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We study the topological property of the magnetoelastic excitation in non-collinear antiferromagnets. As a
toy model, we consider the magnon-phonon coupling in a triangular antiferromagnet with a 120° Neel order.
We find that in the presence of out-of-plane external magnetic field, the magnon-polaron bands, which arise
from hybridization of magnons and phonons, can carry Chern number, even though the individual magnon and
phonon bands are topologically trivial. Large Berry curvature is induced from the anti-crossing regions between
the magnon and phonon bands, which renormalizes the thermal Hall conductivity of phonon bands. To com-
pute the Berry curvature and Chern number of magnon-polarons, we give a simple algorithm to diagonalize
magnetoelastic Hamiltonian without diagonalizing the phonon Hamiltonian, by mapping the problem to the
diagonalization of bosonic Bogoliubov-de-Gennes (BdG) Hamiltonian. This is necessary because the contribu-
tion to the Berry curvature from phonon cannot be properly captured if we compute the Berry curvature from
magnetoelastic Hamiltonian whose phonon sector has been already diagonalized.

PACS numbers:

I. INTRODUCTION

Since the discovery of the quantum Hall effect,'” the
role of topology in electronic systems has been extensively
researched. Recently, the implications of nontrivial topol-
ogy has also been investigated in bosonic quasiparticles such
as magnons* and phonons.>® It was found that although
the Chern number does not guarantee a quantized response
as in fermions because of the nature of bosonic statistics,
non-zero Chern number still indicates the presence of chiral
edge modes* and the non-zero Berry curvature contributes
to magnon’ ' and phonon>®!!'-14 thermal Hall effect, and
magnon spin Nernst effect!>10

On the other hand, it has long been known that magnon
can couple naturally to phonons in ferromagnets and
antiferromagnets!’~'° . The source of this coupling can be
roughly put into two categories,’’ the first of which arises
from inter-ionic spin-spin interactions, such as strain-variation
of dipole-dipole interactions and exchange interactions. The
second category arises from intra-ionic spin-orbit interaction,
wherein the spins sense the variation of crystal field that
arise from strain via spin-orbit coupling. Regardless of the
origin, when magnetoelastic coupling term that is quadratic
in magnon and phonon operators does not vanish, magnon
and phonon can hybridize to form a quasi-particle that is
an admixture thereof,'® which has been termed ‘magnon-

polaron’ 2122

Recently, various phenomena rooted in magnetoelastic cou-
pling in ferromagnets have been studied, with potential ap-
plications in spin and phonon control. In Refs. [22-25], it
was proposed that the magnon-phonon coupling in ferromag-
nets can be utilized in spintronics by exploiting acoustic spin
pumping. In Ref. [26], it was shown that phonon velocity
propagating parallel to and antiparallel to external magnetic
field can differ due to magnetoelastic coupling, which may
find usage in phononics. In Ref. [27], it was proposed that
large Berry curvature can be induced in the anti-crossing re-

gions of magnon and phonon bands, which can be utilized to
control magnon current. It was also suggested that magnon-
phonon coupling contributes significantly to Hall conductivity
in response to gradient in external magnetic field?® as well as
spin and thermal conductivities.?

In contrast, magnetoelastic coupling in antiferromagnets
has been relatively less studied. However, recent experiments
showed that magnon-phonon coupling can be large in hexag-
onal rare-earth manganite RMnO3 (R=Y, Lu, Ho), which are
approximately triangular antiferromagnets.’*3! In Ref. [30],
the authors showed that magnetoelastic coupling contribute
significantly to magnon decay for R=Y, Lu, and in Ref. [31],
the authors showed that magnetoelastic coupling can sig-
nificantly renormalize magnon spectrum for R=Ho. Since
the magnetoelastic coupling accompanies the anticrossing be-
tween magnon and phonon bands, one can expect novel topo-
logical phenomena to arise in hybridized band structure.

In this paper, we examine the topological property of
magnon-polaron bands in a triangular antiferromagnet with
a 120° Neel order. Although the ground state configuration
enlarges the unit cell, the magnetic excitation keeps the trans-
lation symmetry of the underlying triangular lattice. Thus,
there is only one magnon band in the Brillouin zone, and one
cannot expect any topological property in the magnon band.
However, once the magnon-phonon coupling is considered,
the hybridized band structure with three magnetoelastic bands
can support non-trivial band topology. We find that the mag-
netoelastic coupling arising from exchange striction does not
open all of the gaps between the magnon and phonon. How-
ever, the application of external magnetic field removes all
of the gap closing points, resulting in topological magnon-
polaron bands with non-zero Chern number.

In addition, in order to calculate the Berry curvature and
the Chern number of magnon-polaron bands, we develop a
method to diagonalize the magnetoelastic Hamiltonian. This
step is necessary because, although the magnetoelastic Hamil-
tonian is often written in the Holstein-Primakoft (HP) opera-



tor and phonon operator basis,?’"? calculating the Berry cur-

vature in this basis does not give the correct Berry curvature
for the magnon-polarons. The reason is that if we write the
magnetoelastic Hamiltonian in the phonon basis, the phonon
Hamiltonian is already diagonalized, so that the Berry curva-
ture computed in this way cannot correctly capture the contri-
bution from the phonon wave function. We find that the prob-
lem of diagonalizing magnetoelastic Hamiltonian can easily
be solved by observing that the phonon Hamiltonian can be
mapped to a bosonic BAG Hamiltonian by a simple transfor-
mation of basis. Thus, if we also write the magnon Hamilto-
nian in BdG form, the magnetoelastic Hamiltonian is also in
BdG form, for which the problem of diagonalizing the Hamil-
tonian and computing the Berry curvature is well known.*3?

This paper is organized as follows. In Sec. II, we study
the energy spectrum of magnon-polaron on triangular lattice.
We show that in the presence of external magnetic field, all of
the magnon-polaron bands become decoupled. In Sec. III, we
compute the Berry curvature and the thermal hall conductiv-
ity, and show that the decoupled bands carry non-zero Chern
numbers. In Sec. IV, we present a general formalism to di-
agonalize the magnetoelastic Hamiltonian, which is written
by using HP operators in magnon sector, and displacement
and momentum operators in the phonon sector. This method
should be compared with the method where magnetoelastic
Hamiltonian is written with the phonon operators. Although
the two methods give the same energy spectrum, their Berry
curvatures are different, as explained in Sec. V. We conclude
in Sec. VL.

II. MAGNON-POLARON SPECTRUM IN TRIANGULAR
ANTIFERROMAGNET

In this section, we present a toy model of topological
magnon-polaron in a triangular antiferromagnet. We begin by
examining the magnon spectrum and symmetries of Heisen-
berg triangular antiferromagnet, and then introduce easy-axis
anisotropy and external magnetic field. Then, we study the
phonon spectrum in triangular lattice with external magnetic
field. Finally, we turn on the interaction between magnons
and the in-plane vibrations, which can naturally arise in non-
collinear antiferromagnets, as will be explained below. In the
presence of magnetic field and the magnon-phonon coupling,
all of the bands decouple from each other.

A. Magnon

Let us study the magnon spectrum on a triangular lattice
with the Hamiltonian given by

Hm =Hj+Ha+Hn, ey

where H ; is the antiferromagnetic Heisenberg interaction,
H 4 is the easy axis anisotropy, and Hy is the coupling to
the external magnetic field. Below, we will study each term
separately. The antiferromagnetic Heisenberg Hamiltonian is

FIG. 1: (a) Triangular Heisenberg antiferromagnet with 120° Neel
order, in which the spins rotate by 120° counterclockwise for trans-
lations by Ri, R3, and —R». Because of the magnetic ordering,
the unit cell of the magnetic ground state is enlarged, as indicated
by the yellow triangles. However, the translation symmetry of the
triangular lattice without magnetic order is restored in the magnon
spectrum. We have labeled some of the lattice sites for convenience.
(b) The convention for the Brillouin zone and the high symmetry
momenta on it.

given by

Hy=JY Si-S;, 2)
(i)

where J > 0, and the summation is over the nearest neighbor-
ing spins. Its ground state is the 120° Neel state’*~3> shown in
Fig. 1.

The magnon Hamiltonian can be found by introducing local
coordinates for each of the spins and by introducing the HP
operators with respect to the local coordinates. We always
choose the local z-axis to point in the direction of the classical
magnetic order. We choose the local y axis to point out of the
plane, which leaves only one possibility for the local x axis.
Then, we write S; = S¥@; + S/y; + S72;, where &;,9;, 2;
are the local axes for the spin at position i. We find

+sin(0; — 0;)(5757 — Si'S5), 3)

where 6; is measured with respect to the global x-axis, which

is parallel to R; in Fig. 1. The HP transformation with linear
spin wave approximation is S7 = S — ajai, Sy = @(ai +

a}?), SY = V2 (a; — a;r). Taking the Fourier transformation

21
a; =y Py, @)
k
where R; is the position of the ith atom, we obtain

1
Hy=) {A;ﬁazak - iBg(aLaik +a_gar)|, (5
k

where we kept only the terms quadratic in the HP opera-
tors. Here, A], = 3JS(1 + iv) By = 3JSv and
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FIG. 2: Magnon spectrum along the high symmetry line in the unit
of meV. (a) The magnon band with only the Heisenberg interaction
with J = 2 meV, S = 2. (b) The magnon band with anisotropy
A = —0.02 meV and magnetic field H = 0.5 meV. The role of
the anisotropy is to remove all of the Goldstone modes. The role of
the magnetic field is to remove all of the band degeneracies between
magnon and phonons.

Ve = > 5¢™9 where & are the vectors pointing towards
the six nearest neighbors from a given site.
Let us note that if we define

ag
bn = (aT_ k) : (©)

and define 7; to be the 2 x 2 Pauli matrices that relate par-
ticle and hole, we have the following relations, which define
bosonic BdG field operators:

[¢k,i7¢;j] = (T2)ijy O—k = qubfc. (N

Since we can write
Al BY

Hy = ¢T( k k:) ¢k
T2 2%\ 4

Qb}::HJ(k)(bk, (8)

I
D

where H ;(k) is a bosonic BdG Hamiltonian. For notational
T

implicit ill write ¢}, for either | “* f

simplicity, we will write ¢, for either <ak> or (al, a_g)

depending on the context. The magnon spectrum can be found
by diagonalizing H ; (k) by a matrix T';(k) that satisfies

1.
Th(k)H;(k)T; (k) = §Wi7 Ty(k)'r.Ty(k) =1., (9)
in which
. &
wg:( k.1 &1 1) (10)

where (Di 4, are non-negative. Such a problem can be solved
by using the Colpa’s method,** which is reviewed in Ap-
pendix B. We show the magnon spectrum of H 7 (k) (i.e. @ ;)
in Fig. 2 (a). ’
Let us note that although the magnetic order breaks the
translation symmetry generated by Ry = (a,0) and Ry =

(%a, ?a), where a is the lattice constant, the Hamiltonian

written in terms of HP operators respects the translation sym-
metry. This is because the magnetic ordering vector always
rotates by 120° counterclockwise (clockwise) about the global
z-axis when translated by R, (R2) while the terms quadratic
in HP operators depend only on the cosine of the relative an-
gle, as can be inferred from Eq. (3) [see also Appendix A 1].
Thus, we can still take the Bravais lattice generated by R; and
R5, and define R3 = R; — R5. The reciprocal lattice vectors
are then Gy = 27 (1, — 7)., G2 = 27(0, 7). The Hamilto-
nian also has a threefold rotation symmetry about the center of
the yellow triangles in Fig. 1 (C'3), a twofold rotation about the
line through sites 1 and 4 (C’éy), and a twofold rotation about
the line through sites 1 and 2 (Cy;). These are the symme-
tries that are relevant for gapless points between magnon and
phonon bands, and their exact definitions are given in detail in
Appendix A 1.

The magnon spectrum with just the Heisenberg interaction
has three Goldstone modes®® at I', K, and K’. For the toy
model, we will remove these Goldstone modes by adding
easy-axis anisotropy along the direction of the magnetic or-
dering (local z-axis defined above),

Ha=) ASD), (11)

where A < 0. This removes all the Goldstone modes, but we
will have to introduce an external magnetic field to remove the
band degeneracies between magnon and phonon bands along
T'K and MT, as explained in Sec. IIC.

We can remove all the band degeneracies between magnons
and phonons by applying external magnetic field along the
global z-axis,

HH:ZJL?-@-. (12)

This will tilt the magnetization direction towards the z-axis,
which can be described by using mean field approximation.’
Namely, let us assume that the spins will cant uniformly away
from the plane*®. The energy per site is given by

E = AS? cos? €+HSsin9+gJ52(2sin29—0052 ), (13)

where 0 is the canting angle of the spin away from the 2D
plane (8 > 0 corresponds to out-of-plane canting). By mini-
mizing the energy, we obtain

__H/S
9] — 24"

If we perform the HP transformation for the full magnon
Hamiltonian by taking into account the canting angle*’, we
find

Mo =S dht w0 = 5 (5 )
k

sinf = (14)

A H

% = gsinH—&—A(l —3cos?0) — 6J(1 — cos® 0 + i),
B

?’“ =Asin?0 + %(1+2cos29—2sin20)7k. (15)



Here, we have defined 9, = 5Re[(1 + sin® @ — 2cos? 0 +
2iv/3sin ) (eifizk 4 eiResk 4 eiRsik)) Tt can be checked
that this formula reduces to the one defined previously if we
turn off the anisotropy and magnetic field.

The spectrum with the anisotropy and the magnetic field is
shown in Fig. 2 (b). If we assume that the landé g factor is
about 1.6, H ~ 0.1 meV corresponds to magnetic field of 17".
We use the parameter I = 0.5 meV, which would correspond
to magnetic field of about 5 T. We also use A = —0.02 meV,30
which is a realistic value for RMnO5; when R=Y and Lu .>°

Since there is only one magnon band, one cannot expect any
topological band structure unless additional bosonic bands are
taken into account. Moreover, the magnon Hamiltonian is
real, so that the Berry curvature is zero.

B. Phonon

Let us consider the phonon Hamiltonian for a triangular lat-
tice. For simplicity, we will only consider the in-plane vibra-
tions because there is no coupling between the out-of-plane
vibration and the magnon in the approximation we use [see
Eq. (22)]. The phonon Hamiltonian without magnetic field is
given by

Hy=2 > [p(R)QAZ +u(R)K(R — R)u(R)| .

RR/

(16)
Here, R, R’ are the unit cell positions, w is the displacement,
p is the momentum, and K is the spring constant matrix. For
simplicity, we only consider the longitudinal spring constant
~ for the nearest neighbors, which is typically several times
larger than the transverse spring constant. For the spring con-
stant matrix between sites 1 and 2, this can be done by taking

K(Ry) = (‘07 8) . (17)

Due to the triangular lattice symmetry of phonon, which we
review in Appendix A 2, we have K (Ry) = CoK(R;)Cy "
and K(R3) = C3K(Ry)C5'. Finally, K(R = 0) =
diag(3, 3y) follows from the constraint that ) _ , K (R) = 0.
The phonon Hamiltonian thus constructed is naturally sym-
metric with respect to Cg., Co,, and Céy symmetries.

The dynamical matrix is defined to be

- ER: %K(R)eik'R, (18)
where M is the mass of the ion, K..(k) = (3 —
2cosk, — cos 2* cos fk L), Kgy(k) = Kyz(k:) =

3sin ke sin fk” yy(k) = 37(1 — cos & cos fk”)

The resulting phonon band structure is shown i 1n Fig. 3 (a).
We see that there are two acoustic phonon bands which are
degenerate at " and K.

To lift the degeneracy between the phonon bands, we can
introduce external magnetic field. We review the details of
how this can be done in Sec. IV A. For our purposes, it suffices
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FIG. 3: Phonon spectrum along the high symmetry line in the unit
of meV. (a) The phonon spectrum with #2y/M = 40 (meV)? and
no effective magnetic field. (b) The phonon spectrum with effective
magnetic field hih = —0.5 meV.

to note that the phonon Hamiltonian with magnetic field can
be written as

Hp =Y ' (k)Hy(k)x (k). (19)
k

Here, we have redefined p(k) — v Mp(k)
u(k)/v/ M, and defined the operator

(k) — (ZE’;;%) , (20)

and u(k) —

and the matrices

Hy(k) = % (Ij{‘ D_(‘,i)), A= (_Oh 8) 21)

where D(k) = —A? + K (k). The parameter h is the phe-
nomenological coupling between phonon and magnetization,
known as the Raman coupling.>#!42

The energy spectrum can be found by solving the Hamilto-
nian equation of motion [see Eq. (48)]. The phonon spectrum
with magnetic field is shown in Fig. 3 (b). We note that the
energy scale associated with the magnetic field is hfi ~ 0.002
meV for magnetic field about 17" at 5.45K%!? for a paramag-
net, which is quite small. We will put hAh = —0.5 meV to
clarify the role of magnon-phonon interaction.

C. Magnon-phonon coupling

Let us use the exchange magnetostriction model for the
magnon-phonon coupling,

HC = Z KmpRij . A’U,ZJSZ . Sj, (22)
(i5)

where R;; = %(Rl — R;) is a unit vector and Au =
u; — u;. This form of the Hamiltonian can be obtained from
the Heisenberg model by assuming that the exchange integral
J depends on the distance between the atoms, J(|r; — r;|) =
J + KppRij - Au;; where 7; = R; + u;. Note that out-
of-plane vibration will not couple to magnons in this model.



For a non-collinear antiferromagnet, magnon-phonon cou-
pling can arise naturally in quadratic order because S; - S
contains terms linear in the HP operators.
In Sec. IV B, we will discuss two methods to solve the
magnon-phonon coupling problem: we can work either with
D) = (ak7atk7p£7u£>7 (23)
where u(k) is the displacement and p(k) is the conjugate mo-
mentum in the Fourier space, or with
Wg = (ar, big, b, al g, 00 b0 ), (24)
where by i, and by, are the phonon operators in the Fourier
space. Although the energy spectrum of these two methods
are the same, their Berry curvature will be different. In order
to calculate the thermal Hall conductivity, the correct Berry
curvature is computed by working in @, basis. In order to
compare these two methods, we will present the results by
using both methods.
Let us first work in the Wy, basis. It can be shown that up to
terms linear in the HP operators,

S, -8 = cay + c*al — cfay —cad, j=2,10,12, (25)

3/2 3/2 .
where ¢ = ST\/§COSG _ 3592 cosOsing ;.

23 Similarly, we

have
S§1-8;=—c"a1 — caflr + caz + c*cg;7 j=3,4,11. (26)

This pattern arises from the difference in the ordering direc-
tion of j = 2,10,12 and 5 = 3,4, 11 with respect to the spin
at site 1.

Let us now note that the Hamiltonian for the magnon-
phonon coupled system also has the translation symmetry
of the underlying triangular lattice. This is because S; - S
only depends on whether the direction of (S;) (classical spin
direction) is rotated clockwise or counterclockwise by 120°
about the global z-axis compared to (S;), as can be seen
from Egs. (25), (26). Taking the Fourier transform by tak-
ing into account the translation symmetry, we obtain the fol-
lowing contribution to the magnetoelastic Hamiltonian from

translations of the magnon-phonon coupling between the pair
(1,2)%":

| h
HE.LQ) = Z 2 MKmpR12 : [ea(k)bkﬁ + 6;(_k)b;-c,0']
o=1,2k
X [Re(—ce”*Pizyg_, 4 Re(—c*e‘ik‘R”)a};],
27

where €,(k) and by, are the polarization vector and the
phonon operator defined in Sec. IV A. The contribution from
the other bonds can be found by permuting the indices of
R;;. For the pair (1,10), 7—[5;1’10) is obtained by permut-
ing (1,2) — (2,3), and #1?) is obtained by permuting
(2,3) — (3,1). Therefore, the total magnon-phonon coupling
Hamiltonian is H. = Hﬁ”") + 7—[&1’10) + 7—[912)
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FIG. 4: Influence of magnon-phonon coupling (K,,) and magnetic
field (H and h) on the magnon phonon band structure. (a) Magnon
and phonon bands without magnon-phonon coupling (K, = 0) and
without magnetic field (H = h = 0). (b) Magnon and phonon bands
without magnon-phonon coupling (K,,, = 0) and with magnetic
field (H # 0, h # 0). (c) Magnon and phonon bands with magnon-
phonon coupling (K., # 0) and without magnetic field (H = h =
0). Note that the gap along I' K and M T" does not open. (d) Magnon
and phonon bands with magnon-phonon coupling (K,,, # 0) and
with magnetic field (H # 0, h # 0). Note that the gap along 'K
and MT opens. If we put A = 1 and measure energy in units of
meV, (d) can be reproduced by putting J = 2, S = 2, H = 0.5,

A= -0.02, Kmpy/ 2 = 0.5,7/M = 40, and h = —0.5.

Collecting the magnon, phonon, and the magnon-phonon
coupling Hamiltonian, we can write

H=>Y" Ul H,po (k) g,
k

(28)

The matrix f[me(k:) has the bosonic BdG form because the
magnon and phonon operators satisfy the bosonic canonical
commutation relation. Thus, the Hamiltonian can be diago-
nalized by using the Colpa’s method,?? which is reviewed in
Appendix B. ~

The spectrum of H,,.(k) without magnetic field is shown
in Fig. 4 (a) and (c). We have plotted the magnon and phonon
spectrum without magnon-phonon coupling (K,,, = 0) in
Fig. 4 (a) to compare with the case with magnon-phonon cou-
pling (K,,, # 0) in Fig. 4 (c). The strength of magnon-

phonon coupling, K,/ 22 where f = 10% x li/e = 0.658 x

10~'2 , can be expected to be about 0.3 [meV /s'/2].3° The nu-
merical factor f arises naturally if we take 7~ = 1 and use 1
meV as the unit of energy for magnon-phonon coupling prob-
lem. We use a reasonable value of 0.5 [meV/s'/2] for our
model.

Let us notice that the gap does not open up along the high
symmetry lines 'K and MT even in the presence of the



magnon-phonon coupling. This is because of the C5,, and Céy
symmetries mentioned previously. These two symmetries are
present in the magnon-phonon coupling Hamiltonian as well,
as explained in more detail in Appendix A 3, and are therefore
relevant for determining whether magnon bands and phonon
bands can hybridize along the high symmetry lines. For the
magnon band, the Cy,, eigenvalue is 1 along the I'K line, and
the Céy eigenvalue is —1 along the MT line. For the phonon
bands, the C5, eigenvalue along the I'K line for the band with
higher (lower) energy is +1 (—1), and the (5, eigenvalue
along the MT line for the band with higher (lower) energy
is +1 (—1). Because energy bands with the same (different)
eigenvalues can (cannot) hybridize, the gap closing points be-
tween magnon and phonon bands that remain along the high
symmetry lines in Fig. 4 (c) can be explained.

When the external magnetic field is turned on, the phonon
Hamiltonian does not have the C5, and C’éy symmetry be-
cause the effective Lorentz force an ion will feel when moving
in the positive y direction is not the same as when it is moving
in the negative y direction. Thus, we should expect that the
gap will open. This is shown in Fig. 4 (b) and (d), where we
have drawn the magnon and phonon spectrum with magnetic
field (h # 0, H # 0) and without magnon-phonon coupling
(Kmp = 0) in (b) for comparison with the case when there
is magnon-phonon coupling (K,,, # 0) in (d). We see that
both the magnetoelastic coupling and the external magnetic
field are necessary to fully open the gap between the magnon-
polaron bands.

We have mentioned that the magnetoelastic Hamiltonian
can also be written in basis ®g,

H =Y & Hy.(k)Ps, (29)
k

where H,,. (k) takes the form

H,(k) Ha(k)
Hine(k) = (Hl(k) Hp<k:>>

Here, H,,,(k) and H, (k) are defined respectively in Egs. (15)
and (21), and H.(k) is given by

H.(k) = (8 8 v’z(k}z)» 31)

where v(k) is the 1 x 2 column vector given by v(k) =
Konpy/ 2Re[—ce®* Bz Ry5 + (12 +» 23) + (12 «» 31)]. In

Sec. IVC, we show that H,,. can be mapped to a bosonic
BdG Hamiltonian H; by making a simple transformation,

H,=PV'H,, VP (32)

(30)

Denoting by I,, the n by n identity matrix, P and V are de-
fined as

I I
1 1
v=| Bl Bh
LI2 ;’IQ
I V2 2

. (33)

Because Hy is a bosonic BdG Hamiltonian, it can be solved
by using the Colpa’s method, just as H,,..

III. BERRY CURVATURE AND THERMAL HALL
CONDUCTIVITY IN TRIANGULAR ANTIFERROMAGNET

In this section, we compare the Berry curvature computed
from H,,.(k) and H,(k), and compute the thermal Hall con-
ductivity of the model presented in Sec. II. Large Berry cur-
vature is induced in the anticrossing regions because of the
magnon-phonon coupling and the effective magnetic field in
phonon. This renormalize the thermal Hall conductivity aris-
ing from phonons. We also show that the decoupled magnon-
polaron bands are topological.

A. Berry Curvature

_ Let us first define the Berry curvature. Let Hy be either
H,,.(k) or Hy(k), and let Ty, be the matrix that diagonalizes
Hj.. Asin Egs. (9) and (10), this means that Ty, satisfies

tot=o o= (g ) o
—43
and
: 1
Ty Hi'Ty, = 57%.)1@7 (35)

where &, is a diagonal matrix with (©g)n, > 0. Such a
diagonalization problem can be solved by using the Colpa’s
method,* which is reviewed in Appendix B. If we denote
by |Tk)» the nth column vector of T}, the Berry curvature is
defined to be

B (k) = (0)nnV X [ (Tklio-V|Tk)n].  (36)

Let us note that by multiplying both sides of Eq. (35) with
Tyo . and by using Eq. (34), we can obtain

1 1
O'ZHka = iTkazmk = iTkhLUk (37)

so that |T),, are eigenvectors of o, Hy,. However, eigenvec-
tors of o, M} do not necessarily satisfy Eq. (34). A more
detailed review of the properties of bosonic BdG Hamilto-
nian and the Berry curvature can be found in Sec. V and Ap-
pendix E

Since the magnetoelastic bands introduced in the previous
section are fully gapped in the presence of magnetic field and
magnetoelastic coupling, each of the hybridized bands can
carry quantized Chern number. In Fig. 5, we compare the
Berry curvature calculated for the magnon-phonon coupled
bands by using H,,.(k) (defined in Eq. (28) ) and H,(k) (de-
fined in Eq. (32)). The Berry curvature density computed by
using H,,.(k) is shown in Figs. 5 (a), (c), (e), and it should
be compared with that computed by using H(k), which is
shown in Figs. 5 (b),(d),(f). The most noticeable difference is
that the contribution from phonon Berry curvature, which is
shown in Fig. 6, can be seen in Fig. 5 (b) and (d) [indicated
with dotted circle], but not in (a) and (c). Another difference is
that the Berry curvature computed from H.,,.(k) shows spots
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FIG. 5: Berry curvature density of magnon-phonon hybridized bands
in the first Brillouin zone with the lattice constant ¢ = 1. The en-
ergy bands are labelled 1, 2,3 from highest to lowest energy and
carry Chern numbers —2, 4, —2 respectively. (a) and (b) shows the
Berry curvature density for energy band 1 by using the H,.(k) and
H,(k), respectively. (c) and (d) are similar plots for energy band 2,
and (e) and (f) are similar plots for energy band 3.

of large Berry curvature, indicated by dotted ellipse in Fig. 5
(a),(c),(e), which are not present in Figs. 5(b),(d),(f) computed
from Hg (k). Their origin can be traced back to the fact that
.f{me(k) is not smooth when computed numerically. This is
because H,,.(k) depends on €, (k) whose phase factor is in-
determinate. This implies that the Berry phase computed from
H,,.(k) does not behave well for numerical computation. We
explain this in detail in Appendix E

(@

()
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FIG. 6: Berry curvature density of phonon in the first Brillouin zone
with the lattice constant a = 1 and with the same parameters used in
Fig. 3 (b). (a) and (b) are the plots for the higher and lower energy
band, respectively.

After integration of the Berry curvature, we find that the
Chern numbers of the bands, from highest to lowest energy,
are —2, 4, —2 respectively. Surprisingly, the Chern numbers
computed from H, (k) and H,,.(k) are equivalent. In general,
however, we should not expect the Chern numbers computed
with these two methods to be equivalent.

Finally, let us note that the effective magnetic field h in
phonon is essential for the presence of Berry curvature in our
model. To see this, let us first notice that H,,.(k) is real be-
cause H,,(k), Hy(k), and H.(k) are real [see Egs. (15),(21),
and (31)]. When h = 0, this guarantees that the Berry cur-
vature vanishes, which we show in Appendix E2. There-
fore, although the magnon-phonon coupling does not by itself
induce Berry curvature, it can induce large Berry curvature
in the presence magnetic field in phonon Hamiltonian. The
same conclusion holds for the Berry curvature computed from
H,,.(k). This is because if h = 0, we can choose €, (k) to
be real. Then, it is immediate from Eq. (27) that the magnon-
phonon coupling terms are real, so that H,,.(k) is real. It
follows from this that there is no Berry curvature.

B. Thermal Hall Conductivity

The formula for thermal Hall conductivity can be derived
by either semi-classical theory or linear response theory. For
non-BdG bosonic Hamiltonian, it was shown that the two ap-
proaches are equivalent.”!® This equivalence holds even for
BdG Hamiltonian, as we now show. The formula for the ther-
mal Hall conductivity derived by using semi-classical wave-
packet approach is given by

N
1 ! e 5 0g
oy = gy O 2 e | Eggae. oy

Wi,k
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FIG. 7: (a) Thermal Hall conductivity x;, computed by using
H,(k). The blue line is x4y for phonon with parameters given in
Fig. 3. The red line is x,, for magnon-polaron with parameters given
in Fig. 4. The green line is computed with the same parameters ex-
cept the easy-axis anisotropy, which is reduced to A = —0.002. The
x axis is temperature in Kelvins and the y-axis is the dimensionless
thermal Hall conductivity, firzy /k%. (b) Thermal Hall conductivity
Kazy computed by using flme(kz). The contribution to the thermal
Hall conductivity from phonon is completely missed.

where ), i is the z-component of the Berry curvature com-
puted as in Eq. (88), hwy, ., is the energy [see Eq. (37)] with
hwk., > 0(< 0)forn > 0(<0), g(E) = m is the
Bose-Einstein distribution, and the ’ indicates that there is no
summation over n = 0. Let us note the formula

/ EQ%dE = —kQBT2C2((9(hWn,k))’ (39)
hwn 1

where ¢z(x) = [ [log(1 + p~*)]%. This can be derived by
making the substitution p = g, so that £ = kT log(l +

p~1). Combining this with the properties Q_,, _r = —, g,
8g(—E 9g(E 2
W_n,—k = —Wn,k, géE ) = - ZI(E) and 02(00) = %7

we can convert the summation for n < 0 to summation over
n > 0. After a short calculation, we arrive at the following
expression for the thermal Hall conductivity, which can also
be derived from the linear response theory!'+*0

2 N 2
oy =2 DY [ealathni) -

k n=1

Qnk.  (40)

We thus see that the thermal Hall conductivity for BdG Hamil-
tonian derived from semi-classical theory agrees with that de-
rived from linear response theory.

We show the thermal Hall conductivity of magnon-polaron,
calculated by using H,(k), as a function of temperature with
red line in Fig. 7 (a), calculated with the parameters used in
Fig. 4 (d). As a comparison, we plot the case without magnon-
phonon coupling with blue line, which is equal to the phonon
Hall conductivity because the magnon Hall conductivity van-
ish. The Berry curvature arising from magnon-phonon inter-
action contributes noticeably to the thermal Hall conductiv-
ity at high temperature. This is because the hybridization be-
tween magnon and phonon occurs significantly only at high
energies. On the other hand, if we reduce the anisotropy from
a = —0.02 to —0.002 meV, the magnon dispersion near I'
falls below the highest phonon energy at the I'. The result
is that magnon and phonon can hybridize significantly also

at lower energy. This is accompanied by a topological phase
transition so that the Chern numbers of the magnon polaron
bands are now 0, 2, —2, from bands with highest energy to
lowest energy. The thermal Hall conductivity for this case is
shown in green line, and we see that the thermal Hall conduc-
tivity is now significantly renormalized at lower temperatures.
This is because excitations with large Berry curvature, result-
ing from magnon-phonon coupling, are now thermally active
at lower temperatures.

To emphasize why H(k) should be used, we show the
thermal Hall conductivity calculated from H,,.(k) in Fig. 7
(b). As can be seen, the thermal hall conductivity signal from
phonon is completely missed in Fig. 7 (b), which is in sharp
contrast to Fig. 7 (a) where the phonon makes a significant
contribution for temperature around 20 K. In a material with
strong spin-phon coupling, the thermal Hall conductivity can
arise from magnon, phonon, and their coupling. In such cases,
the Berry curvature should be computed by using H,(k), not
by using H,,.(k)

IV. DIAGONALIZATION OF MAGNETOELASTIC
HAMILTONIAN

In this section, we clarify the relation between the mag-
netoelastic Hamiltonian and the BAG Hamiltonian. To intro-
duce the notations used for phonons, we begin with a brief re-
view of the theory of phonon in a two dimensional lattice with
net out-of-plane magnetization, which couples to phonons
through the Raman interaction.>®!'% Then, we clarify the re-
lation between the phonon Hamiltonian to the BdG Hamilto-
nian. Using this, we then present a method to diagonalize the
magnetoelastic Hamiltonian without introducing the phonon
operators, based on Colpa’s method of diagonalizing bosonic
BdG Hamiltonian, which is reviewed in Appendix B. For
complicated systems, this can simplify the work involved in
solving the hybridization problem. We will always put A = 1.

A. Review of phonon Hamiltonian in effective magnetic field

The Hamiltonian of an ion moving in a static out-of-plane
magnetic field B can be written by making the substitution
p — p — qA where p is the momentum conjugate to the
displacement w, q is the charge of the ion, and A = %B XU is
the vector potential. Then, the kinetic part of the Hamiltonian
is

! q 2_ 1 0 -4
P 2Bxu‘—2m’p (rlf O)H‘ 41)
The effective Hamiltonian of lattice vibration in the pres-
ence of magnetization can be written in a similar way. Let
u(R) denotes the two-dimensional displacement vector of
an ion multiplied by the square root its mass, m,,. Here, R is
the unit cell position and « is the sublattice index. Similarly,
let p, (R) be the conjugate momentum divided by square root
of the mass. We will denote the charge of ion « by g,



a = 1,...,s, where s is the number of sublattice. We will ~ mean (uy, ..., u,). The phonon Hamiltonian is given by>*!
often omit the sublattice index and write, for example, u to
J
1
Hy =3 > [{pa(R)? + 2ua(R)Acapa(R) } dapdr. R + ta(R) {Kap(R— R') — (A%)0p} us(R)))] . (42)
aBRR/

Here, A is a block diagonal matrix with blocks A, =
dapNa, where A, is a d X d matrix and d is the spatial di-
mension, which is 2 for the present case. This matrix contains
the coupling between the ions and the effective magnetic field

0 h
Ao = (h 0>, (43)

where we have defined h, = —qoB/2m,. As we have men-
tioned before, B is the effective magnetic field, which is pro-
portional to the local magnetization in the z direction. This
coupling between u and p can occur by the Raman-type in-
teraction of the form gM - (u x p), where M is the average

J

| —

where

Daﬁ(k) = _(AQ)Otﬁ + Z Kaﬁ(AR)eik(AR+5“_55)7
AR,af3
(46)
(k) = (p(k), u(k)). and

Hp(k) = % (Ijld D_(:)) ) 47)

By writing the Hamilton’s equations of motion for u(k)
and p(k), we see that the eigenvalue problem that must be
solved is

. (—A —D(k
Hasl)o () = st e, Har =i (4 720
(48)
where o in the subscript is the index for eigenmodes for
phonons. Here, we have combined the polarization vector for

the displacement, €, (k), and momentum, p,, (k), into a single
object

Xo (k) = (Z((,'j))) : (49)

magnetization.*?

We use the following convention for the Fourier transfor-
mation of phonons:

o (R) = %ﬁ > ua(k)e! Bk, (44)
R

Here, R is the position of the cell, d,, is the displacement from
R to the equilibrium position of the atom in that cell, and A/
is the total number of unit cells. The Hamiltonian after the
Fourier transformation is given by>

Y {pa(—k) - Pa(k) + 2ua(—k) AaaPa(k)} Sap + ta(—k) Dap(k)us (k)]

(45)

Let us note that He = 2p, H)p, where p; with ¢ = z,y, 2 are
Pauli matrices in the phonon sector, defining the block struc-
ture in Eq. (48). The lower block of the matrix equation (48)
is just the relation between the conjugate momentum and the
kinetic momentum: p, = %, + AqUs, where the dot () is
the differentiation with respect to time, implies

po(k) = —iwl(k)e, (k) + Aes (k). (50)

By using Eqgs. (48), one can show that the eigenvalues and
eigenvectors of H.y always come in pairs, o, —o with the
following relation: x*_(—k) = x.(k) and w* _(—k) =
—wP (k). Here, we have used the convention where o > 0
corresponds to wP (k) > 0. Let us note that o takes values
in —sd,—sd + 1...,—1,1,...,sd — 1, sd, where d = 2 is the
dimension in which the vibration takes place.
The eigenvectors can be normalized as follows:

Xo (k) pyxo (k) = (p2) o0 (51)

Although it is possible to give a direct proof of this>® [see
also Appendix D], we will instead assume that this normal-
ization condition is given, and then show in the next section
that when we transform the phonon Hamiltonian to a bosonic



BdG Hamiltonian, X, (k) are mapped to the eigenvectors of
bosonic BAG Hamiltonian, see Eq. (59), (61), and (64). This
gives an alternative proof of the normalization condition. We
also note that the convention we use to normalize X, (k) dif-
fers from the normalization condition in Refs. [5,6], where the
authors use p, /2w, (k) as the metric for x. (k) (the precise
relation is discussed in Appendix D). We prefer the normal-
ization given here because it behaves well even for acoustic
phonon modes and the relation between «(k) and the phonon
operators b, - is simpler, see Eq. (65). This does not affect the
Berry curvature that we define in Sec. V A, which we show in
Appendix D.

Finally, let us note that the completeness relation is given
by

> Xo (k) (p2)aoxh (k)py = Tasa, (52)

where 54 is the 2sd x 2sd identity matrix. This relation can
be checked by multiplying the right hand side by X, (k).

B. Second quantization: relation to BAG Hamiltonian

We give a matrix formulation of the second quantization
problem of phonon in the presence of magnetic field. It will
be shown that this is only a simple variation of the BdG prob-
lem. Then, we use this to show how the hybridization problem
of magnon and phonon can be mapped to the BdG problem.
This relation gives us a simple method to diagonalize the mag-
netoelastic Hamiltonian. In the next subsection, we use this
diagonalization method to define the Berry connection.

In order to understand the relation between the phonon
problem and the BdG Hamiltonian, let us first note that the
metric used on the normalization of the polarization vectors
X (k) also appears in the commutation relation between the
operators, [z, (k)T, x5/ (K')] = (py) oo Orkr>> Next, we note
that the field operators yg, in bosonic BAG Hamiltonian satisfy

(i) b (K), yor (k)] = —(p2) oo Ot (53)

(44) yl(k) = (Pz)oo' Yo' (—k). (54)

The condition (i) can be satisfied by making use of the follow-
ing:

UM (0)p,U () = cos20p, +sin20p,, U(0) = e*=?. (55)

For 0 = n/4, U(}) = ?(1 + ipz) and p, — p,. There-

fore, if we define x,(k) = U(%)&,(k), the normalization
condition is

él(k)pzéa’ (k) = (pz)mr“ (56)
Similarly, if we define (k) = U(F)y(k)
[gi(k)a ga/(k)] = 7(pz)m7/~ (57)

To satisfy the condition (ii), let us note that we can make
an additional transformation that fixes the metric p,. Let us

10

define

1 _ Isd
U = ( —ilsd>' (58)

If we define &, (k) = U’€, (k) and §(k) = U'y(k), we can
write

Xo(k) =V& (k), =(k)=Vy(k), (59)
where
V=U (%) U, (60)
and
&L (k)p-£or (k) = (p2)oor (61)
Y5 (R). yor (K)] = —(p2) o (62)

Moreover, we have

y(k) =

NG (p(k) —iu(k) = G ) : (63)

2 \p(k) +iu(k)=v",

so that condition (ii) is satisfied.

With the transformation discussed above, the eigenvalue
problem for &, (k) becomes

[VipyHy(k)V]Es (k) = [p-VIH,(k)V]E, (k)
wt (k)

= 02 £o(k)7 (64)

where the eigenvectors satisfy the constraint given in Eq. (61)
In addition, because the field operator y(k) is a bosonic BAG
field, VTHp(k:)V is a bosonic BAG Hamiltonian, and we see
that the constraint given in Eq. (61) is just the constraint on
the eigenvectors of a bosonic BdG Hamiltonian. At k points
where Hp(k:) has no zero modes, it is positive definite, and
&, satisfying Egs. (61) and (64) can be found by using the
Colpa’s method. This gives an alternative justification of the
normalization condition in Eq. (51).

To write the Hamiltonian in terms of the phonon operators,
let us make the expansion

z(k) = Xo(k)bko (65)

or equivalently, u(k) = ) _€,(k)bk, and p(k) =
> o Mo (E)br o, Where by, satisfies the canonical commu-
tation relation for ¢ > 0 and bL o = b_g,—o, so that



[bk.os b;w,} = 0k k' (p2)oo’- Then, we have
1
Hy = 5 D el k) oy (ke

1
- 5 Z XZ'(_k)pyHeff(k>XU(k)b,k’gzbkﬁ

k,o,0’

1
= 5 Z XZ—,<k)png(k)Xf"(k)bfk,fg/bk’a

k,o,0’

1
=3 Z |wh (K)[b—k,—obre,o
k,o
1
=5 2 [ (R)Ib, o b (66)
k,o

In the third line, we used the identity x.(k)* = x—,(—k).

C. Diagonalization of Magnetoelastic Hamiltonian

We will now develop a simple method to diagonalize the
magnetoelastic Hamiltonian H,,. defined in Eq. (69). To do
this, we first keep track of the matrices that are used to intro-
duce phonon operators and diagonalize the resulting bosonic
BdG Hamiltonian. Then, we will observe that if we introduce
H, defined in Eq. (77), the diagonalization procedure can be
simplified. Because this will require us to introduce various
forms of Pauli matrices, let us first explain the notation that
will be used.

Let us define p; to be the 2sd x 2sd Pauli matrices for the «
and p blocks in the phonon sector. Similarly, let us define 7; to
be the 2m x 2m Pauli matrices for the particle and hole blocks
in the magnon sector. Here, m is the number of HP operators
in a unit cell, and we assume that the magnon Hamiltonian is
written in BAG form. When there is no source for confusion,
we will abuse the notation and write p; to mean I, & p; and
T; to mean T; @ Io54. In the same spirit, it is to be understood
that

V=05L,oV

IZm
1 1
ﬁjsd 751551 , (67)
ﬁjsd V2 sd
where V' on the right hand side was defined in Eq. (60).
Finally, we will use o; for the 2(m + sd) x 2(m + sd) Pauli
matrices in the magnetoelastic sector.
Let @ = (agis.a gy, p] (k) uf (K),..),
where a; i, for ¢ = 1, ..., m are the HP operators. The magne-
toelastic Hamiltonian is

Hme = Y Of Hine (k) Pk, (68)
k

where

Hme(k) — (gﬂ;(k) Hc(k)> , (69)
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H,, (k) is the magnon Hamiltonian written in BAG form [for
a simple example, see Eq. (8)], and H.(k) is the magnon-
phonon coupling Hamiltonian.

Let us now keep track of the matrices that are used to diago-
nalize H,,.. The transformation of phonon Hamiltonian from
u(k), p(k) basis to the phonon basis is @LHme(k)@k =

U X} Hype (k) X3, W), where

(L 0O .. 0 ..
X = ( 0 x1(k) ... x_1(k) ) (70)

and W}, = (a1g, ..yal_p, . br1, o bE . ..). Note that W),

is the field operators that is usually used to write the magnon-
phonon Hamiltonian.?’~2° Note that we have

X} pyXn = Tops, (71)

where we have used Eq. (51). Let P be the permutation that
swaps half the magnon sector with half the phonon sector:

I,
_ Isd
P= I (72)
[sd
so that Wp, = P}, = (a1ky - bie,1, s @1y by 1,00
Then,
Hpe(k) = PX) Hppo (k) X PP (73)
and
Hme = Y Ul Hpe (k) Wy, (74)
k

is the magnetoelastic Hamiltonian in HP operator and phonon
operator basis arranged in BAG form. Let T),,(k) be the

transformation that diagonalizes f[me(k) satisfying the nor-
malization condition

Trp(B) 0. T (k) = 0. (75)

Then, X kPTTmp(k) is the transformation that diagonalizes
H,,.(k), satisfying the normalization condition

[T, (k) PX 17 py [ Xk P T (K)] = 02, (76)

where we have used Eq. (71), P.p,P" = ¢, and Eq. (75).
Now, let us simplify the diagonalization process. First, de-
fine the ‘simplified’ Hamiltonian as

H,(k) = PV'H,,.(k)VPT. (77)
Then, the matrix that diagonalizes the Hamiltonian is given by

Ti(k) = PVI X, P1T,, (k). (78)
In other words,

Ti(k)H,(k)T,(k) = diag(|w;;’|/2) (79)

S



and
TI(k)o. T, (k) = 0. (80)

Now, the problem of finding T (k) that satisfies Egs. (79) and
(80) is exactly that of solving a bosonic BdG Hamiltonian.
Thus, the H, can be diagonalized by using Colpa’s method.
For our purposes, we may assume that the matrix that diag-
onalizes H (k) obtained from Colpa’s method is given by
Eq. (78). This is because the column vectors of Ts(k) is
unique up to a phase factor when there is no degeneracy in the
eigenvalues of H (k) [see Appendix B]. In conclusion, if we
start with H, we can just use Colpa’s method to diagonalize
the Hamiltonian to solve the magnon-phonon problem.

Finally, let us note that there is a simple explanation for
the reason that the H¢(k) can be diagonalized by using the
Colpa’s method. Let us write

&) Hype (k)®p, = 31 H, (k)T (81)

where we have defined

Y = PVid,
ak,1 Ak, 1
aT Vi
=P R =1 (82)
: A k1
Vi
v, vl

where vy, is the phonon BdG field which was defined in
Eq. (63). Because Xy, is bosonic BdG field, H (k) is bosonic
BdG Hamiltonian, and therefore can be solved using the
Colpa’s method. The reason we have given a complicated
derivation is to obtain Eq. (78), which relates T,,,(k) and
T, (k)

V.  BERRY CONNECTION

In this section, we first briefly review the Berry connection
for bosonic BdG Hamiltonian. Then, we define the Berry con-
nection for the simplified magnetoelastic Hamiltonian H,(k),
and show that it is different from that defined using H,,. (k) in
which the phonon part is already diagonalized. This will have
physical consequences because the Berry curvature is related
to the anomalous velocity of a semiclassical wave packet.

A. Berry connection of BdG systems

Let us first review some useful properties of a positive def-
inite bosonic BAG Hamiltonian. These properties apply to
phonon, magnon, and magnetoelastic Hamiltonians. Let Hy
be a 2N x 2N BdG Hamiltonian. The matrix T}, that diago-
nalizes the BdG Hamiltonian, i.e. T,IHka = %&k, satisfy

T,Zasz = 0, because different choices of field operators
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should preserve the bosonic commutation relation. We note
that the diagonal matrix @y has positive (diagonal) compo-
nents. We also have

H y=0,Hjo,, T-p=o0,Th0: (83)
because of the condition (ii) satisfied by the BdG field op-
erators [see Eq. (54)]. The eigenvalues W’“T’ and eigen-
vectors |Tk)n, which are column vectors of the matrix Tk,
satisfy o, Hg|Tk)n = w’;‘" |Tk)rn. Note that if we define
wy, = diag(wg ), the eigenvalue problem is equivalent to

0. Hy Ty = 1Tyw(k), or T Hy Ty, = Lo.w(k) = Ly, Us-
ing Eq. (83), it can be shown that the eigenvalues and eigen-
vectors come in pairs: If we let n > 0 correspond to wg, , > 0,
WEg,—n = —W—k,n and |Tk>—n = Ua;‘Tjk>n~

Next, let us review the Berry connection of a bosonic BdG
Hamiltonian. We first note that the gauge group for Hy is the
indefinite unitary group U(N, N) whose elements G (k) sat-
isty GT(k)o.G(k) = o, (for sub-bands, it is a subgroup of
U(N,N)). This is because different choices of field opera-
tors should preserve the bosonic commutation relation. For
convenience, we define the quantity

Aﬂn’(k:) = n<Tk|iUzV|Tk>n'~ (84)

4,43

The non-Abelian Berry connection is defined by
Ann/ (k) - (UzA(k))nn’ . (85)

Under the gauge transformation |Tx),, — |Tk)n Grin(k),
where G(k) € U(N, N),

A(k) — GT(k)A(k)G (k) + GT(k)io.VG(k)  (86)
so that
Ak) = GHk)A(K)G(k) + G 1 (k)iVG(k), (87)
since G1(k) = 0.G(k)To..
Thus, the Berry curvature is given by
B, (k) =V x A, (k) (88)
and the Chern number is given by

1

C, = — / dkBZ (k). (89)
2T BZ

The sum rule for Chern number* states that the total Chern
number for the sector n > 0 is zero. This allows us to
define the Chern number when the lowest energy band has
zero modes because the total Chern number vanishes regard-
less of how we open up the gap. It can also be shown that
B_,(k) = —-B,(~k)sothatC,, = —C_,,.

B. Magnon-Polaron Berry connection

Let us derive the difference between the Berry connection
defined by using Hs and H,,.. For notational simplicity, let
us work with A(k) instead of A(k) = o,.A(k), and simply



refer to A(k) as the Berry connection in this subsection for
magnon, phonon, and magnon-polaron. From Eq. (78) and
(84), we have

As (k) = (T} (k) PX]V Pic, V| PV X P T (K)) e
= (T}, (k) PX L [i72 9y V| Xk PT Ty (K)o

:n<T7Tnp(k)P| (0 Ap(k)) |PTTmp(k7)>n'
+n<T7np(k)|PXI];iTZpkaPTV‘Tm;v(k)>n/

0
TP (o) 1P T )
+ A (k). (90)
where the phonon Berry connection is

AL (k) = (X0 (k)ip, VIxo (k) = (€6 (k)|ip- V&0 ((’;)1>)
and

A" (k) =, (Timp(E)|io.V Ty (k) ) (92)

We should note that the contribution from the phonon (the
first term in the above equation) does not vanish in general.
To understand this, let us define Wj, = PVTX,Pt. Since
we are interested in the Berry curvature of individual bands,
the only allowed transformation is of the form |7Ts(k)),, —
|T,(k)),e"®) which does not mix different bands. How-
ever, |Tpp(k)) = Wik|Thp(k)) is different in nature. Even
though it does not change the energy, it mixes the matrix com-
ponents of |T),,(k)), so that one can expect a change in the
Berry curvature. For an explicit comparison, see Fig. 5.

VI. CONCLUSIONS

We have explained how to compute the Berry curvature and
Chern number in magnon-polaron bands by finding the re-
lation between magnetoelastic Hamiltonian and the bosonic
BdG Hamiltonian. As an example, we have applied this to the
triangular antiferromagnet with out-of-plane magnetic field,
where the magnon and phonon bands have zero Chern num-
ber. Although the magnon-phonon coupling arising from ex-
change magnetostriction of Heisenberg model does not by it-
self generate Berry curvature, it induces, in the presence of
out-of-plane magnetic field, large Berry curvature in the anti-
crossing regions. In addition, all of the resulting magnon-
polaron bands are gapped, and they carry non-zero Chern
numbers. The Berry curvature arising from magnon-phonon
hybridization can significantly renormalize the phonon ther-
mal Hall conductivity.

Similarly, we expect that magnon-phonon coupling can sig-
nificantly renormalize magnon Hall conductivity. Recently,
Ref. [44] discussed possible thermal Hall conductivity in
trimerized triangular lattice antiferromagnet YMnOs3. As the
authors point out, magnon Hall conductivity may be renor-
malized by magnon-phonon coupling. Although the magnon-
phonon coupling from exchange magnetostriction does not by
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itself induce Berry curvature in our toy model, this may not
be true when there is trimerization. Therefore, in the presence
of magnon-phonon coupling in trimerized triangular antifer-
romagnet, we can expect significant deviation of thermal Hall
conductivity from that resulting only from magnons. In prac-
tice, however, it may be difficult to distinguish the contribu-
tion to Hall response from magnon-phonon coupling and un-
certainty in parameters in magnetoelastic Hamiltonian. There-
fore, an interesting question would be to ask whether it is pos-
sible for the thermal Hall conductivity or spin Nernst conduc-
tivity to arise solely from magnon-phonon coupling. We leave
these questions for future research.
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Appendix A: Symmetry Analysis

In this section, we discuss the symmetry representation of
magnon, phonon, and magnon-polaron. For clarity, we put a
hat (") over operators in this section.

1. Magnon Symmetry

In this subsection, we will study the symmetry of Heisen-
berg Hamiltonian. Let us first assume that there is no external
magnetic field, i.e. no canting. Because the Heisenberg model
arises when there is no spin-orbit coupling, the (unitary) sym-
metry of Heisenberg model on triangular lattice as a wallpa-
per group is p6mm & SU(2) when there is no magnetization.
When there is magnetic ordering, the symmetry will be low-
ered to a subgroup of this symmetry group. In particular, the
symmetry of the ground state is generated by the following
symmetry operators (the right hand side defines the action on
the spin position and direction, respectively):

Tr, = Tr, ® Cs
Tr, = Tr, ® C3!
Cs. = C5. @ Css
Cop = Cop ® 1

Coy = Coy @ Cay (A1)
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FIG. 8: Global axes (€, y, £) and local axes of spin at site 3 in Fig. 1
(23, Ys, 23) (a) without canting, (b) with canting by angle . The
local axes for sites 1 (2) are obtained through rotation by 120° about
the global 2 axis counterclockwise (clockwise).

Here, Tr, ®1 is a lattice translation by R;, C's,®1 is arotation
of the lattice positions by 120° counterclockwise about the
center of yellow triangle, C'y, ® 1 is a twofold rotation about
the line through the lattice sites 1 and 2, C'y, ® 1 is a twofold
rotation about the line through lattice sites 4 and 3, and 1 ®
(Cay, Cay, C5,) are vectorial rotation of spin directions.

In order to introduce the HP operators, we have defined lo-
cal axes as described in Fig. 8, so that for spin at R;,

Sth - gRi,fiRi + S'R,;,ngi + SRl,zZARi (A2)

The local axes should be thought of as operators transforming
under the symmetry representations in Eq. (A1),

Tr, (&R, UR;, 2R, )TR1 Ri+R.>YR,+R1> 2R, + R, )

8>

Tr, (&R, Ur., 2r) TR, = (@R 4R UR 4Ry 2R R)

17yC3zRi’ ZCSzRi)
Cou(ZR;, UR, s 2R, )sz Ri»UCsu Ry 2CanR:)

Ry —YCoyR;>» zc2yRi)

(TR
(TR
Cs-(TR,, YR, 2r,)C5. = (Zc
(@c
Coy(®R,, YR, 2R,)Csy) = (-

= (

ZTo Qle7yC2y nzC2yR)
(A3)

CQy(me YR, ZR ) 2y

we find that up to the quadratic order in HP operators,

where we have used &1 - g9 =
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and

C(SRi.zs SRy Sr.2)C Y = (ScRs ey SOR s SCR; 2)s

(A4)

where C is any of the operators in Eq. (A3) and C is its action
on lattice position. In Eq. (A3) we have defined an additional
symmetry operator Céy, which is similar to the two-fold rota-

tion ézy. However, unlike égy, which introduces a negative
sign for local x and y axes, Céy only changes the position

indices of the local axes. CQU is an emergent symmetry that
is present because the Heisenberg interaction contains only
terms such as S R, .S R;» Which is invariant under the permu-
tation of indices ¢ and j. The Czy symmetry referred to in the

main text is the (féy symmetry, and it is present in the magnon-

phonon coupling Hamiltonian, in contrast to égy, which is
broken by the magnon-phonon coupling Hamiltonian. Be-
fore going further, let us note that the transformation of the
magnon operator a g, are fixed by Eq. (A4) to be

Car,C™' = acr,. (A5)

Let us next find symmetry operators that acts exclusively
on HP operators, corresponding to the symmetries defined by
Eq. (A3) and (A4). In other words, we would like to know
whether we can absorb the transformation of the local axes
into the transformation of HP operators, so that we can treat
the local axes as numbers instead of operators. This step is
necessary because when we write the magnon Hamiltonian, as
well as the magnon-phonon coupling Hamiltonian, quantities
such as &; - &; will be evaluated to a number which do not
transform under the symmetry operator that acts only on the
HP operators. We will label such a symmetry operator acting
only on the HP operators with a superscript'H P’, CHP To
find the action of CHP, it is useful to explicitly write down
S - S, without numerically evaluating the local axes. Using

(a; —al) + 2:(S — ala,), (A6)

Sl. . . o e . PR . e o
S-S, 25 |:331 . wg(al + a{)(ag + a;) — 2id1 -yg(al{ag — alag) — Y - yz(a1 — ab(QQ — CLT) — 221 - z2(a]£a1 + a;ag):|,

(AT)

—41 - To. Similar expressions for S’g . .§’3 and .§’3 . S’l can be obtained through cyclic permutation.

As an example, let us first discuss égz operator. Because we assume that there is no canting, &; - y> = 0. The action of égz is



)
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For the first equality, we have used Eqgs. (A3) and (AS), and= means that the expressions are numerically equivalent. Because
similar equality holds for other pairs of spins, there is a HP operator representation of ci HP which acts only on the HP operators,

as a permutation of HP operators:
CHPag,CH
Similarly, we may define
T P, T

N HP ~
=ap,+r, CotlaR,CiL

Let us note that C 2y

as explained in Appendix A 3.

~ SHP—1 ~
= a’ngRiv CQ C - aCzyRm

¥ is not present in magnon-phonon coupling Hamiltonian, and the definition of C;ZI P

= acy.R, . (A9)

HP '"HP—1 _ 4
C2y C aCQyRi.

(A10)
needs to be modified,

Let us next find the representation in the k space. For any of the symmetry operators C,

CHPA CHP 1

2 ezk R; ~ acr,

(Al1)

; —“1p .
E ezk-C R; iR, .
R;

Therefore, when C is one of the rotation operators, we have C7Pa,CH"~! = G¢p,. When C = Tg, CHPa,CHP—1 = ek Bg,,

It follows that when C is one of the rotation operators, its constraint on the magnon Hamiltonian is H,,(Ck) =

H,, (k). At this

point, there is no difference between égy and @y This is not so when there is canting, which we explain below, and also when
we consider the coupling between magnon and phonon in Appendix A 3. Finally, let us note that anisotropy term does not affect

the symmetry of the Hamiltonian.

Let us next comment on what happens when the magnetic
order cants. As before, 7A’R, égz and C}I remain a good sym-
metry, and their corresponding symmetry acting exclusively
on the HP operators do not change. However, égy does not
remain a symmetry because the ground state configuration is

not invariant under this symmetry. On the other hand, égy is
still a symmetry of the Hamiltonian, which can be seen from
Eq. (A7). However, we cannot define a unitary C’ 1P symme-
try. To see this, notice that the only additional term compared
to the case without canting is 1S - 3}2(61;&1 — &ng{). Its
transformation is

C ZS.’Bl yg(d fl dQQJ{)éQ; ZS.’IZQ yl( 1a2—a %)

.

S:Bl :l:[g(& dl — &2(11).

(A12)

However, we cannot define unitary transformation CE{; P that
acts only on the HP operators. This is because if we define

ColP a5 CHIP 1 = ey, (A13)
we have
ColIPiSa, - go(ahar — azaf)Cyl P
= —iSxy - yg(agal — G920 I) (A14)

so that we cannot define a unitary CAéff P Because the symme-
try that protects the gap closing point between the magnon and
the phonon bands along the MT line is unitary C’ég P symme-
try, which is also present in the magnon-phonon Hamiltonian
when there is no canting [see Appendix A 3], the gap along
this line will open once the magnetic field is introduced into

(
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FIG. 9: Magnon-polaron spectrum with h = 0 and H # 0 with the
other parameters are the same as in Fig. 4 (d). The band gap along
the MT line opens because C, is broken, in contrast to the band

crossing along the I' K line protected by Co.

the magnon Hamiltonian (but not into the phonon Hamilto-
nian). In contrast, the Cs, symmetry is retained in the pres-
ence of canting, and the gap along the I' K line does not open
unless magnetic field is introduced into the phonon Hamilto-
nian as well. This can be seen from the band structure shown
in Fig. 9



2. Phonon Symmetry

Let us briefly review the representation of phonon sym-
metry. Let Cbea spatial symmetry operator and let C' be
its (vector) representation. Let us use the convention that
the displacement vector w is a column vector. The poten-
tial energy of displacements by u,, (R;) should be equivalent
to the potential energy of displacements by Cu, (R)) when
U (R;) = uy (R}), where the atom at lattice position R;
and sublattice « is sent to, under the action of C , the atom at
lattice position R and sublattice o’. That is,
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phonon, there is no difference between égy and (féy) When
acting on u(k), their representations in k space is

_1 V3 1 0 -10
ng=<_j§ _21>’02””:(0 —1>’Céy:<o 1)'
2 2

(A17)
On the other hand, along the high symmetry lines I'K' and
MT, the dynamical matrix is diagonal. Along T'K, D, (k) —
Dy, (k) = QM'Y [cos &= — cosk,| > 0 so that the band with
higher (lower) energy has Cs,, eigenvalue of 1(—1). Similarly,

along the MT line,
ul (Ri)Kap(R: — R;)ug(R;)

= [Cua (R)" Korp (R, — R;)[Cug (R))]

= ul,(R})[CT Korp (R; — R})Clug (R}).

2 V/3k,
Dx:c_Dyy:i [COS B Y

v - 11 <0, (A18)

Thus, we have
so that the band with higher (lower) energy has Cj,, eigen-

Korp (R — Rj) = CKop(R; — R;)C". (A1) value of 1(-1).
The representation of C consistent with the above is
Ciio(R)C™' = CT 4y (R)). (A16)

In the case of triangular lattice without effective magnetic 3. Magnon-Phonon Symmetry

field, the Hamiltonian has égz, égw, and (féy symmetries (for

J

The magnon-phonon coupling Hamiltonian does not break any of the symmetries we have mentioned above except for égy,
and the technique we have used to find the symmetry representgtions of magnon and phonon can pe straigtltforwardly applied
even in the presence of magnon-phonon coupling, except for Cy,. Therefore, we will focus on Cg, and C;, symmetries. To
understand how Ca, and Cy,, acts on the coupling Hamiltonian, let us restore explicitly write the local axes in the expression for
S - Ss that is linear in HP operators:

L

Sl . SQ 2 al + al)wl . 22 — ’L(&l — &I)gl . 22 — ’L(LALQ — d;)ZAl . ’gg + (dg =+ a2)£1 . .’f}2:| . (Alg)

Using Eq. (A3) and (AS),
Sv2S
2

CayS1 - 8205, = [(fm +ad) (=) - 21 — i(an — b)(—92) - 21 — (a1 —al)2a - (—G1) + (a1 + a])2s - (—m}

=-8,-8,#8-5.. (A20)

It follows from this that égy is not a symmetry of the magnon-phonon coupling Hamiltonian even in the absence of canting
because

CoySy - SaRyy - (g — ﬂz)cg_yl = (=51 852)Ri2 - (U1 — u2), (A21)
where we used Eqgs. (A16) and (A20). On the other hand,
s A A A SV2S [ . et
C5,S1 - SgC’zy1 =— (a2 + ag)mz <21 —i(ag — aé)yg <21 —i(ag — aJ{)ZQ ~g1 + (a1 + a‘i)zg - &)
=85, (A22)

so that (féy is a symmetry of the coupling Hamiltonian. However, we must still be careful because the égp symmetry operator

"HP—1

that acts only on the HP operators as (fgp GR, éQy = ac,, R, in Eq. (A10) does not carry over, as we now explain. Because
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ééy is not unitary-representable in the magnon Hamiltonian when there is canting, we will only treat the case without canting.

USiI‘lgil'22:—@2'21311(121'@2:22'@1:0,

s oA A oa_1 (0 SV2ST .
Cy,S1 - SQCle © 2[

(G + )@y - 2o + (a1 +al)2; - @2)}

Al S V 25 ~ ~ ~ ~ ~ ~ “ N Al _ N3 A A Al _
= c;;PT {(OL1 +ab)&y - 21 + (ag + )z - wz)]czg“" =08 - 80, (A23)
if we (re)-define
CollPag, CHP ! = —ac,, R, (A24)

Therefore, we see that the eigenvalue of (f;g Pis —1 along the MT line for the magnon band. On the other hand, ég” defined
as in Eq. (A10) remains valid and its eigenvalue along the I'K line is 1.

Appendix B: Diagonalization of BAG Hamiltonian

In this section, we summarize Colpa’s method?? of find-
ing a matrix 7’ that diagonalizes a 2N x 2N positive definite
bosonic BAG Hamiltonian Hgyg. Then we show that when the
eigenvalues are non-degenerate, the matrix 7" satisfy a unique-
ness condition. To diagonalize Hp4g, we must find 7' that
satisfies

T HyooT = diag(E,), T'o.T. (B1)

First, make the decomposition Hpye = K TK, which can
be numerically implemented by the Cholesky decomposition.
Second, define U to be the matrix that unitarily diagonalizes
Ko.K': U'[Ko,K'|U = E. Here, E is a diagonal matrix
with N positive and [V negative entries. Then, FE =0.F and

T= K*IU\/E. Let us also note that when H gy is real, K
can be taken to be real, so that 7" is real, i.e. the Hamiltonian
can be diagonalized by a real matrix.

Let us define |T,n) to be the nth column of 7', and refer
to it as an eigenvector of Hp,c. We will now show that it is
unique up to an overall phase factor when there is no degener-
acy in energy spectrum. It follows that there is no problem in
assuming that the eigenvectors obtained from directly diago-
nalizing H, defined in Eq. (77) is given by Eq. (78) when we
compute the Berry curvature.

Let T and T be two sets of matrices that diagonalizes
Hpac. Because det(T') # 0, we can write any vector as a
linear combination of |T', m). Therefore,

T, n) = |T,m)Cpm
©Hpac|T,n) =Y Hpac|T,m)Com
&E,0,|T,n) = Zm:EmGZ|T7 myCpm
SE,(T,n|o.|T, :> = En(T,n/|02|T, m)Cpi,

SE (T, 00T, n) = Ep(02)nm Conr- (B2)

To obtain the third line, we use Hpqg|T,n) = E,|T,n) and

(

Hpac|T,n) = E,|T,n). On the other hand,

(T, n'\HBdg|T, n) = E, (T, TL/|O'Z|T, n)
= Ey (T, n'|0.|T,n),  (B3)

where we have used (T, n'|Hpag = Fn (T,n'|o,. This im-
plies that (T,n’|o.|T, n) is nonzero iff n = n/. From the
above two equations, we see that Cy,,,+ is nonzero iff n = n'.
Therefore, |T,n) = Cy,|T, n) where C,,, is a phase factor.

This concludes the proof.

Appendix C: Magnetostriction

Because magnetoelastic coupling can lead to magnetostric-
tion, we should check whether magnetostriction will occur for
the model we have considered in the main text. We show be-
low that there will be no magnetostriction at the mean field
level. To see this, let us first focus on the magnetoelastic cou-
pling between sites 1 and 2 in Fig. 1. The term that can poten-
tially cause magnetostriction is

J<Sl> . <SQ>(U2_L — uu) (Cl)

Similarly, if we consider the magnetoelastic coupling between
sites 11 and 1, we obtain

J(S11) - (S1)(v1e — U112)- (C2)

We thus see that terms proportional to u1, cancel in Egs. (C1)
and (C2). Similar cancellation occurs in magnetoelastic cou-
pling between other sites, so the model we used in the main
text does not cause magnetostriction at the mean field level.
However, if we consider magnetoelastic coupling aris-
ing from spin-orbit coupling, there can be magnetostriction.
Magnetoelastic coupling arising from spin-orbit coupling is
quadratic in magnetization and linear in strain tensor,* and
as an example, we can write down the following term for the
magnetoelastic coupling between sites 1 and 2 in Fig. 1,

as1581y(Uzy — Ury). (C3)

Here, s;; = 8; - &, 55y = S; - ¢, and & and ¥ are unit vectors
along global x and y axis. From this, we can find the coupling



between the others by imposing triangular lattice symmetry.
Such a term will cause magnetostriction because terms linear
in u,, are not cancelled. This result is reasonable because the
magnetic order breaks the translation symmetry, and it should
be expected that the lattice will be able to see this through
spin-orbit coupling. For simplicity of the model, we will not
consider such terms.

Appendix D: Phonon Conventions

Let us first relate the phonon normalization given in the
main text with that given in Refs. [5,6]. There, the authors
define right eigenvectors |x % ) and left eigenvectors | Xﬁ,a>
of H.. Let us define 7

(D1)

2|wk70' |Xk,0’>7

Xko) =
where |x ) is a right eigenvector [see Eq. (48)] satisfying
the normalization condition in Eq. (51). Then, it is easy to
check that

ko) (D2)

L \_ Py
|Xk,0’> - 2(J~)kg

is a left eigenvector of Heg. Since we have normalized | Xk, o)
using p, as in Eq. (51), we see that the right and left eigenvec-
tors we have defined satisfy the normalization condition given
in Refs. [5,6],

(Xis.o| Xt ) = 00,07 (D3)
If we define
R
Ry _ (Mo (k)
X(T (k) - (65(’6)) ) (D4)
Eq. (D3) becomes
)
Xk ol Xho) = €€ + - —€10 A 0 = dogr, (DS)

where we have used Eq. (50).
It is not difficult to show why this normalization is possible.
First, let us note that when there are no band degeneracies, left
and right eigenvectors are orthogonal, so that (x& _|xF ) o
05,0+ (we have not normalized the left and right éigenvéctors
at this point). We then notice from Eq. (48) that
(k) =0.

(—wp oy — 2iwg,e A+ A%+ D)e (D6)

Multiplying Eq. (D6) by ef’t, to the left, we obtain

Rt R
ego' 3,0

ol — Ej,o'

eRTAeR =€t <1+A2+D(k) i

(D7)
Using Eq. (18), we see that the matrix enclosed in parenthe-
sis on the right hand side of the above equation is positive
definite. Therefore, (X Xk o) = (Xk.o[Xko)0o.0r Where

€’ .
2 J,o
2 2‘%,0
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(X#,o X o) > 0. Redefining |xj},) — ﬁbﬁg o)
we obtain the normalization conditions in Egs. (D5), (D3),
and (51).

Next, let us show that the Berry curvature that we have de-
fined is equivalent to that defined in Refs. [5,6]. The Berry
curvature By,  defined in Refs. [5,6] is given by

B, =V x (Xko|VIXio)

2w, o
=VXApo+ VX [——=— Wk

(02)00 V /2w o]
\V4 |wko' ko

~ By, (D8)
where
Ak,o’ = i(pz)aa(ﬁk,a'pzv|£k,a>
= i(PZ)dG<Xk,U|PyV|Xk,a>
Bk,g =V x Akvg. (D9)

are the phonon Berry connection and Berry curvature we have
defined in the main text. As discussed in the main text, the
BdG nature of phonon implies that for the purpose of calcu-
lating the thermal Hall conductivity, it is sufficient to limit
ourselves only to the sector for which n > 0.

Finally, let us note that the convention we use in the main
text is convenient for defining Berry curvature, but we must
be careful because the polarization vector for position, which
appears in magnon-phonon coupling Hamiltonian, is unit de-
pendent in our convention. Using Eq. (50), we have

X0 0y Xhio = 20k 0€) €k + 2i€), , A€l s (D10)

Thus, the unit of €, is [s]'/2 and the unit of y is [s]~'/2,
in contrast to conventional normalization of the polarization
vectors such as that adopted in Refs. [5,6] where €, is unit-

less and p has unit of [s]~!/2. Since the unit of K,/ %

is [J/s'/?], the unit of Ky / 1r €k is [J]. Now, if we put
h = 1 and measure energy in units of meV, we obtain a new
unit of time s’. If we have a quantity whose unit is [s], we have

the rule 1[s] = f [s/]. Thus, (Kmp\/;mev) V2=

Kppy/ LA; 1mleV) [s]/2, which is the origin of the factor f
in Sec. II C.

Appendix E: Berry Curvature

In this section, we review how the Berry curvature can
be computed and explain why the Berry curvature computed
from H,,. does not behave well numerically. Then, we dis-
cuss the reality condition on magnon-polaron Berry curvature.

1. Computation of Berry Curvature

In the usual system where the particle number is conserved,
the Berry curvature can be calculated by dividing the Brillouin
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FIG. 10: Discretized Brillouin zone. The flux of Berry curvature
modulo 27 through the shaded plaquette can be calculated from (E2).

zone into plaquettes and by calculating the flux of the Berry
curvature, which is given by*®:

Arg[(nk|nk + 81)(nk + 61|nk + 61 + d2) X

For BAG Hamiltonian, we need to make a slight modifica-
tion because the projection operator to a set of sub-bands S is
given by > s [nk)(0.)nn(nk|o.. For the purpose of cal-
culating Berry curvature of a single band, it suffices to re-
place (nk|nk + dk) by (nk|o.|nk + dk) in Eq. (E1), which
gives Berry curvature that is equivalent to Eq. (88) in the main
text. Namely, the flux of Berry curvature through a plaquette
formed by k, k+ 81,k + 81 + 2, k -+ 5 is given by* (modulo
2m)

Arg[(nk|o.|nk + 61)(nk + 01|0|nk + 81 + d2) X
(nk + 81 + 2|0, |nk + d2)(nk + d2|0.|nk)]. (E2)

This is the method we have used to compute the Berry curva-
ture in the main text.

Another way to define a gauge invariant expression for the
Berry curvature is to write it in terms of the Hamiltonian. Let
us first note the identity:

> 0. |mk) (o) mm (mklo. = 0. (E3)

Thus, the Berry curvature for n > 0 is

B, (k)=1 Z (V{nk|)o.|mk) X (02)mm{mk|o,V|nk).
m#n
(E4)
Note that the term m = n does not contribute be-
cause of the identity (mk|o,Vi|nk) = —(V(mk|)o.|nk),
which follows from taking the gradient of the both sides of
(mk|o,|nk) = (6.)mn. The energy eigenstates satisfy

Hy|nk) = E,(k)o.|nk), (E5)
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where E,, (k) takes both positive and negative values. Taking
the gradient on both sides and multiplying by (mk|, we obtain

(mk|V Hi|nk) = (En(k) — En(k))(mk|o. V|nk)
+VE, (k)(0-)mn. (E6)

Thus,

_ i(nk|V Hg|lmk)(0,)mm x (mk|V Hy|nk)
Bulk) = 3 (Bu(k) — En(}))? |

m#n

(E7)

Let us note that in both of the methods, the Hamilto-
nian should be smooth. However, when we naively con-
struct the Hamiltonian numerically, H,,. is not smooth be-
cause the phase of the phonon polarization vector €, (k) is
not smoothly determined. The problem this causes in the
second method is clear from Eq. (E7). To clarify what goes
wrong in the first method, let us reexamine the toy model
in the main text. Let us multiply the polarization vector
by some phase factor €,_; ,(k) = e K¢, (k). For
simplicity, let us assume that (,(k) = (dkky — (Ok,—ko-
Then, the eigenvectors of the bosonic BdG Hamiltonian
H,,. changes to |nk)’ = e*“(®)|nk) where e¢(k) =
diag(1, e~ (k) ¢=iCi(k) 1 oiGi(=k) ¢iCi(=k)) " et us note
that only the wave functions at ky and —k( are multiplied
by a matrix that is not the identity. When we compute the
flux of Berry curvature through a plaquette containing kg, it
is clear from Eq. (E2) that the flux is not invariant under the
transformation |nk) — |nk)’. Let us note that this transfor-
mation differs from the usual U (1) transformation of the form
Ink)” = |nk)e*(®) where ¢’(¥) an overall phase factor mul-
tiplying the wavefunction. In this case, it is easily seen that
Eq. (E2) is invariant under the transformation |nk) — |nk)”

2. Reality Condition

Let us first mention that it does not immediately follow
that the Berry curvature vanishes from the condition that
the matrix H,,.(k) is real. For this would imply that the
phonon Berry curvature is always be zero after we turn off
the magnon-phonon coupling. We will show below that when
h = 0 in phonon Hamiltonian, the reality of H,,.(k) implies
zero Berry curvature. For notational simplicity, we will omit
the dependence on k in what follows.

When h = 0 and there is no magnon-phonon coupling
through the phonon momentum p, H,,. takes the form

H,| 0 H.
Hpe=| 0 [ 3La O (E8)
HI | 0 iD

1 1
_ _ TZH’ITLTZ ‘ ﬁTzHc _ﬁTzHc
VIHpV = | ZHlm | ;0+D) ;(1-D) |,
~gsHlr. | 30 -D) ;(1+D)
(E9)



where we have defined V = [(i7.) @ po]V, V was defined in
the main text and py is the identity matrix in the phonon sec-
tor. Here, let us note that 7, is necessary to keep H,,, in BdG
form. Then, H, = PV'H,,.V P! is a bosonic BAG Hamil-
tonian with real components, where the permutation matrix
P was defined in Eq. (72). This can be diagonalized with a
real matrix through Colpa’s method. Let |7},) be the nth col-
umn vector of the real matrix that diagonalizes H, [see Ap-
pendix B]. Then, the (abelian) Berry connection for n > 0

20
is

i(Tp|o.V|T,) = i(KT,|0. VKI|T,)
= i[V{(T,]o.|T;)
= —i(T,|Vao.|T,) =0, (E10)

where K is the complex conjugation operator and we have
used V[(T,,|0.|Ty,)] = 0. This concludes the proof.
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This may not be true for strong magnetic field which is evidenced

by the % magnetization plateau for Heisenberg antiferromagnet.*’
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9 The local axes in this case is shown in Fig. 8

0 As discussed in Ref. [30], three Mn®* ions in RMnOs, corre-
sponding to the three magnetic ions in the colored triangle in
Fig. 1, become more closely bound. This destroys a perfect tri-
angular lattice formed by the magnetic ions, and results in two
different exchange interactions, J; between the magnetic ions in
the same colored triangle, and J2 between the magnetic ions in
different colored triangles. The distortion also allows anisotropy
of the form A(S7?)?. The magnon model in Ref. [30] also contains
hard-axis anisotropy of the form A’ 3", (S?)? with A" > 0. For
simplicity, we put J; = Jo and A’ = 0.

Here, we have not written terms that cancel after adding the con-
tribution from other pairs

If we restore i, we can absorb the A into the Hamiltonian by re-
defining & — a/v/h and Her — liHesr.
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