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In a quantum Hall system, the finite-wavevector Hall conductivity displays an intriguing depen-
dence on the Hall viscosity, a coefficient that describes the non-dissipative response of the fluid to
a velocity gradient. In this paper, we pursue this connection in detail for quantum Hall systems on
a lattice, noting that the neat continuum relation breaks down and develops corrections due to the
broken rotational symmetry. In the process, we introduce a new, quantum mechanical derivation
of the finite-wavevector Hall conductivity for the integer quantum Hall effect, which allows terms
to arbitrary order in the wavevector expansion to be calculated straightforwardly. We also develop
a universal formalism for studying quantum Hall physics on a lattice, and find that at weak ap-
plied magnetic fields, generic lattice wavefunctions connect smoothly to the Landau levels of the
continuum. At moderate field strengths, the lattice corrections can be significant and perturb the
wavefunctions, energy levels, and transport properties from their continuum values. Our approach
allows the finite-field behaviour of a system to be inferred directly from the zero-field band structure.

I. INTRODUCTION

The quantum Hall effects [1] are impressive exam-
ples of macroscopic quantum phenomena with measur-
able experimental signatures [2, 3]. Distinctively, quan-
tum Hall phases exhibit a precisely quantised transverse
(Hall) conductance, σxy, which derives from the topolog-
ical properties of the underlying wavefunction. In an ex-
periment, this is manifested as a characteristic sequence
of resistance plateaux that arise as the strength of an ex-
ternal magnetic field is swept. In addition to this, quan-
tum Hall systems also exhibit a precisely quantised Hall
viscosity, ηH , a transport coefficient that describes the
non-dissipative response of the quantum Hall fluid to a
velocity gradient [4–6]. Like σxy, the Hall viscosity also
derives from the topology of the underlying wavefunc-
tion [7, 8]. It may be expressed more fundamentally in
terms of the shift or mean orbital spin [7–9], quantised
topological numbers, unique to a particular quantum Hall
phase, that describe the behaviour of the fluid in a sys-
tem with curvature. While difficult to measure directly,
it has recently been shown that the Hall viscosity oc-
curs as a coefficient in the finite-momentum expansion of
the Hall conductivity, σxy(q), in the presence of an inho-
mogeneous electric field [10–13]. This paves the way for
an experimental measurement of Hall viscosity [14–18]
and, consequently, a new diagnostic tool for identifying
quantum Hall phases. The intriguing connection between
conductivity and viscosity has been demonstrated using
field theory [10], Kubo formulae [11], and semiclassical
arguments [12], and in this article we complement these
approaches with a quantum mechanical treatment.

Most studies of the QHE, however, make simplify-
ing assumptions about the host medium: namely, that
there is continuous translational and rotational symme-
try, and that the underlying system is well described
by the two-dimensional electron gas (2DEG). In reality,
quantum Hall experiments take place in semiconductor
heterostructures [2, 3, 19, 20], or in more exotic systems
such as optical lattices of cold atoms [21, 22], in sus-

pended layers of graphene [23, 24], and on the surfaces of
3D topological insulators [25]. In most of these settings,
the system is not continuous, and instead has a peri-
odic lattice structure. In general, the lattice endows the
system with a band structure that can have significant
effects on the physics. Notably, the single-particle wave-
functions tend to form dispersive energy bands, rather
than perfectly flat Landau levels, while the quantum ge-
ometry of the problem, codified in the Berry curvature
and quantum metric [26–28], can significantly alter the
wavefunction properties [29–32]. In turn, these single-
particle effects alter the transport properties and stability
of many-body, fractional quantum Hall phases [33, 34].
When these effects are strong, a lattice quantum Hall
system may more accurately be described as a Chern in-
sulator (see Refs. [29, 30] for reviews). In these systems,
the lattice substantially alters the physics of the contin-
uum, but may also support quantum Hall-like states in
the absence of a net external magnetic field [35–39], rais-
ing the possibility of realising the phenomenon at room
temperature [40].

In many realisations of the quantum Hall effect, the
magnetic flux per lattice plaquette is small and the con-
tinuum QHE gives a good approximation of the be-
haviour of the system. Heuristically, this is because the
characteristic length scale of the wavefunctions, which
scales with the magnetic flux density as 1/

√
B, is much

larger than the characteristic length scale of the lat-
tice, and so the discreteness of the lattice is not de-
tected. However, the realisation of stronger magnetic
fields, the advent of techniques to simulate gauge fields
in systems of cold atoms [41], and the discovery of quan-
tum Hall physics in graphene superlattices [42, 43], have
brought the strong-field regime into sharp focus. In this
limit, lattice corrections have significant, measurable con-
sequences, which would need to be accounted for in a
putative experiment to measure the Hall viscosity.

In this article, we consider such lattice effects in detail.
As inspiration, we take the well-studied Hofstadter model
[44, 45] (see Ref. 31 for a review), a simple tight binding
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model for the QHE on a lattice that allows interpolation
between strong- and weak-field regimes. As we show,
generic tight-binding models with an external magnetic
field support Hofstadter-like eigenstates, and in the weak
field limit connect smoothly to continuum states. We
use perturbative methods to derive the finite-wavevector
transverse electromagnetic response as a series expansion
in the flux density. In the process, we generalise a recent
perturbative study of the Hofstadter model [31, 32] to
arbitrary lattices and simplify the approach through an
extension of the lattice Peierls substitution. In many
cases, lattice corrections to the wavefunction and trans-
port coefficients may be obtained simply through knowl-
edge of the relevant band structure, a quantity that may
be readily obtained in experiments or numerics.

The paper is structured as follows. In Sec. II, we give a
quantum mechanical derivation of the finite-wavevector
Hall conductivity, σxy(q). This is motivated by, but dis-
tinct from, a recent semiclassical derivation of this quan-
tity given in Ref. [12]. In Sec. III, we outline a general
perturbative approach for obtaining lattice corrections
to wavefunctions and energy levels when an underlying
tight-binding model or dispersion relation is given. We
go on, in Sec. IV, to use these perturbed quantities to
obtain the lattice corrections to σxy(q). General lattices
are considered, with specific results given for those with
C4 symmetry and for the original Hofstadter model. In
Sec. V we discuss our results and conclude. Some of the
more mathematical parts of the paper may be found in
the Appendices.

II. ELECTROMAGNETIC RESPONSE IN THE
CONTINUUM

A. Preliminary Discussion

In this section, we give a new, quantum mechanical
derivation of the finite-wavevector electromagnetic re-
sponse of an integer quantum Hall fluid. This approach
will then be used in more complex settings in Sec. IV,
where we calculate the electromagnetic response of lat-
tice quantum Hall systems.

We first recall some well-established results from the
literature. In a quantum Hall system, an applied elec-
tric field in the x-direction generates a transverse current
density according to the relation

Jy(q) = σxy(q)Ex(q), (1)

where σxy(q) is the Hall conductivity. In the limit q → 0,
the Hall conductivity takes a universal quantised value
σxy(0) = νe2/(2π~), where ν is a rational number that
gives the filling fraction of the Landau level. If the elec-
tric field is inhomogeneous, the Hall conductivity is de-
pendent on the wavevector q. Several references [10–13]
have shown that the leading term in a series expansion
in q arises at O(q2) and has a coefficient that depends on

the Hall viscosity ηH . Combining results from Ref. [10],
σxy(q) may be expanded as

σxy(q) = σxy(0)

[
1 + (qlB)

2

(
ηH
~ρ0
− 1

ν

2πl2B
~ωc

B2ε′′(B)

)
+O

(
(qlB)4

) ]
, (2)

where ρ0 is the particle density, ε(B) is the energy
density as a function of the external magnetic field B,
lB =

√
~/|eB| is the magnetic length of the system

and ωc = |eB|/me is the cyclotron frequency. Accord-
ing to Ref. [12], for the integer QHE, the contribution
proportional to ε′′(B) may be interpreted as arising from
the electric field-induced displacements of cyclotron orbit
centres, while the contribution proportional to ηH may
be interpreted as arising from the electric field-induced
shearing of the cyclotron orbits. A more general version
of this quantity is derived in Ref. [13], which separates the
coefficient into diagonal and Landau-level-mixing contri-
butions, allowing for broken rotational symmetry.

To simplify notation, we work in units where ~ = e =
me = 1 and initially consider only isolated, filled Landau
levels. In this scenario, we set ν = 1, and note that the
Hall viscosity may be expressed in terms of the shift S as
ηH = 1

4~ρ0S, where for the nth Landau level, S = 2n +
1. The energy density of the nth Landau level is given
by εn(B) = ~ωc(n + 1

2 )/(2πl2B), since 2πl2B is the area
of a cyclotron orbit. With these replacements, the Hall
conductivity for the (isolated) nth Landau level takes the
form

σxyn(q) =
1

2π

[
1− 3

2

(
n+

1

2

)
q2

B
+O

(
q4

B2

)]
. (3)

In an experiment, one usually fills the lowest K Landau
levels. The Hall conductivity in this case can be found
by summing the response from each filled band (i.e. n =
0, 1, 2, . . . ,K − 1) to obtain

σKxy(q) =
1

2π

[
K − 3K2

4

q2

B
+O

(
q4

B2

)]
. (4)

B. Quantum Mechanical Derivation of Current
Response

Our approach to the study of this quantity follows the
setup of Ref. [12], although the method we use will be
different. We begin with the Landau Hamiltonian in the
Landau gauge AL = B(0, x, 0),

ĤL =
1

2

[
p̂2x + (p̂y −Bx̂)

2
]
, (5)

where, as before, universal constants have been set to
one. This Hamiltonian describes the motion of a charged
particle in an external magnetic field of strength B, and
may be solved in the standard way by defining the ladder
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Figure 1. Electrostatic potential in the x-direction V (x) and
the corresponding transverse current response jy (blue ar-
rows).

operators

a =
1√
2lB

(
x̂− kyl2B

)
+ i

lB√
2
p̂x,

a† =
1√
2lB

(
x̂− kyl2B

)
− i lB√

2
p̂x, (6)

where we have inserted the magnetic length l2B = 1/B.
In terms of a and a†, the Hamiltonian takes the form

ĤL = B

(
a†a +

1

2

)
, (7)

with energy levels En = ωc
(
n+ 1

2

)
(where ωc = B in

our units) and wavefunctions |n〉 =
(
a†
)n |0〉 /√n!, with

|0〉 satisfying a |0〉 = 0. In real space, the wavefunctions
are given by

ψn,ky (r) =
eikyy√
Ly
φn (x− ky/B) , (8)

with φn(x) a product of Gaussian and Hermite polyno-
mial functions of x [46] and where Ly is the system length
in the y-direction.

We now apply a small inhomogeneous electrostatic po-
tential to the system that acts only in the x direction,
V (x̂) (see Fig. 1). Since we are interested in the linear
response of the system to this external potential, we as-
sume that the magnitude of V (x̂) is weak. In addition,
we assume that V (x̂) varies with some length scale λ
that is much larger than the characteristic length scale
of the wavefunctions lB . With these assumptions, we
can treat V (x̂) as a small perturbation to the Landau
Hamiltonian, and expand it as a power series about some
position x0, where higher derivative terms become suc-
cessively weaker. Specifically, we write

V (x̂) =
∑
p=0

cp (x̂− x0)
p
, (9)

with

cp =
1

p!

∂pV

∂xp

∣∣∣∣
x=x0

∼ 1

λp
. (10)

We will ultimately be interested in the response as a
function of wavevector q, for which it is useful to use the
explicit oscillating electric field in the x-direction

E(x̂) = Eqe
iq(x̂−x0) [= −∂xV (x̂)] , (11)

where Eq may be a complex number and we take the
real part at the end of the calculation. For this choice of
potential, the coefficients cm take the simple form

cp =
(iq)p−1

p!
Eq (12)

and we may identify q = 2π/λ.
There are two meaningful current responses that we

may calculate in this set up. The first is the (trans-
verse) current per orbital, a single-particle quantity that
describes the behaviour of an occupied single-particle or-
bital in the presence of the external field. The second
is the (transverse) current density, a many-body prop-
erty of the filled Landau level that includes contributions
from all occupied cyclotron orbits at a given point in
space. This latter quantity is directly connected to the
Hall conductivity, σxy, and is related to the physical cur-
rent that would be measured in an experiment. We cal-
culate each of these quantities in turn below, treating
the external potential as a weak perturbation. We note
that this quantum mechanical calculation gives equiva-
lent results to those that would be obtained using lin-
ear response theory and the Kubo formula, although the
method is considerably simpler. The equivalence between
these two approaches is shown explicitly in Appendix A
for the current density calculation.

1. Current per Orbital

We first calculate the perturbed orbital states that re-
sult from the action of the weak external potential, which
enters the Hamiltonian through the term ∆H = V (x̂)
(with e = 1). From elementary perturbation theory, the
first-order perturbed states are

|ñ, ky〉 = |n, ky〉+
∑
m 6=n

〈m, ky|V (x̂) |n, ky〉
En − Em

|m, ky〉 , (13)

where, since V (x̂) acts only in the x-direction, ky is con-
served. Expanding V (x̂) about the centre of the orbital,
x0 = ky/B, we see that Eq. (9) may be rewritten in terms
of Landau level operators as

V (x̂) =
∑
p

cp (2B)
−p/2 (

a+ a†
)p
, (14)

allowing the perturbed wavefunctions to be calculated
straightforwardly.

The operator that gives the current per orbital in the
y-direction is obtained canonically through Îy = ev̂y =

∂ĤL/∂ky, giving

Îy = ky −Bx̂ = −
√
B

2

(
a+ a†

)
. (15)
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The leading current response to the perturbation is equal
to the expectation value of this operator evaluated in the
perturbed orbital of interest, 〈ñ, ky| Îy |ñ, ky〉. The zeroth
order term vanishes trivially, and the leading contribu-
tion is given by〈
Îyn

〉
=
∑
m 6=n

〈n, ky| Îy |m, ky〉
〈m, ky|V (x̂) |n, ky〉

En − Em
+ H.c.

(16)
After some algebra, we obtain〈
Îyn

〉
= −c1

B
− 3c3
B2

(
n+

1

2

)
− 15c5

2B3

(
n2 + n+

1

2

)
+ . . .

= l2B

[
1 +

1

2

(
n+

1

2

)
l2B∂

2
x (17)

+
1

16

(
n2 + n+

1

2

)
l2B∂

4
x + . . .

]
E(x)

∣∣∣∣
x=ky/B

,

where in the second line we have substituted for cp and
used E(x) = −∂xV (x) to write the expression in terms of
the electric field. This is the current that would arise in-
stantaneously if a single electron, in orbital |n, ky〉, were
suddenly exposed to a weak electric field described by
E(x). The magnitude and sign of this current depend on
the spatial location of the orbital relative to the exter-
nal field through E(ky/B), and for a harmonic potential
would oscillate in space as in Fig. 1. The expression
above agrees with the current per orbital result given in
Ref. [12].

Finally, we note that the current per orbital is a band
geometric quantity—i.e., it depends only on the wave-
functions of the system and not on the energies. To see

this, we write Îy = v̂y = −i
[
ŷ, ĤL

]
in Eq. (16) (implic-

itly assuming the system is infinite in order for ŷ to be
well defined), and note that the action of ĤL cancels the
difference of energies in the denominator to give〈
Îyn

〉
=
∑
m 6=n

i 〈n, ky| ŷ |m, ky〉 〈m, ky|V (x̂) |n, ky〉+ H.c.

= −i 〈n, ky| ŷ |n, ky〉 〈n, ky|V (x̂) |n, ky〉+ H.c.,
(18)

where in the second line we have used
∑
m 6=n |m〉 〈m| =

I − |n〉 〈n|. Since V (x̂) may be written as a series in
x̂, the expression above only depends on the algebra of
the projected position operators, and is thus a geometric
property of the bands. In particular, the first nonzero
term is related to the Berry curvature of the band.

Band geometric quantities are important in determin-
ing the stability of many-body FCI states built from the
band eigenstates [28, 32, 34]. The equivalence in Eq. (18)
shows that the current per orbital may provide a route
to measuring the band geometry experimentally.

2. Current Density

We now consider the current density of a filled, isolated
Landau level. This differs from the calculation above
in two main ways. First, we require the current at a
particular point in space rather than the total current of
a cyclotron orbit. For a single particle, this corresponds
to the current density operator,

ĵy(r0) =
1

2

[
Îyδ(r̂− r0) + δ (r̂− r0) Îy

]
. (19)

Secondly, we must sum over contributions to the current
density from all states in the Landau level. In this case,
we will sum over different values of ky, which we assume
take values 2πm/Ly with m = 0, 1, . . . , Ly − 1.

Following a similar line of argument to before, we per-
turb the Landau level states with the external potential,
and calculate expectation value of the current density in
these new states, arriving at the expression

Jyn(r0) =
∑
ky

∑
m6=n

〈n, ky| ĵy(r0) |m, ky〉×

〈m, ky|V (x̂) |n, ky〉
En − Em

+ H.c.

]
, (20)

where the zeroth order term can again be shown to van-
ish. We emphasise that this formulation is equivalent to
calculating the current density using many-body linear
response theory, a correspondence that is shown explic-
itly in Appendix A.

A further complication arises in how we expand the
external potential. In order to consistently sum current
contributions from each orbital, we must expand V (x̂)
about the same point in space in each case. We take this
point to be x0, the x-coordinate of the position at which
we are measuring the current, and rewrite Eq. (9) as

V (x̂) =
∑
p

cp

[(
x̂− ky

B

)
−
(
x0 −

ky
B

)]p
,

≡
∑
r,s=0

drs

(
x̂− ky

B

)r (
x0 −

ky
B

)s
, (21)

where

drs = (−1)s
(
r + s

r

)
cr+s. (22)

With this substitution, we have separated the operator-

valued terms proportional to
(
x̂− ky

B

)r
=
(
a+a†√

2B

)r
,

which act to perturb the Landau level states, from the

scalar terms proportional to
(
x0 − ky

B

)s
, which will ul-

timately be integrated over. Substituting these and the
explicit wavefunctions from Eq. (8) into Eq. (20), we ob-
tain
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Jyn(r0) =

∫
dky
2π

∑
r,s=0

∑
m 6=n

drs

[
φ∗n

(
x0 −

ky
B

)][
Iy

(
x0 −

ky
B

)][
φm

(
x0 −

ky
B

)][(
x0 −

ky
B

)s] 〈m, ky|
[
a+a†
√
2B

]r
|n, ky〉

En − Em

+H.c.,

(23)

where we have also taken the continuum limit in replacing
∑
ky
→
∫

dky
Ly
2π . The final factor is independent of ky,

and so we can drop this label. For the remaining factors, we define the new variable u = x0 − ky/B and write the
integral over ky as an inner product, arriving at

Jyn(r0) =
B

2π

∑
r,s=0

∑
m 6=n

drs 〈n| Îyx̂s |m〉
〈m| x̂r |n〉
En − Em

+ H.c. (24)

In this way, in the thermodynamic limit, the current den-
sity reduces to a sum over products of matrix elements,
which can be calculated out straightforwardly using lad-
der operators. After some algebra, we obtain

Jyn(r0) = − B
2π

[
c1
B

+
9c3
B2

(
n+

1

2

)
(25)

+
5c5
2B3

(
11 + 30n+ 30n2

)
+ . . .

]
,

or using Eq. (10),

Jyn(r0) =
1

2π

[
1 +

3

2

(
n+

1

2

)
l2B∂

2
x (26)

+
1

48

(
11 + 30n+ 30n2

)
l4B∂

4
x + . . .

]
E(x)

∣∣∣∣
x=x0

.

Under the substitution E(x) = Eqe
iq(x̂−x0), and using

Eq. (1), we identify the finite-wavevector Hall conductiv-
ity for the nth Landau level as

σxyn(q) =
1

2π

[
1− 3

2

(
n+

1

2

)
q2

B
(27)

+
1

48

(
11 + 30n+ 30n2

) q4
B2

+ . . .

]
,

which agrees at O(q2) with the result from the litera-
ture in Eq. (3). We emphasise that this method can be
extended (and automated) straightforwardly to obtain
terms up to as high an order in q as desired. The general
coefficient will be a polynomial in the Landau level index
n.

The current density is directly related to the physical
current that would be measured in a transport experi-
ment, with the precise relation depending on the nature
of the probe. If the probe is small compared to the length
scale of the potential λ, then the current measured at po-
sition r0 would be proportional to the integral of Jyn(r)
over the probe area around r0. For a harmonic potential,
the current density would oscillate in space according to
the value of E(x0) in Eq. (26), as shown heuristically in
Fig. 1. If the probe size is similar to the length scale
of the potential, then the oscillating contributions to the
current density may cancel out.

Unlike the current per orbital, the current density is
not a band geometric quantity: the presence of the delta

function in the current density operator prevents the en-
ergy denominators from being cancelled. However, the
current density is much easier to measure in an experi-
ment, as it requires filling all the states in a Landau level
rather the selectively occupying certain orbitals.

III. PERTURBATIVE APPROACH TO
LATTICE QUANTUM HALL SYSTEMS

A. Overview

We now turn our attention to quantum Hall physics
on a lattice. Specifically, we consider topologically triv-
ial tight-binding bands that become topological only
when an external magnetic field is applied (although our
method should also have applications to the study of
Chern bands). An archetypal example of such a system
is the Hofstadter model [44, 45], which describes charged
particles hopping on a square lattice in the presence of
a magnetic field. In the weak field limit, the eigenstates
of the Hofstadter model connect smoothly to the Lan-
dau levels of the continuum [31], while at stronger field
strengths, the energy spectrum takes on the famous frac-
tal butterfly structure. In this section, we argue that a
similar, smooth connection to Landau level physics arises
in generic lattice models.

In a tight-binding model, the effect of a magnetic field
is usually included through the Peierls substitution [47].
This is the addition of a complex phase to the hopping
parameters that depends on the line integral of the vector
potential along the shortest path between the two sites
involved in the hop,

tc†r′cr −→ te−i
∫ r′
r

A·dlc†r′cr. (28)

Although an approximation, the Peierls substitution de-
scribes the physics of the tight-binding model accurately
in the limit where the vector potential varies slowly on
the order of the lattice spacing [48–50].

The Hamiltonian for the Hofstadter model derives from
a simple square lattice model in this way. Explicitly,
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E

Figure 2. Band structure of the zero-field square lattice model
(large blue band) and the Hofstadter model at φ = 1/10 (ten
black bands). The Hofstadter bands may be thought of as
arising from a folding and splitting of the zero-field band
structure. The low- and high-energy Hofstadter bands re-
semble flat Landau levels.

beginning from the square-lattice hopping Hamiltonian

Ĥsq = −t
∑
r

[
c†r+ax̂cr + c†r−ax̂cr + c†r+aŷcr + c†r−aŷcr

]
,

(29)

we implement the Peierls substitution in the Landau
gauge (A = B(0, x, 0)) to arrive at

ĤHof = −t
∑
r

[
c†r+ax̂cr + c†r−ax̂cr (30)

+e−iBxa
2

c†r+aŷcr + eiBxa
2

c†r−aŷcr

]
.

In the above expressions, t is the nearest-neighbour hop-
ping parameter, r takes values on a square lattice with
lattice spacing a, c†r is a fermionic creation operator at
site r and

Ba2 ≡ φ

φ0
≡ 2πφ (31)

is the magnetic flux per plaquette (the flux quantum φ0 =
e2/h = 1/2π in our units).

The presence of a magnetic field extends the size of the
repeating unit cell of the system. For φ = p/q, with p
and q coprime, the magnetic unit cell is q × 1 plaquettes
in size and contains a total of p flux quanta. Correspond-
ingly, the Brillouin zone extent is reduced by a factor of
q in the kx-direction, and the resulting q bands can be
thought of as arising through the folding and mixing of
the original band structure within the reduced magnetic
Brillouin zone, as illustrated in Fig. 2. If φ is tuned by
sweeping the magnetic field, the number of bands in the
system changes rapidly as a function of q, repeating out-
side of the interval φ ∈ [0, 1) and forming a Cantor set
for irrational values of φ [51].

In this paper we will restrict the discussion to rational
values of φ (since any real φ can be approximated to ar-
bitrary accuracy by a rational number), and we will in
addition assume that φ is small, writing φ = 1/N with N

a large integer. In this limit, low- and high-energy bands
of the Hofstadter model resemble continuum Landau lev-
els (see, for example, the two lowest and two highest Hof-
stadter bands in Fig. 2). This connection was pursued
in detail in Refs. [31, 32], where deviations from Landau
level physics were found to fall into two categories: expo-
nentially small corrections, which vanish in the weak-field
limit (for fixed lattice spacing) as e−σN for some approx-
imately constant σ, and perturbative corrections, which
vanish in the weak-field limit as (1/Nk) for positive inte-
gers k.

These two types of contribution can be seen to arise as
follows. Consider the action of the Hofstadter Hamilto-
nian, Eq. (30), on a single tight-binding orbital, which we
write as ψ(x, y). Since ky is a good quantum number in
the Landau gauge, wavefunction solutions factorise into
a Bloch wave in the y-direction, and an x-dependent part
that satisfies

Eψ(x) = −t
[
e−a∂x + ea∂x + 2 cos

(
2πxa

N
− aky

)]
ψ(x),

(32)
an equation known as Harper’s equation [44]. Although
this equation is formally discrete, we can approximate it
as a continuum equation, and expand each term on the
right-hand side order by order in a. At first order, we
find(

E + 4t

2

)
ψ(x) = − ta

2

2

[
∂2x −

1

l4B

(
x− kyl2B

)2]
ψ(x)

≡ t
(

a

lB

)2(
a†a+

1

2

)
ψ(x), (33)

where in the second line we have identified 1/l2B = 2πφ ≡
Ba2 and used the ladder operators as defined in Eq. (6).
The Hamiltonian above resembles the Landau Hamilto-
nian from Eq. (7), and this mapping to the continuum
can be made exact if we identify

t =
ωc
2

(
lB
a

)2

. (34)

In this way, wavefunctions of the Hofstadter model
may be approximated at lowest order by Landau level
wavefunctions. Corrections to these may be obtained by
expanding Eq. (32) to higher order, and treating the suc-
cessive terms as perturbations [31]. Since higher terms
in the series expansion arise at higher powers of (a/lB),
these perturbations are small in the limit that the mag-
netic length is much larger than the lattice spacing. For
a fixed lattice, this regime may be obtained by making
the applied magnetic field very small.

These perturbative corrections account for the alge-
braic deviations from Landau level physics, vanishing as
Bk in the weak-field limit with fixed lattice spacing. Non-
perturbative corrections arise due to tunnelling and dis-
creteness effects, as may be seen heuristically from the
structure of Eq. (32): The cosine term on the right-hand
side may be expanded about any of its minima, which
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are separated by a distance xa = N . The true wavefunc-
tion should include tunnelling between Landau level-like
wavefunctions that reside in each of these minima. The
tunnelling should be exponentially small in the barrier
width, which in this case would lead to contributions that
are of approximate size e−σN . A more careful considera-
tion of tunnelling effects using the WKB approximation
was carried out in Ref. [31], confirming these rough ar-
guments.

For a weak enough magnetic field, the exponentially
small corrections will be negligible compared to the per-
turbative corrections, and so may be ignored. Specifi-
cally, this amounts to ignoring the dispersion of the en-
ergy bands and the exponentially small corrections to
the wavefunctions (which in turn would affect band geo-
metric properties such as the Berry curvature and quan-
tum metric). In the next subsection, we will calculate
the dominant perturbative corrections of this form for a
generic lattice model, and identify the effect these have
on the energy levels, wavefunctions and transport prop-
erties of the system.

B. Bravais Lattices

In the absence of a magnetic field, a generic term in a
tight-binding model on a Bravais lattice may be written

Ĥ0
mn = −tmn

∑
r

c†r+mx̂+nŷcr + H.c., (35)

where, to simplify notation, we set the lattice spacing
a = 1 from now on. Taking the Fourier transform, this
Hamiltonian may be diagonalised in momentum space as

Ĥ0
mn(k) = −2tmn

∑
k

cos (mkx + nky) c†kck, (36)

where kx and ky take values between −π and π. For
simplicity, we have assumed that tmn is real, but the
method may be extended straightforwardly to complex
hopping parameters.

We now introduce a magnetic field (in the Landau
gauge) through the Peierls substitution, which changes
the hopping term to

Ĥmn = −tmn
∑
r

c†r+mx̂+nŷcre
−iB(xn+mn

2 ) + H.c. (37)

Motivated by the discussion in the previous subsection,
we consider the action of this hopping term on a localised
tight-binding orbital ψ(x, y) and use the fact that ky is
a good quantum number to obtain a discrete difference
equation for just the x-dependent part, ψ(x),

Ĥmnψ(x) = −tmn
[
eikyne−iB(xn+mn

2 )em∂x (38)

+e−ikyneiB(xn−mn2 )e−m∂x
]
ψ(x).

Finally, we use the Baker-Campbell-Hausdorff identity to
rewrite the above expression as

Ĥmnψ(x) = −2tmn cos [m (−i∂x) + n (ky −Bx)]ψ(x)

≡ −2tmn cos
[
mk̂x + nk̂y

]
ψ(x). (39)

By comparing Eqs. (36) and (39), we see that the real-
space finite-field Hamiltonian may be obtained from the

zero-field Hamiltonian through the substitution k → k̂,

with k̂ defined through Eq. (39). In other words, the
lattice Peierls substitution is equivalent to applying the
minimal coupling substitution p→ p−A at all orders in
the Hamiltonian (this may be verified for other choices
of gauge).

A complete tight-binding Hamiltonian will usually con-
tain a sum of many hopping terms of the form Ĥmn.
From the discussion above, it follows that each term
Ĥmn contributes a cosine operator as in Eq. (39), which
may be thought of as deriving from a zero-field term

Ĥ0
mn(k) through the substitution k→ k̂. Notably, since

each cosine term can be expanded as a power series, and
terms from each power series recombined, the substitu-

tion k→ k̂ may be applied directly to the zero-field band
structure, which might only be known to low orders in
k from experiment or numerical results. This motivates
a prescription for obtaining the finite-field Hamiltonian
from a zero-field band structure:

• Take E(k) or Ĥ(k) for the zero-field tight-binding

model on a Bravais lattice and substitute kx → k̂x
and ky → k̂y.

• Products should be replaced with their fully sym-
metrised operator equivalents, through

kmx k
n
y →

{k̂mx k̂ny }(
m+n
m

) , (40)

where {· · · } indicates the fully symmetrised sum
over distinct orderings.

This latter condition arises from considering the operator
ordering in the expansion of each cosine term. For exam-
ple, a zero-field band structure contribution proportional
to k3xk

1
y should be replaced with

k3xky →
(
k̂xk̂xk̂xk̂y + k̂xk̂xk̂yk̂x

+k̂xk̂yk̂xk̂x + k̂yk̂xk̂xk̂x

)
/4. (41)

Provided all terms of the series expansion are kept (or
if each term of the Hamiltonian is written in cosine form),
the substitution above is exact. To obtain a perturbative
solution, we follow the approach outlined in the previous
section and truncate the series order by order in k. As a
specific example, we consider a tight-binding model on a
Bravais lattice with C4 symmetry (i.e. symmetry under
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(x → y, y → −x)). The most general zero-field band
structure for such a model may be written

EC4(k) = C0
0,0 + C2

2,0

(
k2x + k2y

)
+ C4

4,0

(
k4x + k4y

)
(42)

+ C4
3,1

(
k3xky − kxk3y

)
+ C4

2,2k
2
xk

2
y + . . . ,

where we have kept all allowable terms up to quartic
order. At lowest order, we assume that C2

2,0 is nonzero

and apply the substitution k→ k̂ to obtain

Ĥ
(1)
C4

= C0
0,0 + C2

2,0

(
−∂2x + (ky −Bx)

2
)
. (43)

By defining the usual ladder operators, which we may
rewrite as

a =
i√
2B

(
k̂x + ik̂y

)
(44)

a† = − i√
2B

(
k̂x − ik̂y

)
,

we obtain

Ĥ
(1)
C4

= C0
0,0 + 2BC2

2,0

(
a†a+

1

2

)
. (45)

Thus, in a weak magnetic field, the tight-binding wave-
functions resemble Landau level wavefunctions with cy-
clotron frequency ωc = 2BC2

2,0 and overall energy offset

C0
0,0.
The leading lattice corrections arise due to the quartic

terms

Ĥ
(2)
C4

= C4
4,0

(
k̂xk̂xk̂xk̂x + k̂yk̂yk̂yk̂y

)
(46)

+
C4

2,2

6

({
k̂xk̂xk̂yk̂y

})
+
C4

3,1

4

({
k̂xk̂xk̂xk̂y

}
−
{
k̂xk̂yk̂yk̂y

})
,

also given in terms of ladder operators in Appendix B.
This can be used to calculate perturbative corrections
to the energy levels and wavefunctions using elemen-
tary perturbation theory, results that are given in Ap-
pendix B. Higher order corrections can be calculated in
a similar manner.

In this way, given a zero-field band structure, it is pos-
sible to read off a set of perturbed Landau levels that
resemble the low-lying single-particle states that would
arise in the presence of a weak magnetic field. The en-
ergy levels of these states are shifted relative to the unper-
turbed values, and the wavefunctions pick up corrections
that cause them to adopt the symmetry of the lattice. In
turn, these wavefunctions may be used in the calculation
of transport properties, for example, which we pursue in
the next section.

The approach outlined above applies directly to Bra-
vais lattices with other symmetries. In general, the zero-
field band structure should be expanded about the mo-
mentum at minimum energy k0 (which may not be at

k0 = 0), and the substitution (k − k0) → k̂ should be

enacted. Since the expansion is about a band extremum,

the leading k̂-dependence will be quadratic[52] and can
always be solved to give a Landau level solution. Higher
order terms will in general be more complicated than in
the C4-symmetric case, but the perturbative method re-
mains the same. However, if the lattice has additional
structure (through a sublattice, orbital or spin degree
of freedom, for example), the method must be altered
slightly. We discuss these cases in the next subsection.

As suggested previously, this perturbative approach
has a number of limitations. First, it neglects the ex-
ponentially small corrections that arise due to discrete-
ness and tunnelling effects. In addition, the perturbed
wavefunctions that are obtained using this method are
not Bloch periodic. Instead, they are quasilocal states
that would need to be superposed into a Bloch wave-
function by hand (see Ref. [31] for an example of how to
do this). Finally, in order to consistently truncate the
perturbation series at a given order, the magnetic field
must be weak enough that the neglected terms are neg-
ligible. Nevertheless, this method is expected to provide
a good approximation across a wide regime of lattice pa-
rameters.

C. Bravais Lattices with Substructure

The majority of interesting tight-binding models have
some sort of substructure even in the absence of a mag-
netic field—usually a combination of spin, orbital, and
sublattice degrees of freedom. In such cases, a generic
hopping term will take the form

Ĥ0
mnαβ = −tαβmn

∑
r

c†r+mx̂+nŷ,αcr,β + H.c., (47)

where α and β now give the additional quantum numbers
of the tight-binding orbital. A complete Hamiltonian will
involve a sum of such terms and, by taking the Fourier
transform, may be written in terms of the momentum
space Hamiltonian matrix,

Ĥ0(k) =
∑
k

∑
αβ

c†k,αĤ
0
αβ(k)ck,β . (48)

Note that there are a number of (gauge) choices for how
to carry out this Fourier transform. In our case, the rel-
evant matrix Ĥ0

αβ(k) is the one that defines the periodic

part of the Bloch wavefunction, ukγ(r). This amounts
to taking into account the spatial embedding of each or-
bital within the unit cell, through ukγ(r) = e−ik·r̂ψkγ(r),
where ψkγ(r) is the Bloch periodic wavefunction and r̂
gives the spatial displacement of each orbital [29].

In the presence of a magnetic field, Eq. (47) becomes

Ĥmnαβ = −tαβmn
∑
r

e
i
∫ r′+δrα
r+δrβ c†r′,αcr,β + H.c., (49)

where r′ = r+mx̂+nŷ and δrα gives the spatial displace-
ment of each orbital relative to the centre of the unit cell.
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Using the arguments of the previous section, we can con-
sider the action of Ĥmnαβ on a localised tight-binding or-
bital ψβ(x, y) and use the fact that, in the Landau gauge,
ky is well defined. As before, we find that the finite-field
Hamiltonian may be derived from the zero-field Hamil-

tonian through the substitution k → k̂ (subject to the
operator ordering given in Eq. (40)). In other words, the
new Hamiltonian is the matrix

Ĥαβ(k̂) ≡ H0
αβ(k→ k̂), (50)

considered to act on the real space wavefunctions
ψβ(x, y).

Each matrix element Ĥαβ(k̂) can be expanded as a
power series in k, and by solving the resulting matrix
equation at each order, perturbative energy levels and
wavefunctions may be obtained. Alternatively, the zero-
field matrix elements Ĥ0

αβ(k) may be expanded as a

power series first, and then the (ordered) substitution

k→ k̂ carried out. The resulting wavefunctions will now
be perturbed Landau levels with generally different am-
plitudes on each orbital.

In the Bravais lattice case, we were able to apply the

substitution k→ k̂ directly to the zero-field band struc-
ture, rather than to the Hamiltonian. This would not
seem to apply in this case, as may be seen from consid-
ering the zero-field Hamiltonian in Eq. (48). To obtain
energy bands from this matrix, we need to solve a deter-
minant equation and, in the process, find the root of a
polynomial equation. Carrying out this procedure for the
finite-field, operator-valued matrix changes the operator
ordering in a way that depends on the original matrix el-
ements, and which cannot be reverse engineered without
knowing the full structure of the matrix. For example,
expanding the square root√

1 + k̂2x + k̂2y = 1 +
1

2

(
k̂2x + k̂2y

)
(51)

−1

8

(
k̂4x + k̂2xk̂

2
y + k̂2yk̂

2
x + k̂4y

)
+ . . . ,

generates the quartic terms k̂2xk̂
2
y and k̂2yk̂

2
x, but none of

the other four orderings. Given a zero-field band struc-
ture with a term k2xk

2
y, the usual symmetric replacement

over all orderings does not apply. In this way, the sub-

stitution k → k̂ can only be applied consistently to the
complete zero-field tight-binding matrix. Another way of
stating this is that many different tight-binding models
can give rise to the same energy bands, but the wave-
functions generally depend on the details of the model.

However, for certain symmetric models, this problem
may be ‘accidentally’ circumvented at first order, and the

substitution k → k̂ may be successfully applied even to
the zero-field band structure. For lattices with C4 sym-
metry, the first problematic term in the band structure
is k2xk

2
y. Although we do not know the correct operator

substitution for the reasons mentioned above, we know
that it must be symmetric under the simultaneous re-

placements k̂x → k̂y and k̂y → −k̂x. We can therefore

write

k2xk
2
y → c1

(
k̂xk̂yk̂yk̂x + k̂yk̂xk̂xk̂y

)
(52)

+c2

(
k̂xk̂yk̂xk̂y + k̂yk̂xk̂yk̂x

)
+

(
1

2
− c1 − c2

)(
k̂xk̂xk̂yk̂y + k̂yk̂yk̂xk̂x

)
,

which, in terms of ladder operators, is

k2xk
2
y →

B2

4

[
4a†a+ 2

(
a†
)2

(a)
2

(53)

−
(
a†
)4 − (a)

4
+ 8c1 + 4c2 − 1

]
.

Since the unknown coefficients only enter as constant off-

sets, the naive symmetric substitution k → k̂ will al-
ways have the correct operator dependence. In first or-
der perturbation theory, this is enough to calculate the
perturbed wavefunctions and the perturbed energy dif-
ferences between states, all that we will require in the
next section when we calculate the leading perturbations
to the conductivity. For C4 symmetric lattices, there-
fore, the perturbed solutions given for a Bravais lattice
in Appendix B apply also to models with a unit cell sub-
structure (other than the overall energy offset). Similar
simplifications may arise for other symmetries, but in
general the perturbative method needs to be applied at
the level of the Hamiltonian matrix. Conversely, measur-
ing behaviour such as transport properties, in conjunc-
tion with a measured band structure, may allow the re-
verse engineering of an effective underlying tight-binding
model for an experimental system.

IV. ELECTROMAGNETIC RESPONSE OF
LATTICE QUANTUM HALL SYSTEMS

In the previous two sections, we showed how to cal-
culate the finite-wavevector current response of a filled
Landau level, and demonstrated that Landau-level like
wavefunctions arise naturally in generic lattice models in
the presence of a weak magnetic field. We now bring
both of these strands together and calculate the leading
corrections to the current response that arise due to the
presence of a lattice. These could be important if, say,
one wants to measure the Hall viscosity through a con-
ductivity experiment.

The setup will be similar to that used in Sec. II: we
take a lattice quantum Hall system and apply a weak
inhomogeneous electric field as shown in Fig. 1. There
are now three length scales in the system: the length
scale of the potential λ, the magnetic length lB = 1/

√
B,

and the lattice spacing a. We are interested in the limit
λ� lB � a, where the discreteness of the lattice may be
treated as a perturbation to the Landau level wavefunc-
tions, and where the external potential may be truncated
as in Eq. (9) and used in linear response.
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Applying the methods of Secs. II and III, the single-
particle wavefunctions may be expanded as a double per-
turbation series. The perturbation due to the lattice may
be written

|n′, ky〉 = U†
(
a, a†

)
|n, ky〉 , (54)

where |n, ky〉 is an unperturbed Landau level and
U†
(
a, a†

)
is a unitary operator that applies the perturba-

tions described in Sec. III (see Appendix B for an explicit
expression for this operator). These lattice wavefunc-
tions are in turn perturbed by the external potential as
described in Sec. II, yielding

|ñ′, ky〉 = |n′, ky〉+
∑
m′ 6=n′

〈m′, ky|V (x̂) |n′, ky〉
E′n − E′m

|m′, ky〉

= U† |n, ky〉 (55)

+
∑
m 6=n

〈m, ky|UV (x̂)U† |n, ky〉
E′n − E′m

U† |m, ky〉 .

Since we are considering the linear response, we keep
only the first order perturbation due to the potential;
the lattice corrections may be applied up to as high an
order as desired by truncating the resulting perturbation
series appropriately.

There are again two meaningful transverse current re-
sponses that we can calculate: the current per single-
particle orbital and the current density. However, we
must now include corrections to the operator Îy due to

the presence of the lattice. Using the definition Îy =

∂Ĥ/∂ky, we see that for a C4 symmetric lattice, whose

Hamiltonian takes the general form given in Eqs. (43)
and (46), the current operator becomes

Î ′y = 2C2
2,0k̂y + 4C4

4,0k̂yk̂yk̂y +
2C4

2,2

3

{
k̂xk̂xk̂y

}
+C4

3,1

(
k̂xk̂xk̂x −

{
k̂xk̂yk̂y

})
. (56)

This expression is given in terms of ladder operators in
Appendix B.

A. Current Per Orbital

The current per orbital is again given by the expecta-
tion value of this (now perturbed) current operator in a

single-particle state, 〈ñ′, ky| Î ′y |ñ′, ky〉, with leading non-
zero terms〈
Î ′yn′

〉
=
∑
m′ 6=n′

〈n′, ky| Î ′y |m′, ky〉
〈m′, ky|V (x̂) |n′, ky〉

E′n − E′m
+H.c.

(57)
Lattice corrections enter this expression in three places:
in the perturbed wavefunctions |n′, ky〉; in the perturbed
energy denominator E′n − E′m; and through the per-

turbed current operator Î ′y. In each case, the corrections
may be expressed as a perturbation series in powers of
B ≡ 2π/N , which is assumed to be small. A consistent
expression for the current per orbital is obtained by col-
lecting together terms from each source order by order.

For a C4-symmetric lattice, the current per orbital up
to first order in B is

〈
ÎC4

yn′

〉
=
〈
Îyn

〉
+Bl2B

[(
C4

2,2 − 2C4
4,0

)
192C2

2,0

(1 + 2n)
(
3 + n+ n2

)
l2B∂

4
x + . . .

]
E(x)

∣∣∣∣∣
x=ky/B

, (58)

where
〈
Îyn

〉
is the current per orbital for the unper-

turbed nth Landau level, given in Eq. (17). Notably, the
zeroth order (homogeneous) term is related to the quan-
tised Hall conductance, and does not gain corrections at
any order in perturbation theory. The second term, pro-
portional to ∂2xE(x), is unchanged at first order, but it
does pick up corrections at higher orders in perturba-
tion theory. The corrections for the specific case of the
Hofstadter model are given in Appendix B.

B. Current Density

As in the continuum, the transverse current density
is related to the transport response that would be mea-
sured in a real experiment. Following the approach of
Sec. II B, we calculate this quantity for a filled band by

taking the expectation value of the current density oper-
ator and summing over all relevant single-particle states.
This can be shown to be equivalent to a linear response
calculation using the methods in Appendix A.

The current density operator is now

ĵ′y(r0) =
1

2

[
Î ′yδ(r̂− r0) + δ (r̂− r0) Î ′y

]
, (59)

which includes perturbative corrections due to the lattice
as described above. We take the expectation value of this
operator with respect to the single particle states |ñ′, ky〉,
which have been perturbed by both the lattice and the
external potential. Summing over all the states in the
perturbed band, we find

J ′yn(r0) =
B

2π

∑
r,s=0

∑
m′ 6=n′

drs 〈n′| Î ′yx̂s |m′〉
〈m′| x̂r |n′〉
E′n − E′m

+H.c.

(60)
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where, as in the continuum, the final expression is a sum
over a product of matrix elements, which may be calcu-
lated straightforwardly using ladder operators. Lattice
corrections enter through the perturbed wavefunctions,

energies and current operator.
Expanding the perturbation series consistently, we find

that the current density for a C4-symmetric lattice is, up
to first order,

JC4

yn′(r0) = Jyn(r0) +
B

2π

{
1

24C2
2,0

[
6
(
3n2 + 3n+ 1

)
C4

2,2 + 24C4
4,0

]
l2B∂

2
x + . . .

}
E(x)

∣∣∣∣∣
x=x0

, (61)

where Jyn(r0) is the current density for the unperturbed nth Landau level given in Eq. (26). In the above, we only
give terms up to the second derivative of the electric field: further terms, and the specific expression for the Hofstadter
model, may be found in Appendix B.

As before, the leading homogeneous term is related to the quantised Hall conductance and receives no perturbative
corrections. The higher-derivative terms, however, do receive corrections due to the lattice. Making the substitution
E(x) = Eqe

iq(x̂−x0) and using Eq. (1), we identify the finite-wavevector Hall conductivity for the perturbed nth band
as

σxyn′(q) =
1

2π

{
1−

[
3

2

(
n+

1

2

)
+

B

24C2
2,0

(
6
(
3n2 + 3n+ 1

)
C4

2,2 + 24C4
4,0

)]
q2

B
+ . . .

}
, (62)

which has nonuniversal corrections at O(Bq2) (in comparison to Eq. (3)). In an experiment, we would normally fill
the lowest K Landau levels or bands and measure their response simultaneously. The perturbed Hall conductivity
for this situation (to be compared with Eq. (4)) can be obtained by summing the response above from bands n = 0
to n = K − 1, giving

σK
′

xy (q) =
1

2π

{
K −

[
3K2

4
+

B

4C2
2,0

(
C4

2,2K
3 + 4C4

4,0K

)]
q2

B
+ . . .

}
. (63)

As for the isolated band, theO(q2) term, which one might
measure to obtain the Hall viscosity, has nonuniversal
corrections proportional to the magnetic field. These are
a result of the rotational symmetry breaking due to the
lattice, and would need to be accounted for in order to
recover the appropriate continuum theory from an ex-
perimental measurement. In particular, if one naively
applies the continuum expression from Eq. (2) to a mea-

sured value of σK
′

xy (q), the extracted Hall viscosity η̃H
would differ from the continuum value ηcontH by the cor-
rections

η̃H
ρ0

=
ηcontH

ρ0
− B

4C2
2,0

(
C4

2,2K
3 + 4C4

4,0K

)
. (64)

C. Comparison with Numerics

In order to verify this calculation, we compare Eq. (61)
for the Hofstadter model (given explicitly in Appendix B)
with exact diagonalisation results for a range of parame-
ter values. We choose an external sinusoidal potential of
the form

V (x) = 0.1 sin

(
2πx

λ

)
(65)

and a magnetic field strength B = 2π/N , for a range of
λ and N , and plot the exact current density in the low-
est Hofstadter band in Fig. 3. Alongside this, we show
the analytical expression from Eq. (61), including up to:
(i) terms proportional to ∂2xE(x) with no lattice correc-
tions; (ii) terms proportional to ∂4xE(x) with no lattice
corrections; and (iii) terms proportional to ∂4xE(x) with
lattice corrections at O(B). In each of these plots, we
have subtracted the zeroth order (DC) current density
component,

J0
y (r0) =

1

2π
E(x0), (66)

so that the deviations can be seen more easily. We take
the hopping parameter t = N/4π so that the gap between
low-lying bands is approximately ∆E = 1 and the rela-
tive strength of the external potential is approximately
V/∆E ≈ 0.1.

Even though lattice corrections in the Hofstadter
model are known to be fairly small [31], their effects on
the current density are clearly noticeable in Fig. 3. As
found in the previous section, the leading corrections are
proportional to B = 2π/N and so are most significant at
small N . For the range of N considered in Fig. 3, the lat-
tice corrections calculated numerically show good agree-
ment with our perturbative result. In addition to these,
nonperturbative corrections (notably those proportional
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Figure 3. Current density in the lowest band of the Hofstadter model in response to the applied sinusoidal electric potential
of Eq. 65, for (a) B = 2π/5, λ = 5; (b) B = 2π/10, λ = 10; and (c) B = 2π/15, λ = 15. Each plot shows the current density
calculated numerically (black points), along with the analytic expression from Eq. (61) up to second derivatives without lattice
corrections (grey dashed line); up to fourth derivatives without lattice corrections (red dashed line); and up to fourth derivatives
with first order lattice corrections (solid blue line). The corrections from higher derivatives become less significant as the ratio
r = λ/lB increases, which for the parameter sets above takes the values (a) r = 5.60, (b) r = 7.93 and (c) r = 9.71. Leading
lattice corrections are proportional to 1/N . Exponentially small nonperturbative lattice corrections, corresponding to shorter
wavelength oscillations, are also visible. In particular, the black numerical points oscillate with a small amplitude about
the average (cosine) form (in blue) with half the wavelength, indicating leading nonperturbative corrections proportional to
sin(2Nx0). As motivated in Sec. III (and expounded in Ref. [31]), these exponentially small corrections arise due to tunnelling
and lattice normalisation effects, and become negligible in the large N limit.

to sin(2Nx0)) are also visible in the numerical results in
Fig. 3.

The inclusion of higher derivative terms in Eq. (61),
which may be easily calculated using our formalism, also
improves the agreement with the exact numerical results,
as may be seen in Fig. 3. These corrections become less
significant as the ratio of the external potential to the
magnetic length, λ/lB gets larger. For a fixed λ and
B, more accurate approximations can be obtained by in-
cluding higher terms in the double perturbation series of
Eq. (61).

V. CONCLUSIONS

In this work, we have presented an approach for cal-
culating the finite-wavevector electromagnetic response
in lattice quantum Hall systems, illustrating our method
with the explicit, relevant example of a lattice with C4

rotational symmetry. In the process, we introduced a
new, quantum mechanical derivation of the current re-
sponse in quantum Hall systems, which allows terms to
arbitrary order in the wavevector expansion to be cal-
culated straightforwardly. We also developed a formal-
ism for deriving the Landau-level-like wavefunctions that
arise generically in tight-binding models in the presence
of a magnetic field.

Our results have several implications for experiments
that seek to measure the Hall viscosity through the inho-
mogeneous current response. Namely, at moderate field
strengths, the lattice corrections to the current density
can be significant, and must be taken into account if one
wishes to extract the universal, Hall viscosity-dependent
component that may be indicative of the underlying
phase. Higher order derivative terms (quartic order in

the wavevector and higher) may also be significant, but
can be calculated straightforwardly within our formal-
ism. The size of the corrections (and the field regime in
which they are most noticeable) may depend sensitively
on the structure of the underlying lattice model. Even
in the Hofstadter model, for which lattice corrections are
known to be fairly small [31], corrections to the current
response were found to be significant, and demonstrated
good agreement between numerics and theory.

Beyond this, our perturbative approach to generic lat-
tice models provides a universal framework for study-
ing lattice quantum Hall systems, and is applicable to
many different regimes of experimental interest. In many
cases, only the band dispersion of the zero-field system
is required to understand the finite-field behaviour. We
demonstrated that the band structure endowed by a lat-
tice generally leads to an effective continuum Hamilto-
nian with broken rotational symmetry. In this respect,
such systems offer a natural realisation of the rotational
symmetry-breaking Landau levels considered in Ref. [13].
In addition, we found that single-particle quantities, such
as the current per orbital, are directly related to the band
geometry of the system. If such a quantity can be de-
tected, this would offer a means for measuring the band
geometry experimentally.

Our work raises a number of intriguing open questions.
In addition to applying the approach to other lattice sys-
tems and real experiments, it would be of interest to
study lattice corrections to the relativistic quantum Hall
effect, which may arise in systems with Dirac-like dis-
persions such as graphene. Finally, some of the most
interesting quantum Hall physics lies in the interacting
regime. We leave a study of the electromagnetic response
of such fractional lattice quantum Hall systems to future
work.
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Appendix A: Current Density from Linear Response
Theory

In this appendix, we show that the quantum mechani-
cal approach to the calculation of current density used in
Sec. II B is equivalent to the more usual approach using
linear response theory. We begin with the many-body
Landau Hamiltonian, which we write in second quantisa-
tion as

Ĥ0 =
∑
n

∑
ky

B

[
n+

1

2

]
c†n,kycn,ky , (A1)

where c†n,ky creates a fermion in state |n, ky〉. As before,

we include the effect of a weak electric field by adding a
static potential to the Hamiltonian. In many-body nota-
tion, this perturbing term can be written

∆Ĥ =

∫
d2rV (x)c†(r)c(r), (A2)

where c†(r) creates a fermion at position r, and may be
expressed alternatively in terms of Landau level opera-
tors as

c†(r) =
∑
n,ky

ψ∗n,ky (r)c†n,ky . (A3)

The current density operator at position r0 takes the
form

ĵy(r0) = c†(r0) (p̂y −Bx0) c(r0). (A4)

We now set up the system according to standard linear
response techniques [53, 54]. Note, however, that we are
representing the electric field as the spatial derivative of a

scalar potential V (x), rather than as the time derivative
of a vector potential A(t) as is more standard [55]. See
Ref. [54] for a discussion of some of the subtle differences
between the two choices.

We prepare the system, at t = −∞, in an eigenstate of
the Hamiltonian Ĥ0, in this case choosing the filled nth
Landau level,

|nLL〉 =
∏
ky

c†n,ky |0〉 . (A5)

We then adiabatically switch on the static potential. To
facilitate this, we introduce a time dependence to V (x)
through

V (x)→ V (x, t) = V (x)e−iω+t,
where ω+ = ω+ iε. In this way, the perturbing potential
vanishes at t = −∞, and at t = 0, the system is described
by the complete Hamiltonian Ĥ = Ĥ0 + ∆Ĥ. At the end
of the calculation we will set ω+ → 0.

We work in the interaction picture, where opera-
tors and states gain time dependence (relative to the
Schrödinger picture) through

ÔI(t) = eiĤ0tÔe−iĤ0t, (A6)

|ψ(t)〉I = eiĤ0t |ψ〉 . (A7)

States evolve according to the time evolution

|ψ(t)〉I = U(t, t0) |ψ(t0)〉I (A8)

with

U(t, t0) = T exp

[
−i
∫ t

t0

∆ĤI(t
′)dt′

]
, (A9)

where T is the time ordering operator. The unper-
turbed state |nLL〉 at t = −∞ evolves to the perturbed,
interaction-picture state |nLL(t)〉I at time t through

|nLL(t)〉I = U(t,−∞) |nLL〉 . (A10)

We can then find the current density by calculating the
expectation value I〈nLL(t)| ĵIy(r0, t) |nLL(t)〉I .

Expanding the time-evolution operator to first order
in the perturbation, we obtain the linear response result

〈jIyn(r0, t)〉 = 〈nLL| jIy(r0, t) |nLL〉+ i

∫ t

−∞
dt′ 〈nLL| [∆HI(t

′), jIy(r0, t)] |nLL〉 , (A11)

where the expectation values are now taken with respect
to the unperturbed initial state. To simplify notation,
we write

∆ĤI(t) = e−iω+teiH0t
∑
{n},{k}

V n1,k1
n2,k2

c†n1,k1
cn2,k2

e−iH0t

(A12)

with

V n1,k1
n2,k2

=

∫
d2rψ∗n1,k1(r)V (x)ψn2,k2(r)

≡ V n1,k1
n2,k1

δk1,k2 (A13)
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and

jIy(r0, t) = eiH0t
∑
{n},{k}

jn3,k3
n4,k4

(r0)c†n3,k3
cn4,k4

e−iH0t

(A14)

with

jn3,k3
n4,k4

(r0) = ψ∗n3,k3(r0)v̂yψn4,k4(r0). (A15)

Then, inserting Eqs. (A5), (A13) and (A14) into
Eq. (A11), manipulating the field operators, and inte-
grating over t′, we obtain

〈jIyn(r0, t)〉 = −e−iω+t
∑
m 6=n,k

V n,km,kj
m,k
n,k (r0)

ω + iε+ Em − En
+ e−iω+t

∑
m 6=n,k

V m,kn,k j
n,k
m,k(r0)

ω + iε− Em + En
, (A16)

where several contributions have cancelled out. Since
Em 6= En, we may now take the ω+ → 0 limit directly to
find

〈jIyn(q, ω → 0)〉 =
∑
m 6=n,k

V n,km,kj
m,k
n,k (r0) + V m,kn,k j

n,k
m,k(r0)

En − Em
.

(A17)

By substituting for V n,km,k and jm,kn,k (r0), we recover

Eq. (20), obtained in Sec. II B using more elementary
means.

Appendix B: Perturbative Results for Bravais
Lattices with C4 Symmetry

In this Appendix, we give some explicit perturba-
tive results for tight-binding models on a generic two-
dimensional lattice with C4 symmetry. We also give some
specific results for the Hofstadter model [44, 45].

1. Wavefunctions and Energies

The generic zero-field band structure for a lattice with
C4 symmetry was given in Eq. (42). In the presence of

a weak magnetic field, the substitution k → k̂ may be
enacted to obtain Eqs. (43) and (46). In terms of ladder
operators (defined in Eq. (44)), this Hamiltonian may be
written

Ĥ
(1)
C4

= C0
0,0 + 2BC2

2,0

(
a†a+

1

2

)
(B1)

Ĥ
(2)
C4

=
C4

4,0B
2

2

[
3 + (a)

4
+
(
a†
)4

+ 12a†a+ 6
(
a†
)2

(a)
2
]

+
iC4

3,1B
2

2

[(
a†
)4 − (a)

4
]

(B2)

−
C4

2,2B
2

4

[
−1 + (a)

4
+
(
a†
)4 − 4a†a− 2

(
a†
)2

(a)
2
]
.

Higher order terms may be found similarly.

At lowest order, we solve Ĥ
(1)
C4

to find Landau level-like

solutions. At next order, we treat Ĥ
(2)
C4

at first order in

perturbation theory to obtain

E
(1,2)
C4

(n) = C0
0,0 + 2BC2

2,0

(
n+

1

2

)
(B3)

+
3C4

4,0B
2

2

(
1 + 2n+ 2n2

)
+
C4

2,2B
2

4

(
1 + 2n+ 2n2

)
and

|n〉(1,2)C4
= |n〉+

B

32C2
2,0

[
2C4

4,0 − 2iC4
3,1 − C4

2,2

]
(a)

4 |n〉

− B

32C2
2,0

[
2C4

4,0 + 2iC4
3,1 − C4

2,2

] (
a†
)4 |n〉

(B4)

where |n〉 are unperturbed Landau levels. The per-
turbed states may be obtained from the unperturbed

states through the action of a unitary operator, |n〉(1,2)C4
=

U† |n〉, with

U† = exp

[
B

32C2
2,0

[
2C4

4,0 − C4
2,2

] [
(a)

4 −
(
a†
)4]

−
2iBC4

3,1

32C2
2,0

[
(a)

4
+
(
a†
)4] ]

(B5)

to leading order.
The Hofstadter model is a particular example of a lat-

tice with C4 symmetry, with coefficients (setting t = 1)
C0

0,0 = −4, C2
2,0 = 1, C4

4,0 = −1/12 and C4
3,1 = C4

2,2 = 0.
With these substitutions, the perturbed energies and
wavefunctions are

E
(1,2)
Hof (n) = −4 + 2B

(
n+

1

2

)
− B2

8

(
1 + 2n+ 2n2

)
|n〉(1,2)Hof = |n〉 − B

192
(a)

4 |n〉+
B

192

(
a†
)4 |n〉 , (B6)

and the unitary operator U† takes the form

U† = exp

[
− B

192

[
(a)

4 −
(
a†
)4] ]

. (B7)

Higher order results are given in Ref. [31].
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2. Current Response

In Sec. IV we defined the perturbed current operator
that arises as a result of the lattice. For C4 symmetric

lattices, this operator is given in terms of k̂x and k̂y in
Eq. (56). This may be written more usefully in terms of
ladder operators as

ÎC4
y = −

√
2BC2

2,0

(
a+ a†

)
− B3/2

√
2

{(
6C4

4,0 + C4
2,2

) (
a† + a

)
+
(
2C4

4,0 − C4
2,2

) ((
a†
)3

+ (a)
3
)

+ 2iC4
3,1

((
a†
)3 − (a)

3
)

+
(
6C4

4,0 + C4
2,2

) (
a† (a)

2
+
(
a†
)2
a
)
. (B8)

For the Hofstadter model, this operator takes the form

ÎHof
y = −

√
2B
(
a+ a†

)
+

(
B

2

)3/2 [
1

3

(
a†
)3

+
1

3
(a)

3

+a+ a† +
(
a†
)2
a+ a† (a)

2

]
. (B9)

In Sec. IV A, we demonstrated how to calculate the ex-

pectation value of this operator for a single particle state
in a lattice with C4 symmetry, resulting in the current
per orbital given in Eq. (58). For the specific case of the
Hofstadter model, this expression yields, to first order in
B,

〈
ÎHof
yn′

〉
=l2B

[
1 +

1

2

(
n+

1

2

)
l2B∂

2
x (B10)

+

{
1

16

(
n2 + n+

1

2

)
+B

(2n+ 1)

1152

(
n2 + n+ 3

)}
l4B∂

4
x + . . .

]
E(x)

∣∣∣∣
x=

ky
B

.

Higher order corrections due to the lattice and higher
derivatives of the electric field may be included straight-
forwardly using the methods described in the main text.

In Sec. IV B, we calculated the current density response
for a lattice with C4 symmetry, obtaining the result in
Eq. (61). Here, we give a more complete expression that
includes terms involving the fourth derivative of the ex-
ternal field,

JC4

yn′(r0) = Jyn(r0) +
B

2π

{
1

24C2
2,0

[
6
(
3n2 + 3n+ 1

)
C4

2,2 + 24C4
4,0

]
l2B∂

2
x

+
1

1152C2
2,0

[
2
(
190n3 + 285n2 + 197n+ 51

)
C4

2,2 − 60
(
2n3 + 3n2 − 13n− 7

)
C4

4,0

]
l4B∂

4
x + . . .

}
E(x)

∣∣∣∣
x=x0

.

For the specific case of the Hofstadter model, this becomes

JHof
yn′ (r0) =

1

2π

[
1 +

{
3

2

(
n+

1

2

)
− B

12

}
l2B∂

2
x (B11)

+

{
1

48

(
11 + 30n+ 30n2

)
+

5B

1152

(
2n3 + 3n2 − 13n− 7

)}
l4B∂

4
x + . . .

]
E(x)

∣∣∣∣
x=x0

,

from which we can extract the Hall conductivity

σHof
xyn′(q) =

1

2π

[
1−

{
3

2

(
n+

1

2

)
− B

12

}
q2

B
(B12)

+

{
1

48

(
11 + 30n+ 30n2

)
+

5B

1152

(
2n3 + 3n2 − 13n− 7

)} q4

B2
+ . . .

]
E(x)

∣∣∣∣
x=x0

.

If we fill the lowest K bands, the combined response of the set of bands is the sum of the above from n = 0 to
n = K − 1, which gives

σHof,K′

xy (q) =
1

2π

[
K −

{
3K2

4
−BK

12

}
q2

B
−
{(

5K3

24
+
K

48

)
+B

(
5K4

2304
− 25K2

768

)}
q4

B2
+ . . .

]
E(x)

∣∣∣∣
x=x0

. (B13)
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[5] Péter Lévay, “Berry phases for Landau Hamiltonians
on deformed tori,” Journal of Mathematical Physics 36,
2792 (1995).

[6] J E Avron, R Seiler, and P G Zograf, “Viscosity of quan-
tum Hall fluids,” Physical Review Letters 75, 697–700.
14 p (1995).

[7] N Read, “Non-Abelian adiabatic statistics and Hall vis-
cosity in quantum Hall states and px + ipy paired super-
fluids,” Physical Review B 79, 045308 (2009).

[8] N Read and E H Rezayi, “Hall viscosity, orbital spin,
and geometry: Paired superfluids and quantum Hall sys-
tems,” Physical Review B 84, 085316 (2011).

[9] Xiao-Gang Wen and A Zee, “Shift and Spin Vector -
New Topological Quantum Numbers for the Hall Fluids,”
Physical Review Letters 69, 953–956 (1992).

[10] Carlos Hoyos and Dam Thanh Son, “Hall Viscosity
and Electromagnetic Response,” Physical Review Letters
108, 066805 (2012).

[11] Barry Bradlyn, Moshe Goldstein, and N Read, “Kubo
formulas for viscosity: Hall viscosity, Ward identities,
and the relation with conductivity,” Physical Review B
86, 245309 (2012).

[12] Rudro R Biswas, “Semiclassical theory of viscosity in
quantum Hall states,” arXiv (2013), 1311.7149v2.

[13] F D M Haldane and Yu Shen, “Geometry of Landau
orbits in the absence of rotational symmetry,” arXiv
(2015), 1512.04502v2.

[14] Biao Huang, “Hall viscosity revealed via density re-
sponse,” Physical Review B 91, 235101–5 (2015).

[15] Thomas Scaffidi, Nabhanila Nandi, Burkhard Schmidt,
Andrew P Mackenzie, and Joel E Moore, “Hydrody-
namic Electron Flow and Hall Viscosity,” Physical Re-
view Letters 118, 771–5 (2017).

[16] Francesco M D Pellegrino, Iacopo Torre, and Marco
Polini, “Nonlocal transport and the Hall viscosity of
two-dimensional hydrodynamic electron liquids,” Phys-
ical Review B 96, 195401–11 (2017).

[17] Luca V Delacretaz and Andrey Gromov, “Transport Sig-
natures of the Hall Viscosity,” Physical Review Letters
119, 226602–5 (2017).

[18] Andrey Gromov and Dam Thanh Son, “Bimetric Theory
of Fractional Quantum Hall States,” Physical Review X
7, 041032–15 (2017).

[19] S Contreras, W Knap, and C Skierbiszewski, “Observa-
tion of quantum Hall effect in 2D-electron gas confined
in GaN/GaAlN heterostructure,” Mat. Sci. Eng. B 46,
92 (1997).

[20] A Tsukazaki, A Ohtomo, T Kita, Y Ohno, H Ohno, and
M Kawasaki, “Quantum Hall effect in polar oxide het-
erostructures,” Science 315, 1388–1391 (2007).

[21] Hirokazu Miyake, Georgios A Siviloglou, Colin J
Kennedy, William Cody Burton, and Wolfgang Ketterle,
“Realizing the Harper Hamiltonian with Laser-Assisted
Tunneling in Optical Lattices,” Physical Review Letters
111, 185302 (2013).

[22] M Aidelsburger, M Atala, M Lohse, J T Barreiro, B Pare-
des, and Immanuel Bloch, “Realization of the Hofstadter
Hamiltonian with Ultracold Atoms in Optical Lattices,”
Physical Review Letters 111, 185301 (2013).

[23] Yuanbo Zhang, Yan-Wen Tan, Horst L Stormer, and
Philip Kim, “Experimental observation of the quantum
Hall effect and Berry’s phase in graphene,” Nature 438,
201–204 (2005).

[24] K S Novoselov, A K Geim, S V Morozov, D Jiang, M I
Katsnelson, I V Grigorieva, S V Dubonos, and A A
Firsov, “Two-dimensional gas of massless Dirac fermions
in graphene,” Nature 438, 197–200 (2005).

[25] Yang Xu, Ireneusz Miotkowski, Chang Liu, Jifa Tian,
Hyoungdo Nam, Nasser Alidoust, Jiuning Hu, Chih-
Kang Shih, M Zahid Hasan, and Yong P Chen, “Ob-
servation of topological surface state quantum Hall effect
in an intrinsic three-dimensional topological insulator,”
Nature Physics 10, 956–963 (2014).

[26] M V Berry, “Quantal Phase Factors Accompanying Adi-
abatic Changes,” Proceedings of the Royal Society A:
Mathematical, Physical and Engineering Sciences 392,
45–57 (1984).

[27] S A Parameswaran, R Roy, and Shivaji L Sondhi, “Frac-
tional Chern insulators and the W∞ algebra,” Physical
Review B 85, 241308 (2012).

[28] Rahul Roy, “Band geometry of fractional topological in-
sulators,” Physical Review B 90, 165139 (2014).

[29] Emil J Bergholtz and Zhao Liu, “Topological Flat Band
Models and Fractional Chern Insulators,” International
Journal of Modern Physics B 27, 1330017–1–43 (2013).

[30] Siddharth A Parameswaran, Rahul Roy, and Shivaji L
Sondhi, “Comptes Rendus Physique,” Comptes Rendus
Physique 14, 816–839 (2013).

[31] Fenner Harper, Steven H Simon, and Rahul Roy, “Per-
turbative approach to flat Chern bands in the Hofstadter
model,” Physical Review B 90, 075104 (2014).

[32] David Bauer, T S Jackson, and Rahul Roy, “Quantum
geometry and stability of the fractional quantum Hall
effect in the Hofstadter model,” Physical Review B 93,
235133–11 (2016).

[33] Di Xiao, Ming-Che Chang, and Qian Niu, “Berry phase
effects on electronic properties,” Reviews of Modern
Physics 82, 1959–2007 (2010).

[34] T S Jackson, Gunnar Moller, and Rahul Roy, “Geometric
stability of topological lattice phases,” Nature Commu-
nications , 1–11 (2015).

[35] FDM Haldane, “Model for a quantum Hall effect without
Landau levels: Condensed-matter realization of the” par-
ity anomaly”,” Physical Review Letters 61, 2015–2018
(1988).

[36] Titus Neupert, Luiz Santos, Claudio Chamon, and
Christopher Mudry, “Fractional Quantum Hall States
at Zero Magnetic Field,” Physical Review Letters 106,
236804 (2011).

[37] Kai Sun, Zhengcheng Gu, Hosho Katsura, and
S Das Sarma, “Nearly Flatbands with Nontrivial Topol-
ogy,” Physical Review Letters 106, 236803 (2011).

[38] D N Sheng, Zheng-Cheng Gu, Kai Sun, and L Sheng,
“Fractional quantum Hall effect in the absence of Landau
levels,” Nature Communications 2, 389–385 (2011).

[39] Cui-Zu Chang, Jinsong Zhang, Xiao Feng, Jie Shen,
Zuocheng Zhang, Minghua Guo, Kang Li, Yunbo Ou,
Pang Wei, Li-Li Wang, Zhong-Qing Ji, Yang Feng, Shuai-
hua Ji, Xi Chen, Jinfeng Jia, Xi Dai, Zhong Fang,

http://dx.doi.org/ 10.1103/PhysRevLett.48.1559
http://books.google.com/books?id=DTHxPDfV0fQC&printsec=frontcover&dq=intitle:Physical+Kinetics&hl=&cd=1&source=gbs_api
http://books.google.com/books?id=DTHxPDfV0fQC&printsec=frontcover&dq=intitle:Physical+Kinetics&hl=&cd=1&source=gbs_api
http://dx.doi.org/ 10.1063/1.531066
http://dx.doi.org/ 10.1063/1.531066
http://cds.cern.ch/record/276305
http://cds.cern.ch/record/276305
http://dx.doi.org/ 10.1103/PhysRevB.79.045308
http://dx.doi.org/10.1103/PhysRevB.84.085316
http://journals.aps.org/prl/abstract/10.1103/PhysRevLett.69.953
http://dx.doi.org/ 10.1103/PhysRevLett.108.066805
http://dx.doi.org/ 10.1103/PhysRevLett.108.066805
http://dx.doi.org/10.1103/PhysRevB.86.245309
http://dx.doi.org/10.1103/PhysRevB.86.245309
http://arxiv.org/abs/1311.7149v2
http://arxiv.org/abs/1311.7149v2
http://arxiv.org/abs/1512.04502v2
http://arxiv.org/abs/1512.04502v2
http://arxiv.org/abs/1512.04502v2
http://dx.doi.org/ 10.1103/PhysRevB.91.235101
http://dx.doi.org/ 10.1103/PhysRevLett.118.226601
http://dx.doi.org/ 10.1103/PhysRevLett.118.226601
http://dx.doi.org/10.1103/PhysRevB.96.195401
http://dx.doi.org/10.1103/PhysRevB.96.195401
http://dx.doi.org/ 10.1103/PhysRevLett.119.226602
http://dx.doi.org/ 10.1103/PhysRevLett.119.226602
http://dx.doi.org/10.1103/PhysRevX.7.041032
http://dx.doi.org/10.1103/PhysRevX.7.041032
http://www.sciencedirect.com/science/article/pii/S0921510796019393
http://www.sciencedirect.com/science/article/pii/S0921510796019393
http://dx.doi.org/10.1126/science.1137430
http://dx.doi.org/10.1103/PhysRevLett.111.185302
http://dx.doi.org/10.1103/PhysRevLett.111.185302
http://dx.doi.org/ 10.1103/PhysRevLett.111.185301
http://dx.doi.org/ 10.1038/nature04235
http://dx.doi.org/ 10.1038/nature04235
http://dx.doi.org/10.1038/nature04233
http://dx.doi.org/10.1038/nphys3140
http://dx.doi.org/ 10.1098/rspa.1984.0023
http://dx.doi.org/ 10.1098/rspa.1984.0023
http://dx.doi.org/ 10.1098/rspa.1984.0023
http://prb.aps.org/abstract/PRB/v85/i24/e241308
http://prb.aps.org/abstract/PRB/v85/i24/e241308
http://dx.doi.org/ 10.1103/PhysRevB.90.165139
http://dx.doi.org/ 10.1142/S021797921330017X
http://dx.doi.org/ 10.1142/S021797921330017X
http://dx.doi.org/10.1016/j.crhy.2013.04.003
http://dx.doi.org/10.1016/j.crhy.2013.04.003
http://dx.doi.org/ 10.1103/PhysRevB.90.075104
http://dx.doi.org/10.1103/PhysRevB.93.235133
http://dx.doi.org/10.1103/PhysRevB.93.235133
http://dx.doi.org/10.1103/RevModPhys.82.1959
http://dx.doi.org/10.1103/RevModPhys.82.1959
http://dx.doi.org/ 10.1038/ncomms9629
http://dx.doi.org/ 10.1038/ncomms9629
http://link.aps.org/doi/10.1103/PhysRevLett.61.2015
http://link.aps.org/doi/10.1103/PhysRevLett.61.2015
http://dx.doi.org/ 10.1103/PhysRevLett.106.236804
http://dx.doi.org/ 10.1103/PhysRevLett.106.236804
http://dx.doi.org/10.1103/PhysRevLett.106.236803
http://dx.doi.org/10.1038/ncomms1380


17

Shou-Cheng Zhang, Ke He, Yayu Wang, Li Lu, Xu-Cun
Ma, and Qi-Kun Xue, “Experimental Observation of the
Quantum Anomalous Hall Effect in a Magnetic Topolog-
ical Insulator,” Science 340, 167–170 (2013).

[40] Junjie He, Xiao Li, Pengbo Lyu, and Petr Nachtigall,
“Near-Room-Temperature Chern Insulator and Dirac
Spin-Gapless Semiconductor: Nickle Chloride Mono-
layer,” Nanoscale , 1–19 (2017).

[41] Jean Dalibard, Fabrice Gerbier, Gediminas Juzeliūnas,
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