
This is the accepted manuscript made available via CHORUS. The article has been
published as:

Interfacial spin Seebeck effect in noncollinear magnetic
systems

Benedetta Flebus, Yaroslav Tserkovnyak, and Gregory A. Fiete
Phys. Rev. B 99, 224410 — Published  7 June 2019

DOI: 10.1103/PhysRevB.99.224410

http://dx.doi.org/10.1103/PhysRevB.99.224410


Interfacial spin Seebeck effect in noncollinear magnetic systems

Benedetta Flebus,1 Yaroslav Tserkovnyak,1 and Gregory A. Fiete2, 3

1Department of Physics and Astronomy, University of California, Los Angeles, California 90095, USA
2Department of Physics, The University of Texas at Austin, Austin, TX 78712, USA

3Department of Physics, Massachusetts Institute of Technology, Cambridge, Massachusetts 02139, USA

While the spin Seebeck effect (SSE) has proven to be an invaluable tool for probing spin cor-
relations in collinear magnetic insulators, a theory generalizing the heat-to-spin interconversion in
noncollinear magnets is still lacking. Nonetheless, a variety of quantum magnets that are attracting
an increasing attention to, e.g., their topological properties, display a noncollinear spin order. Here,
we establish a general framework for thermally-driven spin transport at the interface between a
noncollinear magnet and a normal metal. Modeling the interfacial coupling between localized and
itinerant magnetic moments via an exchange Hamiltonian, we derive an expression for the spin cur-
rent, driven by a temperature difference, for an arbitrary noncollinear magnetic order. Our theory
reproduces previously obtained results for ferromagnetic and antiferromagnet systems.

I. INTRODUCTION

Historically, thermoelectric phenomena have been an
invaluable tool for probing correlations in electronic ma-
terials. The interplay between thermal and electric prop-
erties has been invoked, for instance, in elucidating the
non-Fermi properties of metals through the violation of
the Wiedemann-Franz law [1], the non-Abelian nature of
fractional quantum Hall states [2], and the chiral Majo-
rana edge modes in gapped chiral spin liquids [3].

More recently, spin-caloritronic probes, which rely on
the coupling between the electron’s spin and heat fluxes,
have garnered much attention due to their potential for
probing magnetic properties of insulating quantum ma-
terials [4, 5]. In particular, since its observation in a
magnetic insulating system [6], the SSE, i.e., the genera-
tion of a pure spin current in response to a temperature
gradient, has been subject to intense scrutiny [7]. Since
pure spin currents pumped out of a magnetic insulator
can be converted, via the inverse Spin Hall effect [8–11],
into a transverse charge current in an adjacent normal
metal, the SSE has opened up new prospects for convert-
ing otherwise-wasted heat into charge currents. Thus, in
addition to its promise for probing magnetic quantum
materials, the discovery of the SSE has stimulated the
pursuit of new material platforms and functionalities for
designing efficient thermoelectric devices.

Heretofore, the SSE has been extensively investigated
only for a limited number of insulating systems with
collinear magnetic order [12–22], with a particular fo-
cus on the ferrimagnetic yttrium iron garnet (YIG). For
this ferrimagnet, the SSE has proved to serve as a sensi-
tive probe of magnetization dynamics, allowing one to
measure its magnon diffusion [23] and thermalization
lengths [24], as well as the strength of magnetoelastic
interactions [25].

Magnetic insulators, however, display a large va-
riety of magnetic orders. Spin-orbit coupling, such
as the Dzyaloshinskii-Moriya interaction, favors local-
ized magnetic textures with nontrivial topology such
as skyrmions [26]. Strong competing exchange interac-

tions between neighboring magnetic ions represent an-
other source of noncollinearity [27]. Moreover, a sub-
tle interplay between these forces and the electronic in-
teractions is responsible for the metal to noncollinear
magnetic-insulator transition in pyrochlore iridates [28–
32]. Contrary to collinear systems, a non-collinear spin
texture might engender a field-tunable SSE, as it typi-
cally displays a continuous response to a magnetic field
through changes in the spin order canting. Moreover, as
non-collinear orders often result from spin-orbit coupling
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FIG. 1. Noncollinear magnetic insulator|normal metal (M|N)
heterostructure. We consider an arbitrary magnetic order-
ing, e.g., from the top to the bottom left, a spin spiral,
the all-in/all-out ordering of R2Ir2O7 pyrochlore iridates or
a skyrmion lattice. The interfacial exchange interaction be-
tween the spin Sµm, located at the site µ of the mth magnetic
supercell, and the electronic spin density ρ is parametrized
by the exchange parameter Jµ. The coupling engenders in-
elastic electron-magnon scattering. Namely, a spin-s electron

impinging on the interface with wavevector ~k is reflected as a

spin-s′ electron with wavevector ~k′, generating a magnon with
wavevector ~q on the magnetic side. The difference between
the insulator, T , and metal, T ′, temperatures leads to an im-
balance between these events and the reciprocal processes,
giving rise to a net interfacial spin-current density I ∝ J2

µ.
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(SOC), the dependence of the SSE on the orientation of
the external field is expected to be more complex than for
collinear systems. To properly account for these effects,
a microscopic theory for the heat-to-spin interconversion
in a noncollinear magnet—normal metal heterostructure
is necessary.

In this work, we investigate the spin current result-
ing from the interfacial exchange interaction between the
normal-metal spin density and the spins of a system
with arbitrary magnetic ordering, as illustrated in Fig. 1.
Specifically, we focus on the thermally-activated spin cur-
rent, i.e., the spin current due to the interfacial SSE,
which originates from inelastic magnon-electron scatter-
ing at the interface. Starting with equilibrium states of
the magnetic and conducting systems in the absence of
the interfacial coupling and using the Kubo formula up
to the second order in the interfacial exchange parame-
ter, we derive a general expression for the spin current,
valid for any magnetic arrangement. Finally, we check
our formula against two well-known collinear magnetic
systems, a ferromagnetic and a bipartite antiferromag-
netic insulating films and recover established results.

II. MODEL

In this section we consider a noncollinear magnetic
insulator|normal metal heterostructure. We present our
model for the magnetic insulator and the normal metal,
and we introduce the exchange Hamiltonian describing
the interfacial coupling among them.

A. Magnetic system

The magnetic system is modeled using a supercell ap-
proach, i.e., it consists of a supercell, containing N mag-
netic sites, that repeats periodically in the xz plane, as
depicted in Fig. 1. The initial input of our model is
the classical spin arrangement of the magnetic supercell,
which can be found analytically or numerically depending
on the complexity of the magnetic Hamiltonian. The po-
sition of each magnetic site can be written as ~ri = ~rm+~rµ,
where ~rm is a 2d Bravais lattice vector labelling the mth
supercell and ~rµ is the position of the µth magnetic site
within the supercell, respectively. For each site µ of the
mth supercell, we can orient a spin-space Cartesian co-
ordinate system such that the z axis locally lies along
the classical orientation of the onsite spin operator S′µm.
The latter can be related to the spin operator Sµm in the
global frame of reference via the transformation

Sµm = Rz(φµ)Ry(θµ)S′µm , (1)

where the matrix Rz(y)(ζ) describes a right-handed ro-
tation by an angle ζ about the z (y) axis, and θµ (φµ) is
the polar (azimuthal) angle of the classical orientation of
the spin Sµm.

At temperature T � Tc, with Tc being the magnetic
ordering temperature, we can access the magnon spec-
trum by linearizing the Holstein-Primakoff transforma-
tion in the local frame of reference [33]:

S′+µm =S′xµm + iS′yµm =
√

2Sb†µm,

S′zµm =S − b†µmbµm . (2)

Here, S is the classical spin (in units of ~) and b†µm
(bµm) the magnon creation (annihilation) operator at
the site ~rm, obeying the boson commutation relation

[bµm, b
†
νm′ ] = δµνδmm′ . Next, we truncate the magnetic

Hamiltonian beyond the quadratic terms in the Holstein-
Primakoff bosons and perform a Fourier transform in the
xz plane, i.e.,

bµm =
1

Ns

∑
~k

ei
~k·~rmb~kµ , (3)

with ~k being a 2d wavevector and Ns the number of mag-
netic supercells. Generally, the resulting Hamiltonian is
not block-diagonal and a Bogoliubov transformation is
required to access the spin-wave spectrum ω~kµ. The lat-

ter can be defined as [34],

b~kµ =
∑
ν

[
Mµν(~k)c~kν +Nµν(~k)c†−~kν

]
, (4)

where the magnetic excitations obey the Bose-Einstein

statistics, i.e., 〈ĉ†~kµĉ~k′ν〉 = nB(βω~kµ)δ~k~k′δµν , with

nB(x) = (ex − 1)−1, and M~k and N~k are both N × N
matrices. The matrices M~k and N~k are inputs to our
theory and depend on the specific form of the magnetic
Hamiltonian.

B. Electronic system

We treat the conducting side as a spin-degenerate nor-
mal metal of thickness d. Its spin density (in units of ~)
can be written as

ρ(~ri) =
1

2

∑
σσ′

ψ†σ(~ri)σσσ′ψσ′(~ri) , (5)

where σ is a vector of Pauli matrices. For an electron
state with spin σ~/2 along the z-direction (with σ =
±), we expand the corresponding itinerant-electron field
operator

ψσ(~ri) =
∑
~k`

ψ~k`(~ri)a~k`σ , (6)

in terms of electron annihilation operators a~k`σ on the

basis of Bloch wavefunctions ψ~k`(~ri) = ei
~k·~riu~k`. Here,

the quantum number ` identifies the electron state in
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the spin-transport direction (e.g., a quantum-well state).
The electronic Hamiltonian is given by

He =
∑
~k`σ

ε~k`a
†
~k`σ

a~k`σ , (7)

with 〈a†~k′`′σ′a~k`σ〉 = nF
(
β′ε~k`

)
δσσ′δ~k~k′δ``′ , where

nF (x) = (ex + 1)−1 is the Fermi distribution function,
ε~k` the single-electron energy (measured with respect to

the chemical potential) and T ′ = β′−1 the common tem-
perature of the electron bath.

C. Interfacial Hamiltonian

The interfacial exchange interaction between the elec-
tronic spin density and the spins of the magnetic system
is given by

Hint = −
∑
mµ

Jµ ρ(~rm + ~rµ) · Sµm , (8)

where Jµ is the exchange-interaction strength at the mag-
netic site µ, due to the overlap between itinerant and
localized orbitals.

Our goal is to determine the spin current driven by
a temperature difference between the magnetic and the
metallic side. As we will show, the latter arises from
thermally-activated electron-magnon scattering at the
interface. Thus, while rewriting Eq. (8) in terms of
second-quantized operators, we discard terms involving
the z-component of the spin-density operator (in the lo-
cal frame), i.e., S′zµm = S − b†µmbµm. The first term,

i.e., ∝ Sa†~k`σa~k′`′σ, describes elastic scattering of elec-

trons off the static spin density of the magnetic system
and does not depend on the applied thermal bias [21].
Within mean field and far from the magnetic order-
ing temperature, i.e., Nµ/S � 1, with Nµ being the
number of magnons at the site µ, the second term re-
duces to a correction to the leading elastic-scattering

processes, i.e., ∝ Nµa
†
~k`σ

a~k′`′σ. Beyond mean field, the

term ∝ a†~k`σa~k′`′σb
†
µmbµm leads to higher order correc-

tions that we neglect here. Thus, Eq. (8) can be rewritten
as

Hint =

3∑
n=1

∑
σσ′

∑
~k~k′~q
~Gν``′

δ~q+~k−~k′, ~G

×
[
V

(n)
ν``′(

~k,~k′, ~q)c†~qνa
†
~k`σ

L
(n)
σσ′a~k′`′σ′ + H.c.

]
, (9)

where ~G is a reciprocal lattice vector [35], L =
{σ+, σ−, σz}/2, and

V
(n)
ν``′(

~k,~k′, ~q) = −
√

2S
∑
µ

Jµu
∗
~k`

(~rµ)u~k′`′(~rµ)ei(
~k′−~k)·~rµ

×
[
fnµM

†
µν(~q) + gnµNµν(−~q)

]
, (10)

with f1µ = g∗2µ = sin2(θµ/2)e−iφµ , g1µ = f∗2µ =

cos2(θµ/2)e−iφµ and f3µ = g3µ = − sin θµ/2.

III. RESULTS.

In this section we discuss our analytical result for the
interfacial spin current, and we check it against two well-
known collinear magnetic systems.

A. Interfacial spin current

The conservation of spin density on the conducting side
allows us to define the interfacial spin-current density
operator (per unit of area) into the normal metal as

i = d~ρ̇ = −id [ρ,Hint] . (11)

Using the Kubo formula to second order in the exchange
parameter Jµ [36], we find the α-polarized spin-current
density as

Iα =
1

(2π)2A

∑
~k~k′~q
~Gν``′

Re

[
ηV

(β)
ν``′(

~k,~k′, ~q)V ∗(γ)ν``′ (~k,~k′, ~q)

− εV (δ)
ν``′(

~k,~k′, ~q)V ∗(ζ)ν``′ (~k,~k′, ~q)

]
Bν``′(~k,~k

′, ~q)δ~q+~k−~k′, ~G ,

(12)

with A being the interfacial area and

Bν``′(~k,~k
′, ~q) =

∫
dω1 dε1 dε2 δ(ε1 − ε2 + ω1)Aν(~q, ω1)

A`(~k, ε1)A`′(~k′, ε2)

{
nB(βω1)nF (β′ε1) [1− nF (β′ε2)]

− [1 + nB(βω1)] [1− nF (β′ε1)]nF (β′ε2)

}
. (13)

Here, Aν(~q, ω) and A`(~k, ε) are, respectively, the magnon
and electron spectral functions. For α = z, we have
β, γ = 1, δ, ζ = 2 and η, ε = 1. For α = x (y), we have
γ = 1, β, δ = 3, ζ = 2 and η, ε = 4 (η,−ε = 4i).

The first term on the right-hand side of Eq. (13) de-
scribes an electron scattering inelastically off the inter-
face and creating a magnon in the insulator, while the
second term accounts for the reciprocal process. The dif-
ference between the insulator, T , and metal, T ′, temper-
atures breaks the balance between these two processes,
driving a net spin-current density across the interface.
Equation (12) shows that, as a consequence of the trans-
lational invariance in the xz plane, the inelastic electron-
magnon scattering at the interface conserves the linear
2d momentum, modulo the reciprocal lattice basis (i.e.,
umklapp processes). On the other side, as the non-
collinearity of the magnetic system breaks spin-rotational
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invariance, no spin component is conserved at the inter-
face. Thus, inelastic scattering events without electronic
spin-flip contribute as well to the total spin current.

Given any spin arrangement, Eq. (12) allows one to cal-
culate the interfacial spin current, driven by an arbitrary
temperature difference, as function of material-specific
microscopic parameters. By neglecting vertex correc-
tions, disorder in the normal metal can be accounted for
via the electronic spectral function. For the magnetic
side, instead, the effects of disorder can be included by
increasing the size of the magnetic supercell such that it
greatly exceeds the primitive one.

B. Collinear magnetic systems

In order to test our results, we consider two collinear
magnetic systems, i.e., a ferromagnetic and a bipar-
tite antiferromagnetic thin films. For simplicity, we
treat both the electronic and magnetic systems as clean
and non-interacting, i.e., A(~q, ω1) = 2πδ(ω1 − ω~q) and

A(~k, ε) = 2πδ(ε − ε~k), and we neglect umklapp scatter-
ing. Moreover, we assume that the common electronic
temperature T ′ and the single electron energy ε~k are both
much smaller than the Fermi energy εF . Thus, we can
treat the electron density of states as a constant, i.e., D.
First, we consider a ferromagnetic system with collinear
ground state defined by S ‖ −z [37], i.e., its magnon
modes carry spin ~ along the z direction. We assume
that the corresponding Hamiltonian can be diagonalized
in terms of a standard Bogoliubov transformation [38],
i.e., [

b~k
b†−~k

]
=

[
u~k v∗~k
v~k u~k

][
c~k
c†−~k

]
, (14)

with |u~k|2 − |v~k|2 = 1. Generally, magnons flow in the
direction opposite to a thermal bias, i.e., from the hot
to the cold region [39]. Thus, if the magnetic-insulator
temperature is higher than the normal-metal one, i.e.,
T > T ′, we expect the z-polarized spin-current density
to flow into the conducting side, i.e., Iz > 0. This is
correctly predicted by Eq. (12), which reduces to

Iz =
4πS(DJ)2

A

∑
~q

V~q ω~q [nB(βω~q)− nB(β′ω~q)] , (15)

with

V~q = (1/AD)2
∑
~k~k′

δ(εF − ε~k)δ(εF + ω~q − ε~k′)δ~k+~q,~k′ .

(16)

Secondly, we consider a bipartite antiferromagnet with
collinear ground state given by S1(2) ‖ ±z, with 1(2) la-
belling the sublattice site. The corresponding Hamilto-
nian can be recasted in diagonal form by defining [20][

b1~k
b†
2−~k

]
=

[
u~k −v~k
−v~k u~k

] [
c1~k
c†
2−~k

]
, (17)
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⇢
<latexit sha1_base64="ZmkkcG3JLF757fv8j04p8weeyWQ=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBIvgqiQi6LLgQpcV7AOaUCaTSTt0MhNmJkqJ/RQ3LhRx65e482+ctFlo64FhDufcy5w5Ycqo0q77bVXW1jc2t6rbtZ3dvf0Du37YVSKTmHSwYEL2Q6QIo5x0NNWM9FNJUBIy0gsn14XfeyBSUcHv9TQlQYJGnMYUI22koV33Q8EiNU3MlftyLGZDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96ht9dNFo3ZR1VOIYTOAMPLqEFt9CGDmB4hGd4hTfryXqx3q2PxWjFKneO4A+szx8W2pSK</latexit><latexit sha1_base64="ZmkkcG3JLF757fv8j04p8weeyWQ=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBIvgqiQi6LLgQpcV7AOaUCaTSTt0MhNmJkqJ/RQ3LhRx65e482+ctFlo64FhDufcy5w5Ycqo0q77bVXW1jc2t6rbtZ3dvf0Du37YVSKTmHSwYEL2Q6QIo5x0NNWM9FNJUBIy0gsn14XfeyBSUcHv9TQlQYJGnMYUI22koV33Q8EiNU3MlftyLGZDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96ht9dNFo3ZR1VOIYTOAMPLqEFt9CGDmB4hGd4hTfryXqx3q2PxWjFKneO4A+szx8W2pSK</latexit><latexit sha1_base64="ZmkkcG3JLF757fv8j04p8weeyWQ=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBIvgqiQi6LLgQpcV7AOaUCaTSTt0MhNmJkqJ/RQ3LhRx65e482+ctFlo64FhDufcy5w5Ycqo0q77bVXW1jc2t6rbtZ3dvf0Du37YVSKTmHSwYEL2Q6QIo5x0NNWM9FNJUBIy0gsn14XfeyBSUcHv9TQlQYJGnMYUI22koV33Q8EiNU3MlftyLGZDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96ht9dNFo3ZR1VOIYTOAMPLqEFt9CGDmB4hGd4hTfryXqx3q2PxWjFKneO4A+szx8W2pSK</latexit><latexit sha1_base64="ZmkkcG3JLF757fv8j04p8weeyWQ=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBIvgqiQi6LLgQpcV7AOaUCaTSTt0MhNmJkqJ/RQ3LhRx65e482+ctFlo64FhDufcy5w5Ycqo0q77bVXW1jc2t6rbtZ3dvf0Du37YVSKTmHSwYEL2Q6QIo5x0NNWM9FNJUBIy0gsn14XfeyBSUcHv9TQlQYJGnMYUI22koV33Q8EiNU3MlftyLGZDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96ht9dNFo3ZR1VOIYTOAMPLqEFt9CGDmB4hGd4hTfryXqx3q2PxWjFKneO4A+szx8W2pSK</latexit>

S1
<latexit sha1_base64="ffJa+n+Gqta3sTkwS2RfnKSWGuA=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuCC11WtA9ox5JJM21oJhmSjFKG+Q83LhRx67+482/MtLPQ1gOBwzn3ck9OEHOmjet+O6WV1bX1jfJmZWt7Z3evun/Q1jJRhLaI5FJ1A6wpZ4K2DDOcdmNFcRRw2gkmV7nfeaRKMynuzTSmfoRHgoWMYGOlh36EzTgI07tskHrZoFpz6+4MaJl4BalBgeag+tUfSpJEVBjCsdY9z42Nn2JlGOE0q/QTTWNMJnhEe5YKHFHtp7PUGTqxyhCFUtknDJqpvzdSHGk9jQI7mafUi14u/uf1EhNe+ikTcWKoIPNDYcKRkSivAA2ZosTwqSWYKGazIjLGChNji6rYErzFLy+T9lnds/z2vNa4LuoowxEcwyl4cAENuIEmtICAgmd4hTfnyXlx3p2P+WjJKXYO4Q+czx+/XJKs</latexit><latexit sha1_base64="ffJa+n+Gqta3sTkwS2RfnKSWGuA=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuCC11WtA9ox5JJM21oJhmSjFKG+Q83LhRx67+482/MtLPQ1gOBwzn3ck9OEHOmjet+O6WV1bX1jfJmZWt7Z3evun/Q1jJRhLaI5FJ1A6wpZ4K2DDOcdmNFcRRw2gkmV7nfeaRKMynuzTSmfoRHgoWMYGOlh36EzTgI07tskHrZoFpz6+4MaJl4BalBgeag+tUfSpJEVBjCsdY9z42Nn2JlGOE0q/QTTWNMJnhEe5YKHFHtp7PUGTqxyhCFUtknDJqpvzdSHGk9jQI7mafUi14u/uf1EhNe+ikTcWKoIPNDYcKRkSivAA2ZosTwqSWYKGazIjLGChNji6rYErzFLy+T9lnds/z2vNa4LuoowxEcwyl4cAENuIEmtICAgmd4hTfnyXlx3p2P+WjJKXYO4Q+czx+/XJKs</latexit><latexit sha1_base64="ffJa+n+Gqta3sTkwS2RfnKSWGuA=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuCC11WtA9ox5JJM21oJhmSjFKG+Q83LhRx67+482/MtLPQ1gOBwzn3ck9OEHOmjet+O6WV1bX1jfJmZWt7Z3evun/Q1jJRhLaI5FJ1A6wpZ4K2DDOcdmNFcRRw2gkmV7nfeaRKMynuzTSmfoRHgoWMYGOlh36EzTgI07tskHrZoFpz6+4MaJl4BalBgeag+tUfSpJEVBjCsdY9z42Nn2JlGOE0q/QTTWNMJnhEe5YKHFHtp7PUGTqxyhCFUtknDJqpvzdSHGk9jQI7mafUi14u/uf1EhNe+ikTcWKoIPNDYcKRkSivAA2ZosTwqSWYKGazIjLGChNji6rYErzFLy+T9lnds/z2vNa4LuoowxEcwyl4cAENuIEmtICAgmd4hTfnyXlx3p2P+WjJKXYO4Q+czx+/XJKs</latexit><latexit sha1_base64="ffJa+n+Gqta3sTkwS2RfnKSWGuA=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuCC11WtA9ox5JJM21oJhmSjFKG+Q83LhRx67+482/MtLPQ1gOBwzn3ck9OEHOmjet+O6WV1bX1jfJmZWt7Z3evun/Q1jJRhLaI5FJ1A6wpZ4K2DDOcdmNFcRRw2gkmV7nfeaRKMynuzTSmfoRHgoWMYGOlh36EzTgI07tskHrZoFpz6+4MaJl4BalBgeag+tUfSpJEVBjCsdY9z42Nn2JlGOE0q/QTTWNMJnhEe5YKHFHtp7PUGTqxyhCFUtknDJqpvzdSHGk9jQI7mafUi14u/uf1EhNe+ikTcWKoIPNDYcKRkSivAA2ZosTwqSWYKGazIjLGChNji6rYErzFLy+T9lnds/z2vNa4LuoowxEcwyl4cAENuIEmtICAgmd4hTfnyXlx3p2P+WjJKXYO4Q+czx+/XJKs</latexit>

~k
<latexit sha1_base64="zDIwckIUN74wTow/oQt3AA07lyw=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8KDHCvYD2lA220m7ZLMJu5tCCf0RXjwo4tXf481/47bNQVtfWHh4Z4adeYNUcG1c99spbWxube+Udyt7+weHR9Xjk7ZOMsWwxRKRqG5ANQousWW4EdhNFdI4ENgJort5vTNBpXkin8w0RT+mI8lDzqixVqc/QZZHs0G15tbdhcg6eAXUoFBzUP3qDxOWxSgNE1Trnuemxs+pMpwJnFX6mcaUsoiOsGdR0hi1ny/WnZEL6wxJmCj7pCEL9/dETmOtp3FgO2Nqxnq1Njf/q/UyE976OZdpZlCy5UdhJohJyPx2MuQKmRFTC5QpbnclbEwVZcYmVLEheKsnr0P7qu5ZfryuNe6LOMpwBudwCR7cQAMeoAktYBDBM7zCm5M6L86787FsLTnFzCn8kfP5A5+lj8I=</latexit><latexit sha1_base64="zDIwckIUN74wTow/oQt3AA07lyw=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8KDHCvYD2lA220m7ZLMJu5tCCf0RXjwo4tXf481/47bNQVtfWHh4Z4adeYNUcG1c99spbWxube+Udyt7+weHR9Xjk7ZOMsWwxRKRqG5ANQousWW4EdhNFdI4ENgJort5vTNBpXkin8w0RT+mI8lDzqixVqc/QZZHs0G15tbdhcg6eAXUoFBzUP3qDxOWxSgNE1Trnuemxs+pMpwJnFX6mcaUsoiOsGdR0hi1ny/WnZEL6wxJmCj7pCEL9/dETmOtp3FgO2Nqxnq1Njf/q/UyE976OZdpZlCy5UdhJohJyPx2MuQKmRFTC5QpbnclbEwVZcYmVLEheKsnr0P7qu5ZfryuNe6LOMpwBudwCR7cQAMeoAktYBDBM7zCm5M6L86787FsLTnFzCn8kfP5A5+lj8I=</latexit><latexit sha1_base64="zDIwckIUN74wTow/oQt3AA07lyw=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8KDHCvYD2lA220m7ZLMJu5tCCf0RXjwo4tXf481/47bNQVtfWHh4Z4adeYNUcG1c99spbWxube+Udyt7+weHR9Xjk7ZOMsWwxRKRqG5ANQousWW4EdhNFdI4ENgJort5vTNBpXkin8w0RT+mI8lDzqixVqc/QZZHs0G15tbdhcg6eAXUoFBzUP3qDxOWxSgNE1Trnuemxs+pMpwJnFX6mcaUsoiOsGdR0hi1ny/WnZEL6wxJmCj7pCEL9/dETmOtp3FgO2Nqxnq1Njf/q/UyE976OZdpZlCy5UdhJohJyPx2MuQKmRFTC5QpbnclbEwVZcYmVLEheKsnr0P7qu5ZfryuNe6LOMpwBudwCR7cQAMeoAktYBDBM7zCm5M6L86787FsLTnFzCn8kfP5A5+lj8I=</latexit><latexit sha1_base64="zDIwckIUN74wTow/oQt3AA07lyw=">AAAB7nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8KDHCvYD2lA220m7ZLMJu5tCCf0RXjwo4tXf481/47bNQVtfWHh4Z4adeYNUcG1c99spbWxube+Udyt7+weHR9Xjk7ZOMsWwxRKRqG5ANQousWW4EdhNFdI4ENgJort5vTNBpXkin8w0RT+mI8lDzqixVqc/QZZHs0G15tbdhcg6eAXUoFBzUP3qDxOWxSgNE1Trnuemxs+pMpwJnFX6mcaUsoiOsGdR0hi1ny/WnZEL6wxJmCj7pCEL9/dETmOtp3FgO2Nqxnq1Njf/q/UyE976OZdpZlCy5UdhJohJyPx2MuQKmRFTC5QpbnclbEwVZcYmVLEheKsnr0P7qu5ZfryuNe6LOMpwBudwCR7cQAMeoAktYBDBM7zCm5M6L86787FsLTnFzCn8kfP5A5+lj8I=</latexit>

~k0
<latexit sha1_base64="xMzQG9lVQNr4aYAujNqmGkHYZug=">AAAB73icbZBNS8NAEIYn9avWr6pHL4tF9FQSEfRY8KDHCvYD2lA220m7dLOJu5tCCf0TXjwo4tW/481/47bNQVtfWHh4Z4adeYNEcG1c99sprK1vbG4Vt0s7u3v7B+XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRrezemuMSvNYPppJgn5EB5KHnFFjrXZ3jCwbTc975Ypbdeciq+DlUIFc9V75q9uPWRqhNExQrTuemxg/o8pwJnBa6qYaE8pGdIAdi5JGqP1svu+UnFmnT8JY2ScNmbu/JzIaaT2JAtsZUTPUy7WZ+V+tk5rwxs+4TFKDki0+ClNBTExmx5M+V8iMmFigTHG7K2FDqigzNqKSDcFbPnkVmpdVz/LDVaV2l8dRhBM4hQvw4BpqcA91aAADAc/wCm/Ok/PivDsfi9aCk88cwx85nz8CvY/z</latexit><latexit sha1_base64="xMzQG9lVQNr4aYAujNqmGkHYZug=">AAAB73icbZBNS8NAEIYn9avWr6pHL4tF9FQSEfRY8KDHCvYD2lA220m7dLOJu5tCCf0TXjwo4tW/481/47bNQVtfWHh4Z4adeYNEcG1c99sprK1vbG4Vt0s7u3v7B+XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRrezemuMSvNYPppJgn5EB5KHnFFjrXZ3jCwbTc975Ypbdeciq+DlUIFc9V75q9uPWRqhNExQrTuemxg/o8pwJnBa6qYaE8pGdIAdi5JGqP1svu+UnFmnT8JY2ScNmbu/JzIaaT2JAtsZUTPUy7WZ+V+tk5rwxs+4TFKDki0+ClNBTExmx5M+V8iMmFigTHG7K2FDqigzNqKSDcFbPnkVmpdVz/LDVaV2l8dRhBM4hQvw4BpqcA91aAADAc/wCm/Ok/PivDsfi9aCk88cwx85nz8CvY/z</latexit><latexit sha1_base64="xMzQG9lVQNr4aYAujNqmGkHYZug=">AAAB73icbZBNS8NAEIYn9avWr6pHL4tF9FQSEfRY8KDHCvYD2lA220m7dLOJu5tCCf0TXjwo4tW/481/47bNQVtfWHh4Z4adeYNEcG1c99sprK1vbG4Vt0s7u3v7B+XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRrezemuMSvNYPppJgn5EB5KHnFFjrXZ3jCwbTc975Ypbdeciq+DlUIFc9V75q9uPWRqhNExQrTuemxg/o8pwJnBa6qYaE8pGdIAdi5JGqP1svu+UnFmnT8JY2ScNmbu/JzIaaT2JAtsZUTPUy7WZ+V+tk5rwxs+4TFKDki0+ClNBTExmx5M+V8iMmFigTHG7K2FDqigzNqKSDcFbPnkVmpdVz/LDVaV2l8dRhBM4hQvw4BpqcA91aAADAc/wCm/Ok/PivDsfi9aCk88cwx85nz8CvY/z</latexit><latexit sha1_base64="xMzQG9lVQNr4aYAujNqmGkHYZug=">AAAB73icbZBNS8NAEIYn9avWr6pHL4tF9FQSEfRY8KDHCvYD2lA220m7dLOJu5tCCf0TXjwo4tW/481/47bNQVtfWHh4Z4adeYNEcG1c99sprK1vbG4Vt0s7u3v7B+XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRrezemuMSvNYPppJgn5EB5KHnFFjrXZ3jCwbTc975Ypbdeciq+DlUIFc9V75q9uPWRqhNExQrTuemxg/o8pwJnBa6qYaE8pGdIAdi5JGqP1svu+UnFmnT8JY2ScNmbu/JzIaaT2JAtsZUTPUy7WZ+V+tk5rwxs+4TFKDki0+ClNBTExmx5M+V8iMmFigTHG7K2FDqigzNqKSDcFbPnkVmpdVz/LDVaV2l8dRhBM4hQvw4BpqcA91aAADAc/wCm/Ok/PivDsfi9aCk88cwx85nz8CvY/z</latexit>

e�
<latexit sha1_base64="AtxZkA/yU8FUX5QWfCXc4eUfJNY=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEIXiyJCHoseNBjBdMW2lg220m7dLMJuxuhhP4GLx4U8eoP8ua/cdvmoK0vLDy8M8POvGEquDau++2srK6tb2yWtsrbO7t7+5WDw6ZOMsXQZ4lIVDukGgWX6BtuBLZThTQOBbbC0c203npCpXkiH8w4xSCmA8kjzqixlo+P+fmkV6m6NXcmsgxeAVUo1OhVvrr9hGUxSsME1brjuakJcqoMZwIn5W6mMaVsRAfYsShpjDrIZ8tOyKl1+iRKlH3SkJn7eyKnsdbjOLSdMTVDvVibmv/VOpmJroOcyzQzKNn8oygTxCRkejnpc4XMiLEFyhS3uxI2pIoyY/Mp2xC8xZOXoXlR8yzfX1brt0UcJTiGEzgDD66gDnfQAB8YcHiGV3hzpPPivDsf89YVp5g5gj9yPn8ArRaOmQ==</latexit><latexit sha1_base64="AtxZkA/yU8FUX5QWfCXc4eUfJNY=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEIXiyJCHoseNBjBdMW2lg220m7dLMJuxuhhP4GLx4U8eoP8ua/cdvmoK0vLDy8M8POvGEquDau++2srK6tb2yWtsrbO7t7+5WDw6ZOMsXQZ4lIVDukGgWX6BtuBLZThTQOBbbC0c203npCpXkiH8w4xSCmA8kjzqixlo+P+fmkV6m6NXcmsgxeAVUo1OhVvrr9hGUxSsME1brjuakJcqoMZwIn5W6mMaVsRAfYsShpjDrIZ8tOyKl1+iRKlH3SkJn7eyKnsdbjOLSdMTVDvVibmv/VOpmJroOcyzQzKNn8oygTxCRkejnpc4XMiLEFyhS3uxI2pIoyY/Mp2xC8xZOXoXlR8yzfX1brt0UcJTiGEzgDD66gDnfQAB8YcHiGV3hzpPPivDsf89YVp5g5gj9yPn8ArRaOmQ==</latexit><latexit sha1_base64="AtxZkA/yU8FUX5QWfCXc4eUfJNY=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEIXiyJCHoseNBjBdMW2lg220m7dLMJuxuhhP4GLx4U8eoP8ua/cdvmoK0vLDy8M8POvGEquDau++2srK6tb2yWtsrbO7t7+5WDw6ZOMsXQZ4lIVDukGgWX6BtuBLZThTQOBbbC0c203npCpXkiH8w4xSCmA8kjzqixlo+P+fmkV6m6NXcmsgxeAVUo1OhVvrr9hGUxSsME1brjuakJcqoMZwIn5W6mMaVsRAfYsShpjDrIZ8tOyKl1+iRKlH3SkJn7eyKnsdbjOLSdMTVDvVibmv/VOpmJroOcyzQzKNn8oygTxCRkejnpc4XMiLEFyhS3uxI2pIoyY/Mp2xC8xZOXoXlR8yzfX1brt0UcJTiGEzgDD66gDnfQAB8YcHiGV3hzpPPivDsf89YVp5g5gj9yPn8ArRaOmQ==</latexit><latexit sha1_base64="AtxZkA/yU8FUX5QWfCXc4eUfJNY=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEIXiyJCHoseNBjBdMW2lg220m7dLMJuxuhhP4GLx4U8eoP8ua/cdvmoK0vLDy8M8POvGEquDau++2srK6tb2yWtsrbO7t7+5WDw6ZOMsXQZ4lIVDukGgWX6BtuBLZThTQOBbbC0c203npCpXkiH8w4xSCmA8kjzqixlo+P+fmkV6m6NXcmsgxeAVUo1OhVvrr9hGUxSsME1brjuakJcqoMZwIn5W6mMaVsRAfYsShpjDrIZ8tOyKl1+iRKlH3SkJn7eyKnsdbjOLSdMTVDvVibmv/VOpmJroOcyzQzKNn8oygTxCRkejnpc4XMiLEFyhS3uxI2pIoyY/Mp2xC8xZOXoXlR8yzfX1brt0UcJTiGEzgDD66gDnfQAB8YcHiGV3hzpPPivDsf89YVp5g5gj9yPn8ArRaOmQ==</latexit>

J1
<latexit sha1_base64="SPGJ+JWNCyftNM5NFcY6QWfkFsM=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8KB4qmDaQhvKZrtpl242YXcilNDf4MWDIl79Qd78N27bHLT1hYWHd2bYmTdMpTDout9OaW19Y3OrvF3Z2d3bP6geHrVMkmnGfZbIRHdCargUivsoUPJOqjmNQ8nb4fhmVm8/cW1Eoh5xkvIgpkMlIsEoWsu/7+fetF+tuXV3LrIKXgE1KNTsV796g4RlMVfIJDWm67kpBjnVKJjk00ovMzylbEyHvGtR0ZibIJ8vOyVn1hmQKNH2KSRz9/dETmNjJnFoO2OKI7Ncm5n/1boZRtdBLlSaIVds8VGUSYIJmV1OBkJzhnJigTIt7K6EjaimDG0+FRuCt3zyKrQu6p7lh8ta47aIowwncArn4MEVNOAOmuADAwHP8ApvjnJenHfnY9FacoqZY/gj5/MHi1mOgw==</latexit><latexit sha1_base64="SPGJ+JWNCyftNM5NFcY6QWfkFsM=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8KB4qmDaQhvKZrtpl242YXcilNDf4MWDIl79Qd78N27bHLT1hYWHd2bYmTdMpTDout9OaW19Y3OrvF3Z2d3bP6geHrVMkmnGfZbIRHdCargUivsoUPJOqjmNQ8nb4fhmVm8/cW1Eoh5xkvIgpkMlIsEoWsu/7+fetF+tuXV3LrIKXgE1KNTsV796g4RlMVfIJDWm67kpBjnVKJjk00ovMzylbEyHvGtR0ZibIJ8vOyVn1hmQKNH2KSRz9/dETmNjJnFoO2OKI7Ncm5n/1boZRtdBLlSaIVds8VGUSYIJmV1OBkJzhnJigTIt7K6EjaimDG0+FRuCt3zyKrQu6p7lh8ta47aIowwncArn4MEVNOAOmuADAwHP8ApvjnJenHfnY9FacoqZY/gj5/MHi1mOgw==</latexit><latexit sha1_base64="SPGJ+JWNCyftNM5NFcY6QWfkFsM=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8KB4qmDaQhvKZrtpl242YXcilNDf4MWDIl79Qd78N27bHLT1hYWHd2bYmTdMpTDout9OaW19Y3OrvF3Z2d3bP6geHrVMkmnGfZbIRHdCargUivsoUPJOqjmNQ8nb4fhmVm8/cW1Eoh5xkvIgpkMlIsEoWsu/7+fetF+tuXV3LrIKXgE1KNTsV796g4RlMVfIJDWm67kpBjnVKJjk00ovMzylbEyHvGtR0ZibIJ8vOyVn1hmQKNH2KSRz9/dETmNjJnFoO2OKI7Ncm5n/1boZRtdBLlSaIVds8VGUSYIJmV1OBkJzhnJigTIt7K6EjaimDG0+FRuCt3zyKrQu6p7lh8ta47aIowwncArn4MEVNOAOmuADAwHP8ApvjnJenHfnY9FacoqZY/gj5/MHi1mOgw==</latexit><latexit sha1_base64="SPGJ+JWNCyftNM5NFcY6QWfkFsM=">AAAB7HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY8KB4qmDaQhvKZrtpl242YXcilNDf4MWDIl79Qd78N27bHLT1hYWHd2bYmTdMpTDout9OaW19Y3OrvF3Z2d3bP6geHrVMkmnGfZbIRHdCargUivsoUPJOqjmNQ8nb4fhmVm8/cW1Eoh5xkvIgpkMlIsEoWsu/7+fetF+tuXV3LrIKXgE1KNTsV796g4RlMVfIJDWm67kpBjnVKJjk00ovMzylbEyHvGtR0ZibIJ8vOyVn1hmQKNH2KSRz9/dETmNjJnFoO2OKI7Ncm5n/1boZRtdBLlSaIVds8VGUSYIJmV1OBkJzhnJigTIt7K6EjaimDG0+FRuCt3zyKrQu6p7lh8ta47aIowwncArn4MEVNOAOmuADAwHP8ApvjnJenHfnY9FacoqZY/gj5/MHi1mOgw==</latexit>

~q,�~
<latexit sha1_base64="d+qNdYFn1UJQs6x1ezKxddkmjA4=">AAAB+nicbZDLSsNAFIYn9VbrLdWlm8EiuNCSiKDLggtdVrAXaEKZTE/aoZNJnJlUSuyjuHGhiFufxJ1v47TNQlt/GPj4zzmcM3+QcKa043xbhZXVtfWN4mZpa3tnd88u7zdVnEoKDRrzWLYDooAzAQ3NNId2IoFEAYdWMLye1lsjkIrF4l6PE/Aj0hcsZJRoY3XtsjcCmj1MTjE+w94gILJrV5yqMxNeBjeHCspV79pfXi+maQRCU06U6rhOov2MSM0oh0nJSxUkhA5JHzoGBYlA+dns9Ak+Nk4Ph7E0T2g8c39PZCRSahwFpjMieqAWa1Pzv1on1eGVnzGRpBoEnS8KU451jKc54B6TQDUfGyBUMnMrpgMiCdUmrZIJwV388jI0z6uu4buLSu0mj6OIDtEROkEuukQ1dIvqqIEoekTP6BW9WU/Wi/VufcxbC1Y+c4D+yPr8Ac+Xkw8=</latexit><latexit sha1_base64="d+qNdYFn1UJQs6x1ezKxddkmjA4=">AAAB+nicbZDLSsNAFIYn9VbrLdWlm8EiuNCSiKDLggtdVrAXaEKZTE/aoZNJnJlUSuyjuHGhiFufxJ1v47TNQlt/GPj4zzmcM3+QcKa043xbhZXVtfWN4mZpa3tnd88u7zdVnEoKDRrzWLYDooAzAQ3NNId2IoFEAYdWMLye1lsjkIrF4l6PE/Aj0hcsZJRoY3XtsjcCmj1MTjE+w94gILJrV5yqMxNeBjeHCspV79pfXi+maQRCU06U6rhOov2MSM0oh0nJSxUkhA5JHzoGBYlA+dns9Ak+Nk4Ph7E0T2g8c39PZCRSahwFpjMieqAWa1Pzv1on1eGVnzGRpBoEnS8KU451jKc54B6TQDUfGyBUMnMrpgMiCdUmrZIJwV388jI0z6uu4buLSu0mj6OIDtEROkEuukQ1dIvqqIEoekTP6BW9WU/Wi/VufcxbC1Y+c4D+yPr8Ac+Xkw8=</latexit><latexit sha1_base64="d+qNdYFn1UJQs6x1ezKxddkmjA4=">AAAB+nicbZDLSsNAFIYn9VbrLdWlm8EiuNCSiKDLggtdVrAXaEKZTE/aoZNJnJlUSuyjuHGhiFufxJ1v47TNQlt/GPj4zzmcM3+QcKa043xbhZXVtfWN4mZpa3tnd88u7zdVnEoKDRrzWLYDooAzAQ3NNId2IoFEAYdWMLye1lsjkIrF4l6PE/Aj0hcsZJRoY3XtsjcCmj1MTjE+w94gILJrV5yqMxNeBjeHCspV79pfXi+maQRCU06U6rhOov2MSM0oh0nJSxUkhA5JHzoGBYlA+dns9Ak+Nk4Ph7E0T2g8c39PZCRSahwFpjMieqAWa1Pzv1on1eGVnzGRpBoEnS8KU451jKc54B6TQDUfGyBUMnMrpgMiCdUmrZIJwV388jI0z6uu4buLSu0mj6OIDtEROkEuukQ1dIvqqIEoekTP6BW9WU/Wi/VufcxbC1Y+c4D+yPr8Ac+Xkw8=</latexit><latexit sha1_base64="d+qNdYFn1UJQs6x1ezKxddkmjA4=">AAAB+nicbZDLSsNAFIYn9VbrLdWlm8EiuNCSiKDLggtdVrAXaEKZTE/aoZNJnJlUSuyjuHGhiFufxJ1v47TNQlt/GPj4zzmcM3+QcKa043xbhZXVtfWN4mZpa3tnd88u7zdVnEoKDRrzWLYDooAzAQ3NNId2IoFEAYdWMLye1lsjkIrF4l6PE/Aj0hcsZJRoY3XtsjcCmj1MTjE+w94gILJrV5yqMxNeBjeHCspV79pfXi+maQRCU06U6rhOov2MSM0oh0nJSxUkhA5JHzoGBYlA+dns9Ak+Nk4Ph7E0T2g8c39PZCRSahwFpjMieqAWa1Pzv1on1eGVnzGRpBoEnS8KU451jKc54B6TQDUfGyBUMnMrpgMiCdUmrZIJwV388jI0z6uu4buLSu0mj6OIDtEROkEuukQ1dIvqqIEoekTP6BW9WU/Wi/VufcxbC1Y+c4D+yPr8Ac+Xkw8=</latexit>

~q, ~
<latexit sha1_base64="wrpWjTAQsTLqSnK0wPbHusxs/5s=">AAAB+XicbZDLSsNAFIZP6q3WW9Slm8EiuJCSiKDLggtdVrAXaEKZTE/aoZOLM5NCCX0TNy4UceubuPNtnLZZaOsPAx//OYdz5g9SwZV2nG+rtLa+sblV3q7s7O7tH9iHRy2VZJJhkyUikZ2AKhQ8xqbmWmAnlUijQGA7GN3O6u0xSsWT+FFPUvQjOoh5yBnVxurZtjdGlj9NLwgh3jCgsmdXnZozF1kFt4AqFGr07C+vn7AswlgzQZXquk6q/ZxKzZnAacXLFKaUjegAuwZjGqHy8/nlU3JmnD4JE2lerMnc/T2R00ipSRSYzojqoVquzcz/at1Mhzd+zuM00xizxaIwE0QnZBYD6XOJTIuJAcokN7cSNqSSMm3CqpgQ3OUvr0LrsuYafriq1u+KOMpwAqdwDi5cQx3uoQFNYDCGZ3iFNyu3Xqx362PRWrKKmWP4I+vzB2HFktg=</latexit><latexit sha1_base64="wrpWjTAQsTLqSnK0wPbHusxs/5s=">AAAB+XicbZDLSsNAFIZP6q3WW9Slm8EiuJCSiKDLggtdVrAXaEKZTE/aoZOLM5NCCX0TNy4UceubuPNtnLZZaOsPAx//OYdz5g9SwZV2nG+rtLa+sblV3q7s7O7tH9iHRy2VZJJhkyUikZ2AKhQ8xqbmWmAnlUijQGA7GN3O6u0xSsWT+FFPUvQjOoh5yBnVxurZtjdGlj9NLwgh3jCgsmdXnZozF1kFt4AqFGr07C+vn7AswlgzQZXquk6q/ZxKzZnAacXLFKaUjegAuwZjGqHy8/nlU3JmnD4JE2lerMnc/T2R00ipSRSYzojqoVquzcz/at1Mhzd+zuM00xizxaIwE0QnZBYD6XOJTIuJAcokN7cSNqSSMm3CqpgQ3OUvr0LrsuYafriq1u+KOMpwAqdwDi5cQx3uoQFNYDCGZ3iFNyu3Xqx362PRWrKKmWP4I+vzB2HFktg=</latexit><latexit sha1_base64="wrpWjTAQsTLqSnK0wPbHusxs/5s=">AAAB+XicbZDLSsNAFIZP6q3WW9Slm8EiuJCSiKDLggtdVrAXaEKZTE/aoZOLM5NCCX0TNy4UceubuPNtnLZZaOsPAx//OYdz5g9SwZV2nG+rtLa+sblV3q7s7O7tH9iHRy2VZJJhkyUikZ2AKhQ8xqbmWmAnlUijQGA7GN3O6u0xSsWT+FFPUvQjOoh5yBnVxurZtjdGlj9NLwgh3jCgsmdXnZozF1kFt4AqFGr07C+vn7AswlgzQZXquk6q/ZxKzZnAacXLFKaUjegAuwZjGqHy8/nlU3JmnD4JE2lerMnc/T2R00ipSRSYzojqoVquzcz/at1Mhzd+zuM00xizxaIwE0QnZBYD6XOJTIuJAcokN7cSNqSSMm3CqpgQ3OUvr0LrsuYafriq1u+KOMpwAqdwDi5cQx3uoQFNYDCGZ3iFNyu3Xqx362PRWrKKmWP4I+vzB2HFktg=</latexit><latexit sha1_base64="wrpWjTAQsTLqSnK0wPbHusxs/5s=">AAAB+XicbZDLSsNAFIZP6q3WW9Slm8EiuJCSiKDLggtdVrAXaEKZTE/aoZOLM5NCCX0TNy4UceubuPNtnLZZaOsPAx//OYdz5g9SwZV2nG+rtLa+sblV3q7s7O7tH9iHRy2VZJJhkyUikZ2AKhQ8xqbmWmAnlUijQGA7GN3O6u0xSsWT+FFPUvQjOoh5yBnVxurZtjdGlj9NLwgh3jCgsmdXnZozF1kFt4AqFGr07C+vn7AswlgzQZXquk6q/ZxKzZnAacXLFKaUjegAuwZjGqHy8/nlU3JmnD4JE2lerMnc/T2R00ipSRSYzojqoVquzcz/at1Mhzd+zuM00xizxaIwE0QnZBYD6XOJTIuJAcokN7cSNqSSMm3CqpgQ3OUvr0LrsuYafriq1u+KOMpwAqdwDi5cQx3uoQFNYDCGZ3iFNyu3Xqx362PRWrKKmWP4I+vzB2HFktg=</latexit>

⇢
<latexit sha1_base64="ZmkkcG3JLF757fv8j04p8weeyWQ=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBIvgqiQi6LLgQpcV7AOaUCaTSTt0MhNmJkqJ/RQ3LhRx65e482+ctFlo64FhDufcy5w5Ycqo0q77bVXW1jc2t6rbtZ3dvf0Du37YVSKTmHSwYEL2Q6QIo5x0NNWM9FNJUBIy0gsn14XfeyBSUcHv9TQlQYJGnMYUI22koV33Q8EiNU3MlftyLGZDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96ht9dNFo3ZR1VOIYTOAMPLqEFt9CGDmB4hGd4hTfryXqx3q2PxWjFKneO4A+szx8W2pSK</latexit><latexit sha1_base64="ZmkkcG3JLF757fv8j04p8weeyWQ=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBIvgqiQi6LLgQpcV7AOaUCaTSTt0MhNmJkqJ/RQ3LhRx65e482+ctFlo64FhDufcy5w5Ycqo0q77bVXW1jc2t6rbtZ3dvf0Du37YVSKTmHSwYEL2Q6QIo5x0NNWM9FNJUBIy0gsn14XfeyBSUcHv9TQlQYJGnMYUI22koV33Q8EiNU3MlftyLGZDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96ht9dNFo3ZR1VOIYTOAMPLqEFt9CGDmB4hGd4hTfryXqx3q2PxWjFKneO4A+szx8W2pSK</latexit><latexit sha1_base64="ZmkkcG3JLF757fv8j04p8weeyWQ=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBIvgqiQi6LLgQpcV7AOaUCaTSTt0MhNmJkqJ/RQ3LhRx65e482+ctFlo64FhDufcy5w5Ycqo0q77bVXW1jc2t6rbtZ3dvf0Du37YVSKTmHSwYEL2Q6QIo5x0NNWM9FNJUBIy0gsn14XfeyBSUcHv9TQlQYJGnMYUI22koV33Q8EiNU3MlftyLGZDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96ht9dNFo3ZR1VOIYTOAMPLqEFt9CGDmB4hGd4hTfryXqx3q2PxWjFKneO4A+szx8W2pSK</latexit><latexit sha1_base64="ZmkkcG3JLF757fv8j04p8weeyWQ=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBIvgqiQi6LLgQpcV7AOaUCaTSTt0MhNmJkqJ/RQ3LhRx65e482+ctFlo64FhDufcy5w5Ycqo0q77bVXW1jc2t6rbtZ3dvf0Du37YVSKTmHSwYEL2Q6QIo5x0NNWM9FNJUBIy0gsn14XfeyBSUcHv9TQlQYJGnMYUI22koV33Q8EiNU3MlftyLGZDu+E23TmcVeKVpAEl2kP7y48EzhLCNWZIqYHnpjrIkdQUMzKr+ZkiKcITNCIDQzlKiAryefSZc2qUyImFNIdrZ67+3shRoop0ZjJBeqyWvUL8zxtkOr4KcsrTTBOOFw/FGXO0cIoenIhKgjWbGoKwpCarg8dIIqxNWzVTgrf85VXSPW96ht9dNFo3ZR1VOIYTOAMPLqEFt9CGDmB4hGd4hTfryXqx3q2PxWjFKneO4A+szx8W2pSK</latexit>

S2
<latexit sha1_base64="7NaGaBdR5uuDghDIoSy9H62G9to=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclZki6LLgQpcV7QPasWTSTBuaSYYko5Rh/sONC0Xc+i/u/Bsz7Sy09UDgcM693JMTxJxp47rfzsrq2vrGZmmrvL2zu7dfOThsa5koQltEcqm6AdaUM0FbhhlOu7GiOAo47QSTq9zvPFKlmRT3ZhpTP8IjwUJGsLHSQz/CZhyE6V02SOvZoFJ1a+4MaJl4BalCgeag8tUfSpJEVBjCsdY9z42Nn2JlGOE0K/cTTWNMJnhEe5YKHFHtp7PUGTq1yhCFUtknDJqpvzdSHGk9jQI7mafUi14u/uf1EhNe+ikTcWKoIPNDYcKRkSivAA2ZosTwqSWYKGazIjLGChNjiyrbErzFLy+Tdr3mWX57Xm1cF3WU4BhO4Aw8uIAG3EATWkBAwTO8wpvz5Lw4787HfHTFKXaO4A+czx/A4ZKt</latexit><latexit sha1_base64="7NaGaBdR5uuDghDIoSy9H62G9to=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclZki6LLgQpcV7QPasWTSTBuaSYYko5Rh/sONC0Xc+i/u/Bsz7Sy09UDgcM693JMTxJxp47rfzsrq2vrGZmmrvL2zu7dfOThsa5koQltEcqm6AdaUM0FbhhlOu7GiOAo47QSTq9zvPFKlmRT3ZhpTP8IjwUJGsLHSQz/CZhyE6V02SOvZoFJ1a+4MaJl4BalCgeag8tUfSpJEVBjCsdY9z42Nn2JlGOE0K/cTTWNMJnhEe5YKHFHtp7PUGTq1yhCFUtknDJqpvzdSHGk9jQI7mafUi14u/uf1EhNe+ikTcWKoIPNDYcKRkSivAA2ZosTwqSWYKGazIjLGChNjiyrbErzFLy+Tdr3mWX57Xm1cF3WU4BhO4Aw8uIAG3EATWkBAwTO8wpvz5Lw4787HfHTFKXaO4A+czx/A4ZKt</latexit><latexit sha1_base64="7NaGaBdR5uuDghDIoSy9H62G9to=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclZki6LLgQpcV7QPasWTSTBuaSYYko5Rh/sONC0Xc+i/u/Bsz7Sy09UDgcM693JMTxJxp47rfzsrq2vrGZmmrvL2zu7dfOThsa5koQltEcqm6AdaUM0FbhhlOu7GiOAo47QSTq9zvPFKlmRT3ZhpTP8IjwUJGsLHSQz/CZhyE6V02SOvZoFJ1a+4MaJl4BalCgeag8tUfSpJEVBjCsdY9z42Nn2JlGOE0K/cTTWNMJnhEe5YKHFHtp7PUGTq1yhCFUtknDJqpvzdSHGk9jQI7mafUi14u/uf1EhNe+ikTcWKoIPNDYcKRkSivAA2ZosTwqSWYKGazIjLGChNjiyrbErzFLy+Tdr3mWX57Xm1cF3WU4BhO4Aw8uIAG3EATWkBAwTO8wpvz5Lw4787HfHTFKXaO4A+czx/A4ZKt</latexit><latexit sha1_base64="7NaGaBdR5uuDghDIoSy9H62G9to=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclZki6LLgQpcV7QPasWTSTBuaSYYko5Rh/sONC0Xc+i/u/Bsz7Sy09UDgcM693JMTxJxp47rfzsrq2vrGZmmrvL2zu7dfOThsa5koQltEcqm6AdaUM0FbhhlOu7GiOAo47QSTq9zvPFKlmRT3ZhpTP8IjwUJGsLHSQz/CZhyE6V02SOvZoFJ1a+4MaJl4BalCgeag8tUfSpJEVBjCsdY9z42Nn2JlGOE0K/cTTWNMJnhEe5YKHFHtp7PUGTq1yhCFUtknDJqpvzdSHGk9jQI7mafUi14u/uf1EhNe+ikTcWKoIPNDYcKRkSivAA2ZosTwqSWYKGazIjLGChNjiyrbErzFLy+Tdr3mWX57Xm1cF3WU4BhO4Aw8uIAG3EATWkBAwTO8wpvz5Lw4787HfHTFKXaO4A+czx/A4ZKt</latexit>

J2
<latexit sha1_base64="pc/S3DjIon7sejFJWcYyUHeiieM=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEInkpSBD0WPCieKpi20Iay2W7apZtN2J0IJfQ3ePGgiFd/kDf/jds2B219YeHhnRl25g1TKQy67reztr6xubVd2inv7u0fHFaOjlsmyTTjPktkojshNVwKxX0UKHkn1ZzGoeTtcHwzq7efuDYiUY84SXkQ06ESkWAUreXf9/P6tF+pujV3LrIKXgFVKNTsV756g4RlMVfIJDWm67kpBjnVKJjk03IvMzylbEyHvGtR0ZibIJ8vOyXn1hmQKNH2KSRz9/dETmNjJnFoO2OKI7Ncm5n/1boZRtdBLlSaIVds8VGUSYIJmV1OBkJzhnJigTIt7K6EjaimDG0+ZRuCt3zyKrTqNc/yw2W1cVvEUYJTOIML8OAKGnAHTfCBgYBneIU3RzkvzrvzsWhdc4qZE/gj5/MHjN6OhA==</latexit><latexit sha1_base64="pc/S3DjIon7sejFJWcYyUHeiieM=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEInkpSBD0WPCieKpi20Iay2W7apZtN2J0IJfQ3ePGgiFd/kDf/jds2B219YeHhnRl25g1TKQy67reztr6xubVd2inv7u0fHFaOjlsmyTTjPktkojshNVwKxX0UKHkn1ZzGoeTtcHwzq7efuDYiUY84SXkQ06ESkWAUreXf9/P6tF+pujV3LrIKXgFVKNTsV756g4RlMVfIJDWm67kpBjnVKJjk03IvMzylbEyHvGtR0ZibIJ8vOyXn1hmQKNH2KSRz9/dETmNjJnFoO2OKI7Ncm5n/1boZRtdBLlSaIVds8VGUSYIJmV1OBkJzhnJigTIt7K6EjaimDG0+ZRuCt3zyKrTqNc/yw2W1cVvEUYJTOIML8OAKGnAHTfCBgYBneIU3RzkvzrvzsWhdc4qZE/gj5/MHjN6OhA==</latexit><latexit sha1_base64="pc/S3DjIon7sejFJWcYyUHeiieM=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEInkpSBD0WPCieKpi20Iay2W7apZtN2J0IJfQ3ePGgiFd/kDf/jds2B219YeHhnRl25g1TKQy67reztr6xubVd2inv7u0fHFaOjlsmyTTjPktkojshNVwKxX0UKHkn1ZzGoeTtcHwzq7efuDYiUY84SXkQ06ESkWAUreXf9/P6tF+pujV3LrIKXgFVKNTsV756g4RlMVfIJDWm67kpBjnVKJjk03IvMzylbEyHvGtR0ZibIJ8vOyXn1hmQKNH2KSRz9/dETmNjJnFoO2OKI7Ncm5n/1boZRtdBLlSaIVds8VGUSYIJmV1OBkJzhnJigTIt7K6EjaimDG0+ZRuCt3zyKrTqNc/yw2W1cVvEUYJTOIML8OAKGnAHTfCBgYBneIU3RzkvzrvzsWhdc4qZE/gj5/MHjN6OhA==</latexit><latexit sha1_base64="pc/S3DjIon7sejFJWcYyUHeiieM=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEInkpSBD0WPCieKpi20Iay2W7apZtN2J0IJfQ3ePGgiFd/kDf/jds2B219YeHhnRl25g1TKQy67reztr6xubVd2inv7u0fHFaOjlsmyTTjPktkojshNVwKxX0UKHkn1ZzGoeTtcHwzq7efuDYiUY84SXkQ06ESkWAUreXf9/P6tF+pujV3LrIKXgFVKNTsV756g4RlMVfIJDWm67kpBjnVKJjk03IvMzylbEyHvGtR0ZibIJ8vOyXn1hmQKNH2KSRz9/dETmNjJnFoO2OKI7Ncm5n/1boZRtdBLlSaIVds8VGUSYIJmV1OBkJzhnJigTIt7K6EjaimDG0+ZRuCt3zyKrTqNc/yw2W1cVvEUYJTOIML8OAKGnAHTfCBgYBneIU3RzkvzrvzsWhdc4qZE/gj5/MHjN6OhA==</latexit>
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FIG. 2. Antiferromagnetic insulator (AF) | normal metal (N)
heterostructure. The conductor spin density ρ couples to the
spin S1(2) of the antiferromagnetic sublattice 1(2) with ex-
change strength J1(2). Due to the collinearity of the magnetic
system, the spin component parallel to the magnetic symme-
try axis must be conserved. Thus, the only processes that
are allowed include a spin-down (up) electron can scatter in-
elastically off the interface, flipping its spin and creating a
magnon carrying angular momentum ∓~, and their reverse.
The dashed line encompasses the allowed scattering processes
in the ferromagnetic (F) system we consider.

where c†1(2) is the creation operator of a magnon mode

carrying spin angular momentum ∓~ and energy ω1(2).
From Eq. (12), we find the z-polarized spin-current den-
sity as [37]

Iz =
S

2π2A3

∑
~k~k′~q

[
B2(~k,~k′, ~q)|J1v~q ei~q·~r1 + J2u~q e

i~q·~r2 |2

−B1(~k,~k′, ~q)|J1u~q ei~q·~r1 + J2v~q e
i~q·~r2 |2

]
δ~k+~q,~k′ ,

(18)

where B1(2) is given by Eq. (13). Equation (18) shows
that cross-sublattice terms contribute to the spin-current
density. However, electron interference effects vanish
when the two antiferromagnetic modes are equally pop-
ulated. For degenerate dispersions, Eq. (18) indeed be-
comes

Iz =
4πSD2(J2

2 − J2
1 )

A

∑
~q

V~q ω~q [nB(βω~q)− nB(β′ω~q)] .

(19)

Equation (19), which agrees with the results of
Ref. [22], offers a simple physical interpretation: as
magnons associated with the sublattice 2 (1) carry
spin angular momentum ±~, when the metallic side is
hotter, they lead to a positive (negative) contribution
to the z-polarized spin current. In a collinear magnetic
system, the inelastic magnon-electron processes driving
the spin current must conserve the component of the
spin parallel to the magnetic symmetry axis, i.e., the z
axis. Thus, an electron with spin-up (down) impinging
on the interface is reflected with flipped spin, creating
a magnon with angular momentum ±~, as illustrated
in Fig. 2. Equation (19) shows that, even when the
antiferromagnetic modes are degenerate, the interfacial
spin-current density (19) is finite if the symmetry



5

between antiferromagnetic sublattices at the interface is
broken, i.e., J1 6= J2, which confirms the predictions of
Ref. [40].

IV. DISCUSSION AND CONCLUSIONS

In this work, we address thermally-driven spin trans-
port at a noncollinear magnetic insulator | normal metal
interface, deriving an expression for the spin current ap-
plicable to any magnetic ordering. Our theory reproduces
correctly the interfacial spin transport in collinear mag-
nets | normal metal heterostructures.

For thin films, along with bulk systems with strong
spin-orbit coupling, the interface can represent the bot-
tleneck for spin transport. In this scenario, our result
captures the main contribution to the thermally-driven
spin current. Otherwise, our expression for the spin cur-
rent serves as a boundary condition, which should be
complemented by an appropriate theory for bulk magnon
transport [21]. The interfacial spin density induced by
the spin current can be measured on the conducting side
of the interface via the magneto-optical Kerr effect [41].

Instead, to relate our results for the spin current to a
measurable ISHE voltage, the conductor has to be mod-
elled as a bulk system and our theory complemented
with transport equations describing spin diffusion on the
metallic side [42].

While here we focus on the spin current due to the
SSE, our framework could be easily extended to include
the spin pumping and spin-transfer torque contributions
to the overall interfacial spin current, as well as addi-
tional interfacial interactions [43]. Future work should in-
vestigate the corrections arising from a non-perturbative
treatment of the interfacial exchange interaction.
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