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The double exchange model describing the coupling between conduction electrons and localized magnetic
moments is relevant for a large family of physical systems including manganites. Here we reveal that the one
dimensional double exchange model with an incommensurate magnetic elliptical spiral is a topological insulator
with a Chern number 2Z in the two dimensional space with one physical dimension and one ancillary dimension
spanned by the Goldstone mode of the spiral. Moreover, the electronic states can be localized for a strong
local exchange coupling. The topological protected edge states are responsible for the pumping of electron
charge, and give rise to multiferroic response. Our work uncovers hitherto undiscovered nontrivial topology and
Anderson localization in the double exchange model with possible applications to perovskite manganites.

I. INTRODUCTION

Perovskite manganites have attracted considerable attention
in the last decades since the discovery of the colossal mag-
netoresistance. The coupling between charge and spin, and
other degrees of freedom results in many interesting phases
with rich physical properties. It is found experimentally that
in a class of compounds, such as RMnO3 (R: the rare earth
element), the systems stabilize an incommensurate magnetic
order. [1–3] This incommensurate magnetic order gives rise
to a strong coupling between ferroelectricity and magnetism.
[4–6] The physics of manganites can be understood qualita-
tively in term of the double exchange model (DEM) [7], which
describes the interaction between conduction electrons and lo-
calized magnetic moments.

The DEM is described by the Hamiltonian

H = −t
∑
〈i, j〉

c†i c j − J
∑

i

c†i Si · σci, (1)

where ci = (ci,↑, ci,↓)> is the annihilation operator of two-
component spinor at the i-th site, σ is the vector of Pauli ma-
trices in the spin space of conduction electrons, and Si are
the localized moments. In manganites, Si describes the spins
of the localized t2g electron, and ci is the itinerant eg elec-
tron. The first term is the nearest neighbor hopping of conduc-
tion electrons and the last term describes the local exchange
coupling between the conduction electrons and localized mag-
netic moments, which can be much stronger than the hopping
amplitude in manganites, J � t [8]. Here we consider the
limit |S i| � 1 and treat the localized moments as classical de-
grees of freedom. The ground state magnetic configuration is
determined by minimizing the free energy functional F (Si).
Self-consistent calculations have shown that Eq. (1) with
F (Si) relevant for manganites can stabilize a magnetic spiral
[7, 9–11]. It is shown that Eq. (1) alone can stabilize incom-
mensurate magnetic spiral for certain region of electron filling
and J. [12] Besides the relevance to manganites, model (1)
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can also describe the complex magnetic orderings in rare earth
magnets due to the Ruderman-Kittel-Kasuya-Yosida interac-
tion, heavy Fermion behavior due to Kondo singlet formation
[13, 14], and anomalous or topological Hall effect [15].

In this work, we study the effect of an incommensurate
magnetic order on the conduction electrons. The incommen-
surate structure allows for the existence of a Goldstone phason
mode φ ∈ [0, 2π], which corresponds to the spatial translation
of the magnetic structure. We reveal that the one dimensional
(1D) DEM is a topological Chern insulator in the manifold
spanned by the real space and an ancillary dimension spanned
by the Goldstone mode φ. As a consequence of the bulk-edge
correspondence, there exist edge states in the insulating gap.
We further show that when |Si| is nonuniform in space due to
spin anisotropy and fluctuations, the bulk electronic states be-
come localized. Because of the in-gap edge state, the system

(a) (b)

FIG. 1. Spectra of the DEM as a function of φ for J = t (a) and for
J = 6t (b). Because the whole spectrum is symmetric with zero en-
ergy, only the negative branches are shown here. The open boundary
condition is used to manifest the edge states. The color of spectra de-
notes the IPR of eigenstates. The insets show the enlarged spectrum
of the areas specified by the arrows. Here λ = (1+

√
5)/2, Q = 2π/λ,

L = 610, and b = 0.5.
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FIG. 2. (a)-(c) Spectra of the DEM with J = t, 3t, and 6t, respectively, and as a function of Q. The periodic boundary condition is used. The
numbers in the gaps are the Chern numbers. Here L = 610, b = 0.5, and φ = 0 are fixed.

can pump integer electrons from one edge to the opposite edge
by exciting the phason mode φ, giving rise to the multiferroic
response. Thus our work reveals hitherto undiscovered non-
trivial topology and Anderson localization in the simple 1D
DEM with possible applications to perovskite manganites.

II. MODEL

We start with an elliptical spiral magnetic texture

Si(φ) = (0, b sin(Qi + φ), cos(Qi + φ)), (2)

where the lattice constant is set to unity and b ∈ [0, 1]. We
have also studied a more realistic magnetic configuration by
minimizing F (Si) for a perovskite manganite as shown in
Sec. VI, where the behavior is qualitatively the same as
that for Eq. (2). The spin texture is coplanar, therefore
the berry phase of electrons induced by a non-coplanar spin
texture is absent. [15] When b = 0 for an Ising density
wave, Eq. (1) reduces to the well known Aubry-André-Harper
(AAH) model [16, 17] both in the spin up and spin down sec-
tors, which can be mapped exactly to the two dimensional
(2D) Hofstadter model [18]. The Hofstadter model describes
the 2D integer quantum Hall effect on a lattice. [19–21]
When b = 1 for a circular spiral, one can eliminate the off-
diagonal local exchange coupling in the electron spin space
by performing the unitary transformation c̄ j = e−iσx(Q j+φ)/2c j,
such that the local quantization axis of the conduction elec-
tron is aligned with Si. The Hamiltonian becomes H =

−t
∑
〈i, j〉 c̄

†

i

(
cos Q

2 σ0−i sin Q
2 σx

)
c̄ j−J

∑
i c̄†i σzc̄i, which has the

same translational symmetry as the lattice. Hence, no local-
ization happens when b = 1. When J/t � 1 or Q � 1, the
off-diagonal hopping can be neglected, and H is reduced to
the simple tight-binding model with trivial topology. Here σ0
is the 2 × 2 identity matrix. As will be discussed below, non-
trivial topology and Anderson localization occur in the region
0 ≤ b < 1.

III. TOPOLOGICAL PHASE

Because φ is a phason mode associated with translation of
the magnetic structure, one generally would expect the elec-
tronic spectrum is invariant with respect to φ. This is indeed
the case for the bulk states as shown in Fig. 1. However, there
is one notable feature i.e. the appearance of localized edge
states in the gap. The degree of localization can be quantified
by defining the inverse participation ratio (IPR) of the eigen-
states IPR(En) =

∑
i |ψn(i)|4/

(∑
i |ψn(i)|2

)2
, where En and ψn(i)

are the eigenvalue and wavefunction of the n-th eigenstate.
[22] It is finite for an localized state but vanishes as 1/L for an
extended state. The existence of the edge states implies that
the DEM is topological nontrivial.

In the DEM, the time-reversal symmetry is broken and the
band topology can be characterized by a Chern number. The
commensurate DEM shares the same band topology as the in-
commensurate DEM if the band gap does not close when Q
is varied adiabatically. As depicted in Fig. 2 for electronic
spectrum as a function of Q, the infinitesimal change of Q
does not close the gap. This allows us to approximate the ir-
rational period λ = 2π/Q by a close rational number in the
calculation of the Chern number [23]. For the golden ratio
λ = (1 +

√
5)/2, we can approximate it by λ ≈ Fn/Fn−1,

where Fn = Fn−1 + Fn−2 is the n-th Fibonacci number. In
the limit L → ∞, the commensurate DEM is described by
H(φ) =

∑2π
k=0 h(k, φ), where

h = −t
Fn∑
i=1

(
eik/Fn c†i+1ci + H.c.

)
− J

Fn∑
i=1

c†i Si · σci, (3)

Because h(k, φ) is periodic in both k and φ which form a com-
pact 2D manifold, the Chern number can be calculated as [24]

C =
1

2πi

∫ 2π

0
dk

∫ 2π

0
dφTr

(
U

[
∂kU, ∂φU

])
, (4)

where U(k, φ) =
∑

En<EF
|ψn(k, φ)〉 〈ψn(k, φ)| is the projection

operator of occupied states. Here En(k, φ) and |ψn(k, φ)〉 are
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the n-th eigenvalue and eigenstate of h(k, φ). The method to
compute C is outlined in Appendix A. The Chern number of
the DEM when the Fermi energy is in the gaps is denoted by
an integer in Fig. 2. Indeed, DEM is a topological Chern
insulator with the number of edge states being in agreement
with the Chern number.

IV. SYMMETRY ANALYSIS

There are four important features of the energy spectrum
of DEM. (1) The spectrum is invariant when φ is shifted by
π. (2) All the Chern numbers are even. (3) The spectrum is
symmetric with respect to zero energy and Q = π [hence only
the negative part of the whole spectrum is shown in Figs. 1
and 3(b)]. (4) The Chern number changes sign with respect
to E = 0 and Q = π. As a consequence, the insulating state
around E = 0 and Q = π corresponding to antiferromagnetic
arrange of Si is topological trivial.

The properties (1) and (2) are originated from the spin de-
gree of freedom of the system. When b = 0, Eq. (1) de-
scribes two copies of Hofstadter model in the up and down
spin channels. The up and down spin sectors are related by
π shift of φ. For 0 ≤ b < 1, Eq. (1) is invariant un-
der global rotation of electron spins and localized moments.
This means that rotation of electron spins is equivalent to the
rotation of local moments in the opposite direction. Thus
the rotation of electron spins around x direction by π yields
Rx(π)H(Q, φ)R−1

x (π) = H(Q, φ + π). Therefore, the edge
states must appear in pairs, i.e. if there is an edge sate at φ,
then there must be another edge state at φ + π with electron
spin rotated along the x direction by π. Because of the bulk-
edge correspondence, the Chern number of the gapped states
must be even, and the Hamiltonian (1) is characterized by a
2Z Chern number.

The properties (3) and (4) are due to the chiral symmetry
and another rotation operation of Eq. (1). Under the global
rotation of the electron spins along the z axis by π, Eq. (1) is
transformed into Rz(π)H(Q, φ)R−1

z (π) = H(−Q,−φ), where
the rotation of Si in the opposite direction corresponds to re-
verse sign of Q and φ. Therefore, the spectrum is symmetric
under the transformation Q→ −Q. Because the unitary trans-
formation does not change the band topology, and H(−Q, φ)
and H(−Q,−φ) have the opposite Chern numbers according
to Eq. (4), C is odd under the transformation Q→ −Q.

In addition, Eq. (1) has the chiral symmetry, defined by
the transformation OCci,σO

−1
C = (−1)ici,σ̄ that flips the elec-

tron spin, and add a minus sign to the electron operators at
one sub-lattice. Here OC is the chiral operator that is uni-
tary, O2

C = 1. Under the chiral transformation, the Hamilto-
nian changes sign, OCH(φ)O−1

C = −H(φ). Hence the pres-
ence of chiral symmetry guarantees a symmetric energy spec-
trum with respect to zero energy. Therefore the Chern num-
ber for all the states |ψ〉 above E > Eg and below E < −Eg
is the same, C(E > Eg) = C(E < −Eg). Here Eg > 0 is
an arbitrary energy that lies in an insulating gap. Because
the Chern number for all states of a Hamiltonian vanishes,
C(E > Eg) + C(E < Eg) = 0, this immediately means that
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FIG. 3. (a) Spectrum of the perturbed DEM in Eq. (5) as a function
of B and with J = t, b = 0.5, and φ = 0. Here we take F15 = 610
and F14 = 377 to approximate the golden ratio λ ≈ F15/F14 and
Q = 2π/λ. The error of the approximated golden ratio is less than
2 × 10−6 and does not change the topology. The numbers mark the
Chern numbers for the gaps. (b) Spectrum for B = 0.6t [marked by
the blue dashed line in (a)] as a function of φ. Periodic boundary
condition is used in (a), while open boundary condition is used in
(b).

the Chern number for the occupied states with E < Eg and
E < −Eg has the opposite sign, C(E < Eg) = −C(E < −Eg).

The 2Z topological classification can be reduced to Z if the
π-spin rotation symmetry is broken. We consider the pertur-
bation by an external magnetic field along the z direction

H ′(φ, B) = H(φ) − B
∑

i

c†i σzci. (5)

Here we assume the Zeeman coupling of Si is much weaker
compared to other interactions in F (Si) and neglect this cou-
pling in F (Si). The Zeeman field breaks the π-spin rotation
symmetry but respects the chiral symmetry. As displayed in
Fig. 3, the energy gaps close and reopen as B increases, indi-
cating topological phase transitions. The Chern numbers and
the number of the edge states can be both even and odd, see
Figs. 3(a) and 3(b). The spectrum is no longer invariant under
the π shift of φ.

V. LOCALIZATION TRANSITION

The incommensurate and nonuniform |Si| generates an in-
commensurate local potential on electrons, which can lead
to the localization of electron wave functions. For the AAH
model when b = 0, all the electronic states are extended when
J < 2t but are localized at J > 2t. For an elliptical spiral, both
the edge and bulk states are localized at a large J, as indicated
by a large IPR in Fig. 1(b). Meanwhile, the band with spin
antiparallel to Si, E > 0, and band with spin parallel to Si,
E < 0, are well separated. As shown in Fig. 4(a), when J
increases, the system evolves from the extended phase to the
localized phase featured by the increase of IPR. Different from



4

(c)

(a) (b)

(d)

b=0.5

J=4t

0.0 0.5 1.0

b

0

4

8

J
/t

extended

localized

int
erm
ed
iat
e

FIG. 4. (a) Spectrum of the DEM as a function of J for b = 0.5. (b)
Spectrum of the DEM as a function of b for J = 4t. Here Q = 2π/λ,
φ = 0, and L = 610 are fixed for both cases. (c) Averaged NPR and
IPR as a function of J for different lengths and with b = 0.5. The two
dashed lines enclose the intermediate region. (d) The phase diagram
in the b-J plane. The blue, green, yellow regions are respectively the
extended, intermediate, localized phases.

the AAH model, the critical J depends on E when 0 < b < 1.
Namely, there is a mobility edge, and the extended and local-
ized states coexist in the transition region. To determine the
coexistence region, we introduce the normalized participation
ratio (NPR), NPR(En) = 1/L

∑
i |ψn(i)|4, which is the coun-

terpart of IPR and approaches zero for localized states. As
displayed in Fig. 4(c), there exists an region with coexisting
localized and extended states, where both the NPR and IPR
averaged over all eigenstates are nonzero. The phase diagram
of localized and extended states is presented in Fig. 4 (d).
When b is close to 1, the spatial modulation of the incommen-
surate potential becomes weaker and it becomes more difficult
to localize the electron states, as displayed in Fig. 4 (b).

Similar to the integer quantum Hall systems, the Chern
number of the DEM can still be defined even though all states
are localized at a large J. [23, 25] As shown in Fig. 2 (c),
topological insulator with 2Z Chern number and with local-
ized bulk states can be achieved. Hence the DEM is a realiza-
tion of the topological Anderson insulator [26–28].

VI. ELLIPTICAL SPIRAL IN PEROVSKITE
MANGANITES

Here we study the electronic spectrum with a more real-
istic spin structure obtained by minimizing the free energy
functional F (S). We consider magnetic spiral in perovskite
manganites as an example [7, 9] and the analysis is valid for
spirals stabilized by frustrated or Ruderman-Kittel-Kasuya-
Yosida interaction. We will show that the thermal effect and
spin anisotropy can distort a circular spiral into an elliptical
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FIG. 5. Spin configuration obtained by minimizing F in Eq. (6). The
red, green and blue curves are for S y, S z and |S| respectively. Here
A = 5.0.

spiral, and the resulting spectrum is qualitatively similar to
that obtained by using the simple ansatz in Eq. (2).

We consider the dimensionless Ginzburg-Landau free en-
ergy functional [29]

F =

∫
dx

[
−

1
2

(S)2 +
1
4

(
S2

)2
+

1
2

(∇S)2 + S · (∇ × S) −
A
2

S 2
z

]
,

(6)

where the last second term is the Dzyaloshinskii-Moriya inter-
action, and the last term with A > 0 is the easy axis anisotropy.
At finite temperature, |S(x)| is allowed to fluctuate in space.
When A = 0, the ground state configuration is a circular spiral
S x = 0, S y = b sin(Qx) and S z = b cos(Qx) with Q = −1 and
b =
√

2. For a nonzero A, we calculated the magnetic config-
uration by minimizing F numerically and the result is shown

(a) (b)

FIG. 6. Spectra of the DEM with the spin configuration shown in
Fig. 5. (a) for J = t and (b) for J = 8t. Here ∆x is the shift of the
spin configuration with respect to the tight-binding lattice, λ is the
period of the spin configuration, and L = 600.
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(a) (b)

FIG. 7. Spectra of the DEM with the spin configuration given by Eq.
(7) with γ = 0.7. (a) for J = t and (b) for J = 10t. Here ∆x is the shift
of the spin configuration with respect to the tight-binding lattice, λ is
the period of the spin configuration, and L = 600.

in Fig. 5, where an elliptical spiral with spatially modulated
|S(x)| is stabilized.

We then calculate the electronic spectrum using the ob-
tained S. The lattice parameter for the tight-binding chain is
a = 1. As displayed in Fig. 6, the insulating gap is topologi-
cal nontrivial and states becomes localized for a large J. Here
∆x denotes the shift of the spin structure with respect to the
tight-binding lattice. The period of the spiral is λ = 6.29, see
Fig. 5.

At zero temperature where |S| is uniform in space, the spin
texture distorted by an easy axis anisotropy can be described
by the ansatz

S(x) = (0, sn(x, γ), cn(x, γ)), (7)

where sn and cn are the Jacobi elliptic functions and they re-
duce to the sine and cosine functions when γ = 0. The pe-
riod of the magnetic structure is λ = 4K(γ) with K(γ) being
the complete elliptic integral of the first kind. The electronic
spectrum as a function of ∆x is shown in Fig. 7, where the
nontrivial topology remains. However, there is no localization
of electronic states, no matter how strong the local exchange
coupling is.

The absence of localization for arbitrary strong J can be
understood using the unitary transformation, c̄ j = e−iσxθ j/2c j.
The Hamiltonian becomes

H = −t
∑
〈i, j〉

c̄†i

(
cos

∆θi j

2
σ0 − i sin

∆θi j

2
σx

)
c̄ j − J

∑
i

c̄†i σzc̄i,

(8)
where ∆θi j = θi − θ j and θ j ≡ arctan(S j,z/S j,y) with S j,z, S j,y
being the z and y components of the local magnetic moment at
the tight-binding site j. The local exchange field becomes uni-
form in space, while the hopping amplitudes are modulated.
The incommensurate modulation of the order of t is indepen-
dent of J and is not enough to induce localization. To reveal

the topological edge states, it requires to tune the electron fill-
ing such that the Fermi energy lies within the topological en-
ergy gaps.

VII. ADIABATIC CHARGE PUMPING AND
POLARIZATION

The presence of magnetic spiral breaks the inversion sym-
metry explicitly, and the insulating state can have nonzero
electric polarization. For extended states, the electric polar-
ization can be calculated through the Wannier center and is
expressed in term of the Berry phase of the occupied bands
[30]

P(φ) =
ie
2π

∑
En<EF

∫ 2π

0
dk 〈ψn(k, φ)| ∂k |ψn(k, φ)〉 , (9)

where e is the electron charge. P(φ) is not gauge invariant,
but its difference ∆P(φ) is gauge invariant. Here we define
∆P(φ) = P(φ) −min(P). When the phason mode φ is excited,
for instance, by a thermal gradient, the electron is pumped
from one edge to the other if the gap remains open. In the
adiabatic limit, ∆P(φ) both for extended states and localized
states is shown in Fig. 8. It is clear that there are 2e charge
pumped from the left to the right edge when φ advances by 2π.
The number of pumped charge is the same as the number of
edge states and the Chern number. [31] Because of the π-spin
rotation symmetry, the edge states at φ and φ + π have the op-
posite spin polarization, therefore no net spin is pumped in a
complete cycle. For the localized states, P can be obtained di-
rectly using the definition P(φ) = e

L
∑

En<EF ,i 〈ψn(i)| i |ψn(i)〉,
which gives the consistent description as shown in Fig. 8
(c). The Anderson localization in the bulk cannot prevent the
charge transfer between two edges through the bulk. This is
completely different from the topological trivial Anderson in-
sulators. Moreover, the Berry phase is proportional to the po-
larization as γ(φ) = 2πP(φ)/e, see Eq. (9). As shown in Fig.
8, the Berry phase winds twice when φ is swept from 0 to 2π.
The winding of Berry phase is the Wilson loop and the wind-

(a) (b) (c)

FIG. 8. (a) and (b) Polarization from Eq. (9) of the approximated
commensurate DEM as a function of φ. J = t for (a) and J = 6t for
(b) correspond to the spectra in Figs. 1 (a) and 1(b), respectively, and
Fermi energies EF = −t and −3.6t are in the gaps where the number
of edge modes is 2. (c) Polarization for J = 6t is also calculated using
P(φ) = e

L

∑
En<EF ,i 〈ψn(i)| i |ψn(i)〉 with the open boundary condition

and L = 610.
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(a)

(b) (c)

(d) (e)

b c

de

FIG. 9. (a) Evolution of the edge states in the upper gap of Fig. 1(a).
The corresponding wave functions are shown in (b), (c), (d) and (e).

ing number equals the Chern number. [32, 33] We remark
that the electric polarization in the present model has different
origin as that induced by magnetic spiral. [4–6]

We next study the evolution of the edge states during the
charge pumping from the left to the right edge. For the ex-
tended bulk states at small J, the states localized at edges
merge into bulk bands but remain at the top or bottom of the
bands as φ increases [see Fig. 1 (a) and Sec. VIII]. On the
other hand, for the localized bulk states, the evolution of the
edge states is completely different. To transport an electron
from the left to the right edge, all the localized states shift to-
wards right. Meanwhile, there are quantum tunnelings of lo-
calized electronic states at different positions in the bulk. [see
Fig. 1 (b) and Sec. VIII].

VIII. EVOLUTION OF EDGE STATES DURING CHARGE
PUMPING

In this section, we provide details about the evolution of
edge states during charge pumping both for the extended and
localized bulk states. For extended states as shown in Fig. 9,
the edge states merge into the bulk states and remain at the top
or bottom of the bulk bands. The electronic states localized at
the edges become extended when they merge into the bulk
band.

The situation for the localized states is entirely different as
shown in Fig. 10. Because all the electronic states are lo-
calized, when we advance φ, there are quantum tunneling of
electronic states as indicted by a sharp change of xn, i.e. elec-
trons exchange positions. Here xn =

∑
i〈ψn(i)|i|ψn(i)〉 is the lo-

calization center of the n-th localized eigenstate. Meanwhile,
there is an overall shift of the electron positions from the right
to the left, as shown by the center of mass of all the selected
electronic states x̄ = 1

N
∑

n xn where N is the number of se-
lected energy levels as shown in Fig. 10 (a).

(a)

(b)

(c)

FIG. 10. (a) Evolution of the edge states in the upper gap of Fig.
1(b). For clarity, we reduce the length of chain to L = 70. The
edge states change, however, the bulk band gap and topology remain
invariant. The insets show the wave functions of eigenstates specified
by arrows. (b) Localization centers xn =

∑
i 〈ψn(i)| i |ψn(i)〉 of all the

states enclosed by the dashed square in (a). The red lines mark the
position of edge states. (c) The averaged localization center, x̄ =
1
N

∑
n xn, where N is the total number of selected energy levels.

IX. DISCUSSION

In this work, we have unearthed the nontrivial topology
and localization in the simple 1D DEM. The discussion on
1D DEM can be generalized to higher dimensions when the
magnetic structure is only modulated in one direction (the x
direction). The lattice translation symmetry in the transverse
direction is preserved and we can introduce the lattice mo-
mentum ky and kz, and the Hamiltonian becomes

H3D = − t
∑
〈i, j〉,ky,kz

c†i,ky,kz
c j,ky,kz − J

∑
i,ky,kz

c†i,ky,kz
Si · σci,ky,kz

− 2t′
∑

i,ky,kz

(
cos ky + cos kz

)
c†i,ky,kz

ci,ky,kz ,
(10)

where the last term is due to the hopping of conduction elec-
trons in the transverse direction. ky and kz enter as a chem-
ical potential. The energy spectrum oscillates as a function
of ky and kz, and the oscillation amplitude is 8t′ in 3D, where
t′ is the transverse hopping energy. The energy gaps of the
1D DEM survive in higher dimension as long as t′ is small
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enough, and the nontrivial topology survives. For a large J/t,
the localization persists at higher dimensions, where the wave
functions are localized (extended) in the x (y and z) direction.
For an intermediate J/t, the mobility edge depends on ky and
kz . The incommensurate magnetic structure can be stabilized
in perovskite manganites and the present study of the DEM
thus implies the possible nontrivial topology and localization
in perovskite manganites.

The topology of the DEM is defined with an extra ancillary
dimension associated with the Goldstone mode of the mag-
netic structure. The physical systems correspond to the edge
of the topological Chern insulator in the higher ancillary di-
mensions. The ancillary dimension can be traversed by excit-
ing the phason mode of the magnetic structure, and the topo-
logical index is equivalent to the number of pumped electrons.
The topological protected edge state only exists in certain re-
gion of the phason variable, and can be measured in experi-
ment, for instance, by scanning tunneling microscope that can
detect the topological edge states by measuring the local den-
sity of states. The localization of electronic states driven by
strong local exchange coupling and the incommensurability of
elliptical spiral leads to enhancement of the resistivity, there-
fore can be accessed by transport measurement. Contrary to
the conventional mechanisms of ferroelectricity generated by
a magnetic texture in type-II multiferroics [6], the ferroelectric
response in our model is caused by the nontrivial topology of
electronic spectrum due to the presence of a magnetic spiral.
By sweeping the phase φ, electrons are pumped from one end
to the other through the bulk of the chain resulting in a cur-
rent. The current can be detected by transport measurement to
manifest the ferroelectric response.
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Appendix A: Efficient algorithm for Chern number calculation

Direct calculation of the Chern number from Eq. (4) re-
quires to discretize the effective Brillouin zone (spanned by
k and φ) into a lattice consists of small plaquettes of size
∆k×∆φ. The convergence of Chern number depends on 1/∆k
and 1/∆φ, and is slow. Therefore, the calculation can be heavy
when there are many energy bands and the dimension of pro-
jection operator matrix is big. To speed up the convergence of
Chern number, we employ an efficient algorithm by using the
U(1) link variable [34]. For any two directly linked sites of
the lattice, the link tensor is defined as

T m,n
k (k, φ) = 〈ψm(k, φ)|ψn(k + ∆k, φ)〉 ,

T m,n
φ (k, φ) = 〈ψm(k, φ)|ψn(k, φ + ∆φ)〉 ,

(A1)

where Em, En < EF . For small ∆k and ∆φ, the link tensor
encodes the phase difference between nearest neighbor eigen-
states. The accumulation of the phase difference is given by
the U(1) line variable

Uµ(k, φ) =
det[Tµ(k, φ)]
|det[Tµ(k, φ)]|

, (A2)

where µ = k or φ. For a closed loop along the links of a
plaquette, the Berry phase is

γ(k, φ) = i ln Uk(k, φ)Uφ(k + ∆k, φ)U−1
k (k, φ + ∆φ)U−1

φ (k, φ),
(A3)

which is gauge-invariant. The total Barry phase over the
whole effective Brillouin zone is nothing more than the sum-
mation of Berry phases of all plaquettes and the Chern number
is

C =
1

2π

∑
k,φ

γ(k, φ). (A4)

In this algorithm, the Chern number converges much faster
than the direct calculation of Eq. (4).
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