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We describe square lattice spin liquids which break time-reversal symmetry, while preserving
translational symmetry. The states are distinguished by the manner in which they transform under
mirror symmetries. All the states have non-zero scalar spin chirality, which implies the appearance
of spontaneous orbital charge currents in the bulk (even in the insulator); but in some cases, orbital
currents are non-zero only in a formulation with three orbitals per unit cell. The states are for-
mulated using both the bosonic and fermionic spinon approaches. We describe states with Zs and
U(1) bulk topological order, and the chiral spin liquid with semionic excitations. The chiral spin
liquid has no orbital currents in the one-band formulation, but does have orbital currents in the
three-band formulation. We discuss application to the cuprate superconductors, after postulating
that the broken time-reversal and mirror symmetries persist into confining phases which may also
break other symmetries. In particular, the broken symmetries of the chiral spin liquid could persist

into the Néel state.

I. INTRODUCTION

A puzzling feature of the underdoped pseudogap
regime of the hole-doped cuprate superconductors is
the presence of numerous experimental signals of time-
reversal symmetry breaking and associated orbitals cur-
rents [1-6]. These features do not appear to be natu-
rally connected to other characteristics of the pseudogap
phase: the anti-nodal gap in the fermion spectrum or the
symmetry-breaking antiferromagnetic and charge density
wave orders observed at lower temperature or doping.

In this paper we shall take the view, following other
recent work [7-9], that the orbital currents are character-
istics of a parent ‘spin liquid’ or ‘topologically ordered’
state. The topological order induces a gap in the anti-
nodal fermion spectrum, and the time-reversal symmetry
breaking is an ancilliary feature which is not directly con-
nected to the gap. The onset of conventional symmetry-
breaking orders (such as the Néel order) is likely associ-
ated with a confinement transition, but we assume that
the time-reversal symmetry breaking and the orbital cur-
rents survive across such a transition. So this paper will
explore the patterns of orbital currents in some reason-
able candidate spin liquid states.

In the early studies of square lattice spin liquids, two
distinct approaches were used. These represented the
spins in terms of fractionalized spinon operators, using
either a canonical Schwinger fermion or Schwinger bo-
son for the spinon operator. In a more general language,
adapted for easier identification of the charged excita-
tions and extension to the doped insulator, these two
approaches can be identified with a formalism that trans-
forms to a rotated reference frame in pseudospin or spin
space, respectively. These formalisms lead to two distinct
SU(2) gauge theories of spin liquids, which we will review
in Section II.

We find 4 important classes of spin liquids which break
time-reversal symmetry, and their broken mirror symme-
tries are illustrated in Table I. The patterns are shown in
both the single Cu-orbital model, and the three-orbital

CuOs model, of the cuprate superconductors; these mod-
els will be recalled later in this paper. A complementary
study of broken time-reversal and mirror symmetries in
weakly-coupled Fermi liquids was presented by Sun and
Fradkin [10], and there are some connections to our clas-
sifications. We note the relationships between the states
in Table I and previous studies:

e Patterns B and C were proposed by Varma [11, 12]
in the three-orbital models of the cuprate supercon-
ductors which do not have fractionalization. Pat-
tern B was also discussed by Sun and Fradkin [10]
in a weak-coupling theory.

e Patterns A and B appeared in studies of Zs spin lig-
uids using bosonic [7, 8] and fermionic [9] spinons,
both in the 1-orbital model.

e Pattern D appeared in the study by Sun and Frad-
kin [10] and others [13, 14].

We note that among these 4 patterns, it is pattern D
alone which does not possess a mirror plane symmetry
(without composing with time-reversal) along any orien-
tation within the plane of the square lattice (it has the
same symmetries as the orbital magnetic field perpendic-
ular to the CuOs4 planes). Consequently, pattern D is the
only pattern which yields a non-zero Kerr effect, and a
non-zero anomalous Hall effect in the metallic case.

In this paper, we will provide a bosonic spinon theory
of patterns A, B, and C in the three-orbital model in
Section III. As is noted in Table I, the orbital currents in
pattern C are non-zero only in the three-orbital model.

We will also present both bosonic and fermionic spinon
theories of pattern D. In the bosonic spinon approach,
described in Section III, the saddle-point yields a state
with Zs (i.e. like in the toric code) or U(1) topological
order. In contrast, the fermionic spinon approach, de-
scribed in Section IV, leads to an induced Chern-Simons
term for the emergent gauge field, and so the resulting
state is a chiral spin liquid [15, 16]. So for pattern D, we
obtain distinct spin liquid states from the bosonic and



TABLE I. Summary of the four different orbital-current configurations, A, B, C, and D, we consider in this work. In the second
and third column, the corresponding loop-current patterns are shown in the one- and three-orbital model, respectively. We
focus on one unit cell as the states are all assumed to be invariant under lattice translations. We also indicate (in blue) the
generators of the (two-dimensional) residual magnetic point group consistent with the current patterns. Here, © denotes time-
reversal, 04,4, reflection at the x1z2-plane, o4, o4 reflection at the planes going through the diagonals of the square lattice,
and C4 represents four-fold rotation along the z axis. The fourth column shows the symmetry properties (using differently
textured blue lines) of the overlap (or kinetic energy) K of the orbitals along the different nearest-neighbor bonds in the
three-orbital model. As we discuss in detail in Sec. V, some bonds that have identical overlap in the absence of a magnetic
field B, perpendicular to the plane (labeled by the same number n or n’, i.e., K;, = K,/ at B, = 0) will assume different
values if a magnetic field is applied along the z direction (K, # K, for B, # 0). This can be used to reveal the non-trivial
magnetic symmetries of loop current patterns with experimental probes, such as scanning tunneling microscopy (STM), that
are only sensitive to time-reversal-even observables. For B, # 0, also the symmetries of the loop currents change, which we
have indicated by the red numbers in the third column using the same convention as for K,. The fifth column provides the
associated (three-dimensional) magnetic point groups in the absence (B, = 0) and presence (B, # 0) of a magnetic field.
Finally, the last column states the respective symmetries of e, and b,, defined in Eq. (3.12) for the three-orbital model, which
we use throughout the paper to construct order parameters for the different loop-current patterns.

Pattern 1-orbital model 3-orbital model Kinetic energies Mag. point group en, bn
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instance, all four patterns exhibit distinct combinations
(as dictated by the magnetic point symmetries) of scalar

fermionic spinon approaches. Orbital charge currents
vanished in previous single-band studies of the chiral spin

liquid. Here, we will present a three-band formulation of  spin chiralities <,§Z . (S’J x S’k)>’ where S; is the spin op-

the chiral spin liquid, and show that it has spontaneous
orbital currents as in pattern D.

We will also discuss additional measurable quantities
that allow to distinguish between the four different pat-
terns A-D, both for the one- and three-orbital model. For

erator on site ¢ and 4, j, k are nearest neighbors. We also
show that the different patterns can be detected in time-
reversal invariant observables, such as the overlap of the
Wannier states along the different bonds which is, in prin-



ciple, accessible by STM measurements: as summarized
in Table I, the combination of the magnetic point sym-
metries of the different patterns and the symmetry re-
duction when a magnetic field is applied lead to a unique
deformation of the bonds within the unit cell that can
be used to distinguish experimentally between the four
different states.

We now outline the remainder of the paper. We will
begin in Sec. II by recalling basic aspects of the bosonic
and fermionic spinon theories of spin liquids. We will do
this in a unified formalism which clarifies the relationship
between the two approaches. Section III presents lattice
mean-field theories of the bosonic spinon theory of all 4
patterns of Table I; we will start with the three-orbital
model in Sec. IIT A, that allows for non-zero loop cur-
rents for all patterns, and then discuss how states with
the same symmetries as those of the four loop-current
patterns can be realized in the one-orbital model (see
Sec. 111 B). While we mainly focus on the charge degrees
of freedom in these two subsections, we discuss the spin
sector of the theory in Sec. III C. The discussion of the
complementary fermionic spinon approach can be found
Sec. IV, where we focus on pattern D. We analyze the
symmetry signatures in the presence of a magnetic field
of the different patterns in Sec. V and comment on exper-
imental consequences. Finally, Sec. VI summarizes our
results and discusses application to the cuprates.

II. SU(2) GAUGE THEORIES

It is useful to first express the electron operator in a for-
malism that treats spin and Nambu pseudospin rotations
at an equal footing. So we write the electron operator c;,
(a =1,/ is the spin index) in the matrix form

i —cl
c=[ T T (2.1)
Cil CiT
This matrix obeys the relation
C’iT =o¥Clov. (2.2)

Global SU(2)s spin rotations, Us act on C' by left mul-
tiplication while global SU(2). Nambu pseudospin rota-
tions, U, act on C by right multiplication. The electron
spin operator S; is given by
1

S; = 1Tr(cj oC;), (2.3)
and the electron Nambu pseudospin operator T; is given
by

T, = ~Tr(C! Cy0)

_ 1

4
Lii i e

= 5 (Cil,ciT + CitCiy, 1 (CiiciT — CiTCiL) s

c;rTcn + C;‘[¢Cii - 1) . (2.4)

Note that T, is just the electronic charge operator. This
implies that a generic chemical potential, x, in the Hamil-
tonian will break global SU(2). pseudospin symmetry
down to the charge U(1).. All the S; commute with
all the T;.

It is also useful to note that the squares of the spin and
pseudospin operators are

3 1 1 3
2 _ 1 1
S, = —3 (ciTCiT — 2) (ciicii — 2) + 3

3 1 1 3
2 _ T T
T = 5 (CiTCiT — 2) (cucil — 2) + 3

So the Hubbard interaction, U, can be written either in
terms of S? or T??, and the chemical potential preserves
global SU(2). pseudospin symmetry only at u = U/2.

(2.5)

A. Bosonic spinons

The bosonic spinon formulation is obtained by trans-
forming to the rotating reference frame in spin space.
We introduce a SU(2) matrix R,; which transforms the
SU(2), index to a rotating reference frame by defining
8, 17, 18]

C; = Ry, (2.6)

where the ¥ are fermionic chargons defined as in Eq. (2.1)

Yir —9L )
U, = ( R (2.7)
11%— d)i_t,_
while Rg; is a c-number SU(2) matrix
R - ( a5 ) (28)
Zil ZiT
with
it + |2 ]* = 1 (2.9)

so that RsiRL = RiiRsi = 1. Note that the z;, are not
canonical bosons in this formalism. At low energies, the
Zio ultimately map onto degrees of freedom usually ob-
tained via the Schwinger boson formulation [8, 18]. But
the intermediate steps in the present mapping are differ-
ent from those starting with canonical Schwinger bosons
[19]. Ounly the fermionic chargons are canonical in our
formalism here.

The parameterization in Eq. (2.6) introduces a SU(2)
gauge invariance which we will denote as SU(2)s,. The
transformations of the fields introduced under the various
SU(2)s are:

SU@2),,: C—=C, ¥ —Uy,¥, R,—RU]
SU@2),: C—=U/C, Y -9 R,—UR,
SU@2).: C—=CU,, ¥ —VU., Rs— R4(210)



The R, transform under global spin rotations, and hence
they carry spin: so the R, are the bosonic spinons. We
chose the parameterization in Eq. (2.8) so that (z4,z})
transforms as a doublet under SU(2),.

In this spin rotating frame, the electron pseudospin
operator is expressed only in terms of ¥

1
T, = ZTr(\Il;r\I/ia), (2.11)
but the spin does not factorize
1ot pt
S = ZTr(\IliRsiaqu;\Ili) . (2.12)

The expressions for the squares of the spin and pseu-
dospin are independent of Ry;, and parallel those for the
electrons

s2=-5 (vl ) (wlv - 3) + 3

3 1\ [+ 1\ 3
z - 5 (¢ 2) <wi_¢i_ - 2) + g (213)

B. Fermionic spinons

The fermionic spinon formulation is obtained by trans-
forming to the rotating reference frame in pseudospin
space. The analysis parallels that in Section IT A, with
the spin and pseudospin exchanging roles. Now we in-
troduce a SU(2) matrix R.; which transforms the SU(2),
index to a rotating reference frame by defining [20-22]

C; = FiR.; (2.14)
where the F are fermions (‘spinons’) defined as in
Eq. (2.1)

o fw (2.15)
fw fm
while R.; is a c-number SU(2) matrix
_ bir b2
Rei = ( e, ) (2.16)
with
|bi1|2 + |bi2|2 = (217)

so that RCZRL- = RL—RCZ- = 1. Note that the b’s are not
canonical Bose operators, unlike the approach in Ref. 20.
Instead we have introduced them as components of a c-
number SU(2) matrix; in the path integral formulation,
the b’s will acquire dynamics only after the fermions have
been integrated out.

The parameterization in Eq. (2.14) introduces a SU(2)
gauge invariance which we will denote as SU(2).,. The

transformations of the fields introduced under the various
SU(2)s are:

SU(2)
SU(
SU(

i C—=C, F—FUyg R.—UR,
2),: C—-ULC, F—UF, R.—R.
2) ¢c—-Ccv.,, F—F R.— RU/(218)

c "

Note that the R, transform under global pseudospin ro-
tations, and hence they carry the electronic charge: so
the R, are the bosonic ‘chargons’. We chose the param-
eterization in Eq. (2.16) so that (by,bs) transforms as a
doublet under SU(2),. In our formulation, it is crucial to
distinguish between SU(2), and SU(2).,; in contrast, the
setup of Ref. 20 did not make this distinction, and only
considered SU(2)¢,

In this pseudospin rotating frame, the electron spin
operator is expressed only in terms of F'

1
S; = ZT&r(FJ oF;), (2.19)
but the pseudospin does not factorize
1
T, = zTr(RL.FiTFiRC,»o) : (2.20)

The expressions for the squares of the spin and pseu-
dospin are independent of R.;, and parallel those for the
electrons

(50 (111
3 3
i22(f sz > ( fli ) 3 (2.21)

III. BOSONIC SPINONS AND FERMIONIC
CHARGONS

In this section, we assume that the charge degrees of
freedom have fermionic statistics, while the spin degrees
of freedom have bosonic statistics. We provide descrip-
tions in the three-orbital model in Sec. IIT A, in the one-
orbital model in Sec. IT1I B, and using the CP! theory of
fluctuating antiferromagnetism in Sec. I11C.

A. Three-orbital model

As it allows for finite loop-currents for all four patterns
in Table I, let us begin with the three-orbital model [23,
24] of the CuOs planes. The Hamiltonian H = Hy+ Hiys
of the three-orbital model consists of two parts. The



noninteracting part, Hy, can be written as

Hy=— tzl Z Z s (z d;@pl,j—&-s%,a + H.c.)

ja s=%i=a,y

/ ! ’ .‘_
—t Z Z ss (py7j+587y,apm’j+s/€7m’a + H.c.)

Jj,a s,8'==%

— AZInPJ - uzlnj,
’ ’ (3.1a)

which is also summarized graphically in Fig. 1. Here,
djo and pg o (Pyja) describe the annihilation of an
electron in the Cu-d and in the O-p, (O-p,) orbital
of spin a and on site j of the CuOy plane. We in-
clude both nearest-neighbor hopping ¢ between the Cu-
d and the O-p orbitals as well as the diagonal hopping
matrix elements ¢’ between O-p, and O-p,. The to-
tal density of electrons and of those residing on oxygen
atoms only are denoted by n; =) dj od; o + np j and
Npj = Zs’l pj’jﬂ%,apl’jﬂ,%ﬂ, respectively. The pref-
actors p and A multiplying these operators in the Hamil-
tonian (3.1a) are the chemical potential and the ener-
getic on-site splitting between the Cu and O atoms. In
Eq. (3.1a), the primes on the summation symbols indi-
cate that the sum only involves sites j € Z? of the square
lattice of the Cu atoms.

To keep the notation as compact as possible we will
use, from now on, the following equivalent representation
of the noninteracting part of the Hamiltonian:

Hy= — Z Ztijc;racja + Z Z (A; — ) c;r-acja,
« J «

ij
(3.1b)
where the summations run over all Cu and O sites of
the CuO layers of the system and cjo = dj o, OF Cjo =
Dz.j,as Cja = Py,j,o depending on whether j refers to a
site with Cu-d (integer jg, jy), or O-p,, O-p, orbital
(half-integer j, or j,) as relevant low-energy degree of
freedom. Accordingly, A; € {—A,0} and ¢;; € {£it, £t}
with ¢7; = t;; as required by Hermiticity.
We take the interaction Hi,; to be of the spin-fermion
form

I
Hiyy = fgz Zc}aa‘a/gcﬂg - ®; + Ho, (3.2)
Jj aB
where o = (0,,0,,0.)" is the vector of Pauli matri-

ces and ®; a bosonic field describing collective spin-
fluctuations. For a complete description, we also need
to add a contribution Hg to the Hamiltonian that deter-
mines the dynamics of the collective mode ®;. However,
for the following analysis, we will not have to specify
Hg explicitly but, instead and more generally, assume
an appropriately chosen form of Hg to tune between the
different phases that we discuss below.

For simplicity, we assume that the spin-fluctuations
only couple to the electrons in the Cu-d orbitals and ne-
glect any coupling to electrons residing on the oxygen

FIG. 1. CuO; lattice (upper right) and illustration of the
conventions used in this paper shown in one unit cell of the
three-orbital model (lower left). The non-zero hopping matrix
elements ¢;; on the different bonds, see Eq. (3.1a), and the
gauge connections of the chargons, see Eq. (3.7), are indicated
in black and blue, respectively.

atoms; this is already indicated by the prime in the sum
in Eq. (3.2). We will see below that it already allows for
all relevant loop-current-order phases. The generaliza-
tion to also including couplings to the oxygen atoms is
straightforward but does not provide additional crucial
physical insights for our analysis.

1. Effective Hamiltonian of the chargons

To be able to describe a pseudogap phase in the ab-
sence of broken translational symmetry, we follow pre-
vious work [7, 8, 17, 18] and transform to a rotating
reference frame in spin space, i.e., use the description
introduced in Sec. IT A. This means that we rewrite the
electronic operator c¢j, according to Eq. (2.6) or, more
compactly,

Cja = Y (Rsj)up¥is, Rsj € SU(), (3.3)

B=+

which will allow us to conveniently describe phases with
topological order. Physically, Eq. (3.3) corresponds to
the fractionalization of the electron’s spin, carried by the
“spinon” R,;, and its charge degree of freedom, carried by
the “chargon” v; = (¢;4,1;—)". It also automatically
introduces the local SU(2),, gauge symmetry, defined in
Eq. (2.10), which reads in spinor notation as

st — stUT Usgj € SU(Z)

V5 = Usgsthjs sgj (3.4)



Inserting the transformation (3.3) into the spin-fermion
coupling (3.2), we obtain the chargon-Higgs coupling

/
Hie =—gY Y ¥l 0apthjs  Hj+Hy,  (3.5)
Jj ap
with Higgs field H; defined according to
o H; =Rl oR,; ®;. (3.6)

From this definition, we directly see that the Higgs field
transforms under the adjoint representation of SU(2),.
Exactly as its parent term Hg in Eq. (3.2), Hy will not
be specified explicitly here. Note that, due to our approx-
imation of neglecting the spin-fermion interaction on the
oxygen sites, also the Higgs field only couples to the char-
gons residing on the Cu sites. For notational simplicity,
we will absorb the coupling constant ¢ into the definition
of the Higgs field.

Since we are mainly interested in loop-current pat-
terns, we will first focus on the chargons. In Sec. I11 C, we
will come back to the spin degrees of freedom and derive
the corresponding CP' theory. The effective Hamiltonian
Hy, of the chargons is obtained by inserting the transfor-
mation (3.3) into Eq. (3.1) and performing a decoupling
of the quartic spinon-chargon terms. Adding the coupling
(3.5) to the Higgs field, it reads as

Hw = — Z Ztijw'ja (Uij)ocﬁ w]ﬂ

ij af
7 [e]

j ap
(3.7)

with unitary U;; satisfying U;; = (Uj»)Jr as required by
Hermiticity and representing the SU(2) gauge connection
felt by the chargons. Note that there are in general also
renormalizations of the magnitude of the hopping matrix
elements, t;; — Z;;t;;, for the chargons as has been ex-
plicitly demonstrated in Ref. 18. As it is not relevant to
our discussion here and for notational simplicity, we will
neglect the renormalization factors Z;; in this work.

There are configurations of the gauge connections Uj;
and of the Higgs field that lead to loop currents. This
will be shown explicitly below, by evaluation of the ex-
pectation value of the operator

Tig = =Ty = =ity »_ ¥l (Uig) 5 ¥y + He.
af

(3.8)

for the current from site ¢ to site j in the ground state
of the chargon Hamiltonian Hy. The form (3.8) of J;;
follows formally from the continuity equation (we set the
electron charge to be —1),

Qi ==Y Ty, (3.9)
J

Qi=-> Uit

TABLE II. Summary of the transformation behavior of e,, and
by, defined in Eq. (3.12) under the point group operations, Cy,
0yz, and time-reversal ©. As in Table I, Cy and o,. denote
/4 rotation along the z axis and reflection at the yz plane,

respectively. As in the main text, we identify n = 5 = 1
cyclically.
€n bn
C4 €n — En+1 bn — bn+1
Oyz €1 <> €2, €3 <> €4 b1 <> 7b2, b3 < 7b4

(€] €en — en byp, — —bn

2. Symmetry analysis and loop currents

To organize the search for possible ansétze for H; and
Ui; that yield loop-current patterns, we first analyze the
time-reversal and space-group symmetries of the chargon
Hamiltonian for given H; and Uj;.

Naively, one would expect that the mean-field Hamil-
tonian (3.7) preserves a space group symmetry g if and
only if it is explicitly invariant under g, i.e., invariant
under replacing 1; — 14;. Recalling the gauge invari-
ance (3.4) associated with rewriting the electronic oper-
ator in terms of spinons and chargons, we see that this is
only sufficient but not necessary; instead, the mean-field
Hamiltonian Hy respects the symmetry g if and only if
there is G4(j) € SU(2) such that the Hamiltonian is in-
variant under

Y — Gg(i)hg;- (3.10)

Similarly, time-reversal symmetry is preserved if the
Hamiltonian commutes with the antiunitary operator ©
defined via

0¢,0" = io,Go(j)¥; (3.11)
for some properly chosen Gg(j) € SU(2). Note that
the additional matrix io, appearing in Eq. (3.11) is just
a matter of choice as it could have, equally well, been
absorbed into Gg(j).

One important immediate consequence of Eq. (3.11)
is that H; # 0 is required to have loop currents: Ap-
plying the transformation (3.11) with Gg(j) = oo to
the chargon Hamiltonian (3.7), the Ansatz transforms
as Uj; — UyU;;ay = Uy (due to unitarity of Ui;) and
H; — —H,. Consequently, only if H; # 0, time-reversal
can be broken which, in turn, is necessary to have non-
vanishing currents in the system.

Instead of only performing a symmetry analysis based
on Egs. (3.10) and (3.11), we will also consider gauge-
invariant quantities, denoted by e, and b, in the follow-
ing, with non-trivial transformation behavior to check
and illustrate the discussion. This will also allow for a
direct connection between e,, b, and the loop currents.
Let us use W, (j) and V;,(j), n = 1,2, 3,4, to denote the



SU(2)-gauge connections U corresponding to the four Cu-
O and O-O bonds in the unit cell (with Cu atom at site
j) as shown in Fig. 1. We define

en(d) = Tr (W), (DW,ia ()] (3.12a)

bu() = iH T [0 WGV, )W, ()], (3.12D)
where n = 1,2, 3,4 and we have made the identifications
Vs = V4 and W5 = Wi to keep the notation compact.
Taking advantage of the fact that the unitarity of V,,
and W, implies o, V,, 0, = V;; and similarly for W, it
is easy to see that both e,(j) and b,(j) are Hermitian.
From Eq. (3.11), we see that e, and b, are even and
odd under time-reversal, respectively, while the behavior
under spatial symmetries follows from Eq. (3.10). The
transformation behavior of e, (j) and b,,(j) is summarized
in Table II. Note further that e, (j) (b,(f)) is even (odd)
under reversal of the direction of the loop or, in other
words, e1(j) — e1(j) (b1(j) — —b1(j)) under reflection
o4 at the plane along z = y, parallel to the z axis and
going through the Cu atom at site j. In this sense, b, (j)
is a measure of local chirality.

As by, () transforms exactly the same way as a loop cur-
rent circulating along the associated Cu-O-O triangle, we
expect that an ansatz with b, (j) # 0 has non-zero loop
currents. Indeed, starting from a fully local theory and
treating the hybdizations ¢ and ¢’ between neighboring
atoms as a perturbation, we find (see Appendix A) as
leading non-vanishing contribution

TO() =4Sy (1H | A, p) ba () (3.13a)
for the current between two O atoms along the direction
of V,, in Fig. 1 and

JOCu(Y = 3¢ f, (|H;|, A, 1) (bn—1(§) — bu(4)) (3.13b)

for the current from the O to the Cu atom along the bond
associated with W,,. To write the expression for JO-C in
form of a single equation, we have, again, made the cyclic
identification by = by. In Eq. (3.13), the dependence on
the on-site energy scales H;, A, and p is described by
the function f,(H, A, i), given explicitly in Appendix A.
As we are at this point only interested in establishing a
direct relation between the quantities {b,,} and the loop
currents rather than using Eq. (3.13) to calculate the cur-
rents quantitatively, we do not go beyond leading order
in the hybridization ¢, .
The condition for having intra-unit-cell loop currents,
i.e., no net current flow between different unit cells reads
T CNG) + 00 0) = S () =0 (3.14)
Inserting the expressions for the current given in
Eq. (3.13), we find that this condition is indeed satisfied
for any value of b,(j). Note, however, this is a conse-
quence of the perturbative treatement of hopping up to
third order which only takes into account the intra-unit

cell operators b, (j). As we are interested in the physics
of loop currents in the presence of translational symme-
try, we will focus on b, (j) = b, in the following. In that
case, Bloch’s theorem [25, 26| requires Eq. (3.14) to hold
exactly (to any order in ¢, t).

Based on the relation between the orbital currents
and the four independent quantities b, in Eq. (3.13),
we will next classify the different translation-invariant,
intra-unit-cell loop-current patterns of the three-orbital
model. The discussion of possible ansétze for the char-
gon Hamiltonian (3.7) that realize these current patterns
will be postponed to the Sec. IIT A 3 below.

To organize the presentation, let us first focus on con-
figurations that break the two-fold rotation symmetry
Cs perpendicular to the plane but preserve the combined
symmetry operation ©C5 of two-fold rotation and time-
reversal. This is the situation, we had focused on in our
earlier work in the one-orbital model [8]. As is readily
seen from Table II, invariance under ©C5 imposes the
constraint b, = —b,42. There are thus two independent
bn, say by and by, which leads to three different cases to
consider: First, by = +bs, which corresponds to current
pattern A shown in Table I and is characterized by the
additional residual symmetries o, (or 0,,) and 0, (or
O0,, depending on the relative sign of by and by). These
symmetries impose the constraint e, = e,q1 (see Ta-
ble II) on the time-reversal-invariant e,,, which will play
an important role when discussing the behavior in the
presence of a magnetic field in Sec. V. Assuming that the
crystal structure preserves the reflection symmetry o,
at the zy-plane, the associated three-dimensional mag-
netic point group is m'mm. The pattern has 2 x 2 = 4
domains, which are related by C4 and correspond to the
relative sign of by, bs and to the two possible signs of b;.

Second, the case by # 0, bs = 0 (or, equivalently, 1 <
2) corresponds to pattern B in Table I. It has the diagonal
reflection symmetries o4 and Oay (or d <> d’) and, again,
four domains, corresponding to the global sign of b,, and
interchanging b; and by. In this case, symmetries only
require e, = e,42.

In principle, there is also a third possible case defined
by b1,be # 0 with |by| # |b2|. However, it only preserves
©C; while all other in-plane symmetries are broken. In
fact, the residual symmetry group is just the intersection
of the symmetries of pattern A and B; the corresponding
pattern can be regarded as a combination or mixture of
these two patterns, which is why we do not add this case
as an additional independent pattern in Table I.

Let us proceed with the complementary case of pat-
terns that preserve Cy and are, hence, odd under ©C5.
We first note that, while the previously discussed cur-
rent patterns can be realized in the one-orbital model,
see Table I, this is not true for those that are even un-
der Cs: on the square lattice, the current operator J;;
associated with any bond 7 — j can be transformed into
Jji = —Ji; by consecutive application of Cy and an ap-
propriately chosen translation operation and, hence, has
to vanish. This is different in the three-orbital model,



where translational symmetry does not act irreducibly
but only within the set of Cu-d, O-p;, and O-p, orbitals
separately. This makes Cs-symmetric loop-current pat-
terns possible in the three-orbital model as we show next.

Invariance under Cy demands b,, = b, 42 and, hence,
there are again only two independent b,,, which we choose
to be b; and by as before. If by = —bs, pattern C will be
realized, which only has two domains (related by Cy4 or
time-reversal) corresponding to the two possible choices
of the global sign of b,,. This state is characterized by the
magnetic rotation symmetry ©Cy (leading to e, = e;41)
and reflection symmetries at the xz- and yz-planes. As
opposed to pattern A, by = by does not correspond to a
different domain of pattern C but to a different pattern
which we refer to as pattern D. This pattern is special
as it is the only configuration that does not exhibit any
in-plane reflection symmetry (without composing with
©). Furthermore, it is the only pattern where the sum
of all b,, is non-zero and, in that sense, possesses a net
chirality. There are two domains, related by time-reversal
(or reflection), which correspond to the global sign of b,,.
Finally, it is left to discuss |b1| # |b2|. Ounly Ca, Ooy,
and, thus also, ©cy remain symmetries — the magnetic
symmetry group is the intersection of those of pattern C
and D, which is expected since |b1| # |bz| can be seen as
the simultaneous presence of pattern C and D. This is
why this case is not discussed as an independent pattern
in Table I and in the analysis in the remainder of the
paper. Note that by # 0, by = 0 (or 1 « 2 for that
matter) is not special from a symmetry point of view
as it has the same magnetic point group as a generic
configuration with |by| # |bs].

In principle, one can also consider the situation where
both C5 and ©C5 are broken. However, these configura-
tions can be viewed as combinations of the patterns A,
B (Cz odd) and C, D (odd under ©C3) and will, hence,
not be discussed further. This can be easily seen by not-
ing that the combinations of b,, corresponding to the four
different loop-current patterns in Table I represent four
linearly independent basis vectors spanning the space of
possible configurations of the four different quantities b,,.

3. Possible ansitze

After classifying the different orbital-current patterns,
as summarized in Table I, and discussing their relation to
the gauge-invariant quantities b,, defined in Eq. (3.12b),
let us next analyze which configurations of or ansétze for
Hj, U;; give rise to the different current patterns. As
one might expect, there are many, gauge-nonequivalent,
ansétze with the same symmetries and current signatures
which can be classified using the projective symmetry
group approach [21].

To restrict the number of possible ansitze, we focus
on states that are close to the fractionalized antiferro-
magnet, U;; = 1, H; = Ho(—1)=TJve, (or any gauge-
equivalent representation for that matter), which pre-

serves all symmetries of the square lattice and time rever-
sal. More precisely, we look for a family of ansétze that
can be continuously deformed into the fractionalized an-
tiferromagnet by tuning a set of parameters, denoted by
¢; in the following, to zero. This is motivated by the prox-
imity of long-range antiferromagnetism to the pseudogap
state, by the good agreement of the spectrum of this
ansatz with photoemission data, and the agreement of
many properties of this ansatz with dynamical mean-field
theory and quantum Monte Carlo data on the strongly
coupled Hubbard model [18, 27]. For sufficiently small
€; < 1, these important consistency conditions are still
satisfied and the finite values of ¢; induce the additional
symmetry breaking and loop-current order. Note that,
in the limit ¢; < 1, the energy scale of the time-reversal-
symmetry-breaking orbital currents is much smaller than
Hj and, hence, than the anti-nodal gap; this is consistent
with numerical studies [28-30] of finite clusters of the
three-orbital model that yield upper bounds on orbital
currents that are much smaller than the pseudogap.

Our starting point for all four different patterns is the
canted-Néel-like Higgs-field configuration,

H; = Hy [(—-1)Mve, + ere.], (3.15a)
where the small canting, ¢; < 1, has been introduced
to conveniently discuss U(1), ¢ = 0, and Zs, € # 0,
topological order simultaneously.

For U;; = 1 on all bonds i,j, time-reversal and all
space-group symmetries of the crystal are preserved,
leading to b,(j) = 0. Let us, thus, instead consider the
more general form

Wn(]) — ]17 Vn(]) — e—isnez(—l)jz+jyoz7 (315b)
with s, = {+1,—1,0}, which yields
en(j) = 2cos(spea), bn(j) = 2Hpsin(spe2), (3.16)

independent of j as required by translational symmetry.
Choosing s, equal to the sign of the non-zero values of
b, listed in Table I and s,, = 0 for n with b, = 0, the
ansatz (3.15) will reproduce the correct symmetry sig-
natures in e, (j) and b, (j) for all four different patterns
A-D. One can further show that all indicated magnetic
symmetries are preserved. Consider pattern D, where
Vn(j) = e~ie2(=1""Vou 4q an example. Possible gauge
transformations accompanying the symmetry transfor-
mations of translation 7}, by e, p = z,y, four-fold rota-
tion Cy, and the magnetic reflection ©0,., are G, = io.,
Ge, =1, and Ge,,, = i0,, respectively.

This shows that Eq. (3.15) provides an ansatz that is
continously connected to the fractionalized antiferromag-
net, (e1,€2) = (0,0), but restricts the symmetries to the
magnetic space group of the different pattern A—D once
€o is non-zero. A finite value of ¢; reduces the resid-
ual gauge symmetry from U(1) to Zy, gapping out the
U(1) “photon” that is present for ¢; = 0. We have also
checked explicitly by diagonalization of the tight-binding



Hamiltonian in Eq. (3.7) that these configurations repro-
duce the corresponding loop-current and kinetic-energy
patterns depicted in Table I.

Note that the class of ansétze in Eq. (3.15) has, in
general, no associated conventional (on-site) magnetic or-
der parameter: it is not possible to choose a gauge such
that U;; = 1 on all bonds ¢,j and all non-trivial as-
pects of the ansatz are contained in the Higgs-field tex-
ture. If this was possible, the condensation of the spinons
with (Rs;) o< 1 in this gauge would transform the effec-
tive chargon Hamiltonian (3.7) into that of electrons in
the presence of long-range order with conventional mag-
netic order parameter (®;) following the texture of the
Higgs field. This follows by noting that (R,;) o 1 im-
plies a trivial relation between chargons and electrons,
see Eq. (3.3), and between the Higgs field and (®;), ac-
cording to Eq. (3.6). Instead, the inevitable presence of
non-trivial U;; in the gauge where (R,;) oc 1 leads to an
electronic Hamiltonian with effective hoppings that are
non-trivial in spin, 4.e., involve some form of spin-orbit
coupling. More specifically, the phase with (R,;) o< 1 of
the three-orbital ansatz in Eq. (3.15) can be thought of
as having (canted) Néel order on Cu atoms which does
not break any symmetry in any spin-rotation invariant
observable. The additional symmetry breaking results
from the interplay with the oxygen atoms, which have
no local moments, but non-trivial spin-spin correlations
between neighboring atoms. We will come back to this
interpretation in the context of spin models in Sec. I[II C 1
below.

In Appendix B, we prove that there is no ansatz (even
when including those that are not close to the antifer-
romagnet) for Eq. (3.7) with U;; = 1 and the symme-
tries of pattern C or D and, thus, no conventional on-site
magnetic order parameter. This is a consequence of the
restrictions arising from the preserved translational and
rotation symmetries. Note, however, that the loop cur-
rent patterns A and B can be represented by U;; = 1
when H; assumes the form of a conical spiral,

H; = Hy (cos(Qr;),sin(Qr), e1)” (3.17)

with incommensurate @ and non-zero canting e; > 0.
As has already been discussed in Ref. 8 for the one-
orbital model, pattern A and B correspond, respectively,
to Q = (1 — eo,m)7 and Q = (71 — €2, 7 + €2)7 with
incommensurate €s.

Similar to the ansatz (3.15) discussed above, the con-
ical spiral also has two independent small parameters,
€1 and €y, deforming the fractionalized antiferromagnet.
However, for the conical spiral, loop current order is in-
evitably tied to the reduction of the residual gauge group
to Zg; time-reversal-symmetry will only be broken if €;
and €3 are both non-zero. This is different for Eq. (3.15)
which allows for loop currents with both U(1) and Z
topological order.

B. One-orbital model

Let us now discuss the one-orbital model that only
involves the Cu-d orbitals forming a square lattice. In
analogy to our discussion above, we consider an effective
chargon Hamiltonian,

Hy == 33 il U)o 3

nJ B

- Z/ > VlaTastys - Hj,

JooaB

(3.18)

and look for possible ansétze, U;; € SU(2) and H; € R,
that lead to the symmetries of the four different pattern
A-D in Table I. The sole difference compared to our anal-
ysis in Sec. IIT A is that Eq. (3.18) now only involves the
Cu sites on the square lattice as indicated by the prime
in the sums over lattice sites. We assume that at least
the nearest and next-to-nearest-neighbor hopping ampli-
tudes are non-zero.

As analyzed in detail in Ref. 8 and already mentioned
above, the conical spiral Higgs texture in Eq. (3.17) along
with U;; = 1 constitutes a possible ansatz for the loop-
current patterns A and B in the one-orbital model. In
this section, we look for possible ansitze that can also re-
alize the symmetries of pattern C and D. Recall, however,
that the preserved two-fold rotation symmetry Cs of pat-
tern C and D does not allow for non-zero loop currents
in the one-orbital model. Nonetheless, one can ask the
question whether it is possible to write down an ansatz
for the square-lattice chargon Hamiltonian that leads to
the symmetries of pattern C and D; the resulting theory
can be seen as a minimal description of the corresponding
loop-current phases. The different non-trivial magnetic
point groups can still have physical consequences since
there are, as we will show below, other observables in the
Hilbert-space of the one-orbital model that probe the re-
duction of symmetry to the magnetic space groups of
pattern C and D.

1. Ansdtze for pattern C and D

Based on the result of Appendix B that there are no
ansétze with U;; = 1 for pattern C and D and noting that
any small deformation of @ in Eq. (3.17) from the an-
tiferromagnetic value Q = (m,7)7 will necessarily break
both Cy and ©Cy, we start again from the canted Néel
configuration (3.15a) and look for small deformations of
U;; = 1 that lead to the correct symmetry breaking.

Motivated by the success of Eq. (3.15) for the three-
orbital model, let us consider

72’5#62(71)-7‘””'*'-7‘901 ()

=it
Ui' - U’L T: € ’ ‘] ¢ Ko
5= Un) {]17 otherwise,
(3.19)



with p =1,..., N, labeling the N, distinct pth-nearest-

neighbor vectors denoted by n(p )

one of {n(p )
Ny = 2 with n; ) = e, and n(l) = e,. The additional
parameters s, will be chosen so as to lead to the correct
symmetries and e; < 1 guarantees that U;; are close to
1.

We first note that the ansatz in Eqgs. (3.15a) and (3.19)
preserves translational symmetry [with G, = io., p =
x,y in Eq. (3.10)] for any choice of s, and p. It can also
induce time-reversal-symmetry breaking, which is most
easily seen for the case ¢ # 0 [31]: H, — —H,; can
only be “undone” by performing the gauge transformation
Geo = *io, which, however, leads to e = —ea.

Due to the alternating sign in the exponent of
Eq. (3.19), Cy is preserved if and only if (n p)) (nff”))y
is odd, i.e., if the pth nearest neighbor hopping connects
different sublattices of the square lattice; this leads us to
p =1 and p = 4 as the two smallest values of p satisfying
this constraint.

To begin with p = 1, note that o,, is automatically
preserved and, hence, pattern D cannot be described.
However, the symmetries of pattern C are indeed realized
upon choosing s; = —s5 for 17(1) = e, and 77(2) =e,. To

1 z 1 Y
illustrate the symmetries of this phase, let us consider
the Hermitian and gauge-invariant operators

where we only include
(p )} to the list. For example, we have

L o (5) = T [Ujjtse, Uisses.jtste,Uitsre,.i]  (3.20a)
Lg,s’(j) = ZHja Tr [O—an,qusem Uj+sem,j+s’ey Uj+s’ey,j] 5
(3.20b)

in analogy to e, (j) and b,(j) in Eq. (3.12). Defining

—LLG) BG) =L L),

WG =L _(),  EG) =—L"_(j). (3.21)

for u = e, b, we find that I and 12 transform exactly as e,,
and b,, (see Table IT). Inserting the ansatz in Eqs. (3.15a)
and (3.19), we find

() =
15(5)

2cos(ez(s1 — s2)),
15(7) = ~15(5)
= —14(j) = 2Ho sin(ea(s1 — s2)),

(3.22)

which confirms our symmetry analysis. Note that, ex-
actly as in case of the three-band model ansatz (3.15),
the symmetries are independent of whether ¢; = 0 or
€1 # 0 — the latter only determines whether the resulting
state has U(1) or Zs topological order.

As opposed to the Ny = 2 nearest-neighbor bonds,
there are N, = 4 fourth-nearest-neighbor bonds which
transform non-trivially under o,,. This essential geomet-
ric property of the bonds allows to write down an ansatz

for pattern D: Usmg the conventions, 17<4) = 2e,; + ey,
05" = e, +2e,, NS’ = —e, +2e,, and ny = —2e,+e,,
we find that s; = s3 = —s3 = —s4 leads to the
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correct symmetries. In this case, the (renormalized)
fourth-nearest-neighbor hopping amplitudes in the effec-
tive chargon Hamiltonian (3.18) are required to be non-
zero as well. Similar to our discussion of pattern C above,
we can write down observables of the form of Eq. (3.21),
this time involving U;; with ¢ and j being fourth-nearest
neighbors, to probe the magnetic point symmetries of
pattern D. Also in this case, the symmetry breaking only
requires non-zero €3 and can both be realized with U(1),
€1 =0, or Zs, €1 # 0, topological order.

2.  Bi-local Higgs field

Above, we have presented ansdtze for both the
one-orbital and three-orbital chargon Hamiltonian in
Egs. (3.18) and (3.7) that realize the symmetries of the
different loop-current patterns and are close to the an-
tiferromagnet. While those for pattern A and B have
associated conventional on-site magnetic order parame-
ters with the same symmetries, this is not the case for
pattern C and D; the ansatz for the latter necessarily in-
volved non-trivial U;; (in any gauge). In this subsection,
we show that the extension of the form of the effective
chargon Hamiltonian (3.18) to also include bi-local Higgs
fields, that lie on the bonds of the lattice, allows for an-
séitze for pattern C and D with U;; = 1. The associated
conventional magnetic order parameters involve both on-
site and inter-site spin moments or, put differently, non-
trivial form factors.

To be more explicit, we generalize the local Higgs-
chargon coupling Hi,y = Z mep ; - Hj in the second
line of Eq. (3.18) to

!/
Hint - Z w;awj . Hj + AI{inta (3238‘)
J
with additional bi-local Higgs-chargon coupling
, 3
i#j a=0
where H,i; = Hj ;; (due to Hermiticity) and o, =

(00;04,0y,0%). The extension to include also the iden-
tity matrix for the bi-local Higgs field H, ;; is required
by gauge invariance: The existence of H, glj with

§ :Usgz ’ az] E oo H OCZJ’

for generic Usg;, Usgj € SU(2), requires non-zero H),_ i
We imagine the terms in Eq. (3.23) to arise from rewrit-
ing the coupling of electrons ¢; to Hubbard-Stratonovich
fields, ®; (on-site magnetism), and ®,;; (bond charge,
a =0, and/or spin-density, o = x,y, z, waves),

mt—g cac <I>—|—§ g caacj Dy ij,

i#j a=0

(3.24)

(3.25)



by fractionalizing the electronic operator into spinons,
R;, and chargons, v;, according to Eq. (3.3) and intro-
ducing the bi-local Higgs field H, ;; via

3
> G
a=0

We note that bond charge and spin density waves,
Eq. (3.25), have been considered before, e.g., in the
cuprates [32-34] and, more recently, proposed to be rele-
vant for the correlated insulating state in twisted bilayer
graphene [35].

Here we will focus on ansdtze with U;; = 1 on all
bonds and consider different configurations of the local
and bi-local Higgs fields. In that case, the condensation
of the spinons with (R,;) o< 1 leads to electrons in the
presence of long-range on-site spin, (®;), and inter-site
spin/charge order, (®, ;;), with the same spatial form as
H; and H, ;;, see Egs. (3.6) and (3.26), respectively.

As Eq. (3.23) allows for many different ansitze, we or-
ganize our search by focusing on Higgs fields H, ;; with
small bond length |i — j|. As explained above, we are in-
terested in states close to the fractionalized antiferromag-
net, i,e., Uij = 1, Hz = Ho(—l)iw+iyem, and Hoz,ij =0
(or gauge-equivalent). For the same reason as before,
we choose the on-site Higgs field to have a canted Néel
texture using the parameterization given in Eq. (3.15a).
Including the small canting, €; < 1, allows us to conve-
niently study U(1) and Z, topological order at the same
time. Without further terms, this ansatz preserves all
square-lattice symmetries and time-reversal. We next
discuss the form of the bi-local Higgs terms H, ;; with
shortest bond length |i — j| that have to be added to this
ansatz in order to yield the symmetries of pattern C and
D.

For pattern C, adding Higgs terms on nearest-neighbor
bonds already suffices. To see this, consider

Z Rl0aR, ;P = Hgij. (3.26)

!/ . .
AHiy = i€2HOZ (_1>Jz+]y Z suz/J;Jrqu,ﬂwj + H.c..
J =,y

(3.27)
with s, € R. Under o,, and Cj, it holds s, — s, and
(Sz,8y) — (Sy, Sz), respectively. The magnetic symme-
tries of pattern C are, thus, realized when s, = —s,.
The state has U(1) or Zs topological order depending on
whether €, =0 or €; # 0.

Note that, in linear order in €5, this ansatz is math-
ematically equivalent to that chosen in Sec. IIIB1 for
pattern C. However, the current consideration via ori-
entational averaging of an inter-site magnetic moment
provides a different physical picture for its microscopic
origin. Furthermore, there are also additional ansétze
which are mathematically distinct from those possible in
Eq. (3.18): Consider the (third-nearest-neighbor) term

!/ . .
AHin = e2Hoy (=177 7 5u¢;+2e,‘,0y¢j +He,
J H=T,Y

(3.28)
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again with s, € R, which leads to the symmetries of
pattern C upon choosing s, = —s,. In this case, e; # 0
is required as otherwise time-reversal symmetry would
not be broken.

Before proceeding with pattern D, let us illustrate the
broken symmetries of these ansétze using observables
constructed from U;; and the Higgs fields. To this end,
consider

4 3
:ZZZ (000U ;] HajHa g jn + Hee,

(3.29)
where Uﬁr j represents a product of Us;; # 0 connect-
ing the two square-lattice sites j, j +n and transforming
as UJPJF,” — Usgj+nUgP+n,jUsng under the gauge trans-
formations in Eq. (3.4). Being Hermitian and gauge
invariant, £,(j) is an observable and easily seen to be
odd under time reversal. For our ansatz in Eq. (3.15a)
supplemented with the bi-local term (3.27), we find
Le,(j) = L_e,(j) = 4Hezs,, independent of j as re-
quired by translational symmetry. We further see that
the magnetic point symmetries of pattern C are realized
for s, = —s, and that €¢; # 0 is not required, in accor-
dance with our projective-symmetry discussion above.

To illustrate the broken symmetries resulting from sup-
plementing Eq. (3.15a) by the bi-local term in Eq. (3.28),
the observable £, (j) is not sufficient, which follows from
the fact that it only involves one on-site Higgs field but
the resulting symmetry-breaking term must vanish if ei-
ther of the two terms in Eq. (3.15a) is zero as we have
seen above. For this reason, we instead consider

A = Z ZTr 0a0aU. J+m j+n200Uj +7727]]

a,b=1 a=0
X Hq jHo j,j4m, Hp j4n, +H.c.,
(3.30)

"717"72

which is, again, Hermitian, gauge invariant, and odd un-
der time-reversal. This observable allows to probe the
broken symmetries induced by Eq. (3. 28) upon properly
choosing m;1 and m2; we find Age, e, = A 2e, e,
—SHOelegsM, which is only non-zero if Hy,e€1,€2,5, # 0
and transforms as the loop current pattern C under all
magnetic symmetry operations (upon choosing s, = —s,
as discussed above).

Pattern D can be analyzed in a similar way. As ex-
pected based on our analysis in Sec. I[II B 1, the bi-local
Higgs ansatz for pattern D that can, to leading order in
€2, be recast in the form of the ansatz in Eq. (3.19), is
the fourth-nearest-neighbor term,

4
!/ . .

AH;p = zeQHOXj: (—1)d=+ds ; S“w;mﬁ‘” 0.1, + He..

(3.31)

The symmetries of pattern D are correctly reproduced

upon choosing s1 = s3 = —sy = —s4 with U(1) or Zs



topological order depending on whether we set ¢; = 0 or
€1 75 0.

Also in this case, we can write down a real bond order
parameter, which is, hence, not of the same asymptotic
mathematical form as those in Eq. (3.19). However, it
requires at least sixth-nearest-neighbor bonds,

4
/ . .
AHin = €2Hy E (—=1)7=Fiv g suw;+n(6> oy; + He,

J u=1 "

(3.32)

with sixth-nearest-neighbor vectors n\” = 3e, + e,
© _ © _ _ © _ _

7, = €z +3ey, N3’ = —e, +3ey, N, = —3e; + e,y.

Choosing again s; = s3 = —sg = —s8, yields the symme-

tries of pattern D as long as €; # 0.

Also in this case, we can probe the symmetries of
these ansétze by evaluation of observables of the form
of Egs. (3.29) and (3.30), once the appropriate bonds
(j) = deos, H{

1, N1,2 have been chosen: we find Lin”)

i
and Ain&@}iﬁ“ = —8H361€28H, where 771 = _;7“4 = ey,
M2 = —73 = ey, for the bi-local term in Egs. (3.31)

and (3.32), respectively. We, thus, see explicitly that
the symmetries of pattern D are correctly represented if
$1 = 83 = —89 = —84 as noted above.

C. Spin degrees of freedom and CP! theory

So far, we have focused on the chargons, which was
very natural given our motivation of describing topolog-
ically ordered states that exhibit non-zero orbital cur-
rents. In this section, we discuss the spin degrees of free-
dom. Based on our interest in states which are close to
the antiferromagnet (see Sec. III A 3), we will start from
the CP' description of fluctuation antiferromagnetism
[36] and discuss various Higgs phases of the theory that
lead to spin-liquid states with the same symmetries as
the different loop-current patterns in Table I.

1. Spin models and loop currents

By design, any theory that only describes the spin de-
grees of freedom does not exhibit any currents. How-
ever, suitable combinations of spin operators can couple
to the current operators in some order of ¢/U. As these
operators have to be time-reversal odd and (in the ab-
sence of spin-orbit coupling) spin-rotation invariant, they
must at least involve three spin operators. The only spin-
rotation invariant combination of three spin operators S
is the triple product of three distinct spins (also known as
scalar spin-chirality operators). Focusing on intra-unit-
cell operators in the three-orbital model, we are left with

As,s’ (Z) = ‘gi : (‘SA’Z'Jrs%C X ‘SA’H»S’%J) 5 s = +, (333)

where, as before in Sec. IIT A, integer (half-integer) in-
dices refer to Cu (O) sites. In Refs. 37, it was explicitly
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demonstrated that spin-chirality operators can couple [at
order (t/U)?] to bond-current operators.

The scalar spin-chirality operators (3.33) also resonate
well with the interpretation of the ansétze in Eq. (3.15)
for the loop-current phases in the three-orbital model
discussed in Sec. TITA3: The Higgs field (3.15a) on
the Cu sites describes antiferromagnetism with non-
zero magnitude of the local magnetic order but with-
out long-range order, due to strong orientational fluctu-
ations in the topologically ordered states (where (Ry;) =
0). While there is no Higgs field on the oxygen sites,
V., in Eq. (3.15b) describes non-trivial local spin cor-
relations .SA'HS%L X S’Hs,%y; while these vectors under-

goe strong orientational fluctuations, too, leading to
(Sitsep X Si+s,%> = 0, its fluctuations are correlated
with those on the Cu sites. This allows for non-zero ex-
pectation values of Ay in Eq. (3.33).

To connect more explicitly to the loop-operators b, in
Eq. (3.12b), that are related via Eq. (3.13) to the current
operators in the three-orbital model, let us define 4,
n =1,2,3,4, according to

d1(1) = Ay 4 (d),
d3(1) = A _(2),

52(1) = _A*"F(i)a
5a(i) = A (i)

With these definitions, d,,(¢) is found to have the same
transformation properties as b, (i) under all symmetry
operations (see Table II). This not only provides a di-
rect connection between the scalar spin-chirality opera-
tors (3.33) and the Wilson loops b, of the gauge theory,
but also allows to read off the spin operator that cou-
ples to the different loop-current patterns A-D from the
symmetries of b, given in Table I. For instance, in the
case of pattern D, the associated spin-operator reads as
03 = Zj' Zi:l 0,(4), which is Cy symmetric, odd un-
der time-reversal ©, and even under Oo,,.

One can also write down observables with the same
transformation properties as the four loop-current pat-
terns A-D in terms of spin operators on the Cu atoms
only, i.e., in the one-orbital model on the square lattice.
This is achieved simply by replacing the oxygen atoms in
Eq. (3.33) by neighboring Cu sites,

(3.34)

Ag (1) := 8- <§i+se1 X S'Hs/ey) , 8,8 =4, (3.352)

and defining 6, analogous to Eq. (3.34), 61 (i) = Ay (i)
and so on. Also §,, transforms as b,, under all symmetry
operations and the order parameters for all different loop-
current patterns follow from Table I — in particular,

4
~ ! ~
Ob =2 D onli):
7 n=1
The result of Appendix B implies that there is no anal-

ogous classical magnetic texture on the square lattice,
(S;), such that the classical factorization

Buwr (i = (80 - ((Sirse.) x (Sitwe,))

(3.35b)

(3.36)



of the expectation value of Eq. (3.35a) captures the sym-
metries of pattern C and D. In contrast, for pattern A
and B, this is possible once (S;) assumes the form of a
conical spiral [8].

This crucial difference between pattern A/B and C/D
will also be reflected in the CP' formalism: in Sec. IT1 C 3
below, we will find that the CP' description of phases C
and D requires more complicated terms (with more fields
and derivatives) than those of phases A and B. This will
again be traced back to the presence of the magnetic
point symmetry C20 of the latter two loop current pat-
terns while the loop currents C and D are odd under
C50. For completeness, we finally point out that this
difference in symmetry has the following additional con-
sequence for the description in terms of spin operators.
Pattern A and B can couple to operators of the form

Lu(i) = 8; (S‘H,, X S}_,,) , (3.37)
with n = e, for pattern A and n = (1, —1) for pattern
B. For any loop current pattern, such as C and D, with
preserved Co (and translational) symmetry, we must have
(Ly) = 0 for any n.

2. Pattern A and B

Let us now turn to the CP' description of these phases
and begin with pattern A and B. As has already been
discussed in Ref. 8, the CP' theory naturally leads to
phases with Z, topological order and exactly the same
symmetries as the loop-current pattern A and B. In this
subsection, we briefly review and introduce the notation
in order to describe the states with the symmetries of
pattern C and D in Sec. II1 C 3 below.

The CP! action of fluctuating antiferromagnetism
reads as [36]

1
S = Q/dzxdﬂDuzaF +..., Dy =0, —iay,, (3.38)

where the integration and the index p of the derivative
0,, involve two-dimensional space, € = (x,y), and time, ¢,
%4 are two-component bosonic CP* fields (with constraint
25z, = 1 and related to the local Néel order n according
to n = zfoz), and a, are emergent U(1) gauge fields.
By virtue of being compact, the gauge fields allow for
monopoles which require additional regularizations and
Berry-phase terms represented by the ellipsis. However,
these terms are not crucial for the following analysis as we
focus on Zs topologically ordered states where monopoles
are suppressed.

While we will mainly focus on symmetry arguments in
this section, the CP! action can, in principle, also be de-
rived [8, 18] from the microscopic Hubbard-like model by
rewriting the electronic operators according to Eq. (2.6)
and integrating out the chargons (technically only possi-
ble in the insulator); after rewriting the spinon fields R;
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as in Eq. (2.8), a gradient expansion yields the continuum
CP* theory.

The prefactor 1/g in Eq. (3.38) controls the strength
of fluctuations; for small g, we obtain a conventionally
ordered Néel phase, where (z,), (n) # 0, while large ¢
induces a gap to the bosons. Without further terms in
the action, confinement will eventually lead to valence
bond solid (VBS) order [19, 38|.

To avoid confinement for large g, we add charge-
2 Higgs fields (~ zz). As we are only interested in
spin-rotation invariant Higgs phases (see transformation
behavior of the CP' fields summarized in Table III)
and zaeapzg = 0, with en3 = (ioy)ap, the leading
non-vanishing terms we can consider are z,£,80:23 and
Za€ap0az8, a = x,y. This motivates considering the ex-
tended action S — S+ [d?*z dt Lpg with

Lpg = (0, — 2ia,)P)* + (0, — 2ia,)Qa|?
+ (M P eapzaOizp + A2Qreapza0425 + Hoc.)
—mp|PP? —m3|Qal” + ...,
(3.39)

where the ellipsis stands for higher order terms in the
Higgs potentials. From the transformation properties
summarized in Table III, we can see that if both P and Q,
condense, time-reversal and two-fold rotation symmetry
Cs are broken while their product is preserved. Trans-
lational symmetry is present as long as (P)(Q,)" € R.
This shows that phases with the symmetries of the loop
current patterns A and B are obtained as Higgs phases of
the quadratic CP' theory in Eqgs. (3.38) and (3.39): The
symmetries of pattern A are obtained when

(Qe) =q, (Qy)=0, (P)=p, (3.40)
and those of pattern B if
<Qz> = <Qy> =4q, <P> =D, (341)

where pg* € R. An observable, i.e., a gauge-invariant,
Hermitian operator, in terms of the Higgs fields that can
couple to the current patterns A and B is given by

O — Q:P+Q,P". (3.42)
We have <(’)CP1> = 2pq*(1,0) and ((’)CP1> = 2pg*(1,-1)
for pattern A and B, respectively. In Ref. 8, these Higgs
phases have been explicitly derived from the one-orbital
SU(2) gauge theory of Sec. 111 B.

While the CP! theory very naturally leads to phases
with the symmetries of pattern A and B, obtaining those
of the current patterns C and D is more difficult, as dis-
cussed next.

8. Pattern C and D

The CP' theory in Eqgs. (3.38) and (3.39) cannot have
the same symmetries as those of pattern C and D since it
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TABLE III. Representation of all relevant symmetries, translation 7%, by lattice spacing along z,y, spin-rotation SU(2)s,
time-reversal ©, two-fold rotation Cy, four-fold rotation Cy, and reflection oy, in the CP! theory (3.38) with additional Higgs
fields P, Qq, and Wgp, defined in Egs. (3.39) and (3.45), respectively. We use R, to denote the representation of g = oy, C4
on 2D coordinates & = (x,y)”. As C» plays a crucial role in the discussion of Sec. 111 C'3, we have added Cs as a separate

symmetry although (C4)2 = (5.

Symmetry CP! fields P Q. Wab
Ty Zo(x,t) = €apzp(z,t) P — P* Q. — Q Wap — W2
SU(2)s Za(x,t) — (ei““’)aﬁ zg(x, t) P— P Qo — Qa Wap — Wap
Co Za(®yt) = za(—x,t) P—P Qo — —Q. Wat = Wap
C] 2a(®,t) — eapzp(x, —t) P——P Qo — Qa Wap = Wap
Cy za(,t) = za(Re,x, t) P— P Qo = (Rc,Q)a Wap — (RC4WR£4)M,
Oyz Za(x,t) = 2a(Ro, ., 1) P—P Qo — (Ro).Q)a Wap — (RUyZWRZyZ)ab

necessarily preserves the product of Cs and time-reversal:
As @, and P are even (odd) and odd (even) under time-
reversal (Cz), we can only either preserve time-reversal
and Cs (only one of the fields condenses) or break both
at the same time (both condense). In fact, any quadratic
CP*' theory with spin-rotation and translational symme-
try has the property that if time-reversal is broken, the
same holds for C3. To see this, first note that spin-
rotation invariance only allows for two different types of
terms,

c1250"z, +Hee. and coeapza0”z3 +He., (3.43)

with, in general, complex prefactors c; 2 € C. Here 0"
represents n derivatives with respect to either space or
time or any mixture of the two.

To begin with the first term, translational symmetry
requires ¢; € R. Consequently, only even powers n can
contribute (in the bulk) and, hence, this terms has to
be invariant under time-reversal in order to preserve Co
(and vice versa).

In the second term in Eq. (3.43), only odd n can con-
tribute due to the antisymmetry of . As additional mul-
tiplication of 8™ by 2, 92, or 9,0, does not yield terms
with different behavior under © or Cs, we can focus on
O" = 0y or 0" = 0J,, which are just the terms gener-
ated by condensation of the Higgs fields P and @, in
Eq. (3.39). This proves that ©C5 is a symmetry of any
local, quadratic CP! theory with spin-rotation and trans-
lational symmetry.

Consequently, we necessarily have to go beyond
quadratic order to describe phases with the same sym-
metries as pattern C and D. As terms with three z fields
necessarily lead to the loss of topological order, we have
to study expressions involving four z fields (order pa-
rameters expressed in terms of gauge fields will be dis-
cussed at the end of this section). Naturally, there are
many terms involving four bosonic fields that can be con-
sidered. Therefore, we first focus on charge-2 terms of
the form ~ z*23. Naively, there are two possible spin-
rotation invariant Higgs candidates to consider, which,

to leading order in derivatives, have the from
(3.44a)
(3.44b)

(Z:;aﬂza) (55’)’2,68#/27)7
(22000 0"2,) - (y020250" 25),

where u, ' = x,y,t and n+n’ = 2. However, it is easily
seen that the terms of the form of Eq. (3.44b) with n = 2,
n’ =0 (and n <> n’) vanish (upon integrating by parts)
and that the remaining possible case, n = n’ = 1, is
equivalent to Eq. (3.44a) which can be shown by partial
integration. We can, hence, focus on Eq. (3.44a). To
further restrict the number of possible choices of 1 and p’,
we note that the total number of spatial derivatives of any
Higgs term in phase C or D cannot be one. This results
from the combination of translational and C4 rotation (or
OC,) symmetry: Take, e.g., @, which we have studied
earlier. Due to Cy (or ©Cy) rotation symmetry, we have
(Qu) = £i(Q,) which, at the same time, is inconsistent
with translational symmetry. The same argument applies
to the four-boson terms in Eq. (3.44).

In combination with the fact that both current pat-
terns C and D break mirror reflection symmetries, the
minimal number of spatial derivatives is two. We are
thus left with just a single term, with both derivatives in
Eq. (3.44a) being spatial, and, hence, extend the action
in Eq. (3.38) according to § — S+ [d*z dt (Lpo+Lw),
where

Lyw = (0, + 2ia,)W;y) (0, — 2ia,)Wie + V (Wap)

+ AsWay, (26Daz,) (€p425002,) + Hee.,
(3.45)

with V(W) describing the Higgs potential and a,b =
x,y being summed over. Note that W, can be restricted
to be symmetric under a <> b as the antisymmetric part
of Wy, only couples to a (quadratic) boundary term.

As follows from the symmetry representations listed in
Table III, pattern C is obtained as

(Qa) =0, (P)=p,

(Waa) = — (W) = w, (Way) = (Wya) =0, (3.46)



where, due to translational symmetry, pw* € R.

As before, we can define observables in terms of Higgs
fields that can directly couple to the loop currents. To
this end, let Ry, = W)y P + Wo P*, which is Hermitian,
gauge invariant, spin-rotation symmetric, invariant under
translation, and odd under time-reversal (see Table III).
The combination

OFF' = Rup — Ry (3.47)
of the different components of R,;, has exactly the same
symmetries as the loop-current patterns C and can there-
fore be seen as the corresponding CP! order parameter.

In the case of pattern D, however, rotation and re-
flections symmetries require (Wy,) = — (W) # 0 (or,
equivalently, O%Pl = Ray — Ryz) which cannot be real-
ized due to Wy, = W, as discussed above.

So far, we have been focusing on charge-2 quartic Higgs
fields, ~ z*23. However, in principle, also U(1) symmet-
ric, ~ (2*2)?, or charge-4 Higgs fields, ~ 2*, are conceiv-
able. Interestingly, as is shown in Appendix C, these two
additional classes of terms do not allow for the symme-
tries of pattern C and D with two or fewer derivatives.

Consequently, in order to realize pattern D, we have to
consider Higgs fields involving higher-order derivatives.
It can be realized, for instance, by extending Eq. (3.45)
to include a charge-2 Higgs field X!, with coupling

Ay (X)) (25D.D}z,) (e8v2502,) + He,y  (3.48)
where, as before, a,b = z,y and p = x,y,t. This allows
to write down a CP' order parameter for pattern D,

1 *
OF =Y P (Xt - XI')+He; (3.49)
I

the symmetries of pattern D are realized, e.g., when
(P) =pand (Xj,) = —(X},) =z with pz* € R.

As discussed in Appendix D, very similar behavior is
found in the semi-classical O(3) non-linear sigma model
[39] description of pattern D: as a consequence of ro-
tation and reflections symmetries, the O(3) non-linear
sigma model expression for the order parameter 5;%, de-
fined in Eq. (3.35), has its first non-zero contribution
at fourth order in the gradient expansion and its form
closely parallels that of O%Pl. In contrast, the order pa-
rameter of pattern C can be represented involving two
spatial gradients.

Finally, we mention that one can also write down an
order parameter for pattern D in terms of the gauge fields
a,. As pointed out in Ref. 40, the operator €,,,,0, fou fur,
with f,, = 0dua, — Oya, and three-dimensional Levi-
Civita symbol €,,, has the same transformation prop-
erties as (5;% under all symmetries of the square lattice
and ©; upon noting that a, transforms as izTauz [see
Eq. (3.38)], it is readily seen that this is the gauge-
invariant combination of gauge fields with the fewest
number of fields and derivatives that has the same sym-
metries as pattern D. Also its structure is very similar
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to O%Pl in Eq. (3.49) (with a, ~ i279,2, both operators
contain five derivatives). Transforming the same way un-
der all symmetries of the system [including the emergent
continuous spatial rotation symmetry of the continuum
CP? action|, the gauge-field operator €,,20, fyufox and
O%Pl will, in general, be coupled in the effective action
obtained by integrating out the CP' bosons z,.

IV. FERMIONIC SPINONS AND BOSONIC
CHARGONS

In this section, we turn to the fermionic spinon ap-
proach outlined in Section IIB. Among the orbital cur-
rent patterns illustrated in Table I, the fermionic spinon
realizations of patterns A and B were already presented
in Ref. 9. Motivated by the observation that the descrip-
tion of pattern D was most complicated in the approach
with bosonic spinons, ¢.e., involved the largest number
of derivatives or furthest neighbor hopping, we will focus
on the case of pattern D in the following.

One of the main results of our paper is that pattern
D is connected to a spin liquid that has been extensively
studied in the literature: the chiral spin liquid [15, 16].
We will recall the fermionic spinon theory of the chiral
spin liquid in Section IV A using the one-band square
lattice model. However, the one-band formulation is not
sufficient to detect the nature of the orbital currents: the
four-fold rotational symmetry of the state implies that
orbital currents vanish identically on all links of the one-
band square lattice. We then proceed to the discussion
of the three-band case in Section IV B, and demonstrate
the presence of orbital currents in the pattern D.

A. 7m-flux and chiral spin liquid states in the
one-band model

For our purposes, it is convenient to set up the
fermionic spinon formulation by starting with an under-
lying Hubbard model (rather than the more commonly
used ¢t-J model). We begin by writing the parameteriza-
tion in Eq. (2.14) in the form

Cia = bi1 fia + by 5&/3]% (4.1)
where o =1,] is a spin index. Inserting this into the
hopping terms of the Hubbard model, we use

latio = (Flfia) Giib)+(Fiaflo ) (Viabiz) +... (42)

The terms omitted in Eq. (4.2) involve f-fermion pair
operators whose average values vanish in the states we
consider below. For the local number density, after fac-
torizing fermion and boson expectation values, Eq. (4.2)
implies

(chacia) =14 ({flufia) =1) (bal* = ) . (43)
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FIG. 2. Sketch of the saddle-point Hamiltonian, Hy, for the
fermionic spinons, f, in the one-band model. The hopping
parameters t1 and t2 are real. The m-flux state is obtained by
to = 0, and the chiral spin liquid for ¢ # 0.

We now replace the boson operators in Eq. (4.2) by
expectation values, and assume that they lead to an ef-
fective Hamiltonian for the fermionic spinons, f,, of the
form

Hy=-) (Eijfgafja + IEzﬁﬂ'fj(’fm) '

1<j

(4.4)

Note that the ﬂj have been renormalized from the bare ¢;;
in the electronic three-band model by factors of (b};b;1 —

*bj2); the t;; are gauge-invariant, while the ¢;; are not.
To obtain the m flux and chiral spin liquid states, we
take first and second neighbor hopping +t; and ity as
shown in Fig. 2. We employ a 2 site unit cell, and then
the momentum space Hamiltonian is

Hy = ij ij £ () Moy (k) foo (K) (4.5)

where a,b = A, B are sublattice indices, and the matrix
M is specified by

M1 = — Moy = —2t5 sin(kx + k‘y) — 2ty sin(km — k‘y)

Mo = M3, = —2t; cos(ky) — 2ity sin(ky) (4.6)
This Hamiltonian has Dirac nodes at valleys v = 1 at
k= (r/2,0)and v =2at k = (—n/2,0). We focus on the
vicinities of these points by writing k = (£7/2 + ¢4, qy)
and expand for small ¢,,q,. We also introduce Pauli
matrices 7* in sublattice space, o* in spin space, and p*
in valley space. Then we can write the Hamiltonian as

(4.7)

This is the Hamiltonian of two species of two-component
Dirac fermions with mass 4t5.

M =267 7% qy + 2017y — 4toT "
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Importantly, the chirality of the masses at the 2 Dirac
nodes is the same. To see this, let us introduce the La-
grangian density associated with M

L= 1[0, — 2it y* 150, — 2it1 7V, — Ao 1| f (4.8)

We want to remove the p? in the z-derivative. So we
map
1 z 1 — u?
o | Ao ] (4.9)
2 2
Then the Lagrangian density becomes
L= 1o, = 2ity 770, — 2it17Y9, — dtar?] f  (4.10)

We also want to make the matrices associated with
derivatives symmetric. So we map

(1+47%)

f (4.11)

to obtain

L= f10, —2it, 770, — 2it,7°0, + 4oV . (4.12)
This form establishes the common chirality of both Dirac
nodes.

The field-theoretic formulation of the gauge fluctua-
tions about this spinon Hamiltonian have been discussed
extensively in the literature, and a recent discussion is
in Ref. 40. The m-flux state, at to = 0, is described by
a SU(2).4 gauge theory coupled to 2 species of massless
2-component Dirac fermions. The Dirac mass term, can
be viewed as the condensate of a fluctuating scalar field,
¢. In this manner, we obtain a continuum relativistic
Lagrangian, which we can write schematically as

Lo = ifruDf —iNGTf + (80)° + 567 + ugt . (4.13)

Here v, are the Dirac gamma matrices, Dy, is a co-variant
derivative of a SU(2)., gauge field a, and X is a Yukawa
coupling to the real scalar field . When (¢) = 0, we
obtain the w-flux gapless spin liquid: Ref. 40 argued
that this spin liquid describes the phase transition be-
tween the Néel ordered and VBS phases. As we tune the
scalar mass s, we undergo a quantum phase transition to
a phase which spontaneously breaks time-reversal sym-
metry with (¢) # 0: this is the chiral spin liquid. The
¢ condensate gives the fermions a mass, and integrating
out the massive fermions yields a Chern-Simons term in
the SU(2) gauge field [40].

The field theory in Eq. (4.13) can also describe a direct
phase transition from the chiral spin liquid to a Néel or-
dered phase across a deconfined critical point at s = s..
When s < s., ¢ is condensed, leading to a chiral spin lig-
uid, as noted above. Exactly at s = s., we have critical
¢ fluctuations along with gapless fermions, and we pre-
sume this stabilizes a deconfined conformal field theory.
For s > s, ¢ is gapped and can be ignored; the remaining
theory is SU(2) quantum chromodynamics with Ny = 2



flavors of two-component massless fermions, and recent
Monte-Carlo simulations [41, 42] indicate that such a the-
ory undergoes confinement and chiral symmetry break-
ing. A reasonable conclusion is that the chiral symmetry
breaking leads to Néel order [42].

We also computed the orbital currents in the one-band
chiral spin liquid state above by introducing the charged
boson excitations as described below in Section IV B. We
confirmed that all currents vanished in this one-band for-
mulation, as stated in Table I. As already mentioned
above, this vanishing is related to the four-fold rotational
symmetry of pattern D. Given any link oriented from site
i to j, we can perform a 7w-rotation about site ¢, and fol-
low it by a translation, to deduce that the current should
be the same on the link oriented from site j to ¢; hence
all currents vanish in the one-band model. This argu-
ment does not extend to the three-band model because
then the O sites are not centers of four-fold rotation sym-
metry. The following section explicitly demonstrates the
presence of orbital currents in the three-band formulation
of the chiral spin liquid.

B. Extension to the three-band model

We will now apply the parameterization in Eq. (4.1)
to the three-band model, and deduce the structure of the
mean-field theory after factorizing expressions like those
in Eq. (4.2) into fermion and boson bilinears. All factor-
izations will conserve spin, and the boson and fermion
numbers separately, as is needed for a theory of an insu-
lator or metal. We will also consider here the effective
action for the bosons b; and bs, and use it to compute
the orbital charge currents on each link.

Before describing the structure of the effective Hamil-
tonians of the fermions and bosons, we first consider
the fate of the kinematic Berry phase terms in the La-
grangian. From the definitions in Section II, we have

o dre, = %Tr [Cj 8701}

1 1 (4.14)
ST [FjaTFi} + 5T [RZiFiTFiﬁTRCi ,

where we have freely integrated by parts. The first term
on the right hand side confirms that the F; fermions are
canonical, as we have already assumed. In the second
term, we replace the fermion bilinear with an expectation

value (in the Grassman path integral), with <F:Fi> x
o?. Then using

1
§Tr [RLUZGTRCZ} = bj10:bi1 + b}50: bz, (4.15)

we confirm that the b;; and b;s behave like canonical
bosons (after rescaling). Note that the right-hand-side

of Eq. (4.15) is invariant under global SU(2),, as it must
be.
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FIG. 3. Hopping matrix elements of the fermionic spinons, f,
in the three-band CuO2 model. The on-site energy on the O
sites is €p. Thin lines are 1, thick lines are —t;, dashed lines
are to and thick dashed lines are —t2. The arrows determine
the choice between t2 and t5. The parameters ¢; and €, are
real, while t2 is complex in the chiral spin liquid. Real t2
yields the 7-flux state.

Let us now describe the structure of the fermion Hamil-
tonian. As in Section IV A, this is obtained by factoriz-
ing the boson bilinears in Eq. (4.2). Then the analog of
Eq. (4.5) is now

Hy =3 " epflo(k) faa(k)

k a=3

6
£33 Fla ) Mas (k) foa (k) (4.16)

k a,b=1

where a, b extends over the 6 sites in a unit cell illustrated
in Fig. 3. The matrix M,; contains the hopping matrix
elements ¢; o as illustrated. The signs of the real ¢; are
chosen so that there is 7 flux in each square lattice pla-
quette of Cu atoms. The complex ¢y are chosen so that
the flux in all loops is invariant under all square lattice
translational and rotational symmetries. We numerically
diagonalized in Eq. (4.16) and found that the spectrum
was very similar to that of the one-band model in Sec-
tion IV A. At t; = 0, there are 2 massless Dirac nodes.
Turning on a non-zero t; opens up a gap at both nodes
with the same chirality, so that the bands near the Dirac
nodes have a non-zero Chern number. Consequently, the
low-energy theory of the spinons is still given by the field
theory in Eq. (4.13).

Next, we determined the effective Hamiltonian for the
bosons by factorizing the fermion bilinears in Eq. (4.2).



This yields a Hamiltonian for b; of the form

Hyp=)_ Z €p1b7, (K

k a=3

+ZZb

k a,b=1

)b1a (k)

(k)bw(k),  (4.17)

where M is a matrix with | same structure as M, but with
the t1 and ¢y replaced by ¢; and t. Similarly, the Hamil-
tonian for by is

Hyp =Y Z €p2b3, (K

k a=3

DI AC

k a,b=1

b2 (k)

(k)b (k) ,  (4.18)

The condensation of b; » leads to superconducting states,
and so we only consider Hy; o at temperatures above the
condensation temperature of the bosons.

Finally, we used the above quadratic Hamiltonian for
the fermions and bosons to compute the gauge-invariant
charge current on each link. From Eq. (4.2), the expres-
sion for the current, J;;, on the link connecting sites 4
and j is

Jij = 2t;;Im [<ﬁafja> (bi1bj1) — <f}afi0¢> <b;2bi2>} .
(4.19)
We assumed sample values of the parameters t; o, t~172,
€p, €p1,2, and the fermion and boson chemical potentials.
We then verified numerically that for ¢, ¢, complex, the
currents J;; display pattern D of Table I.

We note that the above formalism can be applied
equally to the undoped and doped antiferromagnets, as
long as the temperature is high enough so that the bosons
are not condensed. As T' — 0, the Chern-Simons term
will convert the bosons into semions, and we expect any-
onic superconductivity at non-zero doping [43-45]. This
should be contrasted with the low temperature metallic
states with the same time-reversal and mirror symmetry
breaking, but distinct Zs topological order, obtained in
the formalism of Section III for pattern D.

V. SYMMETRY SIGNATURES OF DIFFERENT
LOOP CURRENTS IN MAGNETIC FIELD

Having provided various spin-liquid descriptions of
loop-current order, we next comment on the distinct
symmetry-signatures of the different loop current pat-
terns in Table 1. Based solely on symmetries, the follow-
ing discussion does not depend upon which spin-liquid
description is used. For concreteness, we use the three-
orbital model with bosonic spinons, see Sec. IIT A; to il-
lustrate our general symmetry arguments by explicit cal-
culations.
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Although the magnetic point group uniquely deter-
mines the loop current pattern in Table I, some ex-
perimental probes are only sensitive to time-reversal-
invariant observables, such as STM. This is why STM
can only be used to extract the (local) magnetic point
group modulo time-reversal. For instance, in the case of
pattern C and D, all time-reversal-invariant observables
will be invariant under all symmetries of the square lat-
tice, i.e., the presence of these types of loop currents
is entirely “invisible” to STM. For both pattern A and
B, only nematic symmetry breaking (reduction of point
group from Cy, — Cy,) is accessible. Using the overlap
between neighboring atoms as examples, the symmetry
signatures for time-reversal invariant observables of all
patterns are illustrated in Table I.

However, distinct symmetry signatures of pattern A-D
can be revealed in time-reversal symmetric observables
once a magnetic field along the z direction is applied,
B, # 0. Upon noting that the magnetic field is invari-
ant under C4 and Oo,,, the resulting symmetry signa-
tures for the local overlaps of the atomic wavefunctions
are straightforwardly obtained and summarized in Ta-
ble I. For instance, an imbalance in the overlap of the
Cu-O bonds along the positive and negative z- and y-
directions cannot be directly induced by the magnetic
field alone but will be proportional to the product of the
magnetic field and the order parameter of loop-current
pattern B; the experimental detection of this imbalance
in a magnetic field would be strong evidence for loop-
currents with the symmetries of pattern B.

We note that pattern D is special as it is the only con-
figuration that transforms exactly as the magnetic field
along the z direction and, hence, does not lead to any
additional symmetry breaking when an orbital magnetic
field B, is applied. In this sense, it can be regarded as
an orbital ferromagnet. This is also the reason why this
pattern exhibits an anomalous Hall and a non-zero Kerr
effect as discussed in the introduction.

To illustrate these symmetry arguments, we consider
the kinetic energies (A denotes the magnetic vector po-
tential)

Kij* < zfjdrAr),l/J ( l])aﬁ1/]jﬁ+HC>
along both the four different O-O bonds associated with
V,, in Fig. 1 (denoted by K9© n = 1,2,3,4, in the
following) and along the four Cu-O bonds associated
with W, (represented by K$%©) within the three-orbital
model of Sec. IITA.

In analogy to the derivation of the expectation values
(3.13) of the currents, obtained by treating the hopping
amplitudes ¢, ¢’ as perturbations, we can calculate Kj;
in the presence of a magnetic field. As shown in Ap-
pendix A, the leading terms that depend on the magnetic
field read as

(5.1)

K9O(B.) ~ K90(0) o

= t*t' [ fysin(¢)bn + fe(1 — cos(¢))en]



for the O-O and
KON (B.) — K7°0)
= 2 [—fb sin(¢) (bn + bn_1)
+ (1= cos(@))(en + en-1)]

(5.2b)

for the Cu-O bonds. In Eq. (5.2), the dependence on the
magnitude H = |H;| of the Higgs-field (independent of j
due to translational symmetry), on p, and A is described
by the prefactors fe, = fe (H, A, p), which are given
in Egs. (A10) and (All), and ¢ is the magnetic flux per
elementary Cu-O-O triangle in units of the flux quantum.

From these expressions and taking into account the
symmetries of b, and e, of the different loop-current
patterns, we reproduce all symmetry signatures in the
presence of a magnetic field discussed above and shown in
Table I. For instance, while the kinetic energies of pattern
D are affected by a magnetic, we see from Eq. (5.2) that
all bonds are affected equally in that case since b,, = b, 1
and e, = ep41.

We finally point out that, in general, also the symme-
tries of the loop current patterns themselves are affected
by the magnetic field. The generalization of Eq. (3.13)
to B, # 0 reads as

JV?_O(BZ) =%t/ [fb COS(¢)bn — Je Sin(¢)6n] )
JS-CU(BZ) = t*t/ [fb c08(¢)(bn—1 — bn)
+ fesin(¢)(en — €n—1)].

(5.3)

Note that, despite the reduced symmetries of the current
patterns, the currents are still intra-unit-cell loop cur-
rents in the sense that Eq. (3.14) is satisfied. While the
pre-factor cos(¢) of b, in Eq. (5.3) leads to a change in
magnitude of the loop currents with magnetic flux ¢, the
terms proportional to sin(¢) and e,, describe the change
in symmetry of the loop-current pattern. For example,
the magnitude of the loop currents of the Cu-O bonds
along the positive and negative x- and y-axis become
different for pattern B when a magnetic field is applied;
the symmetry changes for all loop current patterns are
summarized in Table I. We finally note that pattern B
is the only pattern where the application of a magnetic
field B, leads to a current along a bond [the O-O bonds
parallel to the diagonals z =y, JS;O (B;) # 0] that has

to be zero for B, = 0 [J£;°(0) = 0].

VI. CONCLUSIONS

This paper has described the low-energy theories of
various square-lattice spin liquid states which break some
combinations of time-reversal and mirror reflection sym-
metries. We focused on the 4 distinct patterns shown
in Table I, and constructed them with the two methods
described in Section II: the SU(2),, gauge theory with
bosonic spinons in Section III, and the SU(2)., gauge
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Pseudogap phase
with
topological order
/ \
SU(2)4 gauge theory SU(2)s4 gauge theory
with a rotating with a rotating

reference frame in

reference frame in
pseudospin space spin space

/ \

Obtain confining phases with
low energy pseudospin
(i.e. charge) excitations:
superconductor,
charge density wave

Obtain confining phases
with low energy spin
excitations:
antiferromagnet

FIG. 4. Sketch of a proposed relationship of the phases of
the cuprates to a “parent” pseudogap phase with topologi-
cal order. This parent phase is presumed to reach confin-
ing states via deconfined critical points described by a SU(2)
gauge theory. The SU(2)., and SU(2).4 theories reach the
phases found at lower and higher doping, respectively. Note
that the confining phase has low energy spin (pseudospin) ex-
citations when we transform to a rotating reference frame in
pseudospin (spin) space.

theory with fermionic spinons in Section IV. As two out
of the four patterns in Table I only allow for finite orbital
currents in the three-orbital model of the CuO5 planes,
we have presented realizations in both the one-band and
three-band models. In addition to the orbital currents
themselves, we have also constructed further order pa-
rameters for all different patterns in terms of the degrees
of freedom of the low-energy theories — both in the one-
and in the three-band model. The scalar spin-chirality
operators in Eq. (3.33) assume non-zero expectation val-
ues along the elementary Cu-O-O triangles in Fig. 1 with
the relative sign determined by the magnetic point group
of the respective pattern (see Sec. IIIC 1). The simplest
spin-chirality operators in the one-orbital model involve
neighboring Cu atoms and are given in Eq. (3.35a). Fi-
nally, in Sec. V, we have discussed the behavior of the
different patterns in the presence of a magnetic field.
We have shown that the magnetic field in conjunction
with the non-trivial magnetic point groups of the cur-
rent patterns lead to unique deformations of the orbital
overlap along the elementary Cu-O bonds, which we pro-
pose as a possible route towards distinguishing different
loop-current patterns experimentally.

After obtaining these spin liquid states and discussing
their properties, we can now ask about their possible rel-
evance to the physics of the cuprates. A proposal for such
applications is illustrated in Fig. 4, drawing upon insights
from recent quantum Monte Carlo studies on some other,
simpler, spin liquid states [42, 46]. We view the spin-
liquid state as a “parent” pseudogap phase with topolog-
ical order. Such a parent state can be described by Hig-
gsing either the SU(2),, or SU(2)., gauge theories, and



different choices for the Higgs fields lead to the symmetry
breaking patterns in Table I. Now imagine that the gauge
theory undergoes a Higgs-confinement transition across a
deconfined critical point where the SU(2) gauge fields are
deconfined. Then, as was found in Refs. [42, 46], and is il-
lustrated in Fig. 4, the confining phase has low energy ex-
citations (and possible broken symmetries) in the global
symmetry which was not gauged. So a SU(2),, gauge
theory obtained by transforming to a rotating reference
frame in spin space, yields a confining phase with low en-
ergy pseudospin excitations. Conversely, a SU(2)., gauge
theory obtained by transforming to a rotating reference
frame in pseudospin space, yields a confining phase with
low energy spin excitations. From Fig. 4, it is clear that
moving from the pseudogap to the antiferromagnet at
lower doing requires the SU(2),, gauge theory in this
scenario. On other hand, moving from the pseudogap to
the superconductor or charge (or pair) density wave at
larger doping requires the SU(2),, gauge theory. In both
cases, a reasonable scenario is that the time-reversal and
mirror plane symmetry breaking patterns of the parent
spin-liquid survive vestegially into the confining phase.

In our earlier work with others [7-9], we presented a
physical motivation for the symmetry-breaking patterns
A and B in Table I. This motivation arose from a SU(2),,
theory of the pseudogap, which can describe ordering
transitions to antiferromagnetically ordered states by the
condensation of bosonic spinons (such ordering transi-
tions are distinct from the confinement transitions across
deconfined critical points discussed above, and in Fig. 4).
We therefore examined time-reversal symmetry breaking
Zs spin liquid states proximate to the Néel ordered state,
and found patterns A and B as the most likely candidates.

The approach described in Fig. 4 indicates an alter-
nate route to selecting the symmetry breaking pattern,
and this focuses attention on pattern D. In our analy-
sis in this paper, we established that pattern D has the
same pattern of time-reversal and mirror-plane symmetry
breaking as the chiral spin liquid [15, 16]; and this pat-
tern displays spontaneous orbital currents in the three-
band model, but not in the 1-band model. By Fig. 4,
we move towards antiferromagnetically ordered states by
a SU(2)¢y theory of the spin liquid. We begin with the
m-flux SU(2)., gauge theory of the insulator, which was
described thoroughly in the recent work of Wang et al.
[40], and reviewed in Section IV A. Wang et al. argued
that such a theory describes the phase transition between
a Néel state and a VBS. They also noted the possibility
that this theory could lead to a stable chiral spin liquid
state, as reviewed above in Eq. (4.13). Such a state is en-
ergetically favorable because the condensation of the field
¢ opens a gap in the spinon spectrum. A transition from
this chiral spin liquid to a confining state would occur at
a point where the mass term s, in Eq. (4.13), is tuned
to criticality, and this can stabilize a deconfined critical
point, as we discussed below Eq. (4.13). The confining
phase on the other side of this critical point is expected
to have Néel order. However, the symmetry breaking
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pattern D of the chiral spin liquid could naturally per-
sist across this confinement transition to Néel order. In
the context of the continuum field theory description in
Eq. (4.13), we need formally irrelevant operators to pre-
serve pattern D when the ¢ condensate disappears. So
we have described a route to the confining Néel state
co-existing with pattern D. This offers a rationale to ob-
taining pattern D as a vestigial remnant of a chiral spin
liquid character of the pseudogap.
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Appendix A: Current and kinetic energy in the limit
of small hybridization

In this appendix, we derive expressions for the currents
and kinetic energies in the three-orbital model by treat-
ing the hopping matrix elements, ¢, ¢/, as perturbations
to the onsite energy scales H; and A;. This is similar
to the expansion in large Higgs fields of Ref. 7 and re-
lated to a ¢/U expansion in the Hubbard model. One
can also illustrate the expansion geometrically: when the
current and kinetic energy on a bond i-j is expressed in
terms of the Higgs-fields H; and the gauge connections
Ui;, invariance under SU(2);s, demands that every single
contribution be of the form

Tr (Uiky (Hyy - 0)" Ukyoy -+ (Hi,, - 0)P" Uy, 5), (A1)
where p, = 0,1 and (H - o) = 0q is understood. The
expression (A1) can be seen as a Wilson loop of length
l = n+ 2 with p; + p2 + ...p, additional Higgs-field
insertions and the expansion presented in this appendix
is an expansion in the length [ of the loops. We will see
that the first non-trivial contributions to the currents and
kinetic energies show up at order [ = 3 and the associated
Wilson-loop-like operators are b, and e, as defined in
Eq. (3.12) of the main text.

To make the presentation compact, we will directly
analyze the general case of finite magnetic field where the



chargon Hamiltonian is given by Eq. (3.7) with minimal
substitution,

J
tij — tij exp (Z/ d’l"A(’I”)),

where A(r) denotes the magnetic vector potential.

At zeroth order in the perturbative expansion, the
Green'’s function Gij(r) = —(T-(¥; (1)1}(0))) of the
chargon Hamiltonian, where T’ is the ordering operator
in imaginary time 7, is purely local and reads

(A2)

twy, —Aj+pu—Hj-o

0 (; — §:s
G in) = 04 G A 4 i — B2

J

(A3)

in Matsubara representation [w, = (2n + 1)7T]. The
corrections to the Green’s function arising from finite
hybridization and magnetic field, i.e., from terms in the

chargon Hamiltonian H,, proportional to tijei [ara

ti;(B), is taken into account order by order in the Dyson
equation,

Gij (iwn) = G?j (iwn) — G?i(iwn)?ijUijG?j (iwn)

+ Z G (iwn )t Uin G (iwn ) 5 Un GO, (iwy) + - .. .
k
(A4)

In order to calculate both the kinetic energies Kj;,
Eq. (5.1), as well as the currents J;;, Eq. (3.8), simulta-
neously, let us first investigate the complex expectation
values

Tij = iy (WIUG0;), i # 3,

which are invariant under both emergent and electromag-
netic gauge transformations. T;; in Eq. (A5) is related
to the quantities of interest via K;; = —2ReT;; and
Jij = 2ImT;; and given by

(A5)

g . iwn 0t
Ty; =Tty Tr (U Gyi(iwn)) €

Wn

(A6)

in terms of the Matsubara Green’s function defined
above. Inserting the expansion (A4), we obtain Tj; as a
power series in t, ¢’ the leading non-trivial term of which
we will calculate in the following. Clearly, the zeroth or-
der term in Eq. (A4) does not give rise to a contribution
to Tj; as GV is entirely local. Also the second order term
is not of interest to us for the following reasons: First,
t;; only appears in the combination ¢;;t;; = t2. such that
there is no dependence on the magnetic field in this order
and, second, > Tr (Ui GY; U;;GY;) is readily seen to be
real implying no contribution to the current. The lead-
ing relevant contribution turns out to be the second order
term in Eq. (A4) corresponding to loops of length | = 3.
Upon noting that the three-orbital model, introduced in
Sec. IIT A of the main text, only allows for loops along the
elementary Cu-O-O triangles (four of which are shown in

Fig. 1), it can be written as Ti(j2) = t2'>", Ayjk, where
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the sum involves the site/sites k that is/are connected to
both 7 and j via hopping ¢ or ¢’ and

Ay, = €'Vt
dw ) ) )
X /%Tr (G?i(@w)UijG?j(zw)Ujngk(zw)U;ﬂ»).
(A7)

Here ¢;; is the flux (in units of the flux quantum)
through the Cu-O-O triangle ¢ — j — k — i and the
temperature has been set to zero for simplicity. As Ajy
is invariant under cyclic permutation of the indices, we
can, without loss of generality, assume that ¢ is on a Cu
atom while j and k are O sites and obtain all other combi-
nations by permutation of the indices. Using the explicit
form (A3) of the zeroth order Green’s function, one finds
after integration over frequency

elPijk )
Aiji = —5— (fe (1Hil, A, ) eije — ifo (|HG|, A, 1) bijn)
(A8)
where
eijr = Tr (UijUijki) , bijk =3Tr (H,' . O'UijUijk(i)A. )
9

As anticipated, e;;;, and b; ;i are special cases of Eq. (A1)
with zero and one Higgs insertion and trivially related to
en and b, introduced in Eq. (3.12). The functional form
of the prefactors f, and f. is given by

T ERTWNLD H > |ul,
FoH, A ) = § TGRa (A10)
ﬁe(—é’mﬁi)a H <|pl,
and
__—san H > |yl
(H4sapA)? 5
fe(H>A7M) = —25Af(H2+A2)
—mr—amr— 0(=saun), H <|ul;
(A11)

respectively, where sa,, = sign(s+ A) and 6 denotes the
Heaviside step function. From Eq. (A8) we immediately
find T3 and, by taking its real and imaginary parts, the
expressions (3.13), (5.2), and (5.3) of the main text.

Appendix B: Possible ansitze with U;; = 1

In this appendix, we will prove that neither the three-
orbital, Eq. (3.7), nor the one-orbital chargon model,
Eq. (3.18), allows for an ansatz with U;; = 1 on all bonds
and the symmetries of pattern C and D.

Due to U;; = 1, all gauge transformations G,4(j) ac-
companying a physical symmetry transformation g must
be global, G4(j) = G4. Denoting the (adjoint) repre-
sentation of G, on the Higgs field H; by Ry € SO(3),
invariance under translation, g = T},, along y = x and
u =1y, allows to write

H; = (Re, )= (Rr,)”” Ho,0). (B1)



By virtue of forming a representation, Rr, and Rz, must
commute. Consequently, there are only two options: (i)
Rr, and Ry, are SO(3) rotations (with arbitrary angles,
denoted by @, and @, in the following) along the same
direction or (ii) 7 rotations along two orthogonal direc-
tions.

To begin with case (i), we first note that a global gauge
transformation allows to choose the common rotational
axis to be along e and to set H o o) = (Ho, 0, e)T without
loss of generality. Eq. (B1) then becomes

H; = (Hycos(Qr;), Hysin(Qr;), e)T ,

which has the form of a conical spiral. As discussed in
Sec. IIT A 3 of the main text and in Ref. 8, it allows to
describe pattern A and B.

In order to represent the symmetries of C and D,
the ansatz has to preserve C3. Due to H_; =
diag(1,—1,1)H; in Eq. (B2), this requires that at least
one of the three components of H; be zero for all j,
i.e., either € = 0 (planar spiral), Hy = 0 (ferromagnetic
ansatz), or sin(Qr;) = 0 (Q, € 7Z, corresponding to
ferro- or antiferromagnetic ansatz). However, if Hj is
co-planar, time-reversal will automatically be preserved
as H; — —Hj can be compensated by a global 7 rotation
perpendicular to the plane of H; and the symmetries of
pattern C and D cannot be represented.

It is finally left to show that the same holds for option
(7). Without loss of generality, we can assume that R,
and Rr, are m rotations along the e, and e, direction,
respectively. The Higgs field in Eq. (B1) then assumes
the form

(B2)

H; = (-1 Hy, (~1)=H,, (-1 )" . (B3)

While this Higgs-field texture will automatically preserve
Cy and will break time-reversal symmetry (as long as
H,,H, H, # 0), it cannot yield the correct symme-
tries since it will necessarily break both C; and ©Cj:
Under Cy, the Higgs field in Eq. (B3) transforms as
H; — diag((—1)7=*v, (—=1)J=4v 1) H; which cannot be
compensated by a global gauge transformation. The
same holds for ©Cy. Taken together, it is not possible to
realize the symmetries of pattern C and D if U;; = 1.

Appendix C: Further quartic Higgs terms

In this section of the appendix, we show that there are
no U(1) symmetric or charge-4 quartic terms with two or
fewer derivatives that, combined with the quadratic CP*
action S+ [ d?z dt Lp ¢ defined in Egs. (3.38) and (3.39),
can give rise to the symmetries of the current pattern C
or D.

We begin with U(1) symmetric terms. Spin-rotation
symmetry allows for the two different forms

(Cla)
(C1b)

(260u2a) (Z;a,u/zﬁ)7
(7000 ®"2,0) - (2505 0" 25.).
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Clearly, we need an even number of spatial derivatives to
preserve two-fold rotation symmetry. Without any spa-
tial derivatives, we cannot describe the broken reflection
symmetries of the loop current patterns and, hence, the
minimal number of spatial derivatives is two. Also con-
densing P does not break time-reversal symmetry since
the terms in Eq. (C1) are U(1) symmetric. Consequently,
more than two derivatives are required to obtain the sym-
metries of pattern C or D with U(1) symmetric quartic
terms.

We next consider charge-4 four-boson interactions with
at most two derivatives. Again, due to spin-rotation sym-
metry, there are in principle two types of terms,

(eaar2a0u2) (5/313/253#/35/)7 (C2a)

(eaazaa/auzaauza,,) . (5%/0‘[3/;3//258#/25,,). (C2b)
Here we have already used that

(Eaa’aa’a”zaanza//) . (655’05/5” Zﬁzﬂ”) =0. (CS)

The number of options is further reduced by noting that
the two terms in Eq. (C2) are actually equivalent.

For the same reason as in Sec. II1 C 3 of the main text,
we need two spatial derivatives in order to be consistent
with rotational symmetry Cy (or ©Cy) and translational
invariance while being capable of breaking reflection sym-
metries at the same time. We are thus left with the single
term

(CaaZa0azy) (€881 250025 ). (C4a)
Condensing P to break time-reversal symmetry does not
leave any combination of © and rotations or reflections
as residual symmetries and, therefore, cannot give rise to
the magnetic point symmetries of pattern C and D.

The only remaining possibility is to condense another
time-reversal-odd charge-4 Higgs field. However, there
is no finite charge-4 term with a single derivative (since
€8 2525 = 0) and, as already discussed above, adding
a spatial derivative, i.e., u = t,u’ = x,y in Eq. (C2),
will either break the rotation symmetries Cy and ©C} or
translational invariance.

Appendix D: O(3) non-linear sigma model

In this appendix, we derive the representation of
the order parameter for pattern D in the semi-classical
O(3) non-linear sigma-model description of quantum-
fluctuating antiferromagnetism. In this approach, the
spin S; is expressed in terms of the local Néel order pa-
rameter, n(x,t), obeying n? = 1, and the canonically
conjugate uniform magnetization density L(x,t), with
n - L =0, according to [39]

Si = S(—l)““ynl\/ 1-— .EZQ/SQ + Li,

(D1)



where n; = n(ize, + iyey,t) and analogously for L;.
Furthermore, the theory has been formally extended to a
system of spin-S particles to allow for a systematic semi-
classical expansion.

We insert Eq. (D1) into (57% defined in Eq. (3.35)
and expand to leading non-trivial order in gradients and
powers of L. Due to the alternating term (—1)%+% in
Eq. (D1), only terms with odd powers of L can con-
tribute in the continuum limit. We note that, contrary
to naive expectations and very similar to our discussion
of the CP' description in Sec. II1C 3, there is no con-
tribution with two gradients and one L: the only term
compatible with reflection and rotation symmetries is
L - (0;n x Oyn), which, however, vanishes identically (L
and J,n are perpendicular to n and, hence, co-planar).
We note in passing that this is different for pattern C
since L - (n x (92 — 82)n) is not identically zero and has
the same magnetic point symmetries as pattern C.

The leading non-trivial contribution to (5%, thus,
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starts at higher order and reads as
O3 ~252 / d?zdt

L (@°n) x (8,m) — (8%n) x (8,m))

L'3y

+ (0y02m) X (9yn) — (9,0;m) x (9ym)
+ (0,0ym) x (9% - 3;)71)

+ %(&L) x (9,L)].
(D2)

Recalling that L transforms as n x d;n, these terms have
very similar structure to the order parameters of the CP*
theory discussed in Sec. IIIC3. To be more explicit,
consider the second line of Eq. (D2) which becomes

(n-9;n) [(Bim) - (9yn)] — (z > y) (D3)

after replacing L by n x dyn. Using n = 2Tz, Eq. (D3)
contains terms proportional to the terms involving X7,
and XY, in the expression of (’)%]P1 in Eq. (3.49) which is
readily seen by noting

(0rm) - (0am) = 2(Caar 2a0i2ar ) (€pp' 250a25:) + Hoc.,

(n-02n) = 2250324 + 6(250724) (0022 20 + Hec..
(D4)

In summary, we have explicitly connected the order pa-
rameter OF in Eq. (3.35), expressed in terms of physical
spin operators, to the order parameter O%Pl, expressed in
terms of charge-2 Higgs fields of the CP* theory. Further-
more, the non-linear sigma model analysis has provided
a more transparent reason for why the CP' description
of pattern D involves five (instead of three as is the case
for pattern C) derivatives.
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