
E o« 9;n + (did2/3)03n + .... On the other hand, the
electric ﬁeld without gates is given by the anti-derivative
of n: E(z) < [dyn(z)/|z — y‘z. More specifically, the
z-k Fourler transform of the electric potential with gates
is ¢ o (1 — k?dyda/3 + ...)n; highly-dispersive, large
k-modes increase the electric field’s magnitude. The po-
tential without gates is ¢E x —n/k? so large k-modes
decrease the electric field’s magnitude. Given that this
is the only difference between the setup of the two prob-
lems, it appears this is the origin of the differences in
results [41].

C. Energy and Entropy

It is interesting to determine the rate of energy loss
by the soliton to dissipation. We can accomplish this
by integrating the KdV-Burgers equation Eq. (59). Us-
ing Eq. (BID) to replace n; with ui, we get (with new
coefficients denoted by primes)

A’@tlul +]'—/81U1 +C’8§’u1 +B’u181u1 = g’aﬁul . (101)
Multiplying this equation by u; gives
1 / 2 1 ! 2
5./4 8t1u1 + 5]: 3xu1
1 1
+C'8, (ulagul) 50, (Bar)” + B0}

= g/am (ulamul) - g/ (amul)2
(102)
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If we integrate once over all of z-space and impose bound-
ary conditions u; = du; = 0 at x = Fo0, we find

F’ G’
(atl T )/dxu% A//dx (0,u1)”. (103)

The left-hand side represents the time rate-of-change of
the kinetic energy in a moving reference frame; this is
more easily seen if the background current U; is removed
so F' =0.

Using the expressions for A’ and G’ (cf., appendix [E),
the right-hand side is negative semi-definite for the case
with no background flow ug = 0. Thus, we see that—
as expected—the viscosity causes the kinetic energy to
decrease.

When wg # 0, it is more difficult to see that G’/ A" > 0,
as it must be for viscosity to remove energy. Here, we
will again treat the Dirac and Fermi regimes separately.
Starting with the Dirac case and using the expressions
for A" and G’ from appendix [E] we find

g ) (uo + vp)* 2
= -~ (d+1
sen (.A’) Sei| Q7 < no 1+ ugug (d+1)

comfi-1)
(104)

The only questionable term is ¢ /(1 + uvg). This term
is positive for

|UQ| <

+ (uo + vo)?

1
VI+[An2/Py(d+1)]

However, it blows up when |ug| — 1/v1+ A, with

A = An}/Py(d + 1). This causes u; and P; to become

unbounded and invalidates our perturbation expansion.

Thus, |ug] < 1/4/1 4+ X is a constraint on the allowed pa-

rameters that make our derivation consistent. Under this

constraint, A’G’ > 0 in the Dirac regime, as it must be.
In the Fermi regime, we instead have

2
G\ o Po (uo + v0)?
sgn (E) =sgn| ooy <n0> (d+ 1)7(1 g

d (uo + vo)? [C-i— 277(1 - %)}
+
d+1

(105)

(o + v0) [UO (d - ug) +ug(d — 1)}

(106)

It is easy to show [42] that (ug + vo)[vo(d — u2) + uo(d —

1)] > 0 for d > 1 and |ug| < 1; recall that we already

required |ug| < 1, otherwise v = 1/4/1 — u3 would blow
up. Therefore, the n and ( terms are positive.

As in the Dirac regime, we also have a ¢ /(1 + ugvo)

term. Though vy is different in the Fermi regime, the



same reasoning also shows that this quantity is simi-
larly positive for |ug| < 1/v/1+ A. Thus, as long as
luol < 1/4/1+ A, we see that our theory is well-defined,
A'G" > 0, and viscosity causes energy to decrease, as
required by the second law of thermodynamics. Finally,
note that the adiabatic G’ in appendix [[] differs slightly
from this isothermal Fermi G’; nevertheless, it shares the
same questionable terms. Thus, the same exact reason-
ing shows G’/ A’ > 0 for the adiabatic regime [43].

In order to further investigate the soliton’s decay, it is
helpful to analyze entropy generation. Lucas and Fong
[1] provide the following formula [44] for the divergence
of the entropy current s*

1 2
0ust = 0t [ PP (Opta + Daty = Zpa050” )

+ CP‘“’&au“] + U?Q <T8#% + Fﬂpup>

X PHY <T8,,% + pruﬂ) .

(107)

For simplicity, consider the case with no background

flow, up = U; = 0. Upon implementing our usual nondi-

mensionalization in the Dirac regime (cf., section [II]) we
see the highest-order terms are

N aij 2
Dyst = ?03 uy {@'(ul)j + 0j(u1); — agijakulf]

+ Tio (3ku’f) ’

(108)

Then, restricting to 1-dimensional motion and using our
thermodynamic relations and first-order solutions, we

find
1
(109)

We see that entropy is generated at locations where
the derivative of n; is largest: for solitons, this occurs
at the leading and trailing faces (fig. B). Further, as the
soliton spreads out, the entropy production slows over
time (fig. @). Finally, for the Dirac regime, og-induced
entropy production is suppressed to sub-leading order; n
and ¢ are the main producers of entropy.

v6

2
Tono

st = (0ym1)?

O(e).

VII. EXPERIMENTAL PROPOSAL

Here, we will briefly detail the applicability of this the-
ory to experiment.

A. Values of Parameters

It has been more convenient to deal with nondimen-
sional variables throughout the derivation. However, we
now convert back to dimensionful quantities to better
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Sample
Nondim. Sample
e-dependence Value Dim. Value

no efp 4 x 101° cm 2 1.0 4.0 x 10° cm 2
d; ¢ %/*d; 50 nm 1.0 890 nm
A €91A53x10%Jm? 022  2.1x10 % Jm?
To eV 150K 0.70 60 K
Py T8 84x107"Nm™' 1178 59x10¥Nm™!
Lo 63/4;—3 21x107%7J 1.13—3 6.1 x107%2J
00 €/%6¢ 0.24 k01 0.63 0.048 k!
n f 4.2 x 1072 kgs™! 1.1 48 x10 P kgs*

TABLE I. Values of the various parameters in terms of the
small parameter e. Sample values are given for ¢ = 0.1 and
dimension d = 2.

understand their physical magnitude. It is worth em-
phasizing that this conversion is dependent on the nondi-
mensionalization we chose. The values calculated in this
section are specific to the Dirac regime nondimensional-
ization laid out in section [[II} a similar analysis could be
performed for the Fermi regime nondimensionalization
specified in appendix [B1l

The dimensional and nondimensional values of the var-
ious parameters in the problem are listed in table [l For
the remainder of this section, we will specialize to di-
mension d = 2. Note that we are using the values
vp = ¢/300 E“ and . = 50nm. For computing the
sample values, we have chosen ¢ = 0.1. We see that all
of the parameters are approximately equal to unity, as
required. However, there are a few points to note.

In previous experiments, the distance between the
graphene and the gates d; (i = 1,2) was usually on the
order of 300 nm IE] We require a larger gate distance

of d; = 890 nm corresponding to d; = 1.0. The static di-
electric constant x must be chosen relative to di and d».
In order for the remaining normalizations to be consis-
tent, we require kK =~ 1. That is, the graphene should be
suspended from its contacts with vacuum filling the gap
between the graphene sheet and the conducting gates.

It is important to reiterate the way we nondimension-
alized the intrinsic conductivity. At a temperature of
60K, og/e? has a fixed value of 0.20h~!. We needed
to relate the relative sizes of nondimensional parameters
¢ and ogh/e® to solve the problem. Our derivation as-
sumed ¢ ~ 0.1, so that €'/2 ~ ggh/e?. This fixes the
value of 6¢ as 6o = 0.20e1/2.

Notice that if € is increased, then the numerical value of
6¢ decreases; hence, the intrinsic conductivity becomes a
higher-order correction and drops out of our first-order so-
lutions. Conversely, if € is decreased, 6¢g could grow large
and require a different nondimensionalization for og. For
€ small enough, it would be more appropriate to take
og = "6ge?/h. This alternative would require different
nondimensionalizations for all variables (cf., appendix [B));
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Entropy Production and Charge Density
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FIG. 3. (Color online) The entropy production 9,s" (a) and

Distance = (nm)

soliton charge density n1 (b) at select times. Values used were

A=0.88, B=—0.70, C = —0.060, F = —1.1, and G = 0.53 with the height normalized to 4.0 x 10® cm 2.
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FIG. 4. (Color online) The instantaneous entropy production d,s* as a function of time. Values used were A = 0.88, B = —0.70,

C = —0.060, F = —1.1, and G = 0.53 with the height normalized to 4.0 x 10% cm 2.

nevertheless, similar solutions would result (though the
viscosity would no longer appear in the first-order correc-
tions). Similar considerations also apply for 7, though it
is considerably simpler given that 1l /h ~ 1.

ref

It is also useful to determine the values of the pa-
rameters appearing as coefficients in the KdV and KdV-

Burgers equations (i.e., A, B, C, and G). For instance,
consider the case with v9 = 0, ug > 0, and U; = 0;
we will also set ¢ = 0 and choose ¢; = 1.0. Using the
above values and the bare thermodynamic coefficients Cy
and C; (cf., appendix [A]), we find A = 0.88, B = —0.70,
C = —-0.060, F = —1.1, and G = 0.53 (cf., fig. dl). Impor-



tantly, we see that B, C, and G are all roughly the same
order, implying nonlinearity, dispersion, and dissipation
are equally important.

B. Source and Signal

As we discussed in section[[TI], the characteristic length
of the disturbance ¢ is related to lyef as & = lyep/e(4T2)/4,
For d = 2 and ¢ = 0.1 with graphene’s l,of = 50nm,
we find a pulse width of approximately 2.8 pm. For the
uog = 0 case, the propagation speed is approximately v =
0.43vp ~ 0.43¢/300, giving a bandwidth of roughly v/£ =
150 GHz.

If we consider the stationary soliton case vy = 0, we
need to source a background current ug # 0 to coun-
teract its propagation. In section [Vl we found that
wy = 0.40vp = 4.0 x 10°ms!; with a charge density
of ng = 4.0 x 10°cm 2, we need a current density of
Ko = lengug| = 2.5Am 1.

As shown previously, the system has a (dimensional)
characteristic decay time of

45 AlC|

- 4611/4UFg‘B‘ ' (110)

tq

Inserting the previously chosen values for these coeffi-
cients, we find t4 ~ 44 ps.

In order to estimate the magnitude of the signal, we
first calculate the background chemical potential oy =
/A hpl iy = 6.1 x 10722, From this, we find the
background voltage Vo = po/e = 3.8mV. Then, the
signal voltage V4 = p1/e would be a factor of € ~ 0.1

smaller, or 380 V.

C. Joule Heating

For the non-propagating case (vy = 0), a large uni-
form background current ug flows through the graphene;
this will cause Joule heating of the entire sample due to
graphene’s resistance. It is worthwhile to verify that this
heating occurs sufficiently slowly so as not to interfere
with the soliton’s propagation and decay.

The power produced, per unit area, by Joule heating
is

Py =Kip, (111)
with resistivity p and surface current density K. As
a worst-case scenario, assuming the graphene does not
lose any heat to the environment, this power goes solely
towards heating the graphene.

The specific heat of graphene [@] at 60K is ap-
proximately 60mJg 'K '. Given an atomic mass
of 12.01gmol ! for carbon and an atomic density of
6.3molcm 2 for carbon atoms in graphene [@], we find
a specific heat of ¢, =4.5 x 1072 Jem 2K,

Pulse Generator Detector

Gate

Sink

Source

Dielectric

Graphene

Dielectric

Gate

FIG. 5. (Color online) Side view of the proposed experimen-
tal setup; the graphene is sandwiched between two layers of
dielectric, further sandwiched between two conducting gates.
A source and sink on either edge of the graphene generate
the background current ug. The pulse generator produces the
soliton and the detector detects it.

Therefore, the soliton’s temperature will change at a
rate of Py/cs = 3.0Kns . Given that the suggested
experiment would be measuring the soliton’s tempera-
ture anomaly T7 = €Tp, it would only be sensitive to
Joule heating after a temperature change of similar mag-
nitude had been generated. Hence, it would take ap-
proximately Tic¢s/Py = 2.0ns for the system to heat ap-
preciably. Given that this time is long compared to the
characteristic timescales of the problem (t¢har and t4), we
are justified in neglected Joule heating.

Notice that the characteristic Joule-heating time is also
long compared to the electron-phonon scattering time;
this implies the electrons and graphene lattice would ther-
malize relatively quickly compared to the Joule heating
time. This is why we utilized the specific heat of the en-
tire graphene system (electrons and lattice) as opposed
to the specific heat of only the electrons.

D. Experimental Setup

The solitonic solutions we have derived offer a means
to experimentally measure the viscosity 7 of graphene. In
particular, the viscous coeflicients ¢, 1, and ( all enter
into the coefficient we have denoted G. Therefore, if the
value of G can be measured, then the viscosity can be
determined.

Referring to the expression for G, we see that n only
appears in the combination ¢ 4+ 21(1 — 1/d); hence, it is
this quantity that can be determined from experiment. In
practice, we expect ( < 7, and thus this procedure offers
an estimate for n E|] Furthermore, determining 7 from
G requires knowing the values of all the other parameters
Py, ng, etc. Most of these are experimentally determined
and hence known; the only other necessary quantity is
the intrinsic conductivity og. Previous measurements of
this quantity exist [@, E], therefore, it can be treated as a
known quantity.

An initial disturbance needs to be generated in the
graphene; for instance, this can be accomplished via a



short voltage spike produced by a thin contact placed
laterally atop the sample (cf., fig. B). It is well known
that the KdV equation causes a localized profile to split
into a series of left- and right-moving solitons IE] sorted
by height. After the disturbance is allowed to propagate
a sufficient distance, the individual solitons should have
separated enough to be separately distinguished. The ac-
tual population of solitons generated by the pulse will be
dependent on the contact’s shape and voltage profile: the
distribution of soliton heights and widths can be deter-
mined by the inverse scattering transform ]

Given that the solitons represent a localized change in
the charge density, it should be possible to detect them
with a voltmeter; a voltage time-series could then recon-
struct the soliton profile. The dissipative terms cause two
measurable effects: a change in the propagation speed
and a decay of the soliton’s height. This requires measur-
ing either the soliton’s speed or amplitude as a function
of time. Depending on the particular experimental setup,
one effect might be more accessible than the other. Next,
we describe two possible experimental setups.

1. No Propagation

Without a background current vy = 0, the soliton prop-
agates at a speed v &~ vp & ¢/300. Such a fast prop-
agation speed could make measurement difficult. One
way to mitigate this is to impose a counter-current wug
in the opposite direction of propagation; as detailed in
section [[V] it is possible to choose a background current
ug + €Uy such that the soliton is stationary in the lab
frame vy + ev; = 0. Doing this should make obtaining
the height measurements much easier. In fact, the speed
measurements are still feasible in this setup since the dis-
sipation causes v, and hence the control current Uy, to
decay over time.

One possible barrier to implementation of this method
is the boundary condition of graphene. So far, we have
neglected boundary effects by assuming one-dimensional
propagation; depending on graphene’s boundary condi-
tions, this might not be justified. Graphene most likely
satisfies one of two possible boundary conditions [@] ei-
ther a no-slip boundary (u = 0) or no-stress (no normal
velocity gradient, i.e., [ - V]u = 0 with 7 the boundary
unit normal). If the actual boundary is no-slip, our 1-
dimensional propagation assumption is violated; in this
case, the sample must be sufficiently wide to ignore edge
effects, or a different experimental setup (cf., the next sec-
tion) is needed. Conversely, a no-stress boundary permits
our one-dimensional soliton solution. There is some ex-
perimental evidence that no-stress boundaries are the cor-
rect boundary type m], and theory predicts that weakly
disordered edges at low temperature (7' < 40K) have a
slip-length on the order of 50 pm. Therefore, it is plausi-
ble that, for graphene samples of width at most ~ 100 pm,
a no-stress boundary condition is appropriate, allowing
for large ug counter-current.
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2. No Background Current

If graphene instead possesses a no-slip boundary con-
dition, a different experimental method will be needed.
For this setup, we will not use a background flow ug = 0.
Then, the boundary conditions are mostly irrelevant,
since the fluid velocity is now of order O(u;) = evp and
can therefore be made small. For this setup, height mea-
surements are more suitable; after one decay period 79,
the height decreases by a factor of % while the propaga-
tion velocity changes by a factor of dv/vg = %e < 1.

Following the method proposed by Coelho et al. [@],
we recommend periodically producing a voltage pulse and
measuring a set distance away. By averaging over many
realizations, it should be possible to obtain a wave pro-
file. This could be repeated at a few locations, thereby
measuring the decay rate as a function of downstream
position.

This method is likely more difficult experimentally
given that it requires taking measurements at multiple
locations sequentially. However, it has the benefit of be-
ing theoretically sound regardless of graphene’s boundary
conditions.

VIII. CONCLUSION

Graphene offers a fantastic environment for study-
ing strong-coupling phenomena. Hydrodynamic analy-
sis presents a useful set of tools for analyzing the long-
wavelength physics in such a clean, strongly-coupled sys-
tem. The Fermi liquid regime has much in common with
ordinary metals and has been the focus of many exper-
iments in graphene; meanwhile, the Dirac fluid regime
hosts a number of intriguing phenomena. When graphene
is placed in a hydrodynamic regime, the electrons obey
relativistic Navier-Stokes equations and can form soli-
tonic solutions. An ordinary perturbation expansion was
used to derive the special case of a stationary soliton on
a background counter flow. Additionally, a full multiple
scales asymptotic analysis was utilized to treat the gen-
eral case with arbitrary background flow. These methods
furnished analytic approximations to the shape and speed
of the predicted solitons. This analysis did not deal with
the boundary conditions of the fluid flow; this offers an
interesting avenue for future research.

By including dissipation in our system, we were able to
model the decay of the solitons. The analysis showed that
dissipation causes both a decay of the soliton’s height
as well as its speed. This decay rate offers a means
to experimentally measure dissipation in the hydrody-
namic regime of graphene. The results of this paper help
elucidate the connection between solitons in the Fermi
and Dirac regimes of graphene and put forward a new
method for measuring hydrodynamically relevant param-
eters such as the intrinsic conductivity and shear viscos-

1ty.
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Appendix A: Thermodynamic Coefficients

Following Lucas and Fong m], we can derive the pres-
sure for weak coupling, starting from the grand canonical
ensemble for a free Fermi gas in d dimensions

<I> kT
P(uT) = -7 = =~ ZIH(ZAp)
—kBTZ/ ]n 1+e(¢1A# ea(p ))/kBT)
(kBT)dHQd,l(d—l)!( . T
= L _oh/kB
(2rhvp)d i+1(—e )
+ Lid+1(—67“/kBT)) .
(A1)
Here, we have & the grand potential, Z =

exp(—fbg/kBT) the grand partition function, and V
the volume. We made use of the fact that, for a
free Fermi gas, the grand partition function is separa-
ble over modes (A and p): 2 = [[4,2Z4p. Addi-
tionally, we have the excitation energy c4(p) = vp|p},
Q41 = 27%2/T'(d/2) the surface area of a unit d — 1-
sphere, I' is the gamma function, and Liz the polylog-
arithm of order-d 4+ 1. Note that the sum over species
runs over spin/valley degeneracy (giving a factor of 4) as
well as electrons/holes with ¢4 = £1. More specifically,
Yaln(Z2a) =4In(Za(p, 1)) +4In(Za(—p, T)).
Likewise, the carrier density is given by

0P A(kgT)%q_1(d —1)!
nT) =50 = 2rhvp)
x (= Lia(=e/¥7) + Lig(~e~#/=T))
(A2)

We can develop series (asymptotic) expansions in Dirac
(Fermi) regimes.

In the Dirac regime (u < kgT'), the polylogarithm can
be approximated as Iéf

ok

Lis(— Zn k! )

k=0

(A3)

for |z| < m, with 7 the Dirichlet eta function. Thus, the
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pressure is given by

(kpT)*1 Q1 (d — 1)!
(2rhvp)

an+1—2k p \
kT

(kpT)4 Q4 1(d —1)!

P(u,T)=28

d+1
(QWhUF)d 77( + )
4
nd=1)( p \* p
+ 2 kT +0 kT ’
(A4)
and the carrier density is
. Su(kBT)dflﬂdil(d — 1)'
n(p, T) = (27ThUF)d
Z nd—1-2k) ( p \*
(2k + 1)! kgT
(A5)

d—1 _
_ 8ﬂ<’fBTg2whf;);<d L=

e ol )|

For instance, for d = 2, we find

C (ksT)? [4n(3) | 2mn(2) [ p \? !
P= (h’UF)2 Y * Y </€BT) +O</€BT) ’
A6
and (A0
Cop(ksT) [4Im(2) |1/ op P g\’
= | e (mer) ()
(AT)

Instead, in the Fermi regime (p > kpT), an asymp-
totic expansion of the polylogarithm is given by [53]

Ls/2]

Lis(= 22 s—2k

for Re{z} > 1, while Lis(—exp(—z)) is sub-dominant
and therefore can be neglected. Thus, we find

)s= 2’“+o( ) (A8)

d+1
P(u,T) = %
y “C”Z”/“ §(2K)(d — 1)! (szT)”“
Ze (dr1-2k0\ p
d+1 (A9)
271'th d+1

w5 ()]



and the carrier density is

d

8|u|" sgn (1)1
(27Th’UF)d
1d/2]

2k
n(2k)(d — D) [ kpT
. kz:% (d — 2k)! < 1 )
8Ju|" sen(u)Qu 1
N (2mhvg)? 2d

2(d 1) ( kT ’ kT !
+7T7<L> +O<L> ,
12 % %

(A10)

n(p,T) =

Again, for d = 2, we have

b’ L ow (ke 2+(9 ksT\’
~ (hwp)? (31 3\ p ! ’

(A11)
and
~ p?sgn(p) 1+7T kT 2+(9 kT !
(e |7 3\ 1
(A12)
Thus, we find the following coefficients
d+1
er = 8T Qa1 (A13)
0 (2nhvp)? 2(d +1)d
d+1
8|H‘ Qg1 72
F_ o
€= (2rhop)d 12 (AL4)
and
kpT)1Qy_1(d — 1)!
cp = g hsT) (%M;g Lo+ (a15)
D (kpT)™1Qy 1(d — 1) n(d — 1)
= . Al
G (2rhvp)? 2 (A16)

When screening is not negligible, these coefficients get
renormalized. For instance, the Dirac coefficients for d =
2 and T — 0 become [54]

ep — g D’% o (a(T)) (A17)

(27Th’UF)2

kTP () (o)
61D_8(2ihvp)21 2 ( ) ’

with «(7T) given in Eq. (26]).

Appendix B: General Nondimensionalization

A critical aspect of these derivations was the correct
choice of nondimensionalization scheme. Depending on
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the physical regime of interest (Fermi vs. Dirac) as well
as the relative size of terms (e.g., how large € is compared
to ogh/e?), different nondimensionalization choices may
be appropriate. In order to elucidate the relationship
between these various schemes a single, general nondi-
mensionalization can be performed. In this section, we
will use a unit system where h =vp = kp =l = e = 1.
Note: we are only nondimensionalizing (h = 1, etc.), but
not normalizing; i.e., we are not requiring that all quan-
tities are unity (unlike the quantities denoted earlier by
hats).
For convenience, the main results are collected here:

o(u — (30— 5pt3mtgim]| 77
(1) o(va)’
O(T) = eba—trtilml Om)
@ UQ)
O(P) = 40— 45 r+ £ mt 242 ) (’7)
UQ
0(77)

O(n) = e29=gp+ i m+ <t m|

O(0s) = - St S
O(d) = ¢4~ 440t 85tp- i m 22 m
Ou)=1,
d—1

o 0(vq)

O(A) = 5 at T = m— 42 m| “\7%Q)

O(n)

(B1)

Here, we have defined four parameters [@] d the spatial
dimension, m € Z\ {0}, pe N> 0, and ¢ € N > 0. The
parameter m is defined as

€= O(kBLT)Q’ (B2)

and represents the “Dirac” or “Fermi” quality of the sys-
tem: m > 0 corresponds to increasingly strong “Dirac”-
character while m < 0 is more “Fermi’-like. The param-
eter p measures the importance of the shear terms 7: if
p = 0, the shear terms enter our first-order correction
equations, while p > 0 enters at the (p + 1)-order correc-
tion equations and thus are not considered in our analysis.
Likewise, the parameter ¢ measures the importance of the
conductive terms og: if ¢ = 0, the conductive terms en-
ter our first-order correction equations, while ¢ > 0 are
higher order.



The KdV-Burgers coefficients specified in appendices[El
and [[] and throughout the paper assume p = ¢ = 0.
When using other choices of p and ¢, it is important to
replace 7 — 16,0, ¢ — (9, )QO(C)/O(T]), and o — 0dq.0-
This ensures that only the relevant dissipative coefficients
appear.

Note that we have specified O(u) = 1 to allow for large
background flows O(ug) = 1. Nevertheless, these results
still apply if ug = 0 (no background flow), in which case
u ~ eup and O(u) = e. Additionally, these nondimen-
sionalizations assume that v < 1 is small enough that
v =1/v1—wu? is order (’)(7) = 1. Finally, note that we
have assumed (’)(n) > (’)(C).

1. Parameter Choice

For concreteness, the main paper utilizes a Dirac
regime nondimensionalization of m = 1 and p = ¢ =0

with (’)(n) =1 and (’)(0@) =¢l/2,

We also highlight additional terms in the multiple
scales expansion arising from the Fermi regime. These
come about from a nondimensionalization with m = —1

and p = ¢ = 0 with (9(77) = O(UQ) =1.

The alternate derivation for small € mentioned in sec-
tion [VII would correspond to m = p = 1 and ¢ = 0 with

O(n) = 0(oq) = 1.
It is worth highlighting that different choices of O (UQ)

and (9(77) do not affect the calculated results or observ-
ables (cf., appendix [B3)). Likewise, the parameters m,
p, and ¢ have minimal, straightforward effects on the re-
sults: p determines whether 7 and ¢ terms appear in G’; ¢
determines if o appears in G’; and m determines affects
to form of Py, and thus F' [56]. Otherwise, the results
are independent of the choice of m, p, and ¢q. To wit,
these choices do not even affect the e-order of observable
quantities; see appendices [E] and [Fl

Using the definition of A, it is easy to check that x > 1
satisfies O (k) = 6_1/2_qO(O'Q)O(CY) > 1; this provides a
constraint on the allowed parameters. For e = 0.1, ¢ =0,
(’)(0@) = ¢!/2 and O(a) = 1 used throughout the main

text, we find O(k) = 1, consistent with our choice of
K= 1.

2. Entropy Divergence

In section [VICl we found that the entropy divergence
only depended on the n and ¢ terms to this order. Us-
ing our expressions for the generalized nondimensional-
ization, we can investigate what occurs for different pa-
rameter regimes.
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Recall that Eq. (I0T) showed that

1

O(8,s") = mo(amu)z(o(n) +0(0))

(B3)

+ ) <o(azu) + O(prup))Q.

O(7)

Restricting our attention, as usual, to u < 1 such that
v =1/vV1—u? =1, we see that O(Epup) = O(Ez) =

(’)(Bw(b) = O(BwAn). Thus, using the results from ap-
pendix [B] we have

O(ays’/) = (9(77)(’)(5:5)262_17 (ep

o) ,
o(T) ‘

O(n)

Lt 4 athmidiml Eq+m+|m) ,

(B4)

Here, the terms in the square brackets represent the 7,
¢, 0gFE2, 0gE.0.pn, and 0g(0.p)? terms respectively.
Hence, we recognize that increasing p causes the 1 and
¢ terms to be less relevant, while increasing ¢ does the
same to the og terms. Furthermore, the leading factor of
w/T for the og terms in Eq. (I07) causes these terms to
be higher order when m > 0 (i.e., when p/T is small), as
expected. Finally, note that Eqs. [B1l were defined under
the assumption O(n) > O((), so O(¢)/O(n) in Eq. (B4)

can be, at most, unity.

3. Order of Dissipative Coefficients

Notice that we have left O(O’Q) and (9(77) undeter-

mined. There is some subtlety in choosing these param-
eters. This most obvious manner to proceed involves
using existing theoretical predictions E|] for their mag-

nitude [57]; for instance, in d = 2,
0'452T2 Dirac.
«
n~ 3u?|n| . (B5)
64w l]ﬂ(oz*l)T2 Fermi ’
and
912 Dirac
0- = o ’ B6
@ { 1 Fermi, (B6)

with a ~ 4/ 111(104 K/ T). Ignoring logarithmic correc-
tions, these will then generate compatibility conditions
on the parameters m, p, and ¢q. Nevertheless, such a
choice is only valid in the infinitesimal € limit: we must as-
sume ¢ is small enough that all the numerical prefactors—
like 3/64m ~ 0.015 for 7 in the Dirac regime—are consid-

ered order-1 (i.e., (’)(60)). If € is large enough that, for

instance, 3/647 = €, then this assumption breaks down.



Alternatively, one could instead calculate the numeri-
cal values for og and 7 from the existing theories. For
instance, in section [[IT, we calculated og = 0.20 for our
choices of parameters. This value can then be compared
to the expected value of € to determine the correct scal-
ing. Continuing our example, assuming € ~ 0.1, we found
0o = €'/2. While this method is somewhat more ad hoc
than the previously described one, it has the benefit that
it is now valid in a neighborhood of the desired e rather
than for solely infinitesimal €. This is the method used in
the main text since we are considering e small but finite.

4. Derivation: Dominant Balance

Now, we will derive the results given at the beginning
of appendix [Bl These results follow from the application
of dominant balance.

First, we define a small nondimensional parameter € <
1 as our expansion parameter: that is, all terms will be
expanded in integer powers of € as y = yo + €y + .. ..
Further, we will assume that all leading order quantities
are uniform in space and constant in time (i.e., y(z,t) =
yo + ey1(x,t) + ...). This implies that derivatives will

always generate one extra factor of e: O(@Hy(x,t)) =
O(@ueyl(x,t)) =0 (8#)(9@).

Next, we introduce the parameter m € Z\ {0} as

M 2
€ = O<T) .

We require that m be an integer since it enters in an
asymptotic expansion of the equation of state P(u,T);
since our main equations are expanded in integer pow-
ers of €, we must also have this asymptotic expansion in
integer powers of €. Also, notice we used the square of
/T it is easily seen that the asymptotic expansion of
P(u, T) only involves even powers of p/T since it is an
even function of u/T [58]. Thus, we see that the Dirac
regime follows when m > 0 and the Fermi case corre-
sponds to m < 0; the m = 0 case is excluded because
then the thermodynamic equation of state (cf., Eq. (A1)
cannot be expanded in a series/asymptotic expansion.
With this definition, we are able to collapse the two
different nondimensionalizations of the pressure. From
the thermodynamic equation of state Eq. (AI), we

see that O(P) = (Q(T)dJrl for Dirac and O(P) =
O(;L) 1 for Fermi. Therefore, we have O(P)
e(d“)m/"‘*‘(_d_l)'m‘/4O(T)d+l in general. Likewise, the
charge density can be nondimensionalized as O(n) =
6|m|/20(P)/O(T) _ €(d+1)m/4+(*d+1)|m|/40(T)d'

Now, we begin using dominant balance to impose re-
strictions based on our desire that certain terms appear

at certain orders. Here, we must use some foresight about
which terms the equations will contain. To ensure that

(B7)
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we have wavelike solutions, we want the terms appear-
ing in the leading order equations to match those in
section [Vl Since we want the dispersive electromagnetic
terms d; d203n to appear at as first-order corrections, this
means the nondispersive electromagnetic term d,n must
appear at leading order. Thus, the two electromagnetic
terms must differ by one factor of e: this imposes O(di) =
elr?/ O(@w); this is our first assumption. Requiring the
nondispersive electromagnetic term to enter at leading
order enforces o(azp) = O(Anazn) yielding our second

assumption: O(A) = e(_d_l)m/4+(d_3)|m‘/4(9(T)7d+1.

Next, we wish the leading order equations to be satis-
fied even if ug = 0. Setting ug = 0 and performing a domi-
nant balance on the leading charge conservation equation
Eq. ([[a) gives O(d;) = O(u)O(9s,), our third require-
ment. Another dominant balance on the leading momen-
tum conservation equation Eq. (74D) yields O(u) = 1,
our fourth and final requirement.

Moving onto the shear- and bulk-viscosity terms, we
introduce a second parameter p € N > 0. This param-
eter is defined such that p = 0 ensures the shear/bulk
viscosities appear in our first-order correction equations,
p = 1 would push these terms to second-order correc-
tions, and so on. Since we are only concerned with first-
order corrections, this means shear/bulk viscosity is rel-
evant for p = 0 and irrelevant for p > 0. This is imple-

mented by imposing O(ed,P) = e*pO(n(?%n), yielding
0(9,) = ePTLO(P)/O(n).

Finally, we introduce one more parameter ¢ € N > 0
controlling the order at which the intrinsic conductivity
og appears. Similar to the parameter p, the parame-
ter ¢ = 0 yields og terms at first-order while ¢ > 0
corresponds to higher-order terms (which will be ne-
glected in this analysis). It is easy to check that of the

two o terms, the electromagnetic term O(F ”Pup) =

(’)(Aawn) is always larger than the thermoelectric term
O(T0,(n/T)) < O(Adyn). Thus, we introduce the

parameter ¢ as O(edn) = e*qO(aQ(?%An). This im-

plies that O(T) = ¢?/2~P/2+Iml|/2 O(n)/O(UQ). Using

these various relations reproduces the results given at the
beginning of appendix [Bl

Appendix C: Adiabatic System

Here, we can utilize the same nondimensionalization
laid out in appendix [Bl for the isothermal system. This
follows because the derivation in appendix [B4] required
that the leading order equations still be satisfied when
ug = 0. However, it is easy to show that the leading
order energy conservation equation Eq. (CI5D) is equiva-
lent to the leading order charge conservation equation
Eq. (CI5a) combined with the isothermal relation be-
tween P and n. Thus, the leading order, ug = 0 adia-



batic system is equivalent to the leading order, ug = 0
isothermal system, and the previous nondimensionaliza-
tion carries over.

Here, we will redo the multiple scales derivation using
the adiabatic assumption. Therefore, we will now include
the energy conservation equation Eq. (I0) and allow T to
vary dynamically. As we did in section [Vl we expand all
of the dynamic variables (including 7T') in a perturbation
expansion.

1. Perturbative Thermodynamics

We will be using the thermodynamic relationships of
section [[I'C] to write ¢ and 7' in terms of n and P. Ex-
panding the thermodynamic variables and collecting pow-
ers of € yields the following relations for the Dirac regime:

Py =T Co,
no = 2758 1oCy

(Dirac: C1)
(Dirac: C2)

T c g
Pi=Py|Z(d+1)+ —1(@) Smi|, (Dirac: C3)
0

Co \ Ty
2
pr T Ca (1o
—no | 1) 122 (H0) 5,0,
ny = ng H0+To( )+ C1<To> 1
(Dirac: C4)
8 T2 (d+1)d
Po=PFPy|—=(d+1 —
> 0 To( + )—i—T02 5

(Dirac: C5)
pe | T T (d—1)(d - 2)
= M2 S22 oy 1L
ng = Mg 0+To( )+T02 5
p1 Ty
RN VP
Ho To( )

Cof i T (M0)2
co2 (3t g3yt (Ho) s,
C1< Ho ( )To> Tp !

Cs (1o * Ca (1o °
34— = | om 2—| = | om
+ (To ) 1+ A\ Ty 2

(Dirac: C6)
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Similarly, for the Fermi regime, we find

(Fermi: C7)
(Fermi: C8)

Py = ‘Mo‘dHCo,
no = |MO‘ngD(MO)CO(d +1),

2
P =P ﬂ(d+1)+ﬁ<@> Sror| ) (Fermi: C9)
1o Co \ o

2
M1 Cld—l TO .
= —d+ ———|— Om—1], (F : C10
ni = ng o +Cod+1<,u0 —1 (Fermi )

(d+1)d

2

H2 M1
Po=PFP|—(d+1)+ =
Mo( ) pg 2

! Gd-1(n)"
S L2220 S
1 C0d+1<uo> =2
(Fermi: C12)

In the Dirac regime, we can invert these relations to
write ¢ and T in terms of P and n, treating these as
the independent variables at each order. However, in
the Fermi regime, this perturbation expansion introduces
a peculiarity. The Py and ng equations do not contain
Ty; therefore, rather than giving the value of Tj, these
equations provide a constraint on Py and ng:

|n0|(d+1)/d

0 = sgn CY .
ol e

(Fermi: C13)

Similarly, the P;(z,t) and nq(z, t) equations only depend

on a single dynamical variable p;(z,t) (but not Ty (x,t));
therefore, these also give a restriction on P; and nj to
ensure that To(x,t) = Tp is independent of z and ¢:

(C14)

2
P, d+1  C1(1T
S_matl Glife) s
PO o d Cod Ho

This requirement will be utilized later.



Leading Order:
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2. Conservation Equations

If we again restrict to 1D motion and collect terms by
powers of € we get the following equations:

8711 8 (751 ony 2811,1 .
—I—’}/ a +an— + noy %_O; (Cl5a)
5 0€ Py 40Uy 5 0
(?tl +yAud— Bt + 2ug (g0 + Po)y* 8t Ly (1+ uo)(Eo + Py)y* 8— + ugy? e (81 + Pl)
+An0uow2% + An%ugw‘l% =0, (C15b)
T
(9 aP 6P1 8 6’11,1
73(€0+P0)8 + yu Oat + ugy (€0+P0)—+ 8—+A 0’}/8 +An00 %ZO, (0150)
First-Order Correction:
ons dus ons 28U2
- —] H
Bty T Moty 0T, Y G = RHS,
(Cl6a)
5 0e Py 4 Ouz e ons
atQ + ,Y 0 6t —+ 2U0(€0 + Po)")/ 6t —|— (1 + uo)(so + P()) 6— + uO’}/ 6 (52 + PQ) + A?’Louo"y Oz = RHS
(C16b)
dus oP, dus P, ons
’}/(EO—FP())& 8t +U0’y (EO—FP())%—F”Y(Q) Anoa = RHS.
(C16¢)

Again, we have used the electrostatic coupling A accord-
ing to Eq. [28). See appendix [Dl for the terms on the

right-hand side.

3. Leading Order Equations

Using € = Pd and combining equations like

0 0 5 0
<8_t0 + u0%> Adngry 9 {Eq. 1|E3l55])}

+( ai aﬂ[qm}

((d+u0)£ +uo(d+1) 68 ) [Eq m}

gives

82’&1

0 0
_ 2 2 2
0=~ <8t +u08 ) v (d+ 1)Po(uj d)—at%

— 292(d + 1) Pouo(d — 1) O
g 010 Dty
0%u

(C17)
This wave equation has solutions f(x+wvgtg)+ g(x —voto)
with vg given by

o) — _uo(d —21) n \/32 14 Angy*(d — ug)
d—u? (d —ud)y? Py(d+1)

(C18)
We will take the (+) sign so that vy = U((J+); the other can
be recovered by taking vy — —ug and vg — —vg. Fur-
ther, we restrict to unidirectional solutions u; (x, to,t1) =
f(x £ votg, t1) for a definite choice of +; here, we choose
(4) as well—the other propagation direction can be re-
covered by taking vy — —vyg.

For stationary perturbations (vg = 0), we can solve for



up:

e — 4 [ (L/d) + [Ang/Po(d + 1)]
o 1+ [An2/Py(d + 1)]

For reference, the velocity of propagation in the absence
of a background flow (ug = 0) is

(C19)

1 Adn?
vo=F—4[14+ —2 . C20
AV T ar R (€20
In general, ny, u1, and P; have traveling wave solu-
tions; neglecting solutions of the form f(z—wugtg, t1) that
are simply advected by the background current, we find
solutions given by

nl(x,to,tl) = nl(x + UOtO,tl) + Fl(tl) , (CQI&)
(uo + o)
ui(x, tg,t1) = ——————n1(x + voto, t
1@ b0, t) = — o T gy M (@ + votor ) (C21b)
+ Fa(t),
Pi(z,tg,t d+1nq(x + voto, t
1@ to, t1) 17+ volo 1)—|—F3(t1). (C21c)
P() d )

Here, we have arbitrary functions Fj(t1), F(t2), and
F5(t2); by imposing boundary conditions ny = 0 at
x = +o0, we set Fy = 0. We will allow Uj (t2) == Fa(t2)
to remain arbitrary; this uniform background current can
be superimposed on the soliton solution as in section [V]
if desired @] In the Dirac regime, we can impose P; =0
at x = oo to set F3 = 0; however, for the Fermi regime,
requiring that Ty(x, t) = Ty independent of (x, t) restricts
the relationship between P; and ni. Hence, we will write

Fs as
2
s la(mn
— TN C \ o

4. First-Order Corrections

F5(th) (C22)

Now considering the first-order corrections, preventing
secular growth of the higher-order terms (i.e., na, ug, ete.)
requires imposing a compatibility condition on the lower-
order terms (i.e., n1, uy, etc.). We can manipulate the
system to obtain

<%+UO%> Adngy* - {Eq m]
+ <uoa% n a%) [Eq. m]

(d+u0)£ + up(d + 1)8‘9] {Eq. M)}

-7
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“1‘6 —1Y5 A5 %“I‘Ua—to

2
1coaQ(d+1) uo 0 0
2C U0

<aa +“°aa >{Eq (CIGH)

|+ )+ ol + 1%] [Eq. (16|

Adn3 0

Ry 1) o 7" [Po @18 ~ [Ea. CH)

to obtain

7' Pold +1)(d - u) (6‘? + o 3)

p)
1Cooo(d+1) 1 [ 0 o\
_ __0&“0 9
R — <ax+“ 8t0>
©H 9 I \N[ (—ad I
x (“0 O at0> <”0 or oty )"

=L.O.T.,

(C23)
where L.O.T. represents lower-order terms (i.e., nq, w1,
etc.).

It is instructive here to change variables to Xéi) =
T+ v(() )to. Then, the equation becomes

Y4 Py(d +1) (d — uo) ( () v(()f))z

<[22 (w0 +e”) 3X(zi>

+

30q 1
— G
U e d T2

00

aXo
=L.O.T.

zi: (1 + uovo ) a)zi)

U2
5X0+)

(C24)
This is where we encounter an apparent problem. Upon
inserting our solutions for the lower-order terms, we find
the right-hand side depends on products and derivatives

of f(x((;r)). This implies that the L.O.T. is solely a func-

tion of Xéﬂ .

However, we see that functions of the form f(x()) are
also solutions to the homogeneous equation in Eq. (C23)

due to the presence of the (’“)X(ﬂ operator.
0

So, products and derivatives of f (x((;r)) appear as inho-
mogeneous forcing terms that give rise to secular terms.

For instance, terms proportional to f(*) (X(()-k)) give rise



to solutions of the form Xéf)f@) (Xéﬂ
bounded in X(_)—and hence, in time ¢. This will even-
tually cause |uaz| > |ui], invalidating the perturbation
expansion. Thus, unless L.O.T. vanishes identically, it
will give rise to xéi)-secular terms in us—i.e., solutions
growing unbounded in ¢y or x.

Hence, we require the right-hand side to vanish and we
are left with the desired compatibility equation:

). This grows un-

62
0= (UO + ’UQ)W(KdVB[nl])
Ixo
—6 1@0’Q(d+1)(1+ﬂ0’00)2,&_8
m,—1'72 Cl no T02
83
x - (KdVBn4)) (C25)
(P
XO op=0

Here, (KdVB[ni]) represents the Korteweg-de Vries-
Burgers equation, discussed earlier, acting on n;:

A’% +F ony + B/nl ony
O axgh g
(93711 (92711 (026)
+ CI 3 - g/ 2 ny = O 3
vy o'

see appendix [[] for the functional form of the coefficients.
Likewise, (KdVB[n4]

co=
Vries-Burgers equation %vithout oQ terms.

It is interesting to note the similarities and differences
between the adiabatic KdV-Burgers coefficients (ap-
pendix [[)) and the isothermal coefficients (appendix [El).
For most of the coefficients (A’, B’, and C’), the adia-
batic coefficients are identical to the isothermal Fermi
(m = —1) coeflicients. The (1 + upvy)C1/Co term in F’
differs slightly between the adiabatic Fermi case (coeffi-
cient (d + 1)/d?) and isothermal Fermi case (coefficient
(d — 1)/d?); the adiabatic Dirac case is completely ab-
sent (0p,,—1) compared to the isothermal Dirac case. In-
terestingly, the adiabatic 7 and ¢ terms in G’ matches
the isothermal Fermi terms, while the adiabatic og term
matches the isothermal Dirac one.

) represents the Korteweg-de
0

5. Solving the Compatibility Equation

In the Fermi regime (m = —1), the compatibility equa-
tion Eq. ([C25) no longer has the simple, decaying soliton
solution derived in section [VEl This can certainly be
solved numerically. Additionally, we can generate an ap-

proximate solution if we assume that O(UQ) < 1, (but

> € to prevent them from falling to the next order in our
perturbation expansion) and use the same trick as we did
in section [VEl Namely, we factor out a small parameter

0~ (’)(0@) from 0g = d6¢. Then, (’)(&Q) =1, and we

can expand in factors of 9.
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Then, another short multiple scales expansion for n;
can be done in § = O(Q/A). In order to be consistent
with our original perturbation series, we require that € <

0 < 1. As usual, we expand n; as n; = n§°> + 5n§1) and
O, = 07, + 00-,. Then, to leading order, we have

(o +v0)2 ) (KAVB[n{”])

This is satisfied by the KdVB equation,

B’ 2
50”50) = Alarong()) + ]:/8X<+)n§0) + =0 (”§O)>
0 2 Xo

+ Cl@iw)ngm -g 8)2<(+)n§0)
0 0

=0
=0.
(C28)
Now, we further assume that 1 and { are small; specif-
ically, we assume O(n) < 1,e < O(0) < O((). Then,
the solution was found in section [[VI]upon replacing G’
with G’ ‘ i

=0

01’8/‘
12|C’|

n§°> (X§)+)v 7'0) = c1(70) sgn(B'C") sech?

C1 B/ !
(+) ‘ F
[’(0 ~ | Far O g ] |
(C29)
where
c1(0
1+ 70/7,
with
454’ \C’
¥ = (C31)

16, (0)|B] ¢

F0=0

As mentioned above, we have assumed (9(5) <

o[

) 0) <1,501/7 <« 1.
Q=

At the next order in §, we must allow the constant ¢ (0)
to become time-dependent on a slow time-scale ¢1(0) =



¢1(0,71). Now, our equation is
(UQ + Uo)a2(+) A’@T ngl) +F0 (+)7’L§1)
Xo 0 Xo
Xo Xo

= (UO + vo)(?i(ﬂ (_8151./4/”50) + 84(+)g/n§0)>
0 Xo

1Co og(d +1)(1 + ugvo)? pg

_5m7 — Y
’ 17261 o T02

3
x x5 (KavB[n{”))

aqo=0
= (uo + Uo)aiéﬂ (—3&»'4/”50) + 3>2<(<)+)g/"§0)
(C32)
In the last line, we used the fact that ngo) satisfies the

KdvB
50=0
tegrating twice and dropping constants of integration (we

want ngo)

equation to simplify the right-hand side. In-

= ngl) to be a solution) gives
£inlV = Ao, 0l + f’@xéﬂngl) + B’Bxéﬂ (ngo)ngl))
+C'0% i
= 0, A + &) g'n{”.
(C33)

As before, we note that £y and —£; are adjoints:

/ dx$H (ngwcong@ + ng%mgw) —0.  (C34)
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Thus, we get the compatibility condition

(wn -+ ) [ 0 (40,0~ @320l ) dr? =0,
(C35)
which yields the equation

c1(0,m)*|B'|G" 4
Or,c1(0,71) = e m

(C36)

Then, solving this equation and converting back to time
t1 gives

c1(0,0
Cl(o,tl) = Lgl) (037)
1+t /t,
with
. 454’1’
¢(M (C38)

47 2¢,(0,0)[B']G"

with ¢;(0,0) the initial value of the parameter ¢;(tg,t1).
Combined with the result for ci(to,t1) (Eqgs. (C30)

and (C31)),

c1(0,t
c1(to,t1) = 1(71()0) (C39)
1+to/t,
with
45A4'|C’
ty) = , (C40)

40y (0,11)|B| ¢

op=0

we now have a complete solution.
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Appendix D: Full Equations

All quantities are expressed in normalized, nondimensional form according to the procedures laid out in section [III
and appendix [Bl The energy conservation equations (Egs. (DID) and (D2h))) are only used for the adiabatic setup.
Leading Order:
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Appendix E: Isothermal KdV-Burgers

All quantities are expressed in dimensional form; to get the dimensionless expressions, simply set vp = h = lof =
kg = e = 1 and remove all factors of €. See appendix [A] for the values of Cy and C; and appendix [Bl for the O
expressions. The KdV-Burgers equation is given by
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If we impose vy = 0, then the coefficients take the form given in Eq. (60). If instead we impose ug = Uy = 0, they
take the form
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with
I O (E13)
vy = —.
Va1 R

Appendix F: Adiabatic KdV-Burgers

All quantities are expressed in dimensional form; to get the dimensionless expressions, simply set vp = h = lof =
kg = e = 1 and remove all factors of €. See appendix [A] for the values of Cy and C; and appendix [Bl for the O
expressions. The KdV-Burgers equation is given by
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If we impose vy = 0, then the coefficients take the form given in Eq. (60). If instead we impose ug = Uy = 0, they
take the form

Po(d + 1)v3lerd

' =9 F8
A nohv% ’ s)
Po(d+1)1l54d —1
B/ _ ref 3d 2 _ 2 O ld F9
nghog.  d w345 — of )O (nifr). )
, ng dyds 2
C = gz Ad—g v (Orlrer) o)
2
Anguolier C1 [ kpTh
F—6. L1 Fl11
1 ehv% C0< Lo ) ( :
, d 0Q 42. 2 2 1
G' = iy g A 0 |G 2n(1 -5 )| 1O(@ulr). (F12)
F
with
Adn?
vo = +2E 1 o (F13)

Vd +(d+1)P0'



32

[1] A. Lucas and K. C. Fong, Hydro-
dynamics of electrons in graphene,
Journal of Physics: Condensed Matter 30, 053001 (2018)),
arXiv:1710.08425 |cond-mat|.

[2] L. D. Landau and E. M. Lifshitz, Fluid mechanics, 1959,
Course of theoretical physics (1959).

[3] L. D. Landau, On the theory of the fermi liquid, Sov.
Phys. JETP 8, 70 (1959).

[4] K. S. Novoselov, A. K. Geim, S. V. Morozov, D. Jiang,
M. I. Katsnelson, 1. V. Grigorieva, S. V. Dubonos,
and A. A. Firsov, Two-dimensional gas of massless
dirac fermions in graphene, Nature 438, 197 (2005),
cond-mat/0509330.

[6] J. Crossno, J. K. Shi, K. Wang, X. Liu, A. Harzheim,
A. Lucas, S. Sachdev, P. Kim, T. Taniguchi, K. Watan-
abe, et al., Observation of the dirac fluid and the
breakdown of the wiedemann-franz law in graphene,
Science 351, 1058 (2016), arXiv:1509.04713 [cond-mat]|.

[6] I. Torre, A. Tomadin, A. K. Geim, and M. Polini,
Nonlocal transport and the hydrodynamic shear viscos-
ity in graphene, Physical Review B 92, 165433 (2015),
arXiv:1508.00363 [cond-mat].

[7] A. Tomadin, G. Vignale, and M. Polini, Corbino
disk  viscometer for 2d quantum electron lig-
uids, Physical review letters 113, 235901 (2014),

arXiv:1401.0938 [cond-mat].

[8] L. Levitov and G. Falkovich, Electron viscos-
ity, current vortices and negative nonlocal resis-
tance in graphene, |Nature Physics 12, 672 (2016),
arXiv:1508.00836 |cond-mat|.

[9] M. Dyakonov and M. Shur, Shallow water analogy
for a ballistic field effect transistor: New mech-
anism of plasma wave generation by dc current,
Physical review letters 71, 2465 (1993).

[10] D. A. Bandurin, I. Torre, R. K. Kumar, M. B. Shalom,
A. Tomadin, A. Principi, G. H. Auton, E. Khestanova,
K. S. Novoselov, 1. V. Grigorieva, et al., Negative local re-
sistance caused by viscous electron backflow in graphene,
Science 351, 1055 (2016), |arXiv:1509.04165 [cond-mat].

[11] R. K. Kumar, D. A. Bandurin, F. M. D. Pellegrino,
Y. Cao, A. Principi, H. Guo, G. H. Auton, M. B.
Shalom, L. A. Ponomarenko, G. Falkovich, et al.,
Superballistic flow of viscous electron fluid through
graphene constrictions, Nature Physics 13, 1182 (2017),
arXiv:1703.06672 |cond-mat|.

[12] A. Lucas and S. Das Sarma, Electronic sound modes
and plasmons in hydrodynamic two-dimensional
metals, Physical Review B 97, 115449 (2018),
arXiv:1801.01495 |cond-mat|.

[13] Z. Sun, D. N. Basov, and M. M. Fogler, Adi-
abatic amplification of plasmons and demons in
2d systems, Physical review letters 117, 076805 (2016),
arXiv:1601.02722 [cond-mat].

[14] M. Akbari-Moghanjoughi, Universal as-
pects  of  localized excitations in  graphene,
Journal of Applied Physics 114, 073302 (2013).

[15] D. Svintsov, V. Vyurkov, V. Ryzhii, and T. Otsuji,
Hydrodynamic electron transport and nonlinear waves
in graphene, Physical Review B 88, 245444 (2013),
arXiv:1310.3963 [cond-mat].

[16] Note that some of our variable definitions differ from

those of Lucas and Fong ﬁ]] to better match usual con-
ventions. The relevant changes (with the variables of Lu-
cas and Fong [I] subscripted with L) are J* = —eJl,
FrY = —Fl e, and 0g = e%00,1..

[17] Note that, as mentioned previously, 6 ~ 9; the factor of
lee is implicit in the definitions of the dissipative coeffi-
cients og, 1, and ¢ [1].

[18] R. N. Gurzhi, Minimum of resistance in impurity-free
conductors, |J Exp Theor Phys 17, 521 (1963).

[19] D. A. Bandurin, A. V. Shytov, L. S. Levitov, R. K. Ku-
mar, A. I. Berdyugin, M. B. Shalom, I. V. Grigorieva,
A. K. Geim, and G. Falkovich, Fluidity onset in graphene,
Nature communications 9, 10.1038/s41467-018-07004-4
(2018), |arXiv:1806.03231 [cond-mat].

[20] T. Stauber, N. M. R. Peres, and F. Guinea, Electronic
transport in graphene: A semiclassical approach includ-
ing midgap states, Physical Review B 76, 205423 (2007),
arXiv:0707.3004 [cond-mat|.

[21] The Stefan-Boltzmann law would give a power loss rate

of P = ae[(T0+T1)4—:/1;*] ~ 40eTPT:, with o =

5.67 x 100 Wm 2K * and € < 1 graphene’s emissivity.
Using e ~ 1% [60], To = 60K, and 71 = 0.1Tp = 6.0K,
we find a power loss density of P, = 2.9 x 1077 kW em ™2,
As we will calculate in section [VILCl graphene has
a specific heat of ¢s = 4.5 x 107°Jem 2K ', There-
fore, the soliton’s temperature will change at a rate of
P./cs = 65Ks '. Hence, it would take approximately
Tics/P- = 93 ms for the system to thermalize with the
environment via radiation.

[22] Z-Y. Ong and E. Pop, Effect of substrate
modes on  thermal transport in  supported
graphene, Physical Review B 84, 075471 (2011),
arXiv:1101.2463 [cond-mat].

[23] L. Chen, Z. Yan, and S. Kumar, Coupled electron-phonon
transport and heat transfer pathways in graphene nanos-
tructures, Carbon 123, 525 (2017).

[24] P. Virtanen, Energy transport via multiphonon processes
in  graphene, |Physical Review B 89, 245409 (2014),
arXiv:1312.3833 [cond-mat|.

[25] A. O. Govorov, V. M. Kovalev, and A. V. Chaplik,
Solitons in semiconductor microstructures with a two-
dimensional electron gas, |JETP Letters 70, 488 (1999).

[26] After choosing h = vp = kg = e = 1, all quantities will
be expressed in various powers of length. If the param-
eters have been chosen correctly, there will exist a char-
acteristic length = shared by all quantities. It is most
convienent to choose l..f = Z, though it is not strictly
necessary—choosing lyer otherwise will multiply all terms
in each equation by the same factor of lyc¢/E.

[27] As discussed in appendix [B3] we could introduce three
additional microscopic equations and eliminate 7, ¢, and
oo/ €2 as independent quantities. However, we will refrain
from doing so.

[28] L.  Fritz, J. Schmalian, M. Miiller, and
S. Sachdev, Quantum critical transport in clean
graphene, Physical Review B 78, 085416 (2008),

arXiv:0802.4289 [cond-mat].

[29] C. C. Mei, M. Stiassnie, and D. K.-P. Yue, Theory and
applications of ocean surface waves: mnonlinear aspects,
Vol. 23 (World scientific, 2005).


https://doi.org/10.1088/1361-648X/aaa274
https://arxiv.org/abs/1710.08425
https://doi.org/10.1038/nature04233
https://arxiv.org/abs/cond-mat/0509330
https://doi.org/10.1126/science.aad0343
https://arxiv.org/abs/1509.04713
https://doi.org/10.1103/PhysRevB.92.165433
https://arxiv.org/abs/1508.00363
https://doi.org/10.1103/PhysRevLett.113.235901
https://arxiv.org/abs/1401.0938
https://doi.org/10.1038/nphys3667
https://arxiv.org/abs/1508.00836
https://doi.org/10.1103/PhysRevLett.71.2465
https://doi.org/10.1126/science.aad0201
https://arxiv.org/abs/1509.04165
https://doi.org/10.1038/nphys4240
https://arxiv.org/abs/1703.06672
https://doi.org/10.1103/PhysRevB.97.115449
https://arxiv.org/abs/1801.01495
https://doi.org/10.1103/PhysRevLett.117.076805
https://arxiv.org/abs/1601.02722
https://doi.org/10.1063/1.4818707
https://doi.org/10.1103/PhysRevB.88.245444
https://arxiv.org/abs/1310.3963
http://www.jetp.ac.ru/cgi-bin/dn/e_017_02_0521.pdf
https://doi.org/10.1038/s41467-018-07004-4
https://arxiv.org/abs/1806.03231
https://doi.org/10.1103/PhysRevB.76.205423
https://arxiv.org/abs/0707.3004
https://doi.org/10.1103/PhysRevB.84.075471
https://arxiv.org/abs/1101.2463
https://doi.org/10.1016/j.carbon.2017.07.095
https://doi.org/10.1103/PhysRevB.89.245409
https://arxiv.org/abs/1312.3833
https://doi.org/10.1134/1.568201
https://doi.org/10.1103/PhysRevB.78.085416
https://arxiv.org/abs/0802.4289

[30] M.  Akbari-Moghanjoughi,  Higher-order = nonlin-
ear electron-acoustic solitary excitations in par-
tially degenerate quantum  electron-ion plas-
mas, Indian Journal of Physics 86, 413 (2012),

arXiv:1109.1847 [astro-phl.

[31] Note that it is possible to generate a stationary soliton
by appropriate choice of Fi instead, though the resulting
coefficients will be different.

[32] A few terms were simplified using Kronecker deltas in
appendices [E] and [El For instance, substituting the di-
mensional expressions into G’ generates an ¢~ ? term mul-
tiplying 0@ and an € P term multiplying  and ¢. How-
ever, these can be neglected: as mentioned at the end
of appendix [Bl o¢ carries an implicit d,4,0 while  and ¢
have implicit d4,0 and 5(1,00(() /O (77)7 respectively. Simi-
larly, the thermodynamic contribution of F’ has a factor

~™"; however, given the presence of the Kronecker

—1

of €
deltas, thls is equivalent to €
[33] Actually7 as written, the coefficients in appen-
dices [E] and [F] have all had a common factor of

eP/2—a/2 O(UQ)/O(U) removed for brevity.

[34] Hence, ¢; is the normalized, order-unity analogue of

Nmax-

[35] D.  Svintsov, V.  Vyurkov, S.  Yurchenko,
T. Otsuji, and V. Ryzhii, Hydrodynamic
model for electron-hole plasma in  graphene,

Journal of Applied Physics 111, 083715 (2012),
arXiv:1201.0592 [cond-mat].

[36] The sign of the 3? term multiplying ud,u in Svintsov
et al. [Eq. (16) [13] should be flipped. Additionally, the
expression for F(v) in Eq. (26) should read

2 2
F(V):%_%_lf?u
Fl14
g e vge-a Y
(1+v)21—p2 (1+wv)2

In the KdV equation, Eq. (27), the coefficient of the vo.v
term should be
(1-9) (25 - Je+ 455 (F15)

Also, the solution to the KAV equation, Eq. (28), should
be

2 sz on
1) = Snmax cosh 2 id 0 max F16
n(z) n cos 2 \/d1d2 288 — ’U% no ’ ( )
with Eq. (29) changed to
2
no Uo 50
0 max = 3— 5 F17
" 2 s2 (F17)

with corrections highlighted in bold.

For the ug # 0 case, Eq.(34) should be adjusted by flip-
ping the sign of the v term multiplying the uo0,du term.
Furthermore, the dispersion relation, Eq.(36), should
read

uo(2—260 4%, | s3 (1) +ud {(2*2§0+w)27(1+w)(371—30&0+w)]
sy= T~

(F18)

33

[37] Note that Svintsov et al. [15] include factors of ~ in the
definitions of € and n; here, they have been factored out
to match our definitions.

[38] Note that Akbari-Moghanjoughi [14] uses a different ter-
minology. There, the term “Dirac fluid” refers to massless
fermions (as in graphene) while “Fermi liquid” refers to
massive fermions. Both of these are dealt with in the
completely degenerate T = 0 limit. By contrast, we
follow the terminology of Lucas and Fong Ij] to ana-
lyze both a “Fermi liquid” (kT < p) and “Dirac fluid”
(# < kpT) regime for massless fermions. Therefore, the
“Dirac” results in Akbari-Moghanjoughi ] correspond
to our 7' = 0 Fermi regime, while the “Fermi” results
correspond to massive fermions not discussed here. In-
terestingly, bilayer graphene can induce such an effective
mass for the quasiparticle excitations Iﬁ_1|]

[39] Here we used the fact that sgn(A’C") = sgn(vg) for ug =
0.

[40] Note that this expression has a removable singularity at
uo = 0; however, the double-sided limit exists and is 0.

[41] A number of other minor differences exist between our
work and that of Akbari-Moghanjoughi ]: there,
velocities were normalized by ¢, giving ve = ¢/ Vd.
However, we found it more useful to normalize by
vp—yielding v, = vp/\/_ This difference arose be-
cause Akbari-Moghanjoughi -] chose to define u" =

(c,u)//1— u/c following Zhu and Ji [6d], while we
defined v* = (vp,u)/y/1 — (u/vr)?. Again, the choice

of vr, as opposed to ¢, is preferred since it preserves the
form of the dispersion relation. Replacing the original
choice of u* (involving ¢) with our choice (involving vr)
in [Akbari-Moghanjoughi’s derivation yields v. = vp/\/_
i.e., our minimum propagation speed.

Finally, our expressions for the pressure differ slightly: it
appears Akbari-Moghanjoughi [@] considered only g = 2
spin degeneracy in Eq. (4), rather than graphene’s g = 4
spin/valley degeneracy. This only affects the normaliza-
tion constant (Asp or Asp in, for example, Eq. (11)),
and the subsequent conclusions are unaffected.

[42] This can be seen by noting that the expression is positive
for uo = 0 and only crosses zero at +1, ++/1+ Ad, or
+v1 4+ Md/V1+ X, with A := And/Po(d + 1). These are
each greater than (or equal to) unity for d > 1; therefore,
the entire expression is non-negative for |ug| < 1.

[43] The pono term is non-negative because sgn o = sgn no;
¢f., Fa. (DkacC2).

[44] Note that we have added an additional factor to the og
term in order to account for the electrostatic interactions.

[45] A.  P. Dmitriev, V. Y. Kachorovskii, and
M. S. Shur, Plasma wave instability in gated
collisionless two-dimensional electron gas,

Applied Physics Letters 79, 922 (2001).

[46] V. N. Popov, Low-temperature specific heat of nanotube
systems, Physical Review B 66, 153408 (2002).

[47] H. Bong, S. B. Jo, B. Kang, S. K. Lee, H. H. Kim,
S. G. Lee, and K. Cho, Graphene growth under knud-
sen molecular flow on a confined catalytic metal coil,
Nanoscale 7, 1314 (2015).

[48] M. J. Ablowitz, D. J. Kaup, A. C. Newell,
and H. Segur, The inverse scattering transform-
fourier analysis for nonlinear problems,

Studies in Applied Mathematics 53, 249 (1974).
[49] C. S. Gardner, J. M. Greene, M. D. Kruskal, and R. M.


https://doi.org/10.1007/s12648-012-0071-9
https://arxiv.org/abs/1109.1847
https://doi.org/10.1063/1.4705382
https://arxiv.org/abs/1201.0592
https://doi.org/10.1063/1.1391395
https://doi.org/10.1103/PhysRevB.66.153408
https://doi.org/10.1039/C4NR04153D
https://doi.org/10.1002/sapm1974534249

Miura, Method for solving the korteweg-devries equation,
Physical review letters 19, 1095 (1967).

[50] E. I. Kiselev and J. Schmalian, Boundary conditions
of viscous electron flow, Phys. Rev. B 99, 035430 (2019),
arXiv:1806.03933 [cond-mat].

[61] R. C. V. Coelho, M. Mendoza, M. M. Doria,
and H. J. Herrmann, Kelvin-helmholtz insta-
bility of the dirac fluid of charge carriers on
graphene, Physical Review B 96, 184307 (2017),

arXiv:1706.00801 [cond-mat].

[62] M. a division of Waterloo Maple Inc., Maple 2018 (2018),
waterloo, Ontario.

[63] D. Wood, |[The Computation of Polylogarithms, Tech.
Rep. 15-92* (University of Kent, Computing Laboratory,
University of Kent, Canterbury, UK, 1992).

[64] A. Lucas, J. Crossno, K. C. Fong, P. Kim, and
S. Sachdev, Transport in inhomogeneous quan-
tum critical fluids and in the dirac fluid in
graphene, Physical Review B 93, 075426 (2016),

arXiv:1510.01738 |cond-mat|.

[65] Note that one combination of parameters is not allowed
in this derivation: m < —1 and ¢ = 0. Owing to the
thermodynamic relations, m < —1 implies that 77 will
depend on density and pressure of the form n; |, and
P14 |m|- We are able manipulate the results for m = —1
(cf., appendix[C4)) to handle these ns and P> terms. How-
ever, for m < —1, these terms cannot be eliminated. If
q > 0, then p; and 77 do not appear in our first-order
corrections, so this is acceptable; if ¢ = 0, we would have

34

these nq4 |, and Pii), terms which cannot be elimi-
nated.

[66] Furthermore, m < —1 precludes the choice of ¢ = 0; see
[C 5

[67] Note that the expression for og in the Fermi regime lacks
numerical factors; see Miiller et al. @] for the exact ex-
pression for the (screened) Fermi case.

[68] Equivalently, Lucas et al. [54] prove P(u,T) only involves
even powers by recognizing that the equation of state is
charge conjugation invariant.

[69] Note that it is possible to generate a stationary soliton
by appropriate choice of Fi or F3 instead, though the
resulting coefficients will be different.

[60] M. Freitag, H.-Y. Chiu, M. Steiner, V. Perebeinos,
and P. Avouris, Thermal infrared emission from
biased graphene, Nature nanotechnology 5, 497 (2010),
arXiv:1004.0369 [cond-mat].

[61] E. McCann and V. I. Fal’ko, Landau-level degen-
eracy and quantum hall effect in a graphite bi-
layer, Physical Review Letters 96, 086805 (2006),
cond-mat,/0510237,

[62] J.  Zhu and P. Ji, Relativistic = quantum
corrections to laser wakefield acceleration,
Physical Review E 81, 036406 (2010).

[63] M. Miiller, L. Fritz, and S. Sachdev, Quantum-
critical relativistic magnetotransport in
graphene, Physical Review B 78, 115406 (2008),

arXiv:0805.1413 [cond-mat|.


https://doi.org/10.1103/PhysRevLett.19.1095
https://doi.org/10.1103/PhysRevB.99.035430
https://arxiv.org/abs/1806.03933
https://doi.org/10.1103/PhysRevB.96.184307
https://arxiv.org/abs/1706.00801
https://www.cs.kent.ac.uk/pubs/1992/110
https://doi.org/10.1103/PhysRevB.93.075426
https://arxiv.org/abs/1510.01738
https://doi.org/10.1038/nnano.2010.90
https://arxiv.org/abs/1004.0369
https://doi.org/10.1103/PhysRevLett.96.086805
https://arxiv.org/abs/cond-mat/0510237
https://doi.org/10.1103/PhysRevE.81.036406
https://doi.org/10.1103/PhysRevB.78.115406
https://arxiv.org/abs/0805.1413

