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Moore-Read states can be expressed as conformal blocks of the underlying rational conformal
field theory, which provides a well explored description for the insertion of quasiholes. It is known,
however, that quasielectrons are more difficult to describe in continuous systems, since the natural
guess for how to construct them leads to a singularity. In this work, we show that the singularity
problem does not arise for lattice Moore-Read states. This allows us to construct Moore-Read
Pfaffian states on lattices for filling fraction 5/2 with both quasiholes and quasielectrons in a simple
way. We investigate the density profile, charge, size and braiding properties of the anyons by
means of Monte Carlo simulations. Further we derive an exact few-body parent Hamiltonian for
the states. Finally, we compare our results to the density profile, charge and shape of anyons in the
Kapit-Mueller model by means of exact diagonalization.

I. INTRODUCTION

Quasiparticles in fractional quantum Hall systems at-
tract a great deal of interest since they carry fractional
charge and obey fractional quantum statistics. They are
neither bosonic nor fermionic in nature but are anyonic.
Lattice versions of the fractional quantum Hall models
are interesting in the field of ultracold atoms in optical
lattices1. The lattice models reveal exotic features which
are absent in the continuum systems2. This might even
show the way to realize fractional quantum Hall physics
at room temperature3. Most of the fractional quantum
Hall states exhibit Abelian anyons, i.e. under quasipar-
ticle exchange the anyonic state acquires only a phase
factor eiφ 6= ±1. A more remarkable scenario, however,
happens when the ground state with fixed quasiparticle
positions is degenerate and an exchange of the ith and
jth anyons leads to a unitary transformation Uij known
as the monodromy matrix. If Uij corresponding to dif-
ferent exchanges do not commute then the statistics are
non-Abelian. In the field of quantum information the
use of non-Abelian braiding statistics to make qubits in
topological quantum computation4 is attracting much at-
tention.

Quasiparticles are of two types with equal importance,
namely quasiholes and quasielectrons. Fractional quan-
tum Hall states containing quasiholes are well explored
in both Abelian and non-Abelian states,5–8 but the the-
ory of quasielectrons in fractional quantum Hall states
turns out to be a more complex problem. The reason
behind that is that a singularity appears in the state if
one tries to construct the quasielectrons as the inverse of
the quasiholes in the continuum. This happens because
by inserting flux tubes with positive flux one can obtain
a quasihole state, but similarly flux tubes with negative
flux do not give rise to a quasielectron state, rather it
creates a singularity. This has initiated a lot of work to
develop methods and to write proper states for quasielec-
trons in the continuum9–16. These states are, however,
rather complicated, and this makes it difficult to investi-

gate quasielectron properties.
Recently, it was discovered that the singularity does

not appear for fractional quantum Hall states defined on
lattices.17 So far this observation has been used to inves-
tigate Laughlin quasielectrons in lattice systems in great
detail. In the present paper, we investigate the important
and more challenging case of non-Abelian quasielectrons
in Moore-Read states defined on lattices.

Moore and Read introduced the Moore-Read states as
conformal blocks of the underlying conformal field the-
ory (CFT), and they also showed how one can introduce
quasiholes in the states.18 Here we consider the corre-
sponding states on lattices, and we show that quasielec-
trons can be introduced in a way parallel to the way
quasiholes are introduced. In particular, this means that
the wavefunctions containing quasielectrons are not more
complicated than wavefunctions containing only quasi-
holes. This allows us to investigate the properties of the
quasielectrons in great detail with Monte Carlo simula-
tions. We present detailed results for the density profile,
charge, size and braiding properties of the anyons. In
addition, we derive exact parent Hamiltonians for these
states.

The Kapit-Mueller model provides a relatively simple
Hamiltonian19 for hardcore bosons on a lattice, whose
ground state space is in the same topological phase as the
Moore-Read state. We consider a lattice with 24 sites and
introduce quasielectrons by adding a potential. We find
that the size of the quasielectrons is roughly the same as
for the corresponding analytical Moore-Read state. This
shows that the analytical Moore-Read states are helpful
to gain insight into the physics.

The structure of the paper is as follows: In Sec. II, we
investigate the density profile, charge, shape and braiding
statistics of the non-Abelian Ising quasielectrons in the
lattice Moore-Read states. We also derive exact parent
Hamiltonians for the states. In Sec. III, we investigate
quasielectrons in the Kapit-Mueller model and show that
the size of the quasielectrons is similar to that of the
quasielectrons in the analytical Moore-Read state. We
conclude the paper in Sec. IV.
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II. NON-ABELIAN QUASIELECTRONS IN THE
MOORE-READ STATES

We exploit CFT in lattice systems to describe Moore-
Read states containing Ising anyons and use Monte Carlo
simulations to investigate the density profile, charge,
shape and braiding properties of the anyons in detail.
Later we will provide parent Hamiltonians for these
states. We commence by constructing the states from
conformal field correlators.

A. Lattice Moore-Read states from conformal field
correlators

For arbitrary lattices in a two-dimensional complex
plane with N lattice sites at positions {zj}, j ∈ {1, .., N}
and Q quasiholes at positions {wk}, k ∈ {1, .., Q}, we as-
sociate the two vertex operators20

Vnj (zj) = eiπ(j−1)ηnjψ(zj)
∆nj : ei(qnj−η)φ(zj)/

√
q : (1)

and

Wpk(wk) = σ(wk) : eipkφ(wk)/
√
q : (2)

to each lattice site and quasihole position, respectively.
Here, φ(zj) is the chiral field of a free massless boson, the
inverse filling fraction is q ∈ N, : · · · : is the normal order-
ing, and nj ∈ {0, 1} is the occupation at site j depicting
hardcore bosons (fermions) for q odd (even). We have
∆nj = 1 if and only if nj = 1 and otherwise ∆nj = 0.
We define the parameter η = a/2π with a as the average
area per lattice site, ψ(zj) is the majorana field at the
occupied sites only (∆nj = 1), σ(wk) is the holomorphic
spin operator of the chiral Ising CFT and pk/q, with pk
positive, is the charge of the quasihole at position wk.
We note that in the continuum one has to insert back-
ground charge in the chiral correlator which gives rise to
the Gaussian factors in the wavefunction. In the lattice
model the charge neutrality is already taken care of by
choosing the vertex operators on the lattice sites as in
(1) (details can be found in Ref 20).
Also the continuum model is rotationally invariant for
any amount of rotation whereas the lattice model breaks
the continuous rotation symmetry but preserves the dis-
crete rotation symmetry. For example the square lattice
model without anyons is invariant under π/2 rotation (C4

symmetry). One may speculate this as an anisotropy
in the system due to the underlying lattice structure.
Therefore by using different kind of lattice systems one
can further increase the anisotropy and thereby reducing
the symmetry, for example a rectangular lattice would
corresponds to a π rotation invariance (C2 symmetry).

The state is defined as

|Ψα〉 =
1

Cα

∑
n1,....,nN

Ψα({zj}, {wk})|n1, ...., nN 〉 (3)

with

C2
α =

∑
n1,....,nN

|Ψα({zj}, {wk})|2. (4)

We insert an extra charge P/q at infinity to the state

(3) by incorporating the operator ΞP(∞) = : e
i P√

qφ(∞)
:

of charge Pq , placed at infinity. Therefore we have the

state with charge at infinity as

Ψα({zj}, {wk}) ∝ 〈0|ΞP(∞)

Q∏
k=1

Wpk(wk)

N∏
j=1

Vnj (zj)|0〉

(5)
where 〈0| · · · |0〉 is the vacuum expectation value in the

CFT and α is a label that indicates which of the 2
Q
2 −1

conformal blocks is considered, where Q is assumed to be
even. As derived in Ref.20, we write the states containing
Q quasiholes as follows

Ψα({zj}, {wk}) = δn〈σ(w1)..σ(wQ)ψ(z′1)..ψ(z′M )〉α
×
∏
i<j

(zi − zj)qninj
∏
i6=j

(zi − zj)−ηni
∏
i<j

(wi − wj)pipj/q

×
∏
i,j

(wi − zj)pinj
∏
i,j

(wi − zj)−ηpi/q

(6)

where δn = 1 if and only if the total number of particles
fulfills

M =

N∑
j=1

nj = (ηN − P −
Q∑
k=1

pk)/q (7)

otherwise δn = 0. In (6), we denote the M occupied sites
by z′1, · · · , z′M . In the case of no quasiholes (Q = 0) the
correlator in (6) simplifies to

〈ψ(z′1)..ψ(z′M )〉 = Pf
( 1

z′i − z′j

)
(8)

where Pf is the Pfaffian. For two quasiholes (Q = 2) we
arrive at21

〈σ(w1)σ(w2)ψ(z′1)..ψ(z′M )〉 = 2−
M
2 (w1 − w2)−

1
8

×
∏
i,j

(wi − z′j)−
1
2 × Pf

(
(z′i − w1)(z′j − w2) + (i←→ j)

(z′i − z′j)

)
(9)

and for four quasiholes (Q = 4) we have21

〈σ(w1)σ(w2)σ(w3)σ(w4)ψ(z′1)....ψ(z′M )〉α
= 2−

M+1
2 (w1 − w2)−

1
8 (w3 − w4)−

1
8

×
∏
i,j

(wi − z′j)−
1
2

(
(1− x)

1
4 +

(−1)mα

(1− x)
1
4

)− 1
2

×
(

(1− x)
1
4 Φ(13)(24) + (−1)mα(1− x)−

1
4 Φ(14)(23)

)
(10)
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FIG. 1. a), c), e), g): Circles, stars and squares represent lattice sites, quasiholes and quasielectrons, respectively. We fix
N = 112. The density profile ρ(zi) defined as the particle density difference between the states with and without anyons, is
plotted with colorbar for the cases of a) two quasielectrons, c) one quasihole-one quasielectron, e) four quasielectrons and g)
two quasiholes-two quasielectrons in the states, respectively. b), d), f), h): The excess charge distributions are computed. The
anyon charges approach ∼ ±0.25 with an error of magnitude 10−4. Note that the density profiles are similar for quasiholes
and quasielectrons except for a sign as evident from the plot of the excess charge,

∑
kQk, of the anyons shown in d) and h),

respectively.

with

Φ(k1k2)(k3k4) =

Pf

(
(wk1 − z′i)(wk2 − z′i)(wk3 − z′j)(wk4 − z′j) + (i←→ j)

(z′i − z′j)

)
.

The parameter

x =
(w1 − w2)(w3 − w4)

(w1 − w4)(w3 − w2)
(11)

is the anharmonic ratio. The Pfaffian requires M to be
even in order to be non-zero. Depending on the non
trivial fusion algebra σ×σ = I+ψ and the fusion channel
we have two linearly independent degenerate states ΨI

and Ψψ (i.e. α ∈ {I, ψ}) and we have mI = 0 and
mψ = 1 for the four quasiholes case.

Here, we claim that Eq.(6)-Eq.(10) define quasielec-
tron states if we take some or all values of pk to be
negative. We establish our statement by investigating
the density profile, charge, shape and braiding statistics
of the anyons in the states containing two quasielectrons,
one quasihole-one quasielectron, four quasielectrons and
two quasiholes-two quasielectrons on a square lattice.
We set q = 2 in all numerical computations throughout
this section. In the Monte Carlo simulation we use the
Metropolis algorithm (Markov chain Monte Carlo) and
set the number of warm up steps to be 10N2 where
N is the number of lattice sites and set the number
of iteration steps to acquire data to be 108 per each
statistically independent trajectory, throughout. We

take the number of trajectories to be 70 to calculate the
mean and the error bar of the observable by reaching the
Gaussian distribution of the mean values and thereby
exploiting the central limit theorem. Details of the
procedure used is found in Ref 20.

It is to be noted that we can avoid the singularity
by placing quasielectrons on a lattice system. In the
continuum we only have particle coordinates and the
particles can be anywhere in the entire space. In that
case, since a quasielectron increases the density of the
particles locally and this means it attracts particles
towards it, when a particle (say kth) coincides with the

quasielectron (say jth ) then the factor (wj−zk)−
1
2 gives

rise to singularity, if one constructs quasielectron states
in a similar way as for the quasiholes. Now in the lattice
system we allow the particles to reside only on the lattice
sites and the anyon positions are flexible and we have

the factor as (wj − zk)−
nk
2 , where nk is the occupation

of the kth lattice site. We place the anyons anywhere
in between the lattice sites and therefore avoiding the
singularity. One may speculate about the situation when
an anyon is placed exactly on a lattice site. In that case
for quasihole/quasielectron the corresponding lattice is
unoccupied/occupied. This means we are removing the
degrees of freedom of that lattice site (each site has two
degrees of freedom, either occupied or empty) by placing
either no particle or one particle there. Then the factor

(wj − zk)−
nk
2 , with either nk = 0 or nk = 1, in the limit

of wj → zk can be incorporated in the normalization
constant. In this way we can avoid singularity in the
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lattice systems.

B. Density profile, charge and shape of the anyons

For any state Φ we define 〈n(zi)〉 = 〈Φ|n(zi)|Φ〉 as the
lattice density of the ith lattice site. Therefore

ρ(zi) = [〈n(zi)〉Q6=0 − 〈n(zi)〉Q=0] (12)

gives the density profile where 〈n(zi)〉Q is the particle
density at the ith lattice site in the presence of Q anyons.
If we take the standard fermionic particle charge as −1
then the excess charge of the kth anyon is defined to be
the sum of minus ρ(zi) over a circular region of radius r
around the anyon

Qk = −
∑
i

ρ(zi), |zi − wk| ≤ r . (13)

The charge of the anyon is the value that the excess
charge converges to for large r when the region is far
from the edge and other anyons in the system.

We exploit Eq.(12) and Eq.(13) to compute the den-
sity profile, charge and shape of the anyons in the system.
Here, we respectively focus on four different system fla-
vors. We investigate systems that respectively contain
two and four quasielectrons, and systems that contain
either one quasihole and one quasielectron or two quasi-
holes and two quasielectrons. We note from Eq.(7) that
the total number of particles M can not in general be
made even for both cases of the states containing anyons
and without anyons if we take the same value for η and
put the charge at infinity to zero. We would like η = 1
both with and without anyons, and we hence choose a
suitable P to make M = N/q in all the cases.

Fig 1.a), c), e), and g) display the density profiles for
systems containing two quasielectrons, one quasihole-one
quasielectron, four quasielectrons and two quasiholes-two
quasielectrons in the states respectively and we choose
the values for P accordingly as +1, 0,+2, 0 in the states
containing anyons. The state without anyons has P = 0
always. The non zero charges at infinity lead to the edge
effects in the two quasielectrons and four quasielectrons
cases (see Fig 1.a) and e)). We plot the excess charge
distribution of the anyons as a function of the radial dis-
tance from the anyons as shown in Fig 1.b), d), f) and h).
We observe that the anyons are localized with radii of a
few lattice constants. Moreover, they achieve a charge of
pk/q ∼ ±0.25, while we take pk = ±1/2, consistent with
the quasihole charge in the continuum and as reported
in experimental findings22,23. This provides support for
the claim that those anyons are of Ising anyon nature.
Also, the density profiles are very similar for the quasi-
holes and quasielectrons except for the sign as evident
from the plot of

∑
kQk in Fig 1.c) and g).

C. Fractional braiding statistics of the anyons

While braiding, we adiabatically circulate one anyon at
position wk around another anyon along a closed path.
This transforms the state as

|Ψα〉 −→ γAγMγB |Ψα〉 (14)

where γA, γM and γB = eiθB are respectively the
Aharonov-Bohm phase arising when a charged parti-
cle circulates in a background magnetic field, the mon-
odromy matrix (phase matrix from the analytic continu-
ation) and the Berry matrix with elements

[
θB
]
αβ

= i

Q∑
k=1

∮
Γ

(
〈Ψα|

∂Ψβ

∂wk
〉dwk + 〈Ψα|

∂Ψβ

∂w̄k
〉dw̄k

)
(15)

where α, β ∈ {I, ψ}. The states under consideration here
are normalized. Following Ref.20, if we show that the
states are orthogonal, i.e. 〈Ψα|Ψβ〉 = δαβ , then we have

[
θB
]
αβ

= iδαβ

∮
Γ

Idwk + c.c. (16)

with

I =
1

Cα

(∂Cα
∂wk

)
=
∂ln(Cα)

∂wk
. (17)

Therefore, if Cα is periodic in wk, then
[
γB
]
αβ

= δαβ
and the braiding statistics would be given by γM alone.
Also, the braiding properties would be the same as for
the continuum if we show that Cα = Cβ . Hence we write
down the following two sufficient conditions as follows

(i) |
∑
ni

Ψ∗αΨβ | = Cδαβ up to exponentially small fi-
nite size effects and C is a constant, and

(ii) Cα is periodic when we move one anyon through a
closed loop.

We now proceed by explicitly computing fractional
braiding statistics with two and four anyons in the
system. We employ Metropolis Monte Carlo simulations
to calculate the desired properties of the states.

Two anyons scenario: In this scenario, we incorpo-
rate either two quasielectrons or one quasihole and one
quasielectron in the state. Since we have only one state
in this case, condition (ii) is the only condition to be
satisfied. We place the anyons in the bulk and isolated
from each other and move one anyon around one lattice
site through a closed loop while keeping the other anyon
fixed. We choose the path to be along the midway in
the lattice plaquette as shown in Fig 2.a) and expect the
same outcome to hold if we choose any other closed path
as well. Proper choice of the charges of the anyons in Fig
2.a) leads to the configurations as depicted in Fig 1.a)
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FIG. 2. a) Lattice sites and anyons are denoted by circles and diamonds, respectively. Proper choices of the charges of the
anyons lead to the configurations shown in Fig 1. The anyons are placed in the bulk and sufficiently separated from each other.
Subsequently one anyon is moved around one lattice site through a closed loop along the path midway in the lattice plaquette
while keeping the other anyon positions fixed. The lattice size is set to N = 96. b) and c) We take the set up as described in
a). We plot the overlap quantity P as a function of different moves i.e. the position l of the circulating anyon for the cases of
two quasielectrons (2 qe) and one quasihole-one quasielectron (1qh-1qe) as shown in b) and c), respectively. For both cases, we
note that the quantities vary with the period of the lattice up to finite size effects.

and c), respectively. We define the following quantity to
investigate

P =
C2

0

C2
l

(18)

where Cl and C0 denote the normalization constants
when the moving anyon is at position l and its initial
position l = 0, respectively. Fig 2.b) and c) show the
above mentioned quantity P as a function of the differ-
ent moves (l) of the moving anyon respectively for the
cases of two quasielectrons and one quasihole-one quasi-
electron in the state. We find the periodic variations of
the quantity P with different positions of the circulating
anyon (upto finite size effects). Therefore, we find the
Berry phase contribution as γB = 1. Hence, the braiding
statistics are given by the monodromy matrix only and
under the exchange of wj and wk we have

γM = eiπ
[
pjpk
q −

1
8

]
(19)

as a phase. Also, when an anyon circulates around the
lattice sites in counter-clockwise fashion, we have the

phase as

γA = e−2πipk/q . (20)

This is interpreted as the Aharonov-Bohm phase of a
particle with charge pk/q, circulating around a closed
loop and enclosing the background magnetic flux.

Four anyons scenario: We stress that in this case con-
dition (i) needs to be satisfied since we are now dealing
with a two-fold degenerate ground state manifold. In or-
der to investigate condition (i) we study two quantities,
namely the overlap of the two states

O =
|
∑
ni

Ψ∗IΨψ|√∑
ni
|ΨI |2

∑
ni
|Ψψ|2

(21)

and the ratio of the respective norms of the two states

N = 1−
∑
ni
|ΨI |2∑

ni
|Ψψ|2

. (22)

Again as in the previous two anyon case, we keep the four
anyons fixed and sufficiently separated from each other
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FIG. 3. We keep the anyons (pluses) fixed in the bulk and sufficiently separated from each other and increase the lattice size N
by adding more sites as shown in a). We denote different lattice sizes with symbols as N = 52 (circles), N = 60 (squares added),
N = 68 (hexagons added), N = 76 (down pointing triangles added), N = 88 (diamonds added) and N = 96 (right pointing
triangles added). Proper choices of the charges of anyons lead to the configurations as shown in Fig 1.e) and g), respectively.
In b) we plot the overlaps O (circles) and N (squares) as defined in (21) and (22), respectively, in the semi log scale as a
function of the lattice size for the cases of four quasielectrons (4 qe) and two quasiholes-two quasielectrons (2qh-2qe) present
in the system. We note that the quantities of interest in both the plots are following an exponential decay for sufficiently large
lattice sizes. A linear fitting indeed proves the exponential decay implying that the states ΨI and Ψψ are orthogonal in the
thermodynamic limit.

and increase the lattice size by putting more lattice sites
as shown in Fig 3.a). A proper choice of the charges of
the anyons in Fig 3.a) leads to the configurations as in
Fig 1.e), g). We proceed by plotting O and N in the semi
log scale as a function of the system size in Fig 3.b) for
the cases of four quasielectrons (Fig 3.b) main panel) and
two quasiholes-two quasielectrons (Fig 3.b) inset). We
find an exponential decay of the quantities as a function
of the system size. A linear fit determines the decay as
e−λN with the decay coefficient λ. For the case of four
quasielectrons, the decay coefficient is λ = 0.036 for O
and λ = 0.037 for N . For the case of two quasiholes-two
quasielectrons, the decay coefficient is λ = 0.042 for O
and λ = 0.047 for N . We show the linear fittings in Fig
3b). Thus, in the thermodynamic limit N −→ ∞, the
states are orthogonal with the same norm. Therefore, we
conclude that

|
∑
ni

Ψ∗αΨβ | = Cδαβ +O(e−λN ) (23)

where C is a constant and O(e−λN ) is a contribution
which exponentially decays with the system size.

Henceforth, the overlap matrix becomes the identity
matrix. Now to check the condition (ii), we again place
the anyons in the bulk and isolate them from each other
and move one anyon around one lattice site through a
closed loop while keeping the other anyons fixed. We
choose the path to be along the midway in the lattice
plaquette as shown in Fig 2.a) and expect the same out-
come to hold if we choose any other closed path as well.

Proper choice of the charges of the anyons in Fig 2.a)
leads to the configurations as in Fig 1.e) and g). Since
the overlap matrix becomes diagonal for sufficiently large
N , it is enough to investigate only the diagonal elements
i.e. α = β. We define the quantity to investigate as fol-
lows

Pα =
C2
α0

C2
αl

, α ∈ {I, ψ} (24)

Cαl and Cα0 denote the normalization constants when
the moving anyon is at position l and its initial posi-
tion l = 0, respectively. Fig 4.a), b) and 4.c), d) show
the above mentioned quantity Pα as a function of the
different moves (l) of the moving anyon respectively for
the cases of four quasielectrons and of two quasiholes-
two quasielectrons. We again find the periodic variations
of the quantity with different positions of the circulating
anyon.

Therefore, we satisfy both conditions (i) and (ii) and

inscribe the Berry phase contribution as γB = Î where
Î is the identity matrix. Hence, the braiding statistics
are given by the monodromy matrices and under the ex-
change of wj and wk we inscribe

[ΨI ,Ψψ]T 7→ γj�k
M [ΨI ,Ψψ]T . (25)

Now different choices of j, k provide different monodromy



7

matrices as

γ
1�2/3�4
M = eiπ

[
pjpk
q −

1
8

] [
1 0
0 i

]
,

γ
2�3/1�4
M = eiπ

[
pjpk
q + 1

8

]
1√
2

[
1 −i
−i 1

]
,

γ
1�3/2�4
M = eiπ

[
pjpk
q + 1

8

]
1√
2

[
1 −1
1 1

] (26)

where we denote the exchange of the two anyons by
the symbol �. Also, when an anyon circulates around
the lattice sites in counter-clockwise fashion, we have
the phase as γA = e−2πipk/q. This is interpreted as
the Aharonov-Bohm phase of a particle with charge
pk/q, circulating around a closed loop and enclosing the
background magnetic flux. As the monodromy matrices
serve as the members of the Braid group, therefore we
infer that the anyons are non-Abelian.

We note that anyonic analytical Moore-Read states
with six or more anyons, in general Q = 2n, n ∈ N, are
in principle possible to write down by using the correla-
tor of M Majorana fields and Q Ising fields as provided
in Ref 21 and investigate in the similar way as we have
done by using Metropolis Monte Carlo simulations. The
analytical expressions are, however, increasingly compli-
cated, and there will be more states due to the degeneracy

2
Q
2 −1.

D. Parent Hamiltonians

We proceed by deriving a parent Hamiltonian for which
(3) is the ground state. We exploit the results obtained
in Ref.20 for quasiholes in the states (let us denote the
state as |Ψqh

α 〉 with qh standing for quasiholes) and derive
the parent Hamiltonian for our cases (|Ψα〉). We have
the number of particles for |Ψqh

α 〉 as Mqh = (ηqhN −∑
k p

qh
k )/q and the number of particles for |Ψα〉 as M =

(ηN −
∑
k pk)/q. Here, we keep the number of lattice

sites N fixed and ηqh is for the state with quasiholes and

pqhk is the charge of the kth quasihole. Now to achieve
the same number of particles in both the states we must
have Mqh = M . This gives rise to the following condition

η = ηqh −
1

N

(∑
k

pqhk −
∑
k

pk
)
. (27)

We note that T |Ψα〉 = |Ψqh
α 〉 where

T =
∏
i

βnii θ
ni
i (28)

with

βi =
∏
j 6=i

(zi − zj)(η−ηqh)
(29)

and

θi =
∏
j

(wj − zi)(pqhj −pj) . (30)

For the rest of the section, we set ηqh = 1. In Ref.20,
it was shown that a set of operators λai , a ∈ {0, .., q− 1}
annihilate the state |Ψqh

α 〉, i.e.

λai |Ψqh
α 〉 = 0 . (31)

We can re-write this as

T−1λai T |Ψα〉 = 0 . (32)

Therefore, we define Λai = T−1λai T , and it follows that
Λai |Ψα〉 = 0. Utilizing the expressions for λai from Ref.20,
we find

Λ0 =
∑
i

βiθidi , (33)

Λpi
p=1,..,q−2

=
∑
j(6=i)

βjθjdjni
(zi − zj)p

, (34)

Λq−1
i =

∑
j( 6=i)

βjθjdjni
(zi − zj)q

+
∑
j( 6=i)

∑
h( 6=i)

[qnj − 1]βhθhdhni
(zi − zh)q−1(zi − zj)

+
∑
j

∑
h(6=i)

pjβhθhdhni
(zi − zh)q−1(zi − wj)

(35)

where dj is the hardcore boson (fermion) annihilation
operator at the jth lattice site for q odd (even) and

nj = d†jdj . Therefore we write the positive semidefinite
operator

H =

N∑
i=1

q−1∑
a=0

Λa†i Λai (36)

as the parent Hamiltonian of (3). The ground state of
the Hamiltonian is degenerate for the cases of four quasi-
electrons and two quasiholes-two quasielectrons present
in the systen which also signifies the non-Abelian na-
ture of the anyons in our system. The Hamiltonian is
long ranged and contains five-body interactions. Besides
being an exact Hamiltonian for the anyons, it could be
useful for testing numerical techniques. Also, it may be
a starting point to find simpler Hamiltonians with the
same ground state physics24,25.

III. QUASIELECTRONS IN THE
KAPIT-MUELLER MODEL

In Ref.19 Kapit and Mueller proposed a lattice model
Hamiltonian, which realizes fractional quantum Hall
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c)                                                                                
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d)                                                                                
Pψ  for 2qh-2qe

FIG. 4. We take the set up as shown in Fig 2.a) and a proper choice of anyon charges leads to the configurations in Fig 1.e) and
g). We plot the overlap quantity Pα with α ∈ {I, ψ} as a function of different moves i.e. l of the circulating anyon. In a), b)
we plot respectively P I , Pψ for the case of four quasielectrons (4 qe) and in c), d) concurrently we plot P I , Pψ for the case of
two quasiholes-two quasielectrons (2qh-2qe). It is seen that the quantities vary with the period of the lattice up to finite size
effects.

physics at appropriate filling factors. This model exhibits
an exact equivalence between a realistic lattice system
and the lowest Landau level. The Hamiltonian is rela-
tively simple, as it consists only of hopping terms and
hardcore on-site interactions. Here we consider the fill-
ing factor, for which the ground state is known to be in
the same topological phase as the bosonic Moore-Read
state with q = 1. One may speculate if the shape of
the quasielectrons computed from the analytical states
is very specific to the analytical states or whether it is
not. In the following, we therefore compare anyons in
the Kapit-Mueller model to the anyons in the analytical
states.

The Hamiltonian is given by

H0 = −
∑
j,k

Jjke
iφjkc†jck + h.c. . (37)

We take unit lattice spacing here. c†k(ck) creates (annihi-
lates) a hardcore boson at the kth lattice site at position
zk. We define ξjk = zj−zk and a = Re(ξjk), b = Im(ξjk).
The Peierls phase of the magnetic field is provided by
iφjk = −πφ2

(
zjξ
∗
jk − z∗j ξjk

)
with φ as the density of flux

quanta per plaquette on a square lattice. We use Gaus-
sian hopping couplings

Jjk = G(ξjk)exp
(
− π

2
(1− φ)|ξjk|2

)
(38)

where G(ξjk) = (−1)1+a+b+ab to get robust fractional
quantum Hall states as claimed in Ref.19.

We now incorporate a potential term Hv in (37) to
localize26,27 quasiholes and quasielectrons. This is done
by providing an energy penalty to lattice sites to be occu-
pied for the quasiholes and an energy penalty to lattice
sites to be unoccupied for the quasielectrons. To trap
anyons we define

Hv = (na − nb)V, Fig 5.a)

Hv = (na + nb − nc − nd)V Fig 5.c)
(39)

where nk = c†kck is the number operator at the kth lattice
site and V is the strength of the potential at the kth
lattice site to localize anyons.

We proceed to investigate density profile, charge and
size of the anyons by doing an exact diagonalization
study of the Hamiltonian H0 + Hv and by exploiting
(12) and (13). We present our results on a small lattice
system in Fig 5. In Fig 5. a) and c) we show the density
profile of a system of size N = 24 where we take a
quasihole potential (V ) and a quasielectron potential
(−V ) on one and two lattice sites respectively to localize
anyons. We take the number of particles as M = 4. This
together with a system size of N = 24 leads to φ = 1/6
in both a) and c). Fig 5. b) and d) display the excess
charge distribution of the trapped anyons as a function
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FIG. 5. In a), c), e) and g) we symbolize lattice sites (N = 24) by the circles. Quasiholes and quasielectrons are depicted by
stars and squares, respectively. We place a quasihole potential V and a quasielectron potential −V on two different lattice sites
in a). Similarly we place two quasihole potentials (each with V ) and two quasielectron potentials (each with −V ) in c). The
density profile ρ(zi) that is defined as the particle density difference between the states with and without anyons, is plotted
with colorbar. We plot the excess charge distribution Qk as defined in (13) as a function of the radial distance from the anyons
in b) and d) as marked by the circles respectively in a) and c). In e) and g) we place one quasihole-one quasielectron (hence
exploit (6) and (9)) and two quasiholes-two quasielectrons in the system (hence use (6) and (10)). The density profile ρ(zi)
is plotted with colorbar. We also plot the excess charge distribution Qk as a function of the radial distance in f) and h).
We observe that in all cases the quasiparticles, both quasiholes and quasielectrons, are trapped with the charge of ∼ 0.5 and
∼ −0.5, respectively. Note that b) and f) are similar, although not exactly the same, and the same applies to d) and h)

of the radial distance from the anyons as marked by
the circles respectively in a) and c). We find that one
quasihole and one quasielectron are trapped in a) and
that two quasiholes and two quasielectrons are trapped
in c). Each of the quasiholes and quasielectrons exhibits
the charge of ∼ 0.5 and ∼ −0.5 respectively. Therefore
the anyons are localized excitations and screened well.

We stress that in principle, it is possible to trap more
anyons than we are using here by adding more trapping
potentials in (39). However larger lattice would be
needed to make sufficient space for the anyons. An exact
diagonalization study may not be able to achieve those
system sizes.

We will now investigate the analytical states on the
same lattice for comparison. We display the results on a
small lattice system in Fig 5 where e) and g) show the
density profile in which we place one quasihole-one quasi-
electron and two quasiholes-two quasielectrons, respec-
tively. We exploit Eq (7) and take M = 4, N = 24, q = 1
(for bosons) and η = 1/6. Fig 5. f) and h) display the
excess charge distribution of the anyons for the region
marked by the circles in e) and g), respectively. Each
of the quasiholes and quasielectrons exhibits the charge
of pk/q ∼ ±0.5 concurrently. Therefore the anyons are
localized in the systems. It is to be noted from Fig 5.
b), f) and Fig 5. d), h) that the density profiles and the
excess charge distributions are very similar. This shows
a similarity between the properties of the ground state of

the Kapit-Mueller model and of the analytical states.

IV. CONCLUSIONS

Analytical models are very helpful to get insight in
models with strong correlations in quantum many body
systems and here we construct an anyonic model with
analytical ground states and a parent Hamiltonian. We
show that in lattice fractional quantum Hall models
quasielectrons can be created in a similar way as quasi-
holes can be created. This approach results in sim-
pler wave functions for quasielectrons both from an-
alytical and numerical viewpoint than the continuous
system. We have constructed Moore-Read states con-
taining two quasielectrons, one quasihole-one quasielec-
tron, four quasielectrons and two quasiholes-two quasi-
electrons. Detailed investigations of the density profile,
charge, size and fractional braiding statistics show that
the anyons are non-Abelian Ising anyons.

We also investigated the Kapit-Mueller model on a
small square lattice system and created quasielectrons in
a similar fashion to the creation of quasiholes. We found
that the quasielectrons in the Kapit-Mueller model have
a shape similar to the shape of the quasielectrons in the
analytical states. This shows that the analytical states
are relevant also for models that are experimentally rel-
evant.

In the future, it would be interesting to make similar
studies for Fibonacci anyons in the Read-Rezayi states.
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