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The intraorbital repulsive Hubbard interaction cannot lead to attractive superconducting pairing
states, except through the Kohn-Luttinger mechanism. This situation may change when we include
additional local interactions such as the interorbital repulsion U ′ and Hund’s interactions J . Adding
these local interactions, we study the nature of the superconducting pairs in systems with tetragonal
crystal symmetry including the dxz and dyz orbitals, and in octahedral systems including all three
of dxz, dyz, and dxy orbitals. In the tetragonal case, spin-orbit interactions can stabilize attractive
pairing channels containing spin triplet, orbital singlet character. Depending on the form of spin-
orbit coupling, pairing channels belonging to degenerate, non-trivial irreducible representations may
be stabilized. In the octahedral case, the pairing interactions of superconducting channels are found
to depend critically on the number of bands crossing the Fermi energy.

I. INTRODUCTION

An on-site repulsive Hubbard interaction cannot, by it-
self, lead to attractive pairing except through the Kohn-
Luttinger mechanism1–3. However, the on-site Hubbard
U is not the only local interaction present. When multi-
ple orbitals on each site are considered, then additional
atomic interactions are possible, such as the interorbital
repulsion U ′ and Hund’s J interaction4. It is natural to
ask whether such additional local atomic interactions can
lead to attractive pairing states and thus provide a local
mechanism for superconductivity5–10.

A recent work addressing this question through dy-
namical mean field theory (DMFT) finds that the Hund’s
interaction can stabilize spin triplet pairing states with
electrons residing on different orbitals8. From a DMFT
perspective, the authors invoke the effect of “spin freez-
ing” to rationalize their results8,9. Furthermore, the
DMFT study finds that the superconducting state is
most stable when the Hund’s spin coupling is strongly
anisotropic. This hints at the importance of spin-orbit
coupling which was treated only in a phenomenological
manner via an anisotropic spin coupling.

Vafek and Chubukov also examined this problem from
a weak coupling perspective10. Motivated by iron-based
superconductors, they studied a two dimensional prob-
lem with two orbitals per site: dxz and dyz. They con-
sidered the most general normal state Hamiltonian in-
cluding local spin-orbit interactions and extracted the
local Cooper pairs. Their central finding was that when
the renormalized, low energy, J > U ′, an attractive spin
triplet, orbital singlet pairing channel with A1g symme-
try emerges with the form ∼ |dxz, dyz〉 − |dyz, dxz〉 ⊗ | ↑
, ↓〉+ | ↓, ↑〉, in contrast with an intraorbital spin singlet
state with antisymmetric spin part | ↑, ↓〉 − | ↓, ↑〉.
While bare interactions are unlikely to satisfy J > U ′,

when strong local fluctuations are present near a spin-
freezing transition, the renormalized interactions can be-
come attractive (see Supplementary Material of Ref. 8).
In this paper, we shall implicitly assume that U , U ′, and
J refer to the renormalized interaction parameters. Such

a renormalization is consistent with the numerical find-
ing of such a pairing state in DMFT8. This novel pairing
channel only exhibits a pairing instability at the Fermi
surface in the presence of spin-orbit coupling. Hence-
forth, we refer to this state as the Vafek-Chubukov (VC)
state.
Thus, the theoretical work so far suggests a new mech-

anism for spin triplet superconductivity based on local
interorbital atomic interactions, which necessarily require
a multi-orbital system, and the presence of on-site spin-
orbit coupling. This motivates two directions for further
study: (1) What happens when non-local spin-orbit cou-
pling is included? (2) Are these pairing channels unique
to the two orbital system in tetragonal crystal symmetry,
or can they be realized in octahedral systems including
all three T2g orbitals?
In this work, we first revisit the two orbital system and

confirm the existence of the VC state which survives in
the weak coupling limit when on-site spin-orbit coupling
is present. We then add non-local spin-orbit coupling
which stabilizes additional pairing channels belonging to
non-trivial irreducible representations. We discuss the
conditions under which these states are stable. Next, we
study the three orbital system with the dxz, dyz, and
dxy orbitals in an octahedral crystal environment. In
this limit, the pairing channel analogous to the VC state
is found to become repulsive when higher energy bands
are not allowed to cross the Fermi energy. The energet-
ics of other pairing channels are also critically affected
by the number of bands allowed to cross the Fermi en-
ergy. While our analysis is mostly done in the context of
systems in which single particle states are naturally de-
scribed by orbital and spin degrees of freedom, we note
that it can also apply to systems in which single parti-
cle total angular momentum states are a better starting
point, such as in heavy fermion systems.
This article is organized as follows. In Section II, we

use symmetry methods10,11 to construct the most general
normal state Hamiltonian and add local atomic interac-
tions to it to construct the full model. In Section III,
we study the pairing channels of the two orbital case in
tetragonal crystal symmetry and discuss the crucial role
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played by the form of spin-orbit coupling in determining
which channels can be stabilized, as well as the effects of
allowing only one band to cross the Fermi energy. In Sec-
tion IV, we turn to the three orbital case in octahedral
crystal symmetry and highlight how constraining bands
to not cross the Fermi energy also prevents certain pair-
ing channels from becoming attractive. Section V con-
tains a summary and further discussions.

II. MODEL

A. In D4h crystal symmetry

We first derive the normal state Hamiltonian for the
case of two orbitals on each site, dxz and dyz. We require
the system to haveD4h point group symmetry. The most
general form of the normal state Hamiltonian ĤN may
be written as:

ĤN =
∑

α,β

c†αHαβcβ , (1)

in which α, β index both orbital and spin quantum num-
bers. In general, H may be expressed as a linear combi-
nation of direct products of Pauli matrices σµ, µ = 0, ..., 3
parametrizing operators in spin space and Pauli matrices
τµ, µ = 0, ..., 3 parametrizing operators in orbital space:

H =
∑

µν

fµν(~k)σµ ⊗ τν , (2)

in which fµν(~k) represent general ~k dependent coeffi-
cients. In orbital space, τ0 has A1g symmetry, τ1 has
B2g symmetry, τ2 has A2g symmetry, and τ3 has B1g

symmetry. In spin space, σ0 is A1g, σ1 and σ2 form an
Eg set, and σ3 is A2g.
In general, all possible combinations of µ and ν should

be considered. The expression can be substantially sim-
plified by requiring the normal state Hamiltonian to have
time reversal and parity symmetry. Note that σµ and τν
are all even under parity such that the direct product

σµ ⊗ τν is always even. The coefficient fµν(~k) must con-

tain only even powers of ~k in order for each term in Eq. 2
to be overall even under parity.

Hence, parity symmetry requires fµν(~k) to be even un-
der time reversal; σµ ⊗ τν must then be even under time
reversal for each term in Eq. 2 to be overall even under
time reversal. H can now be conveniently divided into
two components:

H = H0 +Hs.o., (3)

in which H0 contains terms with τν which are even under
time reversal (ν = 0, 1, 3) and Hs.o. contains terms with
τν which are odd under time reversal (ν = 2). The reason
for the chosen subscripts will become clear momentarily.

Because the coefficients fµν and the τν appearing inH0

are by construction even under time reversal, the spin op-
erator is necessarily σ0. Thus, H represents the “bare”,
non-spin-orbit coupled part of the normal state Hamilto-
nian. We may express H0 as:

H0 = σ0 ⊗ [f00τ0 + f01τ1 + f03τ3]. (4)

The remaining task is to determine the form of the coef-
ficients f0ν . This is accomplished by requiring each term
to have A1g symmetry overall. This yields:

H0 = σ0 ⊗ [(A+Bk2⊥ + Ck2z)τ0

+Dkxkyτ1 + E(k2x − k2y)τ3]. (5)

in which k2⊥ ≡ k2x + k2y and A,B,C,D and E represent

material dependent parameters independent of ~k.
Following the same line of reasoning, Hs.o. can also be

determined. The spin matrices involved here must be σ3,
σ2, and σ3 for each term to be even under time reversal.
Thus, Hs.o. describes spin-orbit coupling interactions and
can be expressed as:

Hs.o. = HΓ
s.o. +H~k

s.o., (6)

where:

HΓ
s.o. = ασ3 ⊗ τ2, (7)

is the local spin-orbit interaction containing ~k-
independent terms, and:

H~k
s.o. = γ(kxkzσ1 ⊗ τ2 + kykzσ2 ⊗ τ2), (8)

represents all non-local spin-orbit interactions. α and γ

are material dependent parameters independent of ~k.

B. In Oh crystal symmetry

The same steps may be repeated to obtain the normal
state Hamiltonian for the three orbital case in crystals
possessing Oh point group symmetry. The main differ-
ence is that because we work with three orbitals, the
orbital space is now parametrized by the nine Gell-Mann
matrices λµ, µ = 0, ..., 8. Specific forms of the Gell-Mann
matrices used and our choice of indices to label the or-
bitals can be found in Appendix A. The symmetry clas-
sifications of all matrices under the Oh point group are
as follows: λ0 has A1g symmetry, {λ1, λ2, λ3} have T2g

symmetry, {λ4, λ5, λ6} have T1g symmetry, and {λ7, λ8}
have Eg symmetry. For the spin Pauli matrices, σ0 has
A1g symmetry and {σ1, σ2, σ3} have T1g symmetry.
The net effect is to restore the symmetry between the

z direction and the x and y directions. We simply state
the final result here:
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HOh

0 = σ0 ⊗
[

(A+Bk2)λ0 + E(kxkyλ1 + kykzλ2 + kxkzλ3) + F ((k2x − k2y)λ7 + (2k2z − k2x − k2y)λ8/
√
3)
]

, (9)

HΓ,Oh
s.o. = α(σ3 ⊗ λ4 − σ1 ⊗ λ5 + σ2 ⊗ λ6), (10)

H~k,Oh
s.o. = λ [kxkz(σ1 ⊗ λ4 − σ3 ⊗ λ5) + kykz(σ2 ⊗ λ4 + σ3 ⊗ λ6) + kxky(σ1 ⊗ λ6 − σ2 ⊗ λ5)]

+ γ
[

−(k2x − k2y)(σ1 ⊗ λ5 + σ2 ⊗ λ6) + (1/3)(2k2z − k2x − k2y)(2σ3 ⊗ λ4 + σ1 ⊗ λ5 − σ2 ⊗ λ6)
]

, (11)

in which k2 ≡ k2x + k2y + k2z . These replace the corre-
sponding quantities in Eq. 3 and Eq. 6.

C. Adding local atomic interactions

Finally, we add local atomic interactions V̂ to the nor-
mal state Hamiltonian so that the total Hamiltonian is:

Ĥ = ĤN + V̂ , (12)

in which4:

V̂ =
U

2

∑

iγ,σ 6=σ′

niγσniγσ′ +
U ′

2

∑

iσ,σ′,γ 6=γ′

niγσniγ′σ′

+
J

2

∑

iσ,σ′,γ 6=γ′

c†iγσc
†
iγ′σ′ciγσ′ciγ′σ

+
J

2

∑

iσ 6=σ′,γ 6=γ′

c†iγσc
†
iγσ′ciγ′σ′ciγ′σ. (13)

Here, i is the site index, γ, γ′ are orbital indices, and
σ, σ′ are spin indices. The first term describes repul-
sion between antiparallel electrons on the same orbital,
parametrized by U > 0. It is expected to be the dominant
energy scale. The second term describes repulsion among
electrons on different orbitals, parametrized by U ′ > 0.
The third and fourth terms respectively represent the
Hund exchange interaction and the Hund “pair hopping”
interaction, both parametrized by J > 0. The goal is to
extract the energies and forms of the local Cooper pairs
that arise from these local atomic interactions compatible
with the relevant normal state Hamiltonian.

III. TETRAGONAL SYSTEM WITH TWO

ORBITALS

We first examine the two orbital system with tetrago-
nal point group symmetry considered in Ref. 10. Without
spin-orbit coupling, six pairing channels emerge. Their
pairing interactions, symmetries, and gap structures are
summarized in Table I.

We focus first on Channel 1 whose Cooper pair takes
the form τ2 ⊗ σ3(iσ2) (where τµ describes the pairing in

Energy Irrep. Structure

1. U ′
− J A1g τ2 ⊗ σ3σ2

2. U ′
− J Eg τ2 ⊗ σ1σ2

3. U ′
− J Eg τ2 ⊗ σ2σ2

4. U + J A1g τ0 ⊗ σ0σ2

5. U ′ + J B2g τ1 ⊗ σ0σ2

6. U − J B1g τ3 ⊗ σ0σ2

TABLE I: Local Cooper pair channels due to atomic interac-
tions in the absence of spin-orbit coupling for the two orbital
system in tetragonal crystal symmetry. Channels 1, 2, and 3
are the novel “spin triplet, orbital singlet” pairs that can be
stabilized when J > U ′. Channel 1 is the VC state.

orbital space and σν(iσ2) describes the pairing in spin
space). Channel 1 represents a pair with A1g symmetry
because τ2 and σ3 both have A2g symmetry and A2g ⊗
A2g = A1g. Channel 1 corresponds to the VC channel.
Crucially, its pairing interaction may become attractive
when J > U ′.
What are the conditions that must be satisfied for a

given pairing channel to develop a non-zero Tc once spin-
orbit coupling is turned on? In the weak coupling limit,
a superconducting channel will lead to a pairing insta-
bility only if it involves intraband pairing. The intuition
for this can be seen by the following argument. Begin
in the limit when all orbitals have the same kinetic en-
ergy ǫ(~k). In this case, different orbitals have the same
Fermi surface, just like spin up and spin down electrons in
conventional s-wave superconductors in the absence of a
Zeeman field. Consequently, an orbitally anti-symmetric
Cooper pair will be stable in the weak coupling limit in
the same way a spin singlet state is stable. Now consider
adding some energy splitting between the different or-
bitals – this will look like a Zeeman field in the spin anal-
ogy. Once this splitting becomes of the order of the gap,
the weak coupling state will no longer survive. In general,
different bands will be split off from one another, thus in-
duced intraband pairing is required to avoid the obstacle
to orbitally anitisymmetric superconductivity described
above.
A theoretical formalism for determining whether a

pairing channel develops intraband pairing as required
for a pairing instability in the weak coupling instability
was developed in Refs. 12 and 13. The key result was
the introduction of the concept of “superconducting fit-
ness”, quantities which may be calculated to determine
whether intraband and/or interband pairing are present.
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The relevant quantity for determining whether intraband
pairing is present is:

FA(~k)(iσ2) = H(~k)∆(~k) + ∆(~k)H∗(−~k), (14)

where ∆(~k) is the gap matrix of interest (last column in

Table I) and H(~k) is the normal state Hamiltonian ma-

trix. If FA(~k)(iσ2) 6= 0, then an intraband pairing com-

ponent exists. For the VC state with ∆(~k) = τ2⊗σ3(iσ2),
all kinetic energy terms of the normal state Hamilto-

nian do not contribute to FA(~k)(iσ2). However, the local
spin-orbit interaction ατ2 ⊗ σ3 guarantees an non-zero

FA(~k)(iσ2):

FA(~k)(iσ2) ∼ (τ2 ⊗ σ3)(τ2 ⊗ σ3(iσ2))

+ (τ2 ⊗ σ3(iσ2))(τ2 ⊗ σ3)
∗

∼ (τ2 ⊗ σ3)(τ2 ⊗ σ3(iσ2))

− (τ2 ⊗ σ3(iσ2))(τ2 ⊗ σ3)

∼ τ0 ⊗ iσ2 − τ0 ⊗ (−iσ2)

∼ 2τ0 ⊗ iσ2 6= 0. (15)

Thus, spin-orbit coupling is essential for the VC state
to develop an intraband pairing component and hence
possess a pairing instability at a finite temperature. The
kinetic energy terms of the normal state Hamiltonian can
be shown to lead to interband pairing. Their existence
hence suppresses the Tc, but they cannot make Tc go to
zero as long as spin-orbit coupling is present. The same
result was obtained in Ref. 13.

A. Gap equations for the VC state

Note that Channel 4 in Table I also has A1g symmetry
and is therefore allowed to mix with the VC channel. In
fact, the intraband pairing component acquired by the
VC channel upon turning on spin-orbit coupling arises
precisely due to mixing with Channel 4. Channel 4 is an
s-wave spin singlet channel and has a repulsive pairing
interaction U +J . The key result obtained by Vafek and
Chubukov in Ref. 10 is that mixing of the VC channel
with Channel 4 does not suppress this pairing channel.
However, implicit in their work was the assumption that
both bands cross the Fermi energy and are relevant for
pairing. They do not consider pairing restricted to a
single band. We show that in the single band limit, the
two channels compete and the resulting pairing channel
becomes repulsive.

Let ∆vc and ∆ss be the order parameters associated
with the VC superconducting channel and the on-site
spin singlet repulsive channel, respectively. The result
above can be seen most readily from the coupled gap
equations obeyed by ∆vc and ∆ss when only the local
spin-orbit coupling is included in the normal state Hamil-

tonian:

−∆vc

gvc
=

∑

~k

[f(ǫ+)(∆vc +∆ss) + f(ǫ−)(∆vc −∆ss)]

−∆ss

gvc
=

∑

~k

[f(ǫ+)(∆vc +∆ss) + f(ǫ−)(∆ss −∆vc)],

(16)

where gvc = U ′ − J and gss = U + J , f(E) =
tanh(βE/2)/E, and ǫ+/ǫ− are the energies associated

with the two bands (they are ~k-independent since we

are ignoring the ~k-dependent terms in the normal state
Hamiltonian). In spite of the strongly repulsive ∆ss chan-
nel, Vafek and Chubukov have solved these equations
when both bands cross the chemical potential and find
that a pairing instability exists for the state with both
∆vc and ∆ss non-zero.
Now consider the case when only one band is relevant.

Projecting out one of the bands is equivalent to taking
ǫ− → ∞. In this limit, f(ǫ−) → 0. Hence, the coupled
gap equations reduce to:

−∆vc

gvc
=

∑

~k

f(ǫ+)(∆vc +∆ss)

−∆ss

gvc
=

∑

~k

f(ǫ+)(∆vc +∆ss). (17)

It immediately follows that ∆vs/gvs = ∆ss/gss. Thus,
there is only one distinct gap whose Tc is governed by
the manifestly repulsive interaction gss + gvc = U +
U ′. Hence, we conclude that the result of Vafek and
Chubukov arises only in the limit when both bands cross
the Fermi energy.

B. The Eg channels

In addition to the VC channel, Channels 2 and 3, which
comprise a degenerate pair of Eg symmetry, can also be
attractive when J > U ′. These channels have the form
τ2 ⊗ σ1(iσ2) and τ2 ⊗ σ2(iσ2) and are hence also orbital
singlet, spin triplet states. Note that unlike the VC chan-
nel, there are no other competing, repulsive channels of
Eg symmetry. Hence, their pairing interaction always re-
mains U ′ − J . Evaluation of the superconducting fitness

function FA(~k)(iσ2) is therefore sufficient to determine
their stability.
For these states, the on-site spin-orbit coupling inter-

action is unable to induce intraband pairing. However,
non-local spin-orbit interactions of the form in Eq. 8 can
induce intraband pairing in these states. Once these in-
teractions are included, we find that the non-trivial, even
parity Eg channels are generically stable states exhibit-
ing spin triplet, orbital singlet superconductivity. Such
terms were neglected in the treatment in Ref. 10 because
they considered a two dimensional limit. Experimental
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evidence suggests that the Eg pairing channel is real-
ized for URu2Si2

14–17. Here, multiple orbitals are indeed
relevant to the electronic bands near the chemical poten-
tial17, suggesting that the argument presented here may
provide a viable explanation for the stability of this state.
The remaining three channels in Table I are all clearly

repulsive in their interactions (assuming U > J for Chan-
nel 6).

IV. OCTAHEDRAL SYSTEM WITH THREE

ORBITALS

We now consider the octahedral case when all three
of the dxz, dyz, and dxy orbitals are included. We work
near the Γ point and assume that the on-site spin-orbit
interaction HΓ,Oh

s.o. , parametrized by α, is the dominant
energy scale. Under this assumption, the eigenstates of
the normal state Hamiltonian split into a twofold degen-
erate higher energy manifold (pseudospin j = 1/2) and
a fourfold degenerate lower energy manifold (pseudospin
j = 3/2).
Initially, we consider the local pairing channels that

emerge after restricting to the j = 3/2 manifold by pro-
jecting out the j = 1/2 manifold. Under these assump-
tions, six pairing channels emerge from the local atomic
interactions. Their energies and symmetries are summa-
rized in Table II. We label these six channels with letters
A to F to avoid confusion with the channels of the two
orbital case of Table I. As we show below, restricting to
the j = 3/2 manifold makes the superconducting state
analogous to the VC state becomes less likely to become
attractive. However, we will argue that when both the
j = 3/2 and j = 1/2 manifolds are allowed to cross the
Fermi level, then the VC analog state can become attrac-
tive.

Energy Irrep.

A. 2U/3 + U ′/3 + J A1g

B. U ′
− J/3 T2g

C. U ′
− J/3 T2g

D. U ′
− J/3 T2g

E. U/3 + 2U ′/3 − J Eg

F. U/3 + 2U ′/3 − J Eg

TABLE II: Local Cooper pair channels due to atomic inter-
actions in three orbital octahedral system. Channel A is the
state analogous to the VC channel in the two orbital case.

A. What happens to the VC state?

In the octahedral, three orbital case, the state analo-

gous to the VC state has the form ~λ · ~σ(iσ2) where we

define ~λ = (λ6, λ5, λ4)
T and ~σ = (σ1, σ2, σ3)

T . At first,
it may be tempting to associate the the VC analog with

one of the T2g channels found (Channels B, C, and D),
as these have energies U ′ − J/3 and can therefore be po-
tentially attractive. However, this cannot be the case be-
cause the VC state and its three orbital analog has A1g

symmetry. The VC analog must instead be associated
with Channel A. Channel A however contains a strongly
repulsive contribution 2U/3 in its pairing interaction and
cannot be attractive.

Analogous to the discussion for the tetragonal two or-
bital case in Section III A, this discrepancy can be un-
derstood as a result of projecting out the higher energy
j = 1/2 subspace. Without spin-orbit coupling, the VC
analog state with pairing interaction g1,A1g

= U ′−J and
the on-site spin singlet state (∼ λ0 ⊗ σ0(iσ2)) with pair-
ing interaction g0,A1g

= U + 2J do not mix (all pairing
channels in the absence of spin-orbit coupling are sum-
marized in Table III). Under the “single manifold” limit,
the VC analog state forms a linear combination with the
on-site spin singlet state and acquires the energy U in
its pairing interaction to create a repulsive pairing state.
The on-site spin singlet state also belongs to A1g and is
allowed to mix with the VC analog state.

Again, this argument can be made more rigorous by
deriving the coupled linearized gap equations for the or-
der parameters of the two channels. Let the combined
gap matrix of the system be:

∆̂ = ∆̂0,A1g
+ ∆̂1,A1g

, (18)

where ∆̂0,A1g
= ∆0,A1g

λ0 ⊗ σ0(iσ2) and ∆̂1,A1g
=

∆1,A1g
~λ · ~σ(iσ2). ∆0,A1g

and ∆1,A1g
are the gaps for

the on-site spin singlet state and the VC analog state,
respectively. The linearized gap equations can be most
conveniently obtained through the following expression
for the free energy18,19:

F = −1

2

1
∑

i=0

1

gi
Tr[∆̂†

i ∆̂i] +
1

2β

∑

~k,ωn

∞
∑

ℓ=1

1

ℓ
Tr[∆̂ ˆ̃G∆̂†Ĝ]ℓ,

(19)

where β = 1/kBT , Ĝ and ˆ̃G are Green’s function matrices

associated with the normal state Hamiltonian ĤN , de-

fined by (iωn− ĤN )Ĝ = 1 and (iωn+ ĤT
N ) ˆ̃G = 1, and ωn

are the fermionic Matsubara frequencies (2n+1)π/β. For
simplicity, we ignore momentum dependence and take

ĤN = ǫλ0σ0 + α~λ · ~σ.

We take only the ℓ = 1 contribution in the summa-
tion over ℓ in Eq. 19. The two coupled linearized gap
equations then follow directly from ∂F/∂∆i,A1g

= 0 for
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Irrep. Spin structure Energy Gap structure

A1g Singlet U + 2J λ0σ0(iσ2)

Triplet U ′
− J ~λ · ~σ(iσ2)

T2g Singlet U ′ + J λ1σ0(iσ2)
λ2σ0(iσ2)
λ3σ0(iσ2)

Triplet U ′
− J (λ6σ2 + λ5σ1)(iσ2)

(λ6σ3 + λ4σ1)(iσ2)
(λ5σ3 + λ4σ2)(iσ2)

Eg Singlet U − J λ7σ0(iσ2)
λ8σ0(iσ2)

Triplet U ′
− J (λ6σ1 − λ5σ2)(iσ2)

(λ6σ1 + λ5σ2 − 2λ4σ3)(iσ2)
T1g Triplet U ′

− J (λ6σ2 − λ5σ1)(iσ2)
(λ6σ3 − λ4σ1)(iσ2)
(λ5σ3 − λ4σ2)(iσ2)

TABLE III: All fifteen local Cooper pair channels without

spin-orbit coupling. We define ~λ = (λ6, λ5, λ4)T and ~σ =
(σ1, σ2, σ3)T . All spin triplet channels have pairing interac-
tion U ′

− J without spin-orbit coupling. The pairing inter-
actions are derived from the atomic interactions of Eq. 13.
When spin-orbit coupling is present and the single-manifold
approximation is made, channels belonging to the same irre-
ducible representations mix to form the channels in Table II.

∆0,A1g
and ∆1,A1g

:

6∆0,A1g

g0,A1g

=
∑

~k

[−2(∆0,A1g
−∆1,A1g

)f(ǫ4)

− (∆0,A1g
+ 2∆1,A1g

)f(ǫ2)]

12∆1,A1g

g1,A1g

=
∑

~k

[2(∆0,A1g
−∆1,A1g

)f(ǫ4)

− 2(∆0,A1g
+ 2∆1,A1g

)f(ǫ2)], (20)

where ǫ4 = ǫ − α and ǫ2 = ǫ + 2α are, respectively, the
normal state eigenenergies associated with the j = 3/2
and j = 1/2 manifolds. The approximation of projecting
out the j = 1/2 manifold associated with energy ǫ2 then
amounts to taking ǫ2 → ∞. In this limit, f(ǫ2) → 0 and
the second terms on the right hand sides of Eqs. 20 can
be discarded. Eqs. 20 become:

6∆0,A1g

g0,A1g

= −
∑

~k

2(∆0,A1g
−∆1,A1g

)f(ǫ4)

12∆1,A1g

g1,A1g

=
∑

~k

2(∆0,A1g
−∆1,A1g

)f(ǫ4). (21)

Hence, 2∆1,A1g
/g1,A1g

= −∆0,A1g
/g0,A1g

implying that
only one distinct gap remains after projecting out the
upper manifold. This gap obeys the following gap equa-
tion:

∆0,A1g
= −1

3

∑

~k

(2g0,A1g
+ g1,A1g

)
∆0,A1g

2ǫ4
tanh(βǫ4/2),

(22)

and is governed by the pairing interaction (2g0,A1g
+

g1,A1g
)/3 = 2U/3 + U ′/3 + J , exactly the energy found

for the channel of A1g symmetry in Table II.
We conclude that the analog of the VC state in the

cubic, three orbital case will not have a pairing instabil-
ity upon projection onto the j = 3/2 manifold due to
mixing with the on-site spin singlet channel. We showed
in Section III A that under a similar projection onto a
single band in the two orbital case, the VC state (Chan-
nel 1 of Table I) also becomes repulsive with interaction
U+U ′ due to mixing with the on-site spin singlet channel
(Channel 4). It becomes energetically stable only when
both bands are allowed to cross the Fermi energy. By
analogy, the VC analog state in the three orbital case
becomes attractive when bands associated with both the
j = 1/2 and j = 3/2 manifolds are allowed to cross the
Fermi energy.

B. Other pairing channels and their stability

In addition to the A1g pairing channel, we also find
channels belonging to a T2g triplet (Channels B-D) and
an Eg doublet (Channels E and F). The pairing inter-
actions of these channels can also be explained by mix-
ing between spin triplet and spin singlet states of the
zero spin-orbit coupling limit upon projection onto to
the lower energy manifold.
To illustrate this for the T2g channels, take ∆̂0,T2g

=
∆0,T2g

λ1 ⊗ σ0(iσ2) as the spin singlet channel and

∆̂1,T2g
= ∆1,T2g

(λ6⊗σ2+λ5⊗σ1)(iσ2) as the spin triplet
channel. With respect to the atomic interactions, these
two channels have interaction energies g0,T2g

= U ′ + J
and g1,T2g

= U ′ − J , respectively (Table III). Following
the same procedure as for the A1g case, the linearized
gap equations for ∆0,T2g

and ∆1,T2g
can be derived after

projecting out the higher energy manifold:

4∆0,T2g

g0,T2g

= −
∑

~k

2

3
(∆0,T2g

− 2∆1,T2g
)f(ǫ4)

8∆1,T2g

g1,T2g

=
∑

~k

4

3
(∆0,T2g

− 2∆1,T2g
)f(ǫ4). (23)

We obtain ∆1,T2g
/g1,T2g

= −∆0,T2g
/g0,T2g

again imply-
ing that there is only one distinct gap obeying the gap
equation:

∆0,T2g
= −1

3

∑

~k

(g0,T2g
+ 2g1,T2g

)
∆0,T2g

2ǫ4
tanh(βǫ4/2),

(24)
governed by the pairing interaction (g0,T2g

+2g1,T2g
)/3 =

U ′−J/3, in agreement with the energy found for the T2g

channels.
For the Eg channels, we can similarly take ∆̂0,Eg

=
∆0,Eg

λ7 ⊗ σ0(iσ2) as the spin singlet channel and

∆̂1,T2g
= ∆1,Eg

(λ6⊗σ1−λ5⊗σ2)(iσ2) as the spin triplet
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channel. The two gaps then obey:

4∆0,Eg

g0,Eg

= −
∑

~k

2

3
(∆0,Eg

+ 2∆1,Eg
)f(ǫ4)

8∆1,Eg

g1,Eg

= −
∑

~k

4

3
(∆0,Eg

+ 2∆1,Eg
)f(ǫ4), (25)

with g0,Eg
= U − J and g1,Eg

= U ′ − J . These equations
reduce to:

∆0,Eg
= −1

3

∑

~k

(g0,Eg
+ 2g1,Eg

)
∆0,Eg

2ǫ4
tanh(βǫ4/2).

(26)
Thus, the Eg channels are governed by the pairing inter-
action (g0,Eg

+ 2g1,Eg
)/3 = U/3 + 2U ′/3− J .

We can speculate on the conditions under which these
other orbital singlet, spin triplet channels belonging to
non-trivial degenerate irreducible representations can de-
velop a finite Tc. Again, by analogy with the work done
in Ref. 10, if no bands are projected out, then the sup-
pression of the pairing channels due to mixing with re-
pulsive spin singlet channels of the same symmetry may
be avoided. The T2g channels (Channels B-D) are of
particular interest because even after projecting out the
higher energy manifold, the pairing interaction can never
acquire contributions from the Hubbard U energy (the
spin singlet channels of T2g symmetry do not involve in-
traorbital pairing). Finally, in principle there remains a
set of spin triplet channels of T1g symmetry (the last set
of states in Table III), but their pairing remains purely
interband for the symmetry allowed normal state Hamil-
tonian and therefore cannot generate a finite Tc in the
weak coupling limit.

V. SUMMARY AND DISCUSSIONS

In this article, we studied the possible local pairing
channels that arise from atomic interactions in tetragonal
lattices with dxz and dyz orbitals on each site, and in
octahedral lattices with dxz, dyz , and dxy orbitals on each
site. In the tetragonal, two orbital case we confirmed
the existence of the VC state of A1g symmetry. The
VC state is only stable when both bands are allowed to
cross the chemical potential. In addition, a degenerate
pair of states of Eg symmetry also exist and they are
stable regardless of how many bands cross the chemical
potential. All three states have pairing interaction U ′−J
and can become attractive when J > U ′. Such on-site
Cooper pairs are necessarily even parity.
Spin-orbit coupling plays a pivotal role in the realiza-

tion of such novel “spin triplet, orbital singlet” supercon-
ducting states. Not only is its presence or absence impor-
tant, but the form of spin-orbit coupling (here, whether it
is local or non-local) also dictates whether the additional
spin triplet pairing channels with non-trivial symmetry
develop intraband pairing and can survive in the weak

coupling regime. In particular, the stabilization of the
channels with Eg symmetry by including non-local spin-
orbit interactions introduces another layer of novelty to
the potential superconducting states. Superconducting
channels belonging to degenerate, non-trivial Eg symme-
try have been proposed to exist in heavy fermion sys-
tems such URu2Si2 in which the pairs are even under
parity14–16.
It is interesting to note that in the strong coupling

DMFT study of Ref. 8, anisotropy in the spin interactions
was found to play a critical role in stabilizing the super-
conducting state. Another cause of spin anisotropy is
of course single particle spin-orbit coupling. Thus, both
strong and weak coupling studies point to spin-orbit cou-
pling as a key partner to the Hund’s interaction in this
superconducting mechanism. It is worthwhile to extend
the DMFT work of Ref. 8 to include spin-orbit interac-
tions in a more rigorous fashion. Moreover, non-local
spin-orbit interactions must also be considered in light of
our results.
As in the two orbital tetragonal case, in the cubic,

three orbital case, the analog of the VC state can only
be stable when all bands are allowed to cross the chemi-
cal potential. This is also true for the Eg and T2g pairing
states in the cubic case, unlike in the tetragonal case in
which the Eg channel is generically stable (once J > U ′).
When the j = 1/2 manifold is projected out, the mix-
ing between spin triplet and spin singlet states belonging
to the same irreducible representations prevents the ex-
istence of channels with interaction U ′−J . Hence, in the
search for materials which may realize such spin triplet,
orbital singlet Cooper pairs such as the VC state, the
number of bands crossing the Fermi energy must be con-
sidered.
From a theoretical perspective, the full consequences

of including orbital degrees of freedom in superconduc-
tivity are still not fully understood. Recent works con-
tinue to reveal new features such as emergent Bogoliubov
Fermi surfaces18 and topological non-trivial nodes in the
gap function20,21. From an experimental perspective, a
natural next step would be to predict the experimen-
tal signatures of such novel spin triplet superconduct-
ing states in measurements of the spin susceptibility and
Knight shift22–25. In addition to URu2Si2, Sr2RuO4

26,27

and SrTiO3 for example are materials in which spin-orbit
coupling is expected to be an important energy scale28,29.
It is also known that the bands associated with dxz , dyz,
and dxy orbitals all cross the Fermi energy for these ma-
terials. It will be of interest to combine our results with
more realistic microscopic descriptions of these materials.
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Appendix A: Orbital space operators in terms of

Gell-Mann matrices

In this appendix, we clarify how our operators in or-
bital space are expressed in terms of the nine Gell-Mann
matrices. The most general quadratic operator Ô in an
orbital space with three orbitals may be expressed as:

Ô =

3
∑

γγ′=1

c†γOγγ′cγ′ , (A1)

where γ/γ′ = 1, 2, 3 indexes the orbitals. Throughout
this work, we have labeled the dxz orbital as γ = 1, the
dyz orbital as γ = 2, and the dxy orbital as γ = 3. If Ô is
Hermitian, then the 3× 3 Oγγ′ matrix can be expressed
as a linear combination of the nine Gell-Mann matrices
λµ:

Oγγ′ =

8
∑

µ=0

Aµ(λµ)γγ′ , (A2)

where Aµ are expansion coefficients. The Gell-Mann ma-
trices we use are:

λ0 =





1 0 0
0 1 0
0 0 1





λ1 =





0 1 0
1 0 0
0 0 0



 , λ2 =





0 0 1
0 0 0
1 0 0



 , λ3 =





0 0 0
0 0 1
0 1 0





λ4 =





0 −i 0
i 0 0
0 0 0



 , λ5 =





0 0 −i
0 0 0
i 0 0



 , λ6 =





0 0 0
0 0 −i
0 i 0





λ7 =





1 0 0
0 −1 0
0 0 0



 , λ8 =
1√
3





1 0 0
0 1 0
0 0 −2



 . (A3)

The Gell-Mann matrices thus form a basis for the space
of all Hermitian 3× 3 matrices just as the Pauli matrices
form a basis for the space of all Hermitian 2×2 matrices.
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