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We analyze the evolution of the dynamics of a neutral s-wave superconductor between BCS and
BEC regimes. We consider 2d case, when BCS-BEC crossover occurs already at weak coupling as
a function of the ratio of the two scales — the Fermi energy Er and the bound state energy for
two fermions in a vacuum, Ey. BCS and BEC limits correspond to Er > Fy and Er < Eo,
respectively. The chemical potential 4 = Er — Eo changes the sign between the two regimes. We
use the effective action approach, derive the leading terms in the expansion of the effective action
in the spatial and time derivative of the slowly varying superconducting order parameter A(r, 1),
and express the action in terms of derivative of the phase ¢(r,7) of A(r,7) = Ae(7)  The action
contains (V¢)2 and gf)z terms, which determine the dispersion of collective phase fluctuations, and
’L'ﬂ'A(ZB term. For continuous ¢(r,7), the latter reduces to the contribution from the boundary and
does not affect the dynamics. We show that this longwavelength action does not change through
BCS-BEC crossover. We apply our approach to a moving vortex, for which ¢ is singular at the
center of the vortex core, and iWAvorté term affects vortex dynamics. We find that this term has
two contributions. One comes from the states away from the vortex core and has Ayore,1 = n/2,
where n is the fermion density. The other comes from electronic states inside the vortex core and
has Ayort,2 = —no/2, where ng is the fermion density at the vortex core. This last term comes from
the continuous part of the electronic spectrum and has no contribution from discrete levels inside
the core; it also does not change if we add impurities. We interpret this term as the contribution
to vortex dynamics in the continuum limit, when the spacing between energy levels w is set to zero,
while fermionic lifetime 7 can be arbitrary. The total Ayort = (n—mn0)/2 determines the transversal
force acting on the vortex core, ﬂ'Avm-tR X Z, where R is the velocity of the vortex core and Z a unit
vector perpendicular to the 2d sample. The difference (n — ng)/2 changes through the BEC-BCS
crossover as no nearly compensates n in the BCS regime, but vanishes in the BEC regime.



I. INTRODUCTION

The evolution of the static properties of a superconductor between BCS regime, when bound pairs of fermions
condense immediately once they form, and Bose-Einstein condensation (BEC) regime, when bound pairs of fermions
form at a higher T},,s and condense at a smaller 7., has been extensively discussed in the condensed matter contextd 12
and also for optical lattices of ultracold atoms2%:2!. Experimental evidence for preformed pairs has been reported for
high-T, cuprates2? and, more recently, for Fe-based superconductor FeSe; ,Te, (Ref.23).

In this paper, we discuss the evolution of the dynamic properties of a neutral superconductor between BCS and BEC
regimes. We consider a 2d superconductor and for definiteness focus on s-wave gap symmetry and assume Galilean
invariance, i.e., assume rotational symmetry and k?/(2m) fermionic dispersion. Extensions to non-s-wave pairing and
lattice systems are straightforward. We consider 2d case because in 2d, BCS-BEC crossover can be analyzed already
within weak coupling, when calculations are under control. Indeed, in 2d systems, two fermions form a bound state
already at arbitrary small attraction g. (In 3d systems, the bound state of two fermions in a vacuum emerges only
once the interaction exceeds a certain cutoff, generally of the order of fermionic bandwidth®.) Such a bound state has
energy 2Ey = 2Ae=2/(No9) wwhere Ny = m/(27) is the free particle density of states per spin in 2d and A is the upper
cutoff for the attractiont:224,

The crossover between BCS and BEC regimes occurs as a function of Ey/Ep. For Ep >> Ej the system is in BCS
regime, and bound pairs condense almost instantly after they form at Tj,s ~ (EpFEg)'/2. For Ey >> Ep, bounds
pairs form at Tj,s ~ Eo/log Ey/Er and condense at a much smaller T, ~ Ep, leaving a wide intermediate region of
preformed pair behavior. The chemical potential p at T'= 0 changes sign between the two regimes: © = Er — Ej.

We use the effective action approach, and expand the action in terms of time derivatives of the slowly varying order
parameter A(r, 7). We obtain the generic expressions for the terms up to second order in spatial and time derivatives,
in terms of the eigenfunctions of the Bogolubov-De Gennes equation, and then apply the results to the case when
the variations of the order parameter predominantly occur via variations of its phase, i.e., A(r,7) & Aet?(nT) - We
obtain the action in terms of spatial and time derivatives of ¢. The action contains the conventional terms V?¢ and
0%¢/072, which fully describe the dynamics when ¢ is a continuous function of a coordinate and time

’U2
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The form of S.,,: does not change between BCS and BEC limits, and the velocity of phase fluctuations remains
vp/v/2 through the crossover.

Using our approach we also study the dynamics of vortices and, in particular, the transverse force acting on a slowly
moving vortex. Such force is typically attributed to the terms in the effective action that are linear in time derivatives
of the phase, i.e., proportional to [ drdr¢. This term is often referred to in the literature as Berry phase term?29 32,
It reduces to the contribution from a boundary and does not contribute to the dynamics if ¢ is well defined at any r
and 7. However, for vortices, as well as for other topological defects, such as phase slips 32, such term does contribute
to the dynamics due to non-analytic behaviour of ¢ at the center of the vortex core, and gives rise to an effective
transverse force acting on a vortex22:27:28.30.31.34°38 " The action associated with this transverse force can be written

as

iy = i Aurs [ dt (XOV () = Y(0X(0)
2)

with X and Y being the coordinates of the vortex core.

We show that the prefactor A+ has two contributions, Ayort = Ayort,1 +Avort,2. The first one is the hydrodynamic
contribution, associated with superfluid motion of fermions at the peripheral region of the vortex (this term is often
termed as Magnus force). We find A,pre1 = n/2, where n = 2NoEp is the actual fermionic density. Another
contribution is a reaction force from normal fermions at the vortex core. For this term we find Ayorr2 = —no/2,
where ng = 2Nouf(p) is the density of free fermions with the same chemical potential 4 = Fr — Ey (same as the
density of fermions inside the vortex core). In the BCS regime Er > Ey the difference n — ng = 2NgEy < n, i.e.,
these two forces nearly cancel each other. The resulting A, = NoFp. In the BEC regime, p < 0, i.e., all states
of free fermions are above the chemical potential and therefore are empty. Then ny = 0, and only Magnus force
contributes to Ayort = Avort,1 = n/2 = NoEp. The vanishing of ng once p becomes negative is consistent with the
generic reasoning in Ref37 that free-fermion contribution to Aoy vanishes once the system undergoes a (fictitious)
Lifshitz transition, in which the (fictitious) Fermi surface of free fermions with renormalized p disappears. In our
case, this happens once Ey becomes larger than Fp.



The Berry phase term in the effective action has been analyzed earlier2® 31:34:37:39,40  Qevera] authors 26:34:37:39,40

argued on general grounds that the value of A,,+ depends on the interplay between the fermionic lifetime 7 and
the separation between discrete levels in the vortex core wy ~ A2?/Ep (Refs.244142) They argued that the result
Ayort = (n — ng)/2, which we report, holds in the hydrodynamic limit wo7 < 1, when the quantization of fermionic
states inside the vortex core can be neglected. In the opposite limit wo7 > 1 (which includes the most studied case of
7 = 00) these and other researchers argued=022:31:32:37.39 there should be a contribution to A,,,; from discrete levels
in the vortex core, which cancels out A,r¢,2, such that the total Ayort = Apore,1 = n/2.

In our approach, A,ere,1 = n/2 comes from the states far away from the vortex core, and by this reason is unsensitive
to whether wo is small or large, i.e., it exists at woT < 1 and wor > 1. The contribution A,ere2 = 10/2 is more
tricky. On one hand, it does come from the states within the vortex core, and in our calculations we kept fermionic
lifetime to be infinite. On the other, this contribution to the Berry phase comes solely from the term in the action
at vanishing A — 0, when the distance between energy levels in the core vanishes, and the fermionic spectrum in the
vortex core becomes continuous. This implies that in our analysis wy = 0 and 7 = 0o, so wy7 is ill defined. Still, we
emphasize that our Ayer¢2 comes from continuous (i.e., non-quantized) states, and we will also argue that it remains
the same in the presence of impurities, i.e., at a finite 7. By these two reasons, we believe that it is meaningful to
compare our A4 with the one obtained in earlier works at woT < 1. Then our and earlier results fully agree.

There is, however, one aspect in which our result seems to differ from earlier works. Namely, these works specu-
lated26:34:37.39:40 that at a finite woT there should be a contribution to Ayem from discrete levels in the vortex core.
We didn’t find such contribution in our microscopic approach (in our case, this would be the contribution to Aot
from discrete levels in the vortex core in the term in the action in which A is finite). We explicitly show this using a
finite system size D for the regularization of the integrals and taking the limit D — oo only at the end of calculations.
It remains to be seen whether such contribution emerges if one goes beyond the approximations we made in the
derivation of the action for phase variable.

There is one additional element in our calculation, which was not emphasized in earlier work and forced us
to derive the action in step-by-step calculations, starting from Hubbard-Stratonovich transformation and keep terms
at a finite A and at A — 0. Namely, in some earlier calculations, A,or»,1 Was argued to come from the action at a
finite A. The full contribution to the Berry phase from this term, however, contains an additional, formally infinite
piece, >, (1), where the sum is over all momenta. The authors of earlier works have argued that this ”parasitic” term
should not be present in A, .51 by physical reasons, but didn’t show explicitly how this term get cancelled. In our
calculation below, we show explicitly that the parasitic divergent term from a finite A piece in the action get cancelled
by the counter-term from the part of the action at A — 0 (the original divergent contribution and the counter-term
both come from the states far away from a vortex core).

The paper is organized as follows: In the next section we introduce the effective action of a superconductor in terms
of its fluctuating order parameter A(r, 7). In Section 3 we develop a systematic expansion of the action in terms of
(imaginary) time derivatives of the order parameter. We evaluate the zeroth order term and obtain the condensation
energy of a superconductor. We then obtain terms with one and two time derivatives, and express them in terms of
eigenfunctions of the Bogoliubov-de Gennes equation. We next focus on the small wavelength limit and express the
action in terms of spatial and time derivatives of the phase of a superconducting order parameter, including the term,
linear in time derivative. This last term becomes meaningful Berry phase term when the phase of the superconducting
order parameter is not defined globally, which is the case of a vortex. In Section 4 we compute the effective action
for a moving vortex in a neutral s-wave superconductor in 2d. Section 5 is the summary of our results.

II. GENERAL FORMULATION

The effective action for an order parameter of an s-wave superconductor can be obtained by departing from a
microscopic model with local four-fermion attractive interaction —g (g > 0) and introducing the pairing field A(r, 7)
to decoupling four-fermion interaction via Hubbard-Stratonovich transformation?2. This procedure is well documented
(see e.g. Ref41), and we just quote the results.

The partition function Z is expressed via the integral over the Grassmann fields as

7 = / dipdipeS-Y] (3)
where 1) = 1), (r, 7) and 1) = ¥, (r, 7) are spin-full coordinate and time dependent Grassmann fields, and

Si, 9] = / drdr (§u(,7)0yYa(r,7) + HEp, 3) (4)



Here 7 is the imaginary (Matsubara) time 7 = it and
2
H[wv 1/_)] = |:1Z)U (I', T) (_2v_m - ,U) 1/’0(1'7 T):| - g&T(ra T)&i (I', T)q/}l (I', T)q/}T (I', T) (5)

The four-fermion interaction is decoupled by Hubbard-Stratonovich transformation

5 — ! /dye<_%+ym) (6)

V2ma

In our case we introduce two Hubbard-Stratonovich fields A(r, 7) and A*(r, 7) and re-write the partition function as
Z = / dypdpdAdAT e S AAT] (7)

where now

S[w, v, A, A7) = /drdT <1/_)a(r,7’)87_q/;a(r,7—) L 1AamoP

: +H[w,w,A,m> (®)

and

HID0.8.87 = [inlr) (=5 = 1) a07) 4 A7)y (1) 7) + A s i) | - (0)

The action S[t, 1), A, A*] can be re-expressed in a more compact form by introducing Gorkov-Nambu spinor 1) =
1T
[¢1,1,]" . Then

2
S, v, A, A*] = /drdTM —/drde;(r,T)é_ldj(r,T), (10)
where the G~! is an operator
G l'=-0.—K()— A1), (11)
with
oo [=(1/2m)V? —u 0
K(r) = [ 0 (1/2m)V? +u] :
and

Afr,7) = {A*&T) A(B’T)} .

The Green’s function for the fermions G(r, 731/, 7') satisfies the following operator identity
(=0, — K(r) = A(r,7,N)G(r,7ix/, ') = 6(r —v')o(r — 7). (12)
Integrating over ¥ and 1) we then obtain
Z = / dAdA* e SIAAT] (13)
and
S[A, A*] = /drdTw —Trlog G~ (14)

The logarithm in the effective action can be eliminated by introducing an auxiliary variable A and making A, and hence
G, A-dependent, subject to A(r,7,1) = A(r, 7) and A(r, 7,0) = 0. Indeed, because G~ (r,7) = Gy ' (r,7) —A(r, ), we
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have log G~! =log Gy ' — 2, _, (GoA)™/n. The product GA =3 _ (GoA)™ is represented by the same expansion,
but without 1/n. The 1/n can be re-introduced by using the 1dent1ty

[ e (a0v6) ™) - I (swa)']

n

Using this trick, we can replace S in ([[d]) by

1)
/ dT/dI‘/ d\Tr GA (r,7;r T)aﬁ (x,7,\)] /dT/ A6, DI +Snorm; (15)

Snorm = —Trlog Gl (16)

where

Note that in Eq. ([[3) the trace is over the Gorkov-Nambu 2 x 2 matrices only, while in Eq. (I6]) the trace is assumed
to be over the infinite-dimensional matrix G~! as well as over the Gorkov-Nambu 2 x 2 structure.

A similar trick has been used in Ref42, where an auxiliary variation of the coupling constant was introduced instead

of A—dependence. Writing the action in the form of Eq. ([T helps with the computations and will also allow us to
establish a connection with the Wess-Zumino formalism, which has been used in earlier works3137:40 to evaluate the
Berry phase and the Magnus force for topological defects, such as vortices.

III. ADIABATIC EXPANSION
We set A(r, 7, \) to be a slowly varying function of 7 and expand it around a particular 7 as
Ar,7,0) = A(r, 7', A) 4 0 A(e, 7, N (1 —7') + (1/2)0% A, 7/, \) (1 — 7/)2 + ... (17)
Consequently, we seek for the solution of Eq. (IZ) in the form
Gi(r, 31, 7) = G&O)(F,T -7’ )+ G(Al)(r,T -7’ )+ ng)(r,T -7 T+ (18)

with G&O) being of the order (9,A)°, Gf\l) being of the order (9,A)!, etc. The functional in Eq. (I5) can then be

written as a series

A 1)|?
S=S8norm+So+S1+S2+... :Snwm+/dr [L<°>(T) +/dr%] +/dTL<1>(T)+/dTL<2>(T)+... . (19)
with

1
(k)(T) = /dr/0 d\Tr [G&k)(r,T;r,T)a—iA(r,T, )\)] (20)

Again we emphasize that in Eq. (20) the trace is taken over the 2 x 2 matrices only.
In what follows we derive the first three terms in the expansion in Eqs. ([I9} 20) and obtain S = So+ 51+ 52+ Snorm.-

A. The expansion of the action for a generic A(r,r)

We start with Eq. (). Substituting Eqs. (7 O8) into Eq. (I2), we find that the zero’s order Green’s function
G(AO) (r,7 — 7/;1',7') satisfies the operator identity

[=0r = H(r, 7 V]GV (x, 757, 7') = 6(x —x)(r — 1), (21)
where

H(r, 7', \) = K(r) + A(r, 7/, \). (22)



The solution of this equation can be written as

R d . ,
G(AO) (v,7 =730, 7") = 2WG(O) (r,w;r’, 7)W= (23)
T
with
! !
G(O)I'CUI‘ 7’ Z|Xn)\ Xn)\(rvT”, (24)

w — Fp A

where |xn a(r, 7)) are the eigenfunctions of the corresponding Bogolubov-De Gennes equation:
H(r, 7' Dxna(r, 7)) = En (7)) xn A (r, 7)) (25)
which satisfy the completeness relation

> hena(®) ()] = 6(x — '), (26)

The eigenfunctions |xn A(r,7')) depend parametrically on A and 7/. Continuing with the expansion, we find higher
order contributions in Eq. (I8]) to be

GV (rwir, 7) =i / drr GO (v, wir1,7) [0 Alrr, 7, N)] 2 GO (e, wi e, ) (27)

Oow

R 1 R . 2
GO (r,wir',7) = —E/drl Gg‘”(r,w;rl,f’)[aE/A(rl,r’,A)}%G@(rl,w;r',#) (28)

-2 / devdrs S G0 (r,rer, ) B Ay, 7 N G w0, 7) [0 A, 7 0] G (1 i 7).

We now substitute Eqs. (23] 241 27 28) into Eqn. (20). The zeroth order term gives

1
0 (7) :/ d)\/;l—:e“’€+ (Xna WA |Xn)\ Z/ A (o A |OAA () XY= B ) (29)
0 n

iw—FE

where 0(z) =1 for x > 0 and 0(z) = 0 for < 0. Here and below we use the notation

Ot n) = / dr (X ()X (1)), (30)

The integral over A in (ZJ) can be evaluated if we note that dyA(7) = dyH. Then

O OANAT) Xnn) = Cna|ONH [xnn) = O (X n [ H|Xn0) = O3B - (31)

Substituting this into (29]), integrating over A, and substituting the result into (Id), we obtain the zeroth order
(adiabatic) term in the expansion of S:

So = Zn:/: dr [Bu(r) = BYA-0(0)01- B (7)) +/: m/m%, (32)

E,(7) in this expression are the eigen-energies E,(7) of the Bogolubov-De Gennes equation (25) with A = 1. (Note
that ) E,(7) is proportional to the area S of a 2d system, so both terms in ([B2) scale as S.) The counter-term with

EfllAHO) comes from the lower limit of the integration over A.
To derive the term in the action with the first derivative over time, S; = [ drL()(7), we substitute Eq. (21) into
Eq. (20). Evaluating the trace with the use of (28], we obtain

S1 —z/dr/ d)\/dw Z {(Xn,A|07 A|Xm A 9 XmalONA(T) X (33)

w — Ow iw— Epa

Xn )\|6TA|Xm >\><Xm >\|8AA|X1L >\>(9n AT 9m >\)
- d dA d 2 > > > > ,
/ 7—/0 Z (En)\ - Ern,)\)2




We used Eq. ([B0) and a shorthand notation 6,, x = 6(E), »). To proceed further, we use the identities

XA AT Xma) = XA lOH [Xm2) = (O3Xn A Xma) (Enx — Em) (m # n), (34)

<Xn,>\|6TA(T)|Xm,>\> = <Xn,>\|a7'ﬁlxm,>\> = <6Txn,>\|Xm7>\>(En7>\ - Em)\) (m #n). (35)

Substituting them into [B33]), we get rid of the denominator. Integrating the rest by parts we obtain
1
5 = / dr / NS [030 010 x0.2) — (O O3n0)] B (36)
0 n

One can make sure?8 that the term inside the brackets is

%[<xn(7)l&xn(7)> = (A0 XA (1) (37)

Then

=% [ [feamora(r)) = (600 7)1 (39)

The derivation of the second order term in the action Sy = [ drL®(r) is more cumbersome. We present the details
in Appendix A. The result is

D0 X ()P O = 0) 10TV @010 ()2 (0 — 0n)
T2 Z/ (X> Ep(7) : B0 () — YA (1) | )

m;én

We emphasize that in Eqs. (88) and ([B9), the wave-functions |0, x, A (7)) and energies E,, (1) satisfy Bogoluibov-De
Gennes equations, in which the order parameter A(r, ) depends on coordinate r and on .

Finally, consider S, = —1'rlog GZ -0 Eq. ([IG). We argue that it also contains the term linear in time derivative.
The most straightforward way to see this is to keep A small but finite and apply a gauge transformation under the
logarithm to get rid of the ¢ dependence of A(¢) = Aei?, i.e., replace GA%O by UTGAHOU where U is chosen such

that in U TG’EI_)OU , A appears without €’ factor (Ref.2247). A simple experimentation shows that one should choose
U in the form

. et0(r.7)/2 0
Ulr,7) = 0 e—is(rm)/2| - (40)

Once A(¢) is stripped of the phase, its magnitude can be safely set to zero. However, because G~! contains time
and spatial derivatives, U Tégl_)oﬁ acquires the terms with (;5 and V¢. These terms are additional to the ones in S
because to obtain the latter we used the expansion in powers of A, while here we treat A as infinitesimally small and
do not expand in it.

Using ([I2) and (@0), we obtain, keeping only time derivative of ¢,

Snorm = —Trlog [Go_l - %azé(r, 7)]

where

o1 _ [0+ (1/2m)(V + (i/2)Ve)* + p 0
0 0 —0- — (1/2m)(V — (i/2)V$)? —

Snorm 1 Egs. ), (), as well as Sp, S1, S2 can be expanded in terms of space and time derivatives of ¢.
This will be carried out in the next subsection, where we will analyze the long wavelength - low frequency limit of
the effective action derived in this subsection and obtain the Anderson-Bogolubov-Goldstone (ABG) mode of gapless
phase fluctuations. A special attention is required when the phase ¢ contains a vortex, in which case an expansion in
V¢ fails in the vicinity of the vortex core. Instead we expand of Sy, in terms of small displacements of the vortex
core and show that there is a transverse reaction force associated with the readjustments of the normal component
to the vortex displacement. The corresponding analysis will be carried out in Sec. IV.

(41)



B. The long wavelength limit

The expansion of the action in the previous section holds for any function A(7,r). In this section we consider slowly
varying order parameter and derive an effective action in terms of its spatial and time derivatives. We compute each
term in S = Sy + S + S92 4+ Shorm Separately

1. The action Sp: the condensation energy and the (V¢)2 term.

The term Sy is given by Eq. ([B2). To express it in terms of spatial derivatives of A, we need to find the solutions
to the Bogolubov-de Gennes equation:

s e [ ] = e [ )] 2

To get rid of the complex phase of A(r, 7), we redefine the wavefunction in Eq. @2) as |x,(r, 7)) = e!7)7=/2|%, (v, 1)).
The eigenfunction |x,(r, 7)) satisfies the equation

0

4m

8m

{1?1 — L [V(V6) + (Vo)V] + <V¢>2}|>zn<r,T>> = Eo(r)[%n(r.7)) (43)

where

o [(12m)V2—n |AGr7)] ] (44)

Ho=| “A@n)  (1/2m)V2+p

Due to slow variation of ¢ on r, the last two terms in Eq. ([43]) can be treated as perturbations. We label then as Vi
and ‘72:

Oz

8m

V=~ [V(Vé) + (V)V] . Vo =

» (Vo)? (45)

In V; the free-standing gradient in the first term acts on the bra state on the left, and in the second term it acts on
the ket state on the right.

In the following we restrict our analysis to terms quadratic in spatial derivatives. It is easy to verify that to this
order once can neglect the spatial fluctuations of |A(r,7)| as the spatial dependence of |A| only gives rise to third
order terms like (V¢)%(VA), etc..

The eigen-states of [@3]) at Vi = V5 = 0 are the conventional Bogolubov solutions, for which n is a continuous 2d
variable, which we label as k For the particle branch we have

(+) i 3+ kg | e

~(+ — k ikr _ k

) = | et = VAL S (40
3 = k]

where E, (1) = El(:_)(T) = +/& + |A(7)]? and, we remind, S is the area of the sample. For the hole branch we have

(-) v ok 2|% | et

~(— — k tkr k

) = | T e = | VIR S (")
2 2[Ek]

where E, (1) = El(:)(T) = —/& +IA(T)2

a. The condensation energy:
We label by Sp 4 the term in Sp, which does not contain gradients. It is given by

S0@) = [ar [ar |- [ 2 Jaramp - jad}+ SO0 (19)



In equilibrium, A(7) = Ag+0A(7), where Ag >> JA(7). Substituting this A(7) into @8] and using 0Sy,.(A)/0(A) =
0, we obtain a conventional gap equation

Ag JAN!
S—=A —_—, 49
g O§W2+Ag+€l2c (49)

which after the integration over Matsubara frequency becomes

1 Ny [ d¢
9 2 Jou VE+A]

Integrating further over ¢ in (B0l and re-expressing the result in terms of the bound state energy 2F, = 2Ae—2/(Nog)

1324
2+ A2 — = 2E,, (51)

we obtain the relation®
The self-consistency equation for y in turn follows from the condition that the total number of fermions, including
bound pairs, is conserved?. This gives another relation

Vi + A2+ =2Ep. (52)

(50)

Solving Egs. (51l 52) we obtain

/,L:EF_EQ, AO 22\/ EFEO (53)

We will use these formulas below when we evaluate the prefactors for ¢, ((;5)2 and (V¢)? terms in the crossover region
between BCS and BEC behavior. We recall that BCS behavior holds when the bound state energy Ey is much smaller
than Fr (and Ag < p) and BEC behavior holds when Ey > Ep. A negative p at Erp < Fy implies that the Fermi
momentum kg, defined as position of the minimum of the fermionic dispersion Ejy = /(e — p)2 + A2), is zero”.
Egs. (52)) and (B3) allow one to obtain the condensation energy of a superconductor in the whole crossover range

between BCS and BEC regimes. We have
Econd - NS(/L - ,UO) - SO,a + 58]'7"86 (54)

where 0S8y, is the difference between 2 Ek &kng in the normal state at chemical potentials p and pg. Using N =
2NoEFp, i — po = —Ep and evaluating 6Sscc = SNo(ug — p?) for p > 0 and Sy,cc = SNopd for 1 < 0, we obtain

Econd = _SNOE(% + SO,av o> 0
AQ
— _SN, <7 - E%) + 80 p<0 (55)
Using (B0) and introducing = = p/Ag and y = /Ao, we re-express Sp o in [@A8) as

AQ
SO,a = SNQTOI(!T) (56)

where

I(:v):/ dy (W—wy +1+|y|> (57)

This integration yields

1
I(x)=—§+:c2—x\/1+:c2, x>0

1
=—— -2+ |z]V1+22 <0 (58)

2
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Substituting the expressions for p and A we obtain

A | o
SO,a:SNO _7+E0 ’ /1*>07

=-SNoFE%, <0 (59)
The combination of (55 and (B9) yields

2
Econd = —SNOA— (60)

independent on the ratio Ey/Epr. The same result (the independence of E.onq on Ey/Er) has been also obtained24:32
by directly evaluating the kinetic and the potential energy of a superconductor (see also Ref.48).

b. The V¢ term:
The leading term in V¢ in Sy can be calculated by treating V¢ terms in the Hamiltonian in Eq. (@3] as per-

turbations. To the first order this contribution is given by Va. We label the corresponding term in Sy as Sp,p. We
have

R 2
Soa == [ 30 [l ~ GOl )am0] 000 = [ 3 (i~ )] a0 (e

The k-integral is ultraviolet convergent. Note that due to the presence of §(—FE,,) in Eq. (32), the summation in Eq.

(61D involves only the hole states | )21(:)>. Evaluating the integral we find

d’k | & Sk \ 5 7
SZ @_m _/(%)2(@—@)—%( 12+ A7) = |ul) - (62)

This term can be equivalently re-expressed as

2 2 2
[ -1 - | - e =2 e (@ = 88 =) =g (63)

where

2
n=2 [ Gs(ib)a = (Vi@ FTAGIP +lul) = 2NoEr (64)

is the density of fermions and

d’k

np = 2 5 (07) a=0 = 2Nop (1) (65)
(2)?

is the density of free electrons in the normal state at the actual chemical potential y. Using these notations, we find

(Vo)?

&m

Soo=(n—no) [ dv (66)

AThe last contribution to Sy comes from ‘71. The first order contribution from Vl is zero. The contribution to order
(V1)? is given by

SO,C - (SO,C)A - (SO,C)A:() (67)
where
LA LA R —. -
(807C)A = Z =) () = (So,c )a + (SO,C )a- (68)
k. k/ i=+ Ek - Ek’

Consider (Sy7)a and (S; . )a separately. For i = +, we use Eq. (@) for |x ( )) and Eq. () for |)~(£:)(r)) and
obtain

(69)

N LR (Vi) e
VAR Y IV R) = (e = e 0 [ vy 20 i),

2m
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where j = x,y. Using the forms of @y and 0y, we then obtain

EkEk' gkgk' — g (k] + k;)z / ’ (v (b)(v/ (b) '(kfk/)( — /)
_ d d 3 r—r
(SO’C A 52 Z 2EkEk/ Ek + Ek/) 2m &m ¢ ’ (70)

where in the prefactor we can use the zero-order expression Ex = /&7 + AZ. For (80_7 . )a the computation along the
same lines yields

ExBio + &cbio + A3 (ks +¥))? / /(ViOViD) eicyemr
S = : drdr’ ~—L I gilk=k) (=1 71
(S0 )a 3222 2P Ew (Bx — Bxw)  2m B T (71)
The total contribution (Sp.)a = (S&j)A +(Sp.e )a is, after symmetrization over k and k'
(80 . _ Z ExEy — §k€k’ + A2) (kj + k;)z /drdr/wei(k—k/)(r—r') ) (72)
52 ExEy (Ex + Ey) 2m 8m

To proceed, assume that (V;¢(r))(V¢(r')), viewed as a function of or = r —r’, drops at some characteristic scale
Dy, which is much smaller than the system size 2D, but much larger than interatomic spacing ag. The corresponding
characteristic dx = |k — k’| are of order 1/Dy, which satisfies 1/D <« 1/Dgy < 1/ag. Such 0k are, on one hand, much
smaller than kp, and, on the other hand, are large enough such that the discreteness of momentum 6k, = wm/D is
irrelevant. As the consequence, the expression for (Sp.)a can be re-expressed, to leading order in the derivatives, as

(So.c)a = —Timskox; (5F) / dr(vsjﬁ, (73)

m

where we introduced

Ex_FEx, — A2) K
_ Z k_ k+ €k+§k + ) J (74)
S By, Ex_ (EkJr + Ex ) m
with k; =k + 0k/2, and used
d(6k;) [P° : 2 [ si
/ o) / d(9rj)e*a®" = = / Y e = 1. (75)
2t J_p, T Jo x

The quantity y(dk) is, up an overall factor, a particle-hole bubble made out of superconducting Green’s functions.
At a finite A, it vanishes at 6k — 0 because the term in the numerator in (74]) tends to zero in this limit. Accordingly,
(So.c)a = 0. However, for (Sp,c)a—o, the corresponding x(0k) is a free-fermion static susceptibility in the normal
state, and it tends to a finite value when dk is small but finite. We now use the fact that at small dk the integration
over k in () is confined to k = kp and pull ka /m ~ (k%);/m from the sum. Performing the remaining integration

with Ex = |¢k| and using the symmetry between j = z and j = y and the fact that Nok%/m = 2Nouf(u) = ng, we

obtain
(So,c)a—s0 = —No— ki drw = —ng /dl‘M (76)

m 8m 8m

Substituting this into (67), we obtain

So = / YO (77)

8m

Combining (66) and (1) we obtain the total term with (V¢) and no time derivative in the form

2
SO,b + So)c = n/dT/dr(Z—i) . (78)

We see that the prefactor for the (V¢)? term in the action is the full density. The consideration can be readily
extended to the case when impurity scattering is present. The result is that n is replaced by the superfluid density
ns. In our consideration we do not distinguish between n and ns.
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2. The actions S1 and Snorm — the linear term in (;5

The calculation of the first order term in the derivative over 7 is quite straightforward. We start with S; term.
From Eqs. (38), ({7) we obtain

Z<Xn(7)|arxn(7)> - <X’EL‘AI_)O) (T)laTXgA‘_)O)(T»en)\ = (79)

n

far GRS 6 s = 62 —ae] =i [ DL (- b))

Substituting this into Eq. (88)) and using Eq. (62]), we obtain

_ o /d’?’ dr m |u| (r,7) /dr/dr 9 b(r,7) (81)

Note that this expression again contains fluctuating A(7) rather than equilibrium Ag.
Eq. (BI) can be cast in the form of the Wess-Zumino action for a superconductor3::3740. To see this, let’s recall
the derivation of Sy, e.g. Eq. [B8]), and write it as a slightly modified version of Eq.(33),

o0 1 A A
<Xn,>\|a>\A|Xm,)\><Xm,)\|aTA|Xn,)\>(9n,)\ - em,)\)
81:/_006[7/ x>y AN RNE : (82)

Since Eq. (82)) already contains double gradients (over 7 and A) we can treat states |x, 1) and energies F, x in this
equation adiabatically, i.e., use Eq. ({@6) and E1(<+,\) (1) = +v/& + |A(7, A)|? for the particle branch and use Eq. (7))
and El((_)\) (1) = —El(:r)\) (1) for the hole branch.

The integrand in Eq. ([82]) can then be written as

1
5’2 Z m /drdr’el(k K)(r {[8)\ ( )vkﬁ)\vklﬁ)\ — 8)\A*(I‘)uk7)\uk/1)\] X
k. k’

[87-A*(I‘/)1}k1)\1)k/1)\ — 3TA(r’)uk7)\uk/7>\} — (same with A — A*)} . (83)
In the long-wavelength limit we can replace (1/5%) 3, \ ei(k_k/)(r_”/)vﬁ)\vi,)/\/(Ek,A + Eyx 2)? by O, §(r — ') with

”k Avk’ , ”k A
C, E — 7 (k—k) E ,
S2kk, oA+ By )2 (2m’ ~ S 4E}

etc. Then Eq. (83) reduces to a single integral over r, which can be expressed as

Uk,\ Uk,\ , %
SZ i, /dr (0600, A" — 0, ADVA¥), (84)

where we have used that v , +uj, , = 1. Finally, using
Z “k,\ ”k,,\ 1 0On
S AEZ . 20(|APR)”

where n is particle density, we express the action S as

1 00 1 on y N
s — §/dr/m dT/o I A (MA0-A" — 020,07, (85)

This action has the same form as Wess-Zumino action for s-wave superconductor!:37. Note, however, that Eq. (8]
is only valid in the long wave length limit, e.g., it does not account for the bound states that may arise in a vortex
core! whereas Eq. ([B8) is more general because it includes all types of states.
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We now turn to the contribution from Sperm, Eqs. @I), @I). Expanding then to first order in ¢ we obtain

Snorm = So + %/dT/drq'ﬁ(r,T)TT[GO(r,T;r,T)Jz] (86)

where Sy does not depend on ¢. Introducing Fourier transformation for relative time and relative coordinate, replacing
the integral over momentum by Ny [ d¢, and keeping e factors (with infinitesimally small § > 0) for particle and
hole components of the Nambu Green’s function in the normal state, we obtain for the second term in Eq. (88)

/dT/drgbr NTrGo(r, 71, 7)0,] = /dT/drd)r TNO/ dg/ (zwiwg Z}:Z)
:i/dT/drq&(r,T)NO[ def(— —z—/dT/dr(br T (87)

Snorm = So +i%/dr/drd)(r,r). (88)

Then

Combining S; from (8] and S,rm, we obtain

S+ Snorm = So + % / drn(r) / dr (r, 7). (89)

8. The action Sa2: the gf)z term

a. Contribution from Eq. (39):
To obtain the ¢? term from Eq. (39) we we need the matrix elements (X, A|07Xm.x) between particle and hole
states. Using Eqs. (T [M8) we obtain after straightforward algebra

S = /dT/dI‘dI‘/(Z.S(I‘,T)(].S(I‘/,T)B(I‘ -1, (90)

where

1 Z [EkEk’ — &l + Af €l €1 | — Excbir } (ilk—K) (x—1")

P 5 2 Bk (Bt Be) Tl 6] + 6] | o

kK’

where the last term due to the A — 0 term in Eq. (89). In the long wavelength limit B(r —r’) can be approximated
as Byd(r — 1), where

ExEyw — &éw + A3 sign(—&x) — sign(—&) ,
0 52 Z |: EkEk’ Ek + Ek’) é_k — gk/ :| (277)25(1( -k ) . (92)

k,k’

In Eq. ([@2)) we have rewritten the last term in the brackets of Eq. (@II), which corresponds to the familiar susceptibility
of a normal (free) electron gas. This contribution is, however, cancelled out by the second order contribution from

S/n/o”’m in Eq' m),
5@ 8 | (1/8)Tr[Goo.dCoo.d]. (93)

norm norm

where we have expanded the logarithm up to the second order in ¢. The Green’s function Go in Eq. ([@3) can be
written in (Fourier representation) as

Go(w,k) = [(ZW _ng)_l (iw +O§k)—1:| ) (94)

where we have dropped V¢-dependent terms as they lead to higher (than the second) order contributions. Then we
obtain that

“ N o dq dw 2 1 1 1
TrlGoo:9Goo=¢] = / @n)? / w.q)] / / s G QW) —frrq IO G (2T @) + g
(95)
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Integrating over €2 and taking low frequency limit , i.e., setting w = 0 in the resulting expression, one obtains

Tr(Gao.dGo0.d] = [ s [ Golusto,q)l? [ o [FOHE) Z )]

(27)2 2m)? &k — &ktq
: dq dk [sign(—&) — sign(—Exiq)
B /dr|¢(q)|2/ (2m)? (2m)? [ gk — &k+q - } . )

It is clear now that the second order term in the right hand side of Eq. ([@3]) is exactly the negative of the contribution
produced by the last term in the brackets in Eqs. (@I} 02) and therefore only the first term in the RHS of Eq. ([©2)
contributes.

Performing integration over the momenta, we obtain

Sy = / dTNo(l e N / ar & (97)
u

b. Another contribution to the prefactor for the @2 term:

We now show that fluctuations of |A(7)| give rise to an additional term in the action, Se;irq, with the same structure
as in Eq. ([@7). For this we note that the components of actions Sy, Si, etc., are expressed in terms of fluctuating
|A(7)| rather than in terms of constant Ag. That is, the magnitude of A fluctuates around its equilibrium value Ag:
|A(T)| = Ao + 0A(T), and these longitudinal fluctuations are present in the action S = Sy + S1 + S2. They are small
at weak coupling and are not important for the (V¢)? in Eq. (78) and for the ¢2 term in Eq. (@), but they give rise

o (6A)? term in Sp, coming from Sp 4(A) in Eq. [@S) and to #SA term in Sy, coming from expanding the prefactor
for ¢ term in @I in SA(7). The combination of these two pieces gives rise to the additional $? term in the action,
which we now compute.

Within our approximation, A(7) is independent of r, hence one can simply expand Eqn. [@8]) to the second order
in A. The linear term is zero because A( corresponds to the minimum in the free energy, but the second order term
is finite. Using Eqs. (@9 Bl 52)), we obtain after some straightforward algebra that

2

4E0(E0 + Er) (A, (98)

SoalB) = Sna(B0) + SNy [ dr
where, we recall, S is the area of a 2d sample.

Similarly, we expand in Eq. (8I)) to linear order in dA(7), use Egs. (BI) and (B2)), and obtain Sy in terms of Ay
with the extra term with the product of first derivatives:

S; = —(iNo/2) /dT/dr [(,/ﬂ2+Ag —|u))o + ﬁ@m} : (99)

Combining the last terms in ([@8) and (@) together, we obtain the extra piece in the action, S, associated with
longitudinal gap fluctuations:

N AZ . . A

Averaging over the Gaussian fluctuations of A (which is the same as completing the square in (I00)) we obtain an
additional contribution to the action, Sesz¢rq, in the form

_ u ¢?
Seatra = /dTNO (1 — W) /drg, (101)

Combining this with ¢? term in Sy in (@7) we obtain

82+Semt7‘a - NO/dT/dr_ (102)

C. The full long-wavelength action

Combining the (V¢)? and ¢? terms, Eqs. (78) and ([02), we obtain the regular part of the action in the form

Sreg = NO/dT/dr {(( 12+ A2 + ) (Zf;)z + %2} : (103)
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To our accuracy, the prefactor for (V¢)? term can be evaluated at |A(7)|> = A2. We then obtain

— Er 2 <J.52
Sreg —NO/dT/dr [R(Vﬂs) + I . (104)
The coefficient in front of (V¢)? in Eq. (I04) can be rewritten as more familiar n/8m (Ref42). Transforming to

Fourier components (momentum g and real frequency (2), we obtain from [[04) Scont o >~ o [#g,0 12(Q2—¢?v%/2). The
prefactor for |, o|? is the inverse susceptibility of phase fluctuations. We see that it has a pole at Q = 4(vg/+/2)q. The
pole position corresponds to the frequency of a gapless phase fluctuation mode, whose velocity is vr/v/2, independent
on the ratio of Ep/FEy.

The full term linear in ¢ (the Berry phase term) is obtained by setting A(7) = Ag in Eq. (&9):

SBerry = iA / dr / dro (105)

where
N,
a=3=5 (\firraien) (106)
and n is the actual electron density.

The result for A agrees with Refs.22:27:28:34:38 * Note, however, that there is one element in our calculation, which
has not been emphasized in earlier works. Namely, the absence of ng in [I0G]) could be interpreted as if there is no
contribution from A — 0. We argue that this is not entirely true. In our calculation, there are two contributions
from A — 0: the term S; in the limit A = 0 and the term S,orm. The no/2 pieces from these two terms do cancel
out, however, the full contribution to A from A — 0 does not vanish and gives (1/2) Y", [&/[&k| + (1 — &/ |€k])] =
(1/2) >, (1). This formally divergent piece cancels out the divergence in the contribution to the prefactor from &; at
A =1 (i.e., at non-zero A), which is (=1/2) >~ (& /Ex) = n/2—(1/2) >, (1). Without this cancellation, the coefficient
for gb term would contain a parasitic, formally infinite term. The same holds for the coefficient for the (V¢)? term
in the action: if we were to neglect the contributions from A — 0, the prefactor would be (—=1/8m) ", (&x/Ex) =
(1/8m)(n —>",(1)). The parasitic >, (1) term is canceled out by the sum of the two contributions from A — 0, as
we showed above.

If ¢ is well defined for all r and 7, the Berry phase term reduces to the contribution from the boundary and does
not affect the dynamics. The situation changes when ¢ is singular, as in the case of a moving vortex with coordinates
X (7) and Y (7). Then the Berry phase term in the action becomes proportional to [ drX (7)Y (1) — Y (7)X (), which
cannot be expressed as a total derivative and contributes to the vortex dynamics. We show that the action (I05)
describes the contribution to the Berry term from fermions far away from the vortex core. We show that there is
another contribution, which comes from the states right at the center of the vortex core. This last term originates
from V¢ terms in Syorm-

IV. THE BERRY PHASE TERM IN THE ACTION FOR A MOVING VORTEX

The order parameter for a moving vortex in 2d can be written as

A(r,r) = Alr — R(7)] = |Alr — R(7)]|e??F R (107)
where R(7) is vortex center,
[y =Y(7)
¢(T, I‘) = tan ! [m} N (108)

and |A(r)| — A for r > A, where X is the penetration depth.

The spectrum of the Bogolubov-DeGennes equation (Eq. ([@2])) near a vortex has been extensively studied2? 22:38:41,42,47,50
and is known to posses both continuous and discrete branches corresponding to delocalized and localized eigenstates,
respectively. The localized eigenstates are known as Caroli, de Gennes, Matricon states*t. The continuous part of
the spectrum covers the range |ES| > Ag, while discrete states have energies |E?| < A,.

The contributions to the vortex motion come from the occupied states with negative energies. A generic eigenstate,
corresponding to F, < 0, can be expressed as

o (1)) = /2RI (1) [ (x)) = R [fgf'gl‘;_ng)} , (109)
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where v = n + 1/2 and n is an integer, ¢(r — R) is given by Eq. (I05)), and the radial functions u’(r) and v(r) and
their derivatives with respect to r are continuous for all 7.

The eigenfunctions for the localized states are proportional to Jj,+1/2/(kr ) at small 7 < A (upper sign for ,,
lower for 9,,). At large distances, when r > A, both |7, |? and |@,|? decay exponentially (Ref2%). The eigenfunctions
for continuous states are expressed via .J|,+1/2/(k7) at small 7 < A (where k is generally a function of v), while for
r > ) they are parameterized by v and momentum &, which becomes an independent variable (Refs.41:42:47):

’al,(’l’) = ﬂyﬁk(’l’) = ’U,kJ‘l,|(I€T), ’LN)U(T) = 17,/7]@(7’) = ’UkJ‘l,|(l€T) (110)
where
1/2 1/2
1 1
Uk = . + gk_ , Uk = s é.k_) 9 (111)
2 2B 2 2B
and E,(c_) = —/& +]A¢|?>. The full solution of the Bogolubov-DeGennes equation for a vortex is expressed via

Hankel functions, which are linear combinations of Bessel functions and Neumann functions. The Neumamm functions
Yjy+1/2/(z) and Y}, (x), however, grow when the index v becomes larger than the argument x, and the sums over v
in (I14) do not converge. The Bessel functions .Jj,|(z), on the contrary, decay exponentially when v gets larger than
z. By this reason, we only consider the solutions expressed via the Bessel functions.

Because both localized and extended states are present, specified by a discrete parameter v, it is not a’priori
guaranteed that we can use the results from the previous section, which were obtained using the eigenfunctions far
away from the vortex core, when v can be treated as a continuous variable.

In this section we re-evaluate the prefactor for ¢ term using the exact eigenfunctions |y, (r)). We first re-evaluate
the terms S; and S,,0rm, and show that they are determined by fermions far away from the vortex core and have the
same forms as we found in the previous section. Then we take a closer look at seemingly innocent part of Syorm,
which does not contain ¢, but does depend on V¢. We argue that it also contributes to the Berry phase term for a
moving vortex, and this contribution comes from fermions inside the vortex core.

A. The S, term for the vortex motion

The S; term in the action is given by Eq. ([B8]), which is valid for arbitrary |x, (r)). To obtain &; for a vortex we
need to evaluate

S [t (o (rm). (12)
with |x, (r)) from ([[09). Substituting these |x, (r)) into (12 we obtain
> [t ()0 () = [ dr bl — R(m)0, ol ~ R, (13)

where

o) =3 (13 (v 3 ) + B (v+ 5 )| (114)

v

Using (I08), one can re-express 0-¢[r — R(7)] as

R = X(r y—Y(7) Vi x— X(7)
orole =R = X0) | o8 (w0 e v )
such that

S [t (oo (re) = i [X()Q. - (0@, (116)
where

e o
Qy:/dr[( X(””_fg)_y 2]@@-;{(7)). (117)
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We show below that @, < Y (7) and Q, o< X (7). It is then tempting to compute the prefactors by evaluating the
derivatives d@,/dX and d@Q,/dY . This has to be done with extra care as the integrals for d@,/dX and dQ./dY are
infra-red singular and have to be properly regularized (see below). We use a different computational procedure and
evaluate the integrals in (II7) directly assuming that our system has a finite size 2D in both 2 and y directions. We
show that @), and ), remain finite if we set D to infinity at the end of the calculation. We verified that the result
does not depend on the We checked that the result does not depend on the geometry of the integration range, as long
as the symmetry between = and y is preserved, i.e., @, and @, remains the same if we assume that the boundary of
our system is, e.g., a circle instead of a square.

Let’s evaluate @, first. Shifting the variables of integration from z and y to z = 2 — X(7) and g = y — Y (7), we

obtain from (1)
D—-X (1) D-Y (1) g

—D—X(r) —D-Y(r +y

where 7 = (2 + §?)'/2. Using that the integrand is odd in §, we re-write (II8) as

D—X (1) D+Y (1) g

—D—-X(1) D-Y (1)

This shows that the result comes from a tiny range of § around § = D. A simple experimentation then shows that
typical Z are also of order D. Assuming that ®(7) tends to the value at 7 ~ D, independent on the ratio /g, we pull
®(D) from the r.h.s. of (IT9). The integration over Z is then elementary, and the result is

Q. =—7Y(1)®(D). (120)
Evaluating @, the same way, we find Q, = —7 X (7)®(D). Substituting ), and @, into ([I0]), we obtain

> [ vt (o (r.x)) = in(D) [X (¥ (1) - Y (X (7)] (121)

We emphasize that ), and @, are determined by distances of order D, i.e., the contribution comes from fermions
far away from the vortex core. There is no contribution from r = 0, contrary to what has been reported in some
earlier papers (see e.g. Ref.27). In these earlier works the authors computed dQ,/dX and dQ,/dY by differentiating
only in the term in the brackets (IT7) (i.e., not differentiation ®(r — R(7))), and set X =Y = 0 in the integrand
before evaluating the integral over dr. Then the result comes from the smallest r = 0, as we will see below. However,
the full dQ,/dY contains also the derivative of ®(r — R(7))), i.e., if we differentiate under the integral in (IT1) and
set X =Y =0, we obtain

[ 1 v v 00(y)
%G —/_D dxdy( [_I2+y2 +2(x2+y2)2 @(I,y)—mTy) (122)

The first term is formally zero (it contains y?> — 2% as the overall factor), but it also diverges at z = y = 0. To
regularize this term, we introduce an infinitesimally small ”mass” term in the denominator, i.e., replace z2 + y2 by
2% +92+ €2, evaluate the integral with a finite €, and then set it to zero. Transforming to polar coordinates x = r cos,
y = rsinf and using 0P (z,y)/0y = (y/r)d®/dr = sindd® /dr, we then obtain from ([I22))

dQ. rdr D ad(r)
dY = —27T€2/m(1)(7") —7T/O dT d’r (123)

The evaluation of the integral is now elementary. In the first term the integral comes from 7 ~ € and cancels €2 in
the numerator (re?/(r? + €2)? acts as 6(r)). The term then yields —7®(0). This is what has been obtained in Ref.27)
and earlier papers cited in that work. The full result, however, also contains the contribution from the second term.
It obviously gives —m(®(D) — ®(0)). The sum of the two terms is —7®(D), with no contribution from r = 0. This

agrees with (20]).
Substituting Eq. (IZI) into Eq. (38]), we find

Sy = inA / dr (X(T)Y(T) - Y(T)X(T)) . (124)

where A; = ®2(D) — ®*79(D). We emphasize that X (7)Y (1) — Y (7)X (7) is not a full derivative, hence S; term
does contribute to the equation of motion for a vortex.
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To obtain ®2(D) = ®(r = D) we need to know the forms of %, and @, at large 7. The eigenfunctions for
localized eigenstates decay exponentially when r ~ D and hence are irrelevant for our purpose. The eigenfunctions
for continuous states with a negative energy at distances larger than the penetration depth are given by Eq. (@1).

Using these forms, we obtain

Ba) =S [uz(y —1/2)J2,(x) + vi(v + 1/2)%(;«)}

vk
- Z ( ""kaJM ) (125)
%

(Wi + 7)Y (v =1/2) T} (x
v
To evaluate the 3 J‘le(x), we note that at large  and v < z, the Bessel function can be approximated as

2 1 . v?

This formula is valid up to v = z—O(z'/?). The sum over v is determined by large v = O(z), for which the summation
over v can be replaced by integration. We assume and then verify that the integral is determined by v = O(x), but
x — v > x'/3. The contribution from this range is

z—0(z'/?) ) z—0(z'/?) d
2/ J2(z) = —/ B 1 0@V, (127)
0 7 Jo 22 _ 2

One can easily verify that the contribution from |v — x| < z'/3 scales as 2=/, and the contribution from larger

v > x + O(z'/?) is even smaller because at such v, J,(z) decays exponentially. Then >, J|2u\($) =1 up to
corrections, which vanish at x — oo

Further, >~ (vJ ‘21/'( x)) vanishes because of cancellation between terms with terms with positive and negative v. As
the consequence,

(W} +)) S (v — 1/2) (e

v

+ 02 ZJM = +vk (128)

and, hence,

N)I)—l

zk: Z )2 (129)

This formula could also be obtained if we assumed from the beginning that at large r, the eigenfunctions for the
continuous spectrum approach those for a superconductor with a constant gap A, i.e., radial quantum number v
becomes momentum k, and X, (7,r)) becomes

e =] (130)

The second term in (I29) can be easily evaluated

S i)t = ( 75257&)) No( e agen) -2

k

(131)

1\33

where, we remind, n = 2Ny EF is the actual density of fermions. However, the first term in (I29)) is the sum over all
momenta, and is formally infinite. We now recall that the prefactor in the S; term in the action, Eq. (I24)), contains
the difference @2 (D) — ®27(D). We assume that the distances 7 ~ D are outside the vortex core even when A — 0.
Then ®279(D) is determined by the same Eq. (I29) as ®*(D), the only difference is that now

1 & (1 g\
= (*w) ’”’P(i‘%) ’ (132)



19

and

Z(Uﬁ)MOZ%/j% (1—é—|)=%(lul+u)=%a (133)

P _

where ng is the density of free fermions at the same chemical potential y. Accordingly,
PA9(D) =~ 23 (1) + 3 (12)4° . (134)
2
k k
Combining (I29)) and ([I34]), we obtain

A =23(D) - 20(D) = (07)° =Y ()20 = _2”0 . (135)
k k

We emphasize that this result is free from ultra-violet divergencies — the term ), (1) cancels out between ([I29) and
(I34). To obtain this cancellation one has to keep the contributions to A; from the action at A — 0.

B. The S,orn term for the vortex motion

Now we need to add to this result the contribution from S,,opy, (the term in the action at A — 0, proportional to ¢).
This contribution is computed in the same way as the one from S;. Namely, the contribution to d7¢[r —R] comes from
fermions far away from the vortex core, hence we can just use Syorm from Eq. ®T): Sporm = (ing/2) [ dr [ dre(r,T)

and substitute [ dré(r,7) = W((X(T)Y(T) - Y(T)X(T)) This gives

Snorm = 1T Aporm /dT (X(T)Y(T) - Y(T)X(T)) , (136)

where Ayorm = no/2. Adding Ayorm to Ay from ([I30]), we obtain at this stage the Berry phase term in the action in
the form

SBerry1 = 1T Aport 1 /dT (X(T)Y(T) — Y(T)X(T)) , (137)
where
n
Avort,l = 5 (138)

We see that the prefactor is the same as in the action in Eq. ([I02]). This is not surprising because the contribution
comes solely from the states well outside the vortex core, where the eigenfunctions can be approximated by the ones
in the absence of a vortex.

C. Contribution from the vortex core

We now show that there is another contribution to the Berry phase term in the action for a moving vortex, which
comes from the vortex core. This extra contribution is "hidden” in the zero-order term in Sporm = Trlog(Gy 1) — the
one which does not contain ¢. We label this term as S9

norm:

This term does, however, depend on V¢, because we
remind that to eliminate A from the Green’s function we had to apply the unitary transformation U under T'rlog,
with U given by [ 0). Under this unitary transformation the kinetic energy operator é (V) = —=V?%/(2m) changes to
E(V + (i/2)0.V¢), where ¢ = ¢(r — R(7)). As the result, SO, does actually depend on R(7) via V.

Let’s assume that R(7) is small and expand S9, .. (R) = —Trlog G, ' to second order in R(7). A generic expansion
yields

SV wR)Y=8 (R=0)— /dT’I]a (1) R () — /deT/nag (1 =7 Ra(T)Ra(T') + ... (139)

where the summation over repeated indices is assumed.
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The first order response function 7, is zero because of translational invariance. To see this, we note that the matrix
Gy is diagonal, and so Trlog Gyt = Trlog(GJ) ™" + Trlog(Gy)~t, where

(GF) ™ = =0- £&(V £ (i/2)V¢). (140)
Then
= 7r (G5 g+ Tr[Gy oo (141)

where Gy = Go(r, 7;7, 7). In Fourier representation

:Z/d_‘“ OGOEY ORalG) e | (|08 JORa ) ™7 (142)

iw—&F iw+&n

where |xF) (£) are the eigenfunctions (eigenvalues) of £ = £(V 4 (i/2)V) (we present explicit expressions below).
The eigenvalues of £ do not dependent on R,, in a translationally invariant system, hence 9¢5 /OR,, = 0. Accordingly,
(XE|OEX JORG|XE) = OXE|EE|XE) JORs = OEE JOR, also vanish. Hence, 1, = 0.

The second order term in Eq. (I39) is non-zero, as we will see. In the Fourier representation,

/deT/Waﬁ(T —7")Ro(T)Ra(T") = /ﬁRa(—w)Rﬁ(w)naﬁ(w) (143)

The form of the Berry phase term is reproduced if we set 7,3(w) = weapi], where eqp is antisymmetric tensor
(€zy = —€ya = 1). Then

SPlOTm ( ) S?Lorm (

=0)—if (X(NV (1) - Y(NX(n) . (144)
Our goal therefore is to extract linear in w and antisymmetric in «, 8 contribution to n.5. In 7 space, 1og = wWeapT
corresponds to nag(t) = ieapndd(t)/dt (t =7 —71').

There are two contributions to 7,5(7 — 7/). One comes from the second order term in Taylor expansion of £(R)
and has the form

9%¢

1)
naB(T_T) T'I"[Gom

l6(r—7'), (145)

where again Go = Go(r, 7,7, 7). In Fourier representation, 77((116) (w) does not depend on w (7786) (w) = 77((11[3)) and is given

by

1 duw |52§+/3R 8R:3|Xn dwl (X 0%~ /ORaORs|Xz)
Nap = TT[GoaR 8Rﬁ Z/ [ Z . (146)

iwy — w1 +&n

Evaluating the integral over wy, we obtain

n;g:Ze —E (G 1OPE JORLORsIE) — 3 0(—6,) (2 10%€ JORaORs ;) (147)

n

The second contribution to 7,5(7 — 7’) is (we keep only 7 dependence in Gy to shorten the notations):

o€ o€
dd/(2)_/:T S INN_ TS st > 1. 14
/ TdT' N5 (T —T') T[GO(T’T)BRQ(T)GO(T’T)aRB(T’)] (148)
where s = +. In the Fourier representation
duw xn|3§ JORs|X5) (X3 |0E° /O Ra X3
770‘5 Z / i(wy +w) — s€8) (iwy — s&5,) (149)

n,m,s
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Performing the integration over w;, we obtain

@) (X10E° /ORs|x3) (X3 08 ORaIXA) 1 oo _ g eo .
o= 3 Bl i o [0(~s€5) — 0(-s3)] (150)
Let us now expand Eq. (I50) in powers of w,

1) (w) =0y +iwn(y) + . (151)

where

@ _ 3 (X5 106 JOR5|x5,) (X5, [06° JORAING)

o T o g [B(—stz) — 0(—s€2)].
S10€% JOR8|X3,) (5, |0€% /ORI,
APy S Rﬂ(lé)im>—<>£<:3|2€/ ol [0(=s&3,) — 0(=sE3)] - (152)
n#EmM,s m n

We will need the antisymmetric part of 7, 5) term. Before evaluating it, we pause for a moment and show that the

frequency independent term 77( ﬁ) cancels 77( ) from Eq. (7). This follows from the identity

OL

(GO [ORs1x0,) = (€5 — E0) (X0 10/0Rs]x:), (153)

which is obtained from the condition 8/8Rﬁ<xi|és|xfn> = 0/0Rs(&,(X51x5,)) = 0, when n # m, by differentiating
cach term in d/ARg(x5|E%|x5,) over Rs. Substituting this identity into (I52) and using the completeness relation

doa o) (xs =1, we obtain for 77(2;) the same expression as in (I47), but with the opposite sign.

(21

We now return to n B Using the same identity and the completeness relation, we re-write 77( B) in Eq. (I52) as

a9 o o 8 0
+
o _Ze &) 8R dR; ORjs aR ) Ze " 3R 9R; ~ 9, om. ) (154)

To evaluate the r.h.s. of Eq. ([I54), we use the explicit form of |y%). These are the eigenstates of €5 = —(V +
(is/2)V¢)?/(2m) — p. In polar coordinates r and ¢, £° can be written as

. 1702 10 1 /70 is\2
s [Z 29 (LB, 155

¢ 2m[8r2+7°8r+r2(8¢+2)} H (155)
The complete set of the eigenstatates of (I55]) is

[% .
Xi = Xik(ﬁ ¢) = Eel ¢J\Vi1/2|(kr)v (156)

where v = £1/2,4£3/2, ..., and k is quasi-continuous radial wave number quantized as Ak = 7/D, where, we remind,
2D is the system size (the quantization of k originates from the boundary condition Jj,41/9)(kD) = 0 at kD > 1).
Substituting these eigenstates and eigenvalues into Eq. ([I54)) and using the fact that for ¢(r — R) given by (08,

o 0 g 0
— =2m6(r — R 157
(8Rx oR, OR, aRx)¢ molr —R), (157)
we obtain after straightforward algebra 77( D = €qp1], Where
_ k? k 2 2
= —27Tk ; +1/29(M - 2—) (E) (J|1/+1/2|(0) - J|1/71/2\(O)) : (158)

Because J,,(0) = 0 for integer n > 0 and Jp(0) = 1, the sum over v gives —1. The summation over k gives, at D — oo

2

%Zk@(u—%) _/()Oodkke(u—;—m) = mp = ™o (159)
k
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such that
1 =mng. (160)
Substituting into (I44]) we obtain the additional contribution to the Berry phase action of a moving vortex
Sterr2 = S2orm(R) = Supn(R = 0) = imAuores (X (1Y (1) = Y (1)X (7)) . (161)
where
Avort,2 = —%. (162)

We emphasize that this term comes from the states right at the vortex core (see (IE7), and in this respect is very
different from A,or¢,1, which comes from the states far away from the vortex core.

1. Effects of impurities

We expect the result A,ort = —(ng)/2 to hold when the impurity potential is included. Indeed, Eq. ([I54) is valid
when the impurity potential (Ujn,p) is present and the eigenfunctions X$> can still be expressed as

\E(r) = ORI 2g, (1) (163)
where a(r) satisfies the Schrodinger equation
[ = V2/(2m) + Uimp((r)] an(r) = &nan(r). (164)
Substituting this x(r) into Eq. (I54)), we obtain
ms) = 7Y 0(=6n) |an(R)P + 737 0(—E0) [an (R)* = 7no(R) (165)

where no(R) is the fermion density at the vortex core, i.e., the same result as in the absence of impurity potential.
We caution, however, that the full analysis of a vortex flow in the presence of impurities is rather non-trivial (see,
e.g., Ref.21)) and may not be fully captured by treating the impurities with the 7-approximation

D. The total Berry phase term for a moving vortex

Combining the two contributions to Sperry, Wwe obtain the total Berry phase term for a moving vortex
Sty = SBerryd + SBerry2 = i Avort (X(NY (7) = V() X (7)) (166)

where
n—mno
2

We remind that n — ng = 2NgEy when Ey < Er, and n —ng = 2NgEr when Ey > Ep, where 2F) is the bound state
energy of two fermions in a vacuum. The first limit corresponds to BCS, the second one to BEC. More specifically,
no = 0 when Ey > Ep, hence in this situation the prefactor in the Berry phase term in the action becomes just imn /2.
The vanishing of ng once p becomes negative is consistent with the generic reasoning in Ref.37 that free-fermion
contribution to A+ vanishes once the system undergoes a (fictitious) Lifshitz transition, in which the (fictitious)
Fermi surface of free fermions with renormalized p disappears. In our case, this happens once Ey becomes larger than
Er.

We also note that the two contributions to Speqry from A — 0 — one given by Eq. (IGI) and the other by Eq.
(I36), are equal in magnitude, but differ in sign. As a result, the combined total contribution from the action at
A — 0 vanishes. As the consequence, and the total Berry phase term in the action of a moving vortex is the same as
in Eq. ([I33), obtained by expanding in A.

We argued above that Ayore2 = —n0/2 is not affected by impurities, i.e., the reaction force remains the same in
the presence of imputity potential. By the same reason, Eq. (38) and the subsequent consideration in Sec. IV for the
Magnus force also remains valid when the impurity potential is present. This is consistent with argument made by
Ao and Thouless?® that impurity scattering should not modify the value of the Magnus force. As the consequence,
we expect Ayort = (R —np)/2 to hold when impurity scattering is present.

Avort =

(167)
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1. The interpretation of Eq. (160)

As we said, there are two contributions to the prefactor A,,,+ for the Berry phase term in the effective action for
a moving vortex — one, Ayory 1, comes from states far away from a vortex core, and the other, A,or¢ 2, comes from
the states at the vortex core. Looking back at our derivation of A,..¢,1, we see that this term has two contributions:
one comes from the first term in the action in Eq. (&), another comes from ¢ piece in last term, Sy, opm, Which is the
normal state contribution to the action (more accurately, the contribution from A — 0). On more careful look, we
note that there are in fact two contributions from A — 0 in A, 1: the one from S, and the one from the lower

limit in the integral fol dA in the first term in ([IT) (the lower limit A = 0 corresponds to A — 0). We separated the two
contributions for convenience of the derivation and to show explicitly how parasitic ultra-violet divergent term ), (1)
cancels out between the contributions from A =1 and A = 0 (see Eqs. (I29) and ([I34))). If we were to combine from
the start the (b piece in Syorm and the contribution from A = 0 in the first term in (X)), we would obtain that the ng
terms cancel each other (one is —ng/2, another is ny/2). The cancellation implies that there is no contribution from
A — 0 to the Berry phase term besides the counter-term to cancel the ultra-violet divergence. The full A, = n/2
comes exclusively from the limit A = 1 in the first term in (IZ), which describes the action at A(r,7,1) = A(r,7),
where A(r,7) is the actual gap function at distance r from a vortex. We recall that this contribution comes from
fermionic states far away from a vortex core, where the gap amplitude approaches equilibrium value Ag. Obviously
then, Ayore,1 = n/2 is the same as the prefactor for ¢ term in the effective action for the case when ¢(r,7) is a regular
function of its arguments.

The second contribution A,,¢2 is additional contribution from the vortex core, i.e., from r = 0. In general, low-
energy fermionic states near the core, the ones with energies below Ay, are discrete levels with separation wg ~ AZ/Er
(Refs.24:41:42)  'We found no contribution from discrete levels in the vortex core from the part of the action with the
actual A(r,7) (this would be a contribution from the upper limit A = 1 in the first term in ([I3])). Our Ayer,2 comes
from the V¢ piece in Syorm =TT log(Ggl), which is the contribution to the action from A — 0. In this limit, the
spacing between discrete levels wy ~ A3/Er vanishes, and electronic states in the vortex core are not quantized and
are described by a continuous variable k.

The Berry phase term in the effective action has been analyzed earlier. Several authors =2:2%:2022.20 argued on
general grounds that quantization of fermionic states inside the vortex core can be neglected in the hydrodynamic
limit wyT < 1, where 7 is fermionic lifetime. In this limit, earlier works £2:2220:32,20 found the same Aot = (n—mn0)/2
as in Eq. (IG7). In our consideration, wy = 0 and 7 = 00, so wo7 is not well determined. Still, our A, 2 comes
from continuous (i.e., non-quantized) states, and it remains the same in the presence of impurities, i.e., at a finite 7.
In this respect, we believe that the agreement between our A,,; and the one obtained in earlier works at wor < 1 is
meaningful.

There is, however, one aspect in which our result seems to differ from earlier works. Namely, these works spec-
ulated26:34:37,39,40
These and several other authors have argued =2:2%:2%:20:22,20 that in the limit w7 > 1, the total contribution from
the vortex core Ayore,2 should vanish, i.e., the total A, should reduce to Ayore,; = n/2. We didn’t find in our
microscopic approach the contribution to A, from discrete levels in the vortex core in the term in the action with a
finite A(r, 7). It remains to be seen whether such contribution can be obtained by going beyond the approximations
we made in our derivation of the effective action.

E. External superflow and the equation for the balance of forces

In the presence of an external supercurrent, the phase of the order parameter in Eq. (I07) acquires an additional
term, 2mvgr. The effect of this term on the action can be analyzed perturbatively if v is small. Performing the same
gauge transformation as we used to move from Eq. [@2) to Eq. (@3]), but for non-zero v, we obtain the additional
-ivs -V term in the lhs of Eq. (@3] (Ref.22). Evaluating now the correction to the ground state energy within the first
order perturbation theory, we obtain

SE(vy) = _inS/d%@("(r, )| Vxn (7, 1)0(—E,), (168)

where |x,(7,r)) are the solutions to the BAG equations in the presence of a vortex, but without vy, see Eq. (I03).
From (I6]) we then obtain the extra term in the action of the vortex:

Su==i [ oS [Erv o) - W EnTR o). (10)
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The sum and the matrix elements in the rhs of Eq. (I69) are identical to those in Eq. ([B8]), hence
S, = —inBoore / dr (X (F)sy — Y (7)vsn) | (170)

where Byore = A, with A given in Eq. (I3H), e.g. A = (n—n0)/2 in the BCS regime, and A = n/2 in the BEC regime.
As we have seen in the previous subsection, there exist another contribution to the force acting on a vortex associated
with the vortex core. Similarly, one might expect that there is another contribution to the the action in Eq. (IT0),
i.e., to the constant B,,,; that comes from the core. As we show below, this is not the case, - we find that the normal
part of the action, Sy does not contribute to Byops.
To see this, let’s look at Syorm in Eqs. (I)), @I) in the presence of extra phase superfluid velocity. We need to
replace in this equation V¢ by V¢ + 2mv,. This gives an extra term under the 77 log... (Ref.53),

V, = —ivy(V + %azw). (171)

Treating this extra term perturbatively, we expand the Trlog (...) to the first order in v,. The term Tr(GoVs) does
not contribute because the expectation values of V and of i0,V¢/2 in Eq. ([ITI)) cancel each other. The next-order
term Tr[GoV.Go(9E/OR)Rp) is apparently relevant as it contains the same combination ve, Ry as in (I70). Using
the same manipulations as in the previous subsection, we can write

Tr|GoViGo(9€/ORs) R = / dr B&P v Rs(T), (172)
where
BB _ OallVa + (15/2) (Va @)l X ) X 08 ORBIXG) 1y sy _ pe_es
core R;S 5751 _é-fl [ ( gm) ( gn)}
= 3061 [Va + 2(Vao), ]|xn> (-€3). (173)
The term (is/2)(Vap) in Eq. ([73) doe not contribute: Since [(Va¢), 9/ORg] = —0%/0,05, it cancels

a correction to Tr(Goio,vsV¢/2] that arises when we expand V¢ as Va¢(0) + Vo Vgp(0)Rg + ..., ie., the
Tr|Goio,vsaVaVap(0)Rz/2] term. This is similar to cancellation between Eqs. (47, [52)) in the previous sub-
section. For the remaining V piece in Eq. (T3] we obtain

0 0 o 0 o 0
a,f _ + - _ -
BCOT& Ze 5 aR 8Rﬁ 8Rﬁ 3R |Xn +Z€ < n|aRa 8Rﬁ 8Rﬁ 8Ra|Xn> (174)

The expression for Beore in Eq. ([[74) is similar to the formula for 7751/3) in Eq. ([I%4), but with one important

distinction: the relative sign between the two terms in (’f4)) is plus, while in (I54)) it is minus. As a result, performing
the same calculations as in Eqs. (I55l- [[58]), we obtain

B =2m Y 9(# - k—Q) (%) (J\Qu+1/2\(0) + J\Qy—1/2|(0))
k,v=nt1/2

=4w;9(u—%) (;D)nJM() (175)

Because the product nJ| ‘( ) is zero for any integer n, B B — 0. Hence, Sporm does not contribute to Byors in Eq.

core

Eq. ([T0), together with Eq. (I24]), determines the balance of forces acting on a vortex. Converting from Matsubata
to real time, we obtain

AvortR Xz — Bvortvs X7z = 07 (176)
where z is a unit vector perpendicular to the 2d plane. We see from Eq. (I76) that
. B'uort
vort — R = s 177
! ! A'Uort ( )
Because Ayort = Byort = (0 — ng)/2, we have
Veort = Vs. (178)

This agrees with the reasoning based on translational invariance22:31:37
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V. SUMMARY

In this paper we analyzed the evolution of the T" = 0 low frequency dynamics of collective excitations of an s-wave
neutral superconductor between BCS and BEC regimes. The two regimes correspond to small and large ratio of
Ey/Ep, respectively, where Ep is the Fermi energy, and Ej is the bound state energy for two particles. In D=2,
bound state develops already at weak coupling, what allows one to analyze the crossover within a controllable weak
coupling expansion. We obtained the terms in the long-wavelength action, proportional to (V¢)? and ¢?, where ¢(r, t)
is the phase of the superconducting order parameter A(r,t) = Ae**™ . We found that the phase velocity of the
collective excitations remains vp /+v/2 through the BCS-BEC crossover. We also obtained the topological Berry phase
term in the long-wavelength action 4 f dTA(J.ﬁ. We found that the prefactor A = n/2, where n is the actual fermion
density, and does not change through BCS-BEC crossover.

The Berry phase term in the action is meaningful when the phase of the superconducting order parameter is not
defined globally, which is the case when the pairing gap vanishes at some point is space, like in the vortex core. We
computed the effective action for a moving vortex in a neutral s-wave superconductor in 2d. The Berry phase term for a

moving vortex has the form Spepry = iTAyore [ d7 (X ()Y (1) — Y(T)X(T)), where X (7) and Y (7) are coordinates of

the center of a moving vortex. We found that two contributions to the prefactor Aot = Ayort,1 + Avort,2. One comes
from fermionic states far away from the vortex core and is the same as in the long-wavelength action — Aypr1 = n/2.
Another comes from delocalized (continuous) fermionic states inside the vortex core. For this second contribution we
obtained Ayort,2 = —no/2, where ng is the fermionic density at the vortex core (it is equal to the fermionic density
in the normal state, but for the same chemical potential i as in the superconducting state). In physical terms, the
long-wavelength contribution n/2 represents a Magnus force acting on a moving vortex, while the offset term —ng/2
represents a reaction force from normal fermions at the vortex core. The total Aot = (n —np)/2. In the BCS limit,
n —mng K n, i.e., the total transverse Lorentz-like force acting on the vortex is much smaller than the Magnus force.
In the BEC limit, ng = 0 because the effective ;1 < 0, and there are no normal state fermions at the vortex core.
Then one recovers the result that the total transverse force equals to the Magnus force. We argued that the result
for A, remains valid in the presence of impurity scattering. Finally, we found that in the presence of an external
superflow the vortex dynamics obeys Galilean (translational) invariance principle: The vortices move together with
the superflow.

The result A,or¢ = (n — ng)/2 agrees with earlier works 24:37:39:40 " which obtained this A, neglecting the quan-
tization of fermionic states in the vortex core. In agreement with these results, we found that in our approach
the contribution from the states near the vortex core comes only from the part of the action at A — 0, when the
spacing between the states in the vortex core vanishes, and the low-energy states become continuous. Earlier works
—————— speculated that there should be another contribution to A, from discrete states in the vortex core.
We didn’t find such contribution in our analysis of the effective action. This term may emerge once one moves beyond
our approach, based on the evaluation of the effective action for the vortex motion.

Our results for the expansion of the effective action in terms of time derivatives of slowly varying order parameter
(Eqs. (B2), (B8), and (B9)) can be straightforwardly extended to other symmetries of the order parameter and to
non-Galilean-invariant dispersion, as long as adiabatic approximation is applicable. We note in this regard that the
topological term in the action plays a special role in superconductors with the nodes in the order parameter, e.g., it
determines the magnitude of the orbital momentum in the A-phase of a p-wave superconductor, like > He — A (Ref.3%).
The terms of higher orders in powers of 9. A or in higher derivatives of A can be obtained from Eqs. (1) and ( [IJ),
though in practice such calculation is likely to be rather cumbersome.
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Appendix A: Derivation of the action to second order in time derivative

Substituting Eq. ([28) into Eq. 20) we get two contributions,

1
L®= 1P+ 1Y = / NP 7) + 1 (7)), (A1)
0
each generated by first and second terms in the rhs of Eq. (28]), respectively:
A et = AN X ) (X A OZA () [xi0)
/@ _ / W e : A XA |07 : A9
1 ()\; T) 271'8 ; (zw — En)\)?’(l.w — E[))\) ) ( )
dw et <Xl )\lakAb(m )\><Xm )\|aTA(T)|Xn )\><Xn )\|67A(T)|Xl )\>
P10 = [ g 57 0B i) 2o, By s
2 (A7) = [ ore nzm:l (1w — By) (0 — Fr)?(iw — Brpy)? (A3)

The w-integration Eq. (A2) gives

(2) OO A XA X |02A(T) [x10) (0 — 61) (XA XA O A |02 H | X1.2) (6 — 6))
l )\7 = = y A4
1 ( T) Z (En.)\ _ El,)\)g Z (En.)\ _ EI,A)Q ( )

n,l n,l

where in the second equality we have used Eq. (34).

The second integral, e.g. Eq. (A2) is less straightforward. Let us exclude terms with repeated indices from the the
triple sum in Eq. (A3). Then the integrand has three poles and, after some algebra, we find (the situation when two
indices coincide will be considered separately below),

XA Xm ) (O Xm Al XnA) (Or XA Xt ) (B — Ema)bn
1D (A7) = (Oax1,2 [Xm, Alxn, Al (B 7 s
’ ( ) n;l (E")‘ - El)\)(Em)\ - En,)\) ( )

n Z (OAXEAIXm ) (O XA X A) (O XnA XA ) (Brnx — Ei ) (2En x — 3Em x + Ei 2 )0
—, (Enx — Em ) (Em o — Epx)?

+ Z (OXIA X A) (O X A X A) (O X A X1 ) (B x = En 2)(2En x — 3B x + Em A)0)
(Enx = B ) (Ema — Eip)? ’

n,m,l

where we again used Eqgs. (34] B3)).
Next we transform Eq. (A4) by using

XAOZA(T) X0 A) = 0r (i 0r A(T) X n) = (Orxa A |0-A(T) xnn) = (A1 A(T)0r X0 ) 5
and integrating by parts the term containing 9, (x, AO-A(7)] Xn,x) (we recall that 152) is under 7 integration when
substituted in Eqgs. (151 I9)):

() B (OAXEA X0 A (O XA [X12) O (Eny — Ein) — (O20r XA Xn ) (O Xna [ Xin)
HET) = Z {2 (Enx — E1n)? En,x—Ep (A6)

n,l

<8AXZ,>\|8TXn,)\><87-Xn.,>\|Xl,)\> B <8>\Xl,)\|Xn,)\><8TXn,)\|8~rH|Xl,>\> . <8>\X17A|Xn,>\><Xn,)\|8TH|8TXlQ\> }(9 .y )
Eox—Ep (En— Epx)? (En— Epx)? S
The last three terms in the rhs of Eq. (AG) can be combined with Eq. (AH) when we insert >, [Xm ) (Xm,| in
the matrix elements in the terms that contain double derivatives (with respect to 7 in the fourth and fifth terms and
with respect A and 7 in the third term). In doing so we treat separately the terms with m # n and m # [ and the
terms with m = n and m = [. Using the relation

<Xm,>\|afﬁ|xm,>\> = 8T<Xm-,>\|f{|xm-,>\> =0:Em ., (A7)
for the diagonal matrix elements, as well as (Or Xm.a|Xm.A) = —(Xm. 2|07 Xm, 1), we obtain after some algebra
(Last 3 terms of Eq. A6) = Z (OAXLA XD (Or XA | X A) (Or XA | XN (A8)
n,m,l
" [ O =6 (2Enx — Eix — Ema) (0 — 91)} + Z (OAXIAIXn A (Or XAl XA ) Or (Enx — Ep ) ) (00 — 01)
(Enx — Epn) (Emx — E1x)? (Enx — EpA)?

n,l

-y (O X A X1 (O XA X ) (DA XA lX0) + (O xnalXix) (Oaxialxn A ) (Or X |xin) (6, — 6)
En,x—Ep " '

n,l
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In the triple sum, i.e. in the first term in the rhs of Eq. ([AS]), m # n # [, while the last term in Eq. (AR arises due
to m =mn and m = [ terms. Adding this triple sum with 152)()\, 7) from Eq. (AH), we obtain

Z (XA X A (O Xem A X 0) (O X A IX20) (6 — 1) (A9)
Em,)\ - En,)\

n,m,l

The triple sum in Eq. (A9) can be transformed into the double sum by using a completeness relation, Y, [xi,x) (xi,a| =
1

3

<87'Xn )\|8)\Xm )\><87'Xm )\|Xn )\> <Xm )\|8)\Xm )\><87'Xm )\|Xn )\><87'Xn )\|Xm )\>
- : : A (g, 6, : : AL, A2 (g, — 60,)(Al
Z Em,)\ - En,)\ ( ) * Z Em,)\ - En,)\ ( )( O)

n,m n,m

Xn,\ a)me,)\ aTXm,)\ Xn, A aTXn,)\ Xn, A
3 it Ot Otualinsl, g,y

n,m

where the last two terms in Eq. (AI0) correspond to [ = n and [ = m terms, which are omitted in the triple sum in
Eq. (A9). The last two terms in Eq. (AI0) cancel the last term in Eq. (A8]). Using this, we finally obtain that

<87-Xn,)\|8)\Xm,)\> <87'Xm.,>\ |Xn,)\>

(2) _
(Last 3 terms of Eq. A6) 4+ 15~ = — ; Fons — Eos (O, — 0r) (A11)
. Z (OAX1 A X0 A) (Or Xm Al Xt Or (B oy — Ei2) (6 — 61)
(Enx— Epx)? '

n,l

The first term in the rhs of Eq. (A1) can be combined with the second term in Eq. (A6) as

_ Z <8)\87'Xn,)\|Xm,)\><87'Xm,)\|Xn,)\> + <87'Xn,)\|8)\Xm,)\><87'Xm,)\|Xn,)\> (om _ en) (A12)

nom Em,)\ - En,)\
-y (9 (07 Xn A XmA)) (O Xm A X A) (O, — 0,) = 1 5 O\ ({0 Xn A IXmn) (Or XmaXn.2)) (6, — 0,)
n.m Em,)\ - En,)\ " " 2 om Em,)\ - En,)\ " "
Using this, we find that
(2) (2) _ 1 8)\(<87'Xn,)\|Xm,>\><87'Xm,)\|Xn,>\>)
b7+ () = Z {5 B — oy (A13)

<8)\Xm,)\|Xn,)\><aTXn,)\|Xm,)\>aT (En,)\ - Em,)\)
(En)\ _ Em7)\)2 }(971 - em)

Eq. ([(AT3) only accounts for m # n # [ terms in Eq. (A3) and should be added with | = m # 1, m = n # [ and
n =1 # m terms. To consider these terms we need to return to the evaluation of the w integral in Eq. (A3]). For
I = m # | terms we obtain, using Eq. (&),

+3

(2) o (6)\Em,)\) <aTXm,)\|Xn,>\><aTXn,)\|Xm,>\>(9m - en)
o 1 Z 8)\ (Em,)\ - En,)\) <6TXm,>\|Xn,)\><a‘an,>\|Xm,)\>(9m - en)
a 2 n,m (Em)\ - En,)\)2 '
Now 1;2()771:1) in Eq. (AT4) nicely combines with the first term in Eq.(A13)) to give the full derivative,
1 0 <87'Xm )\|Xn )\><87'Xn )\|Xm )\>
L AlXn, AXmA) T gy Al5
2 g;n 7l s — Fny) J ) (A15)

The m = n # [ and n = [ # m cases are considered similarly, by reevaluating w integrals in Eq. (A3]). It is easy to
see that these two contributions cancel the last term in Eq. (AI3]) and we finally obtain

1 b0 10 xmAXnA) (O Xn A Xm0
L(2) _ / d)\— TAM, n, TAT, my 9m _ 9n . A16
2 1; 0 oA [ (Em)\ - En,)\) ] ( ) ( )
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Because the integrand is a full derivative over A, the value of the integral is the difference of this function at the end
points, at A = 1 and at A = 0. Using this, we arrive at Eq. (39).
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