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Motivated by symmetry-protected topological phases (SPTs) with both spatial symmetry (e.g., lattice rotation)
and internal symmetry (e.g., spin rotation), we propose a class of exotic topological terms, which generalize the
well-known Wen-Zee topological terms of quantum Hall systems [X.-G. Wen and A. Zee, Phys. Rev. Lett. 69,
953 (1992)]. These generalized Wen-Zee terms are expressed as wedge product of spin connection and usual
gauge fields (1-form or higher) in various dimensions. In order to probe SPT orders, we externally insert
“symmetry twists” like domain walls of discrete internal symmetry and disclinations that are geometric defects
with nontrivial Riemann curvature. Then, generalized Wen-Zee terms simply tells us how SPTs respond to
those symmetry twists. Classifying these exotic topological terms thus leads to a complete classification and
characterization of SPTs within the present framework. We also propose SPT low-energy field theories, from
which generalized Wen-Zee terms are deduced as topological response actions. Following the Abstract of
Wen-Zee paper, our work enriches alternative possibilities of condensed-matter realization of unification of

electromagnetism and “gravity”.

I. INTRODUCTION

SPTs with internal symmetries.— Topological insulators
and topological superconductors have been a large platform
for both theoretical and experimental studies in condensed
matter community since their discovery.'? Recently they have
been recognized to belong to a large class of symmetry-
protected topological (SPT) phases. SPT phases are topolog-
ical phases that can be adiabatically connected to the trivial
phase if the symmetry is broken explicitly or spontaneously.
Nevertheless, if the symmetry persists, there are several non-
trivial properties that are protected by symmetry, such as non-
trivial edge states on a manifold with boundaries. Stimulat-
ing efforts towards classification and characterization of SPT
orders have been made, from free-fermion phases (for a re-
cent review, see Ref. 3) to boson / spin systems*. Espe-
cially, internal symmetries, which simultaneously act on inter-
nal space (e.g., spin space of spin models) of each lattice site
leaving spatial coordinates unaltered, have been systemati-
cally studied through different approaches in bosonic systems,
such as group cohomology?, cobordism groups>®, non-linear
sigma models’®, topological field theories®!?, conformal
field theories'*"!7, decoration picture'®, topological response
/ gauged theory'®~>*, and projective / parton construction?2?,
braiding statistics approach®*33 in different spatial dimen-
sions.

SPTs with spatial symmetries.— In comparison to internal
symmetries, spatial symmetries, however, have not been sys-
tematically explored until recent years. Spatial symmetries act
on either lattice geometry in lattice models or continuum spa-
tial coordinates in continuum topological media. Such sym-
metries were introduced in the study of topological phases in
Ref. 34 via free fermion systems and later enriched the ten-
fold classifications.® For the past few years, there have been
several progresses on the classification of three dimensional
SPT phases protected by point group symmetries with reflec-
tion symmetry, called point group SPT (pgSPT).*® Their
central idea follows from Ref. 39, namely, to reduce the bulk

SPT phases to lower dimensional SPTs on the reflection plane
via local unitary transformations, and study the classification
of pgSPT phases on the reflection plane, where the ZZ reflec-
tion symmetry becomes an internal Z, symmetry. The authors
of Ref. 35-37 study 3D pgSPT phases for both bosonic and
fermionic systems in a case-by-case manner and obtain the
classifications by studying lower dimensional building blocks,
from both algebraic and field theoretic approaches. Their re-
sults agree with those in Ref. 40, where a more mathematical
approach was developed. In addition to dimensional reduc-
tion, Ref. 41 utilizes the construction of the generic tensor-
network wave functions and group cohomologies for the clas-
sification of SPT phases including crystalline symmetries.

Mixture leads to more.— In this paper, we focus on a new
class of SPT phases in boson / spin systems with mixture of
spatial (more specifically, rotation) and internal symmetries.
Naively, one can achieve such SPTs through a simple stack-
ing of two constituents: an SPT with only rotation symme-
try and an SPT with only internal symmetry. Nevertheless,
such a kind of construction is of no interests since the spa-
tial and internal symmetries do not truly talk to each other.
What we really want to explore are those SPT phases that are
always adiabatically connected to the trivial phase once any
part of symmetry is broken. In other words, in order to make
SPT nontrivial, neither rotation nor internal symmetries are
allowed to be broken. In this paper, we perform a topologi-
cal quantum field theory (TQFT) analysis in both 2 + 1d and
3+ 1d and construct a class of new topological terms, namely,
generalized Wen-Zee terms*?? | in order to characterize and
classify SPT orders jointly protected by rotation and internal
symmetries. As an initial attempt, throughout the paper we
only consider the simplest combinations (direct product) of
symmetry groups: the Abelian rotational symmetry Cp, or
SO(2) and internal symmetry Zy, X Zy, X --- or U(1).

Interestingly, geometric defects play a critical role in prob-
ing spatial rotation symmetry. It is well known that in the
theory of geometric defects in real materials*>**, there are
two typical types of defects, namely, dislocations and disclina-



tions, that can be interpreted in terms of Riemann-Cartan ge-
ometric quantities: torsion and curvature fluxes respectively.
The former can be used to probe translational symmetry while
the latter can be used to probe rotational symmetry. Therefore,
in order to probe the SPT order of interests, we properly insert
disclinations of rotational symmetry and symmetry flux lines
(or domain walls) of the internal symmetry.

In Sec. II, we find that the resulting response theory is gov-
erned by a new type of topological terms (see Table I), which
are generalization of the celebrated Wen-Zee term*? as men-
tioned above. These topological terms mix the spin connec-
tion (w) and the usual gauge fields (1-form fields A', A? and
2-form field B ---). Since the presence of spin connection
sources disclination lines in the bulk, the topological terms
give rise to a topological interaction between gravitational and
electromagnetic degrees of freedom, implying an exotic en-
tanglement between general relativity and electromagnetism.
By enforcing the gauge invariance under large gauge trans-
formations, the coefficients of topological terms are quantized
and periodically identified, which can be used to characterize
and classify the underlying SPTs. We note that, only 2+1 and
3+1d are constructed explicitly. In fact, generalized Wen-Zee
terms can be simply constructed in all other dimensions in a
similar fashion. We also note that, using internal gauge vari-
able w in probing SPT orders with spatial symmetries, at some
extent, realizes the idea—Crystalline Equivalence Principle*.

In Sec. III we study bulk low-energy field theories of SPTs.
We explicitly show that integrating out bulk degrees of free-
dom (i.e., dynamical gauge fields) leads to the generalized
Wen-Zee terms discussed in Sec. II. Several technical details
as well as other relevant discussions are present in Appen-
dices. We conclude this paper in Sec. IV with discussions and
future directions of our work.

II. GENERALIZED WEN-ZEE TERMS AS
TOPOLOGICAL RESPONSE ACTIONS

We introduce some preliminary geometries in Sec. T A.
Specifically, we introduce topological defects in solids de-
scribed by Riemann-Cartan geometry. We will focus on the
curvature part because it is related to the SPT phases that will
be discussed in this paper. The torsion part is relegated in
Appendix B. Readers who are familiar with the gauge the-
ory interpretation of Riemann-Cartan geometry in defects of
solids may skip this part. Sec. IIB presents general prin-
ciples for constructing topological terms (i.e., generalized
Wen-Zee terms) and classification principles, from which the
classifications of different topological theories are obtained.
Sec. II C provides their physical interpretations. Some topo-
logical terms in (2+1)d and (3+1)d are analyzed in details.

A. Preliminaries: Geometric defects and Laughlin argument

In (3+1)d spacetime, Poincaré invariance is usually explic-
itly broken in materials. What we can physically probe is only
a subgroup of the whole Poincaré group, namely, SO(3) ro-

tation group and the translation group. Real materials are not
perfect. In the bulk or on the surface of the material, both of
the two subgroups can be broken, leading to different kinds
of defects. Translation-breaking defects are called disloca-
tions, while rotation-breaking defects are called disclinations.
In terms of geometry, deformations in materials can be de-
scribed by Riemann-Cartan geometry, which can also be in-
terpreted as gauge theories. Dislocations are reflected by the
nonvanishing torsion tensor 7% = 0 while disclinations are
reflected by the nonvanishing curvature tensor R% # (#4346,
which are defined below. In this paper, the disclination will be
used as a background field to probe nontrivial SPT phases.

In Ref. 47, the dislocation has been regarded as the tor-
sion flux. From Laughlin argument, an insertion of disloca-
tion would result in the pumping of momentum, which is re-
viewed in Appendix B. Here we would like to make an anal-
ogy for disclinations. That is, the disclination can be regarded
as the curvature flux; an insertion of disclination would result
in the pumping of angular momentum or spin. Since normal
gauge fields and their gauge fluxes can be used as background
fields to probe and classify SPT phases protected by internal
symmetries,'? it is reasonable to utilize the SO(2) spin con-
nection and its curvature flux to probe and classify SPT phases
protected by spatial symmetries.

Let u’(z) be the displacement field at point x € R3. After
some small deformation, the point x is shifted to y*(z) =
2 4+ u'(x). Then from mathematical point of view, under this
diffeomorphism transformation, the Euclidean metric changes
as® gij = %%5“ = §i; — 2€;, where €;; = %(&uj +
Jju;) is the strain tensor. Note that here we assumed that the
deformation is small. One can check that from this metric, the
deformed three manifold has zero torsion and zero curvature.
This makes sense because under small deformations, there is
no room for defects like dislocations and disclinations, which
are described by nonzero torsion and curvature, respectively.
In spite of the absence of defects, these small deformations are
still physically real and have physical effects. For instance,
the elastic waves in these deformed media will not propagate
along straight lines because geodesics are curved.

A disclination in the media is represented by the Frank vec-
tor ©. Once we fix a reference direction n{) in the media,
then any direction n‘(x) can be described by rotational an-
gles o/ € SO(3) where ¥/ = —a’®. Then we can define
¢ dz™ Ot = QY. In terms of the displacement field,
we have o;; = 0;u; — O;u;. The Frank vector is defined as
0, = eiijjk. Here o'/ is not a smooth field in the pres-
ence of disclinations. Nevertheless we can always require
that 9,0 = w,” is a smooth field. Then we have Q% ~
b dzmw, i = [[¢ Sda™da™ (8w, — Opw,i7), where DS =
C. When disclinations exist, 2 # 0. Generally, in terms of
the curvature tensor R,,,, 7 ~ Opw, ¥ —w,i*w 7 —(m < n),
we can generically have [[q de™dz"R,,, 7 = Q. It is rem-
iniscent of the electromagnetism that S - B = ®, where ®
is the magnetic flux and B is the magnetic field. Now it is
easy to interpret curvature as the surface density of the curva-
ture flux, whose strength is represented by the Frank vector.
Laughlin argument tells us that an insertion of the disclination
induces angular momentum pumping. In this sense, angular



momentum is the charge if we regard the spin connection as a
gauge field.

Fig. 1 shows the creation of a disclination on a 2D lat-
tice via Volterra process and the geometric relation between
the displacement field u?, the bond angle & = oY, the spin
connection w = w*¥ and the Frank vector ® = (0,0,0)
defined above, in the xy plane, for simplicity. Specifically,
a = €;0;uj, w = do and © = 930 w. If we restrict to the
rotation SO(2) subgroup, then the general Lorentz transfor-
mation is reduced to w — w + df which is isomorphic to a
U(1) transformation. Then we can regard w as a usual U(1)
gauge field to discuss SPT classifications, which is analogous
to what has been done for internal symmetries'?. It is good to
understand this gauge field at the level of displacement field
u®. At the level of the bond angle and the displacement field,
the U(1) gauge transformation w — w + df is equivalent to
a — a+0and u® — u' + v, where €;;0;,v; = 6 on the ij
plane.

../u).........
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w

FIG. 1. (Color online). Schematic diagram for creating a disclination
via Volterra process on a 2D lattice on the xy plane. First, part of the
lattice is removed and then the two wedges are glued together, with
identification of the corresponding lattice sites connected by blue ar-
rows. Here w is the dispacement field and « is the bond angle defined
by a = €;;0;u;. w = da is the effective U(1) connection defined on
the links, introducing a branch cut after the gluing process. Finally,
0= gSC w is the Frank vector along the z direction produced by w,
where C'is the purple loop enclosing the origin 0. w is the spin con-
nection defined on the corresponding links. It is easy to see that © is
the flux of w. The blue shaded region is the regularized disclination
flux.

B. Generalized Wen-Zee terms and SPT classification

As the SO(2) spin connection can be treated as a U(1) gauge
field, we can study the classification of SPT phases protected
by both rotational symmetries and internal symmetries from
their effective response TQFTs. The main results are summa-
rized in Table I below. During our discussion, we assume that
C, can be any finite group. In real crystalline materials, C'y;,
is the 2d point group where Ny = 2, 3, 4, 6, which is restricted
by lattice structure. Apparently the wedge product forms of
these actions look like the twisted terms studied in literatures
where only usual gauge fields are involved'!=13-32495¢ " The
unique feature of these topological terms is that the spin con-
nection and usual gauge fields are mixed together to form

topological terms, leading to a complex generalization of the
Wen-Zee term previously proposed in the field of the frac-
tional quantum Hall effect*?.

Inequivalent topological actions can be constructed in the
similar way that is utilized in (2+1)d theories. In (2+1)d,
with only one gauge field A, there exists the standard Chern-
Simons (CS) term, S; = ﬁ J A A dA. With two indepen-
dent gauge fields A' and A2, in addition to the self CS terms,
there is also the mutual CS term (i.e, the so-called BF' term),
Sy = i [ A' A dA2. With three or more independent gauge
fields A%,i = 1,2,3,..., there are terms beyond CS terms,
S5 = (2# [ AYA A% A\ A3, etc. These three types of topolog-
ical terms are often called Type LII and III Dijkgraaf-Witten
theories, as the subscripts of the topological terms suggest,
because they correspond to inequivalent group cohomologies
in Dijkgraaf-Witten theories.”” If we consider SO(2) connec-
tion w, then one of the gauge field should be replaced by w.
For instance, S3 = ﬁ Jw A AY A A% In (3+1)d, topo-
logical terms can be constructed in the similar manner, like
S = # JwA AP A A2 A A3 ete. If the gauge groups are
finite, there should be some quantized coefficients in front of
these topological terms, like what is shown in Table I. Since
classifications of SPT phases are captured by the topological
part of response actions, we ignore the non-topological part,
like Maxwell terms, in the following discussion.

In these theories, w can be regarded as a gauge field, whose
flux is the Riemann curvature flux represented by the Frank
vector in a solid. Here we assume that A’ are Z y, gauge fields
and w is a Z, gauge field. To discuss the classification of this
theory, we need two requirements: a) the large gauge transfor-
mation AA? and Aw have periods 27:

%AAi:O (mod 27), %Aw:O (mod 27); (1)

b) the background fields have Z gauge symmetry:

. 2T 2
A’L = —_— 2 = —_—
76 N; (mod 2m), 55“ Ny

We also impose Dirac (Monopole) quantization condition

/ dA" = 270t / dw = 27n°. (3)
M?2 M?2

Based on Eq. (1), (2) and (3), we obtain the classification of
inequivalent topological response actions in both 2+1d and
3+1d systems with different internal and spacetime symmetry
groups. The result is shown in Table 1. Detailed calculations
are relegated to Appendix C. From the third and fourth lines of
Table I, for instance, we observe that once we remove the spa-
tial symmetry group, the classifications become trivial, since
Zpn SPT phases in 3+1d have trivial classification (ie., Z1, see
Ref. 4). Once we enrich the system with spatial symmetry
Cn, we obtain nontrivial SPT phases.

Irreducible v.s. reducible. Careful readers may notice in
Table I, there is no discussion on [ w A A% A dA' term. The
reason is that this term is not a linearly independent term. It
can be obtained from the addition of [w A A' A dA? and

(mod 27). (2)




g?;(;(;t;?;i Spatial Z};mmetry Syrlr?r;eéntr?/l G Irreducible Generalized Wen-Zee terms Angular Momentum (spin) J
2+1d SO(2) U(1) £ [wAdA keZ % Jy2 dA
Chy Zn, N A; Jwn dA,lk € 2ZN01, N 1\?’* e dA1 .
CND ZN1><ZN2 k(27r)127N2012fw/\A /\A,]’?JGZNO12 kmeQA ANA
3+1d Cno Zn, k%fw/\A/\dA,k € ZNy, kv Jas AN dA
Chno Zn, kmiinr [ ANW A dw, k € g, k;WNOl Sz AN dw
Chne Zn, x U(1) k% JwAA " NdA® k € Zny, km Jogs AT A dA®
50(2) Zn, X I, kming J AN AN A2 Ndw, k € Ly, (;j)ljjg Jogs d(A" A A?)
Cho Zy, X L, k% JwA A" NdA® k € Zng,, kamrvar Jas A A dA®
C, Zn, X L, N)QNOQ JwA A2 NdAY k € Ty, k(%ng Jogs AZ A dAT
Chy Zny X Lny X Ing |k gpydnens [w A AV A A2 AN APk € Zngas kwﬁ Jogs AV A A A AP
3+1d (%) SO(2) U(1) k% JwAdB, keZ ﬂ [y dB
gZZ ZMZQ 1ZN2 kafw w/\/\di’/f: BE”ZJJZMG Zn, kN fo BA AB
(27)2 No12 > 012 (27)2No12 J M3

TABLE I. Generalized Wen-Zee terms as response actions of SPT phases jointly protected by both spatial and internal symmetries.
Here A’ are different flavors of U(1) or Zx 1-form gauge fields and w is the SO(2) spin connection, which is an effective U(1) or Zxn 1-form

gauge field. N;;.., = GCD{N,, N;,...,

Ny} where GC'D stands for “greatest common divisor”.

The coefficient k or k of each topological

response action is quantized to be integral, giving the classification of the corresponding topological phase. It is taken from the finite group
in the irreducible classification. For real crystalline materials, the point group is restricted to C2, C'3, C4 and Cs due to lattice structures in
two spacial dimensions. In our discussion of classifications, we relax it to arbitrary finite group, assuming that this finite group symmetry is
reduced from some continuum medium. Classifications of SPT phases protected by both spatial and internal symmetries in 3+1d (denoted by

#), with higher form internal symmetries*®

are also presented. For higher form symmetries, the corresponding gauge connections are higher

form gauge fields rather than 1-form fields. Here A, B are U(1) or Zy 1- and 2-form gauge fields, respectively. In the main text, we omit the
wedge product symbol in order to simplify the notation. “Irreducible” means that any nontrivial subgroup of the total symmetry group would

contribute to protecting the SPT phases. Otherwise, it is said to be “reducible”

. The BF terms are implict. For instance, for Gs = Cn, and

Gi = Zn, X Ln,, there are extra terms 5= (NoB° A dw + 3°7_, Ny B' A dA'). The angular momentum is the response charge to the w

field defined by J = - [dz §

[ AYAA? Adw, up to a total derivative term [ d(wA A A A?).
Here is a reminder that in Table I, we only consider irreducible
classifications, meaning that any nontrivial subgroup of the to-
tal symmetry group contributes to protecting the correspond-
ing SPT phases. For instance, for Giot = Cn, X Zn, X Zn,,
J AY A A% A dA? also represents a nontrivial SPT phase, but
it is reducible in our sense because Cy, doesn’t play any role
in this SPT phase.

C. Illustration of topological response phenomena

Below we will take some typical examples of generalized
Wen-Zee terms and discuss topological response phenomena
represented by these topological terms.

Example1 G = Cyn, X Zn, X Ly, — We start from 2+1d

as an example. First, let’s consider S = k&f;ﬁ% Ik WAALA

A?%. N;j 1, = GCD{N;, N;, ..., Ny} where GCD stands for
“greatest common divisor”’. Each 1-form gauge connection is
defined on the corresponding symmetry domain wall along its
the normal direction. Inequivalent topological response the-
ories are labeled by £ € Zy,,,. The response to the zero

55 for G =Cnyand J = [dPz 25 55 for Gs = SO(2), where D is the spatial dimension.

.2 U .
Al b, ow by
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U g ! : Q1 Koo

FIG. 2. (Color online) (a). Topological response for Eq. (4). The
intersection of Zy, and Zy, symmetry domain walls Dy and D>
carries the angular momentum 7. A' and A? are the gauge connec-
tions normal to the domain walls, whose integral reflects the angle
differences between the two sides of domain walls. (b). Topological
response of Eq. (6). The intersection of disclination line and Z .,
symmetry domain walls Dy carries the A' charge Q1. w and A*
are the gauge connections normal to the disclination line and domain
wall, respectively.

component of w, i.e., wop, gives us angular momentum:

)
- 2
j _NO / d 5w0

NN y
172 / d?x €9 AL A2, %)
M

:ki
(27T)2N012



This angular momentum is exactly carried by the gapless en-
ergy mode localized at the intersection of Dy and Dy shown
in Fig. 2(a). More physically, there are zero energy modes
in spectrum. Their wave functions are localized at the inter-
sections of symmetry domain walls. Since the SPT ground
state has discrete rotation symmetry along z direction, the lo-
calized zero-energy wave functions will carry good quantum
number—angular momentum 7. One can measure the an-
gular momentum by computing the expectation value of the
operator J. in the localized wave functions. For nontrivial
SPTs we considered here, J is fractionalized at the minimal
(nonzero) value:

N1N2 2 21w k

Tmin = ke ==
(2m)2No12 N1 N2 Noi2

4)
for a given k. Since the integer k& with identification k ~
k + Noi2 labels distinct SPT phases classified by Zy,,,, the
minimal fractional part of angular momentum shown above
can be used to unambiguously identify distinct SPT orders.
Let’s make the discussion more explicitly. Suppose Ny =
4, N1 = N2 = 8, i.e., GS = C4 and Gl = Zg X Zg. Then,
k ~ k 4 4 and the minimal nonzero angular momentum for
each k is given by (the Planck constant is recovered for the
time being):

Jmin = I, (k = 0,1i.e., the trivial phase) ;

1
jminfzha (kil)v
jmin:%ha (k:2)7
jmin:%ha (k:?))

For a given k, all other 7’s are multiple of Jyin, i.€., J =
0 ) :I:jmin ) :l:2u7min ) :l:3u7min s T

We would like to stress that only the fractional part of
the angular momentum is gauge invariant and thus physically
meaningful. Indeed, if % is shifted by Ny;2, the angular mo-
mentum J is simply shifted by an integer. Formally, once
we perform a large gauge transformation on A°, the angular
momentum defined in Eq. (4) is shifted by an integer. This
shift can be understood as attaching trivial SPT phases to the
system. We will return to this point in Sec. II D.

We can also study the response to an internal gauge field,
say Al. The corresponding A' charge is

1 08
= d?e ——
Ql N] /M2 . 6146
NoNNo / o ij, . A2
=—k— d*x e w; Az, 6
(27T)2N012 M2 rerw J ( )
which is illustrated in Fig. 2(b). Furthermore, the charge Q;
is fractionalized with minimal fractional quantum:

NON2 2w 21 k

U=k e N No Ns ~ Mo @

Example 2 G = SO(2)xU (1) — Another example would
be S = % f w A dA. In this case, in order to have a nontrivial

FIG. 3. (Color online) Topological response for Eq. (8). Ma is a
monopole of gauge field A enclosed by some 2d surface. Since w and
A are U(1) connections, there is a continuous distribution of the an-
gular momentum on the surface where w is defined along the normal
direction of the surface. The integral of angular momentum density
J gives Eq. (8).

topological action, we must insert monopoles, which is de-
scribed by Dirac quantization condition (3). Here we can ei-
ther insert a U(1) gauge flux, or a curvature flux (disclination)
in the real material. Topological responses give us

J= % /M2 d?x €70, A;, (8)
or
k 2, . ij
Q:% M?d z €7 0jw;. )

Physically it means that at the defect, the U(1) flux carries the
curvature charge, which is the spin or angular momentum; on
the other hand, the disclination carries the U(1) charge. In
Fig. 3, it is seen pictorially that once the monopole of U(1)
gauge field (spin connection) is enclosed in the curvature flux
(U(1) flux) tube, it carries the w charge (U(1) charge). This
phenomenon is essentially Witten’s effect.’® Note that both
w and A are continuous gauge connections here. Then there
is a continuous distribution of the angular momentum on the
surface where w is defined along the normal direction of the
surface in the background of a U(1) monopole of A field. The
integral of angular momentum density J gives Eq. (8). In the
language of Ref. 42, due to the mixing term of spin connection
and U(1) gauge field, the U(1) flux contributes the spin; on the
other hand, the curvature quantum contributes to the electric
charge. After integrating over a 2-manifold M?, we have

k
Ngr = A’z pa = 2—27777,0 = knY, (10)
T

M2

where n is the w monopole charge. This is related to the shift
discussed in Ref. 42 in QH systems by a multiplicative factor.

Example 3 G = Cn, X Zn, X Zy, X Ly, — Now
let’s move on to the 3+1d system. We first consider S =

k% JwA AY N A% A A3, Similar to the 2+1d case,



we have the angular momentum:
N1{NyN3
(27)3No12s J ae
with fractionalized minimal unit 7, = ﬁ The intersec-
tion of the symmetry Zy,, Zn,, Zn, domain walls D, Do,

D3 carries angular momentum labeled by k € Zpy,,,,, like
Eq. (4). (c.f. Fig. 4)

T =k Pz eTFATAZAY . (1)

-

FIG. 4. (Color online) Topological response phenomena described
by Eq. (11). D1, D> and D3 are the symmetry Zn, , Zn,, Zn, do-
main walls, respectively. The gauge connections A, A% and Aj are
defined across the corresponding domain walls in the normal direc-
tions. The intersection carries the angular momentum of w labeled
by k € Zngyos-

Example 4 G = Cy, x Zy, x U(1) — For other types
of response actions, we have to insert nonzero fluxes to probe
the nontrivial SPT order. For instance, from Table I, for S =

b= [w A AL A dA? in 3+1d, we have

N 3
j = k(27r)721N01/ . d31’ Eka%ajA%. (12)
M

with fractionalized minimal unit J;, = Nim As shown in
Fig. 5(a), there are angular momenta J trapped at the inter-
sections between the Zy, symmetry domain wall D; and the
A? flux line.

Example 5 G = SO(2) X Zn, X Zy,— Similarly, for
S = k- [ A A A% A dw in 3+1d, we have

(27)2N12
Ny y
=k— d3z €% A20;wy,. 13
1 272 N13 Jape x €7 AT O;wy (13)
with fractionalized minimal unit Q.;, = NL It means

that the intersections between the disclination line and the
Zn, symmetry domain wall D, carry A! charges, shown in
Fig. 5(b).

Example 6 G = SO(2) x U(1) — Another interesting
example is S = L fw A dB in 3+1d, where B is a 2-form

27
gauge field. Analogous to the 2+1d case, we have

k g
J = %/ ) d3x €9%9, By, (14)
M

A, fluxline Disclination line

(a) (b)

FIG. 5. (Color online) (a). Topological response for Eq. (12). D;
is the Z, symmetry domain wall. A' connection is defined across
D7 in the normal direction. The intersection of D7 and A flux line
carries w angular momentum. (b). Topological response for Eq. (13).
Similar to (a), the intersections of the disclination line and the Zy,,
symmetry domain wall D5 carry A' charges.

showing that the U(1) flux (i.e. a point in 3d space) carries
w angular momentum. The presence of B field indicates that
the corresponding SPT phase has 2-form internal symmetry
G;*. 2-form-symmetry-protected topological phase has been
also discussed in Ref. > (see Part 3 of the Supplemental Mate-
rial of this paper) where two 1-form and one 2-form internal
symmetries are mixed together, resulting in a topological re-
sponse action like S ~ [ A' A A% A B in 3+1d. The latter, if
all gauge fields are dynamical, can support Borromean-Rings
statistics among quantized flux loops and gauge charge. The
term B A B discussed in Ref.!” can also be used to describe
SPT with two 2-form internal symmetries.

D. Fractionalization of angular momentum is gauge invariant

In the above discussions, we have known that the response
charge is related to configuration of domain walls and/or
disclinations. Below we will explain that only fractional part
of response charge / angular momentum is meaningful in char-
acterizing SPT orders. The integer part can be removed by
gauge transformations. Let us perform gauge transformations
in two examples. Other topological actions can be analyzed
in the similar way.

G = Cn, X ZnN, X Zn, in 2+1d— The topological term
in 2+1d that we are interested in is

NON1N2 1 2
=k——F—— AN A° 15
S 172 Nors /w NAYA (15)

The corresponding w charge is

NN,
~ T4n2No1o

J / . d*z A} AZeV. (16)
M

Under the gauge transformation

Al s Al ayt, 1=1,2, (17)



we have
N N.
T ke [ (A ) A (4 4 )
T=INo12 J M2
N1Ny Tp A2 AL A 702 1
N1 Ny 1, 2mn? 2mnt 9
= 2 o 2
T b a2 2m?)
+ (27rm1)(277m2)}
_ NiNy [min?  nlm? 19
_J+kNo12[N2 + N, + (m m?)|, (18)

where m!,n! € Z. It is easy to see that the extra term is a k-
dependent integer by noting that N2 is the greatest common
divisor of Ny, N7 and N». Thus the shift of J under large
gauge transformations can be interpreted as stacking trivial
phases in the bulk, and only the fractional part of 7 is mean-
ingful.

G = Cn, X Zp, in 3+1d— The topological term in 3+1d
that we look at is

NoNy 1 1
S=k NANdA*. 19
4712 Noy /w (1%
The corresponding w charge is
N
J = k- A' N dAY. (20)

471'2 N()1 M3

Under the gauge transformation A* — Al + dx!, we have

472 Noq
N

472 Noq

mint Ny
Nor '

where m1,n1 € Z. We can see that under gauge transforma-
tions, J also shifts by a k-dependent integer.

J—>L7+/~:L/ dxt A dA!
MS

T4k (2rm*b)(2mnt)

=J+k @21)

E. Synthetic higher-dimensions

All topological terms in Table I are either 2+1d or 3+1d.
As a matter of fact, one can easily construct generalized Wen-
Zee terms in all other dimensions. For example, in 1+1d, one
can consider w A A term. In 4+1d, there are more possible
terms, e.g., w A AL A A2 A A3 A AL w A AV A A% A dA3,
dw N AV N A2 N AP w ANdAY AN B, w AN AN C, where B
and C' are respectively 2-form and 3-form gauge fields. While
1+1d is physically accessible, 4+1d has also been syntheti-
cally realized in experiments by periodically tuning the ef-
fective lattice momenta along extra synthetic dimensions>-%.
Therefore, even in the condensed-matter framework, it is still
physically meaningful to discuss SPTs in higher dimensions.
Our bosonic/ spin systems are intrinsically interacting. The-
oretical challenge in such interacting systems arises on how
to implement interactions in the presence of synthetic dimen-
sions, which was recently discussed in Ref. 61.

III. GENERALIZED WEN-ZEE TERMS DERIVED FROM
SPT LOW-ENERGY FIELD THEORIES

In Sec. II B, we explored the classification from the topo-
logical response actions formed by the generalized Wen-Zee
terms in Table I. One may wonder if there is a bulk field the-
ory description of SPTs such that the above response actions
can be derived in a natural way. In this section, we intro-
duce such field theory description in both (2+1) d and (3+1)
d and the corresponding gauge transformations. Then, we in-
troduce a Wen-Zee type of coupling between bulk degrees of
freedom and external gauge field as well as spin connection.
The latter can be regarded as a background gravity. After bulk
degrees of freedom are integrated out, we obtain the general-
ized Wen-Zee terms discussed in Sec. I B. In Appendix E, we
briefly discuss similar analysis of topological gauge theories
for SET phases, gauge transformations and their coupling to
background gauge fields. Different from SPT gauge theories,
we are not allowed to integrate out the internal gauge fields to
obtain the response actions. Otherwise, the coefficient quanti-
zation of topological terms after integration will be incorrect.

We start from 2+1d systems as an example. The action is
given by:

2
_ i 0 0 I I
s_/27r (b Ada +;b Ada
NyN, N,

0 1 2
———a ANa ANa”. 22
(27T)2N012a “ @ ( )

+k

where a!, b! are dynamical 1-form gauge fields, respectively.
This action is invariant under the gauge transformations

ol = af +dff,
bl = v +av!

€1JK (flJ/\fK - ;fJ/\de> )
(23)

(27T)2N012

where I = 0,1,2, f/ and V! are zero-form fields. We couple
them to the external fields

2
__i 0 I I
S, = 27T/<wAdb +;A /\db), (24)

where A’ are 1-form external gauge fields. w is the spin con-
nection that describes the background gravity induced by the
Volterra process in, e.g., Fig. 1. We also impose the con-
straints (2). After integrating out b°,b’, we obtain a® =
w,a’ = A!. Then integrating a’ gives us the generalized
Wen-Zee term:

NoN1 N,

Sefy = ksl 22
ff (277)2N012

/ (wn AV A A?) (25)

which is the topological response action in the second line of



Table I. Similarly, in 3+1d, we have

3
_ i 0 0 I I
S_/27r (b Ada +I§=:1b Ada

NoN1NoN-
077172 3ULO/\al/\aQ/\CLB’7

+ g0V
(2m)3 No12s

(26)

where b! are 2-form gauge fields. The action (26) is invariant
under the gauge transformations:

al = a! +dff,
NoN1N2N3

bl s bl +dqv! — g2
T (27)3 No123

€I1JKL

X (aJ/\aK/\fL—aJ/\fK/\de—I—;f‘]/\de/\de>
(27)

where V1 now are 1-form fields. After coupling to external
fields via

3
__i 0 I I
Sy = 27r/<w/\db +I§A /\db), (28)

and imposing the constraints (2), we obtain the generalized
Wen-Zee term:

NoN1N3N3

Serr =k—a—"7"
1 (27)3 No123

/w/\Al/\Az/\AB. (29)

IV. SUMMARY AND OUTLOOK

In this paper, we have focused on SPTs that are jointly
protected by spatial and internal symmetries. We have pro-
posed a class of new topological terms—generalized Wen-Zee
terms and shown how spatial and internal symmetries are in-
tertwined. The classification and response theory of these
SPTs has been obtained in the present framework and sum-
marized in Table I. The physical interpretation of generalized
Wen-Zee terms has been analyzed through some typical exam-
ples shown in figs. 2 to 5. We have also discussed the relations
between these topological response theories and correspond-
ing bulk low-energy field theories for SPT phases.

Several future directions are summarized below:

1, Non-Abelian spatial rotation and disclinations. The rota-
tional symmetry in the present work is restricted to SO(2) and
its subgroup, i.e. a spatial rotation about a fixed axis. Nev-
ertheless point group symmetry is not so restricted. A non-
Abelian rotation, e.g., a rotation about one axis followed by
a rotation about another axis. In these situations, disclina-
tions are essentially non-Abelian defects described by Frank
vectors with three non-vanishing components. Probing such
spatial symmetries requires non-Abelian spin connection wZ{
Generalizing Wen-Zee term along this line has to study topo-
logical terms of non-Abelian fields with a trace operation in
SO(3) “color” space while the discrete nature of point group
can be guaranteed formally by adding Higgs terms.

2, Spatial translation and dislocations. If the spatial sym-
metries also involve translation symmetry denoted by 7, then
the possible expressions of generalized Wen-Zee terms may
include vielbein field in a nontrivial way. The response phe-
nomenon of each topological term may include an interesting
interplay of disclinations, dislocations, and symmetry domain
walls. For examples, fractionalized momentum may be car-
ried by zero modes that are localized on intersections of sym-
metry domain walls. In Ref. 62, the authors discussed the
relation between dislocations and topologies of the manifold
in (2+1) d. Specifically, adding a pair of dislocations is equiv-
alent to increasing the genus of the manifold by one. It is
interesting to study similar phenomena in higher dimensions
and for disclinations, and also recently proposed higher-order
SPT phases.?%63

3, Topological terms corresponding to other approaches.
Our work on SPTs jointly protected by internal and rotation
symmetries is done via field-theoretical method. It is inter-
esting to provide field-theoretical analysis on SPTs (in both
bosonic and fermionic systems) that have been studied in
other approaches, e.g, real space recipe, method of abstract
algebraic topology>%6+-¢7,

4, Canoncal quantization and topological gravity. Fi-
nally, it is interesting to point out generalized Wen-Zee terms
also represent exotic topological couplings between gravity
and gauge fields with nontrivial non-commuting algebraic
structure®® once we perform canonical quantization on gener-
alized Wen-Zee terms. Throughout this paper, we treat discli-
nations in materials as static external defects. As a future di-
rection, one can promote these geometric defects to dynamical
fields, which corresponds to topological gravity®.
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OUTLINE

These Appendices are devoted to presenting some technical
details for the results in the main text. While the main text is
written in a self-contained and coherent manner, the appendix
provides a deeper discussion to details steps. The outline of
the appendix is as follows. In Appendix A, we briefly review
Wen-Zee term in quantum Hall systems. In Appendix B, we
review the physical interpretation of the dislocation as the tor-
sion flux, in parallel with that of the disclination as the cur-
vature flux. In Appendix C, we present the detailed calcula-



tions of the classification of SPT phases listed in Table I in the
main text with two examples. In Appendix D, we review the
relation between quantization condition for disclinations and
Gauss-Bonnet theorem. In Appendix E, we also briefly study
the bulk field theory of symmetry-enriched topological phases
(SETs) with both kinds of symmetries. This logic (i.e., from
SPTs to SETs) follows from Ref. 53 and 54 where the field
theory of SETs with purely internal symmetries is studied.

Appendix A: Review on Wen-Zee terms in Quantum Hall
systems

To be self-contained, we briefly review Wen-Zee term of
quantum Hall systems here.*> The long-distance physics of
quantum Hall system can be described by the K -matrix for-
malism as

L= ie’“’” (KUai&,ap + 2t1Au&,a£ + ZSIwM&,ai) .

(A)
where a! are statistical gauge fields, ¢; and s; are the charge
and spin vectors, respectively, A is the background electro-
magnetic U(1) connection and w is the SO(2) connection.
The term “w A da” is the original Wen-Zee term. After inte-
grating out the statistical gauge field a’, we have the effective
Lagrangian for the background fields

1, _nIJ
Lepp = ﬂeu P(trAu + srwy) (K 1) O (tsAp + s5wp).
(A2)

The response electromagnetic and spin currents are obtained
as

) 0L, 1 . NI
= 8A£f — %Gu Pty (K1) 0,(ts A, + stp()A,S)
_ OLeyy

1, _\IJ
Jun = Zn = g s (K1) 7 0t Ay + 5100).
(A4)

Integrating the time components of the above currents, we ob-
tain the electric and spin charges as

N\ (tTK-1t tTK-1s\ [Ny (AS)
N,)  \sTK-'t sTK-'s) \Ngr)’
where Ny = -- [dA and Np = 5 [ dw are the flux and
curvature quanta, respectively. Then we have

1 tTK-1s

No = ¥ ~ WK1t

Ng. (A6)
The first term gives the filling factor v = t7 Kt and the
second term gives the shift

S={t"K 's)v ' Ng, (AT)

which is a topological quantity, depending on the genus of the
manifold but not the metric.

Appendix B: Dislocations as the torsion flux

A dislocation in the media is represented by the Burgers
vector b = (b, 0% ), defined in terms of the displace-
ment field as ¢, dz"Onu'(z) = §,de"dpy'(x) = —b',
i = 1,2,3, where C is a closed path encircling the disloca-
tion line.*> There is no preferred reference frame in the de-
formed media when dislocations exist. So we choose an ar-
bitrary curvilinear coordinate system x™, while we use i, j to
label the fixed Cartesian reference frame. Although the dis-
placement field is not everywhere smooth in the presence of
dislocations, 0,,3" are everywhere smooth in order to ensure
the stress forces are uniquely defined in every point. There-
fore, we can introduce the smooth tensor field e}, = 9,,3".
In the language of geometry, it is the vielbein field. When
there are dislocations, the integrability condition breaks down:
Ome,l — One,l # 0. The Burgers vector can be expressed as
Mg dz™dx™ (Ome,; — One,l,) = —b'. By Stokes’ theorem, it
can also be written as 930 dz™e,! = —b'. In fact, e,/ can be
used to describe the distribution of dislocations in the media.
Let’s introduce the torsion tensor 7,,,,,' = dpe,! —w,Fe,; —

- mn
(m <> n), where w,”? is the SO(3)-connection. In the absence

m
of curvature, we can choose SO(3)-connection as a pure
gauge and set w,’J = 0. Then the Burgers’ vector becomes
[[g dz™dx"T,, " = —b'. When the curvature exists, the
above equation still holds. Nevertheless, in the continuum me-
dia with continuously distributed dislocations, only the local
Burgers vector is well defined: dz™daz"T,,,! = —db*(x).*
Similar arguments work for disclinations. From the infinites-
imal form, it is apparent that torsion can be interpreted as the
surface density of the Burgers vector. By Laughlin argument,
an insertion of dislocation induces momentum pumping. In
this sense, momentum is the charge if we regard the vielbein
field as a gauge field.

Appendix C: Derivations of classifications in Table I

We show calculations of the classification for two topolog-
ical terms as examples. Other topological terms can be ana-
lyzed in the same way. From the calculations, we will see that
the classification comes from two steps: large gauge transfor-
mations and shifts. The large gauge transformation tells us
the quantization of the coefficient of the topological action,
while the shift tells us the period, thus classification, of the
topological action.

1. G:CNO XZN1

The topological action is

1
S = / (2(N030dw + N1B'dAY) +pr1dA1> , (CD)
s



which is invariant under the gauge transformations

w— w~+dy°,

Al 5 A +dyt, (C2)
Bl Bl 4 av! — 2Ry q,
I
up to total derivative terms, where €’ = —¢'© = 1. Under
large gauge transformations,
1 1 1 2
- dBoﬂ—/ dB® — — [ TPy igal
21 M3 2 M3 2T M3 N()
1
— [ aB® = L 2mmY)(2mnd),
27T M3 0
= 47’p € NyZ, (C3)
where ml, nl € Z. Similarly,

1 1 p
— dB' —» — dB' + =—(27m?)(27n>
5/ /N + 2 @) 20,

= 47%p € N1 Z. (C4)
From Eq. (C3),(C4), we have
47%p = klem(Ny, No)

_ kNoN
N 47T2N01,

kecZ, (C5)

where k € Z.

Eq. (C1) is invariant under the shift
kN
27 No1

KlNO 1

———wdA C6
* 27TN01 w ’ ( )
k—=k+k+ Ky,

where k, K1 € Z. Then under the shift,

dB® — dB® — ——— A'qA*,

dB' — dB!

A (;ﬂ/NodeO) = —W € 2n7Z.
= k = {Np;. (C7)
Similarly, change in 5 [ N1 A'dB! gives us
Ky = {'No;. (C8)
Combining Eq. (C7) and (C8), we have
k ~ k+ Noa, (C9)

which is essentially the classification of the topological sys-
tem described by Eq.(C1).

2. G=Cny XZn, XZLn,

The topological action is

5=/ G

+ prldAQ) ,

(NoBYdw + N, B'dA' + N, B2dA?)

(C10)

10

which is invariant under the gauge transformations

w— w+dx°,

Al s AT dy!, 1=1,2
Bl o B4 av — FP 1aa2 [y —0.1,
I
B? — B? +dV?, (C11)

up to total derivative terms. The large gauge transformations
on 5= [dB® and 5=~ [ dB! give us

 ENoN

= k € Z. Cl12
47T2N01’ < ( )
Eq. (C10) is invariant under the shift
kN
dB® — dB® + — 1 A'dA?,
27TN01
K1 N,
dB' — dB' — =12 ,d A2,
mNo1
K3yNoNy
B> - B = " At
- 27TN01N2w ’
k—k+k+ K+ Ko. (C13)

Under the shift, A(5= [ dB°) and A(5= [ dB") give us
k=/{¢Ny, K;=4¥¢Ny. (C14)
For B2, we have
1 KsNgNy
A(— [ dB?) = ————— [ (dwA' — wdA?
(277/ ) 47T2N01N2 /( . w )
Ky ]\fo’/n1 + Nlmo
=———— € 277Z.
N No1
= K? =/{"Ns,. (C15)
Then we have
k ~ k + Noi2. (C16)

Appendix D: Dirac quantization condition for disclinations on
orientable manifolds and Gauss-Bonnet theorem

As is familiar from QH systems, the curvature flux in 2d
orientable manifold M? is quantized by Gauss-Bonnet theo-
rem

Y = 1 do = i/alz:n\/ER:2(1*g), (DD

2T M2 7

where Y is the Euler characteristic, w is the spin connection
defined in Ref. 42, in dictinction with w defined in the main
text; h is the metric and R is the Ricci scalar of M2. In terms
of @w, we have on sphere f g2 dw = 4mn, n € Z. Note that
in Ref. 42, the mininum quantum of angular momentum is
1/2, while here our minimum quantum is 1. Taking this into
account, our quantization condition in Eq. (3) is consistent



with the quantization condition given by Gauss-Bonnet theo-
rem. As a result, our spin connection w here satisfies the same
quantization condition as a normal U(1) gauge connection.
In (3+1) d, the spin connection is generically non-Abelian,
even for the spatial part only. In this case, it is hard to define
the curvature flux. To resolve this problem, we restrict our
discussion of the geometric response on a two-dimensional
submanifold, namely, we decompose the spacetime manifold
M* = M? x M'". Then the curvature flux on the submani-
fold, say, M? is well-defined, like the QH systems. Then we
put internal gauge fluxes or monopoles on the other subman-
ifold M'? such that the total topological action is nontrivial.
For more general four manifolds, we can choose the vielbein
field as™ e, = (0%}, e*,, e# 6% ) such that only zy plane has
nontrivial geometry.

Appendix E: Topological field theories for SET phases

Similar to the last subsection, we can turn the level of BF
terms to be integers larger than one. The resulting theories
have intrinsic topological orders and describe SET phases.
There is a caveat, though. The path-integral over bulk degrees
of freedom can be legitimately performed in SPTs but not in
SETs since nontrivial topological excitations in latter lead to
inconsistency on level quantization. In this case, we have for

2+1d,
NoN1N:

0 711 04V1iV2 g 1 o

S = /( bda +§: —blda ﬂ%PMmaaa>,

(ED)

which is invariant under the gauge transformations up to sur-
face terms

al = ol +dff,
21k N0N1N2

b[ N bI “nhv 6IJK J K _
nr (271')2]\7012 ( f

1
+ —dv' +

nr
(E2)

1
§defK)7
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where I = 0,1,2, f! and V! are zero-form fields. We can
again introduce couplings to external fields

(E3)

_ 1 0 I I
S =5 (wdb +—§:14cw )

I=1

and impose the constraints (2). The equations of motion for
B0, b! are nodw + dA° = 0,nrda’ + dA’ = 0. One should
note that in this case, we can’t integrate out the dynamical
fields a’, b’ to obtain an effective response theory since the
bulk of the SET phase is nontrivial. There are nontrivial in-
teractions between the external fields w, A’ and the intrisic
dynamical fields. Similarly, in 3+1d, we have

no o I NoN1N3yNg Cala2a’
S = / v0da® + g —b da! + k——"2= a
< (27T)‘3N0123

(E4)
which is invariant under the gauge transformations up to sur-
face terms

al = o 4+ dff,

1
+ —dv!

ny
mk NoN1Na N
ny (2m)3Noi2s

1
xe”KL(w%KfL—a{#%UL+3f%ﬁK@%).
(E5)
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