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In this work, we develop a self-consistent Hartree-Fock approach to theoretically study the far-from-
equilibrium quantum dynamics of interacting fermions, and apply this approach to explore the onset of many-
body localization (MBL) in these systems. We investigate the dynamics of a state with a nonequilibrium density
profile; we find that at weak disorder the density profile equilibrates rapidly, whereas for strong disorder it re-
mains frozen on the accessible timescales. We analyze this behavior in terms of the Hartree-Fock self-energy.
At weak disorder the self-energy fluctuates strongly and can be interpreted as a self-consistent noise process.
By contrast, at strong disorder the self-energy evolves with a few coherent oscillations which cannot delocalize
the system. Accordingly, the non-equilibrium site-resolved spectral function shows a broad spectrum at weak
disorder and sharp spikes at strong disorder. Our Hartree-Fock theory incorporates spatial fluctuations and rare-
region effects. As a consequence, we find subdiffusive relaxation in random systems; but, when the system is
subjected to weak quasi-periodic potentials, the subdiffusive response ceases to exist, as rare region effects are
absent in this case. This self-consistent Hartree-Fock approach can be regarded as a relatively simple theory that

captures much of the MBL phenomenology.

I. INTRODUCTION

In recent years the phenomenon of many-body localization
(MBL) has attracted major interest, both experimentally'~'!
and theoretically'>'¢. MBL systems, unlike generic quantum
many-body systems, do not thermalize'>!7-1°. In these sys-
tems, the von Neumann entanglement entropy grows logarith-
mically in time following a quantum quench from a weakly
entangled initial state and local quantum correlations survive
for long times?*?’. The transition from the thermal to the
MBL phase is an unconventional dynamical phase transition,
and its critical properties have attracted much recent atten-
tion?3%, Since the MBL phase does not thermalize, it is im-
possible to describe the MBL phase transition and the criti-
cal phenomena associated with it in the framework of equi-
librium statistical physics. The central obstacle is that while
the regimes deep in the thermal phase and deep in the lo-
calized phase are phenomenologically well understood**3,
these phenomenologies (based respectively on equilibrium
statistical physics and on local integrals of motion) are incom-
patible with one another, and both break down as the transition
is approached.

In the present paper, we develop a field theoretic descrip-
tion of the many-body localization problem in the two-particle
irreducible (2PI) Keldysh framework**® by looking at the
relaxation dynamics of initial states. Using a self-consistent
weak-coupling expansion, we arrive to leading order at a self-
consistent Hartree-Fock theory of the many-body dynamics,
in which single particles move in the presence of the noise due
to the other particles. At the Hartree-Fock level we are able to
simulate the dynamics of systems of up to 192 sites for times
up to 10%/.J where J is the hopping. The Hartree-Fock theory
captures both the slowdown of thermalization and the onset of
a delocalized, subdiffusive phase in random systems>0-3249-36
By contrast, this subdiffusive phase is absent for systems with
quasiperiodic potentials, consistent with Ref.%”. Our approach
also gives us access to the non-equilibrium local spectral func-

tion, which is expected to look qualitatively different for lo-
calized and delocalized systems'?. Indeed we find, that the
nonequilibrium local spectral function shows a broad spec-
trum at weak disorder, but exhibits sharp spikes at strong
disorder (or for strong quasi-periodic potentials). The field-
theoretic framework we develop can be extended beyond lead-
ing order, although higher orders are numerically intensive.

This paper is organized as follows. In Sec. II, we describe
the investigated model as well as the non-equilibrium Keldysh
field theory approach we use to calculate the time evolution.
In Sec. IIT A we show how different initial product states re-
lax due to interaction and that fermion transport is subdiffu-
sive for weak randomness. This is compared to quasi-periodic
potentials, for which subdiffusion is absent. We show that
the nonequilibrium local spectral function displays a broad
spectrum for weak disorder, while it exhibits sharp peaks for
strong disorder in Sec. III B. In Sec. IV we analyze the am-
plitude spectrum and the autocorrelations of the Hartree-Fock
self-energy and argue that the delocalization of the system can
be understood by observing that the Hartree-Fock self-energy
acts similar to noise for weak disorder. Finally, we conclude
our results in Sec. V.

II. MODEL AND METHOD

We study a model of spinless fermions with nearest-
neighbor interactions (i.e., a “spinless Fermi-Hubbard
model”)
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where h; are chosen to be either uncorrelated random
fields drawn from a box distribution [—WW, W] or a quasi-
periodically varying potential. We quote results for the ran-
dom case, except when otherwise specified. We fix the pa-



rameters J = 1, U = 0.5 and work with periodic boundary
conditions. We investigate the model in one spatial dimen-
sion, even though our method can be readily extended to two
dimensions. In one dimension and for the aforementioned set
of parameters the Hamiltonian, Eq. (1), maps via the Jordan-
Wigner transformation onto the disordered spin-1/2 XXZ-
model with J, = 0.5, J; = 1 and a reduced disorder strength
W = 0.5W. The XXZ-model is a paradigmatic model in
the study of many-body localization. Numerical studies based
on exact diagonalization indicate a localization-delocalization
transition at the critical disorder strength W, ~ 3.62%2°

To calculate the time evolution of the system, we use the
nonequilibrium Keldysh field theory formalism*®-*88  In
this approach one propagates the contour ordered Green’s
functions G;;(¢,t') = (Tcéi(t)é;(t’» on the Schwinger-
Keldysh closed time contour (CTC) by solving a nonequilib-
rium Dyson equation. To make the CTC structure explicit, we

introduce lesser and greater Green’s functions, ij(t, t') =

i(eh(#)e;(t)) and G7(t,t') = —i(¢;(t)ek(t")), in which the

Dyson equations take the form>%>
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Here * denotes a matrix product over spatial indices ¢, j and
—Jij = —J0i jy + hid; is the sum of the hopping and on-
site potential matrices. The lefthand side of Eq.(2) contains
only terms local in time, in particular the Hartree-Fock self-
energy i3 (t). The righthand side on the other hand entails
integrals over the entire past of the system, which incorpo-
rate memory effects in the dynamics. We expect that these
time-nonlocal effects are necessary to capture full thermaliza-
tion at weak disorder; however, as we shall see below, relax-
ation of a nonequilibrium initial state can be captured even if
one neglects memory effects and takes into account only the
time-local Hartree-Fock part of the self-energy, ZEF(t) The
self-consistent Hartree-Fock theory therefore maps Slater de-
terminants to other Slater determinants, and in this sense does
not give rise to full thermalization.

In the following, we focus on the nonequilibrium Dyson
equation at the Hartree-Fock level,

[i@t _J+ f]HF(t)} « GS(t,1') = 0. 3)

The selfenergy is in general given as the functional derivative
of the two particle irreducible (2PI) effective action I'5[G]*
with respect to the Green’s function and thus is a functional
of the full Green’s function, in contrast to normal perturbation
theory, where one expands the self-energy in the bare Green’s
function. The Hartree-Fock selfenergy is obtained from an
expansion of T's[G] to first order in the nearest neighbor re-

pulsion U, such that
Shim () = T, () + 0, (1)
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From the lesser and greater Green’s functions one can
obtain observables like the occupation numbers n;(t) =
(nj(t)) = —iG3;(t,t) and also the retarded Green’s function
Gl (t,t") =0t —t)[G7(t,t') — G5(t, 1))

We treat disorder in an exact way by sampling realizations
from the disorder distribution, simulating the time evolution
of the lesser/greater Green’s functions Gigj (t,t') and in the end
averaging the quantity of interest over the samples until con-
vergence is achieved. Typically a few hundred samples are
necessary. Therefore, no replica trick®, as usually used in the
equilibrium field theoretic treatment of disordered systems, is
required.

Due to the absence of memory integrals on the Hartree-
Fock level, we are able to numerically solve Eq. (3) for sys-
tem sizes up to 192 sites and times up to 10* hopping scales
(see App. A), which thus goes significantly beyond the state
of the art of exact diagonalization in system size and ma-
trix product state based approaches in time. Moreover, we
show in App. B, that our approach captures well the time
evolution of small systems calculated by exact diagonaliza-
tion and discuss field-theoretic results beyond Hartree-Fock in
App. C. Related frameworks to study disordered fermions or
spins have been developed in Refs.®'~%3. The non-equilibrium
Dyson equation (3) is a first order differential equation in time
and one needs to fix initial conditions G%(O7 0). In this work
we will look at uncorrelated product initial states, which are
uniquely defined by the occupations n;(0). These fix the
lesser Green’s functions ij(O7 0) = id;;n;(0) and, using the
anti-commutation relations of ¢;, é; also the greater Green’s
function G7;(0,0) = —id;(1 —n;(0)).

III. RESULTS
A. Non-equilibrium relaxation of initial states

The main observable we use to study the relaxation of an
initial state, is the density-density correlation function

C(t) = 5 Y (i (0 (0)) ~ 1. ®)

where N is the number of fermions in the lattice. We con-
sider half filled systems, N = L/2, where L is the size
of the lattice. The correlation function has the property that
C(t = 0) = 1. If the system is localized, i.e., the system re-
mains in a spatially nonuniform state, C remains finite for all
times, C(t — oo) # 0. Instead, if the system becomes delo-
calized and there is a relaxation to a uniform state, the corre-
lation function becomes zero at late times, C(t — 00) = 0%*.

As the density-density correlation, Eq. (5), is a four-point
function, it is in general not possible to calculate it from
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FIG. 1. Decay of the imbalance for a staggered initial state in one dimension for random and quasi-periodic potentials. Initially we
prepare the system in a staggered product state, where all even sites are occupied and all odd sites are empty. The time evolution of the system
is obtained from the Kadanoff-Baym equations including Hartree-Fock effects of a nearest-neighbor repulsion U = 0.5. (a) In the case of

weak disorder, W = 2.0 (yellow, blue, red), the imbalance Z = (Ne —

No)/(Ne + No) decays with a subdiffusive powerlaw, Z(t) ~ t~%,

with an exponent 0 < o < 1/2. Finite size effects are still noticeable for system sizes of 96 and 192 sites and become relevant at ¢ ~ 5000.
For strong disorder, W = 17.0, the imbalance 7 relaxes to a nonzero value indicating localization of the system (black). Finite size effects are
not visible in this case (not shown). (b) For quasi-periodic disorder rare region effects are absent, as the energy mismatches between sites are
always either small or large. Hence, in the case of weak disorder, W = 3.0, there is no subdiffusion and the imbalance Z(¢) is decaying faster
than a powerlaw (yellow, blue, red). For strong disorder, W = 7.0, the system becomes localized (black line).

two-point Green’s functions. However, for initial product
states, the four-point function reduces to a two-point func-
tion and, the lesser Green’s function G5;(t,t) is sufficient
to obtain C(¢). For an initially staggered state, where ev-
ery other site is occupied, i.e., n;(0) = 1 for j even and
n;j(0) = 0 for j odd, C(t) is identical to the imbalance
Z(t) = (Ne — No)/(Ne + N,) between even and odd sites,
which is often measured in optical lattice experiments'.

1. Random vs. quasi-periodic potentials

In order to study random systems, we draw the local poten-

tials from a bounded box-distribution,

hj € [-W, W] (6)

and refer to that as random disorder. However, recently many

experiments have explored MBL using quasi-periodic poten-
tials,

hj = Wcos(2n®j + 0), 7

instead of uncorrelated randomness. Here & is the golden ra-
tio and observables are averaged over several values of the
phase 6. As the period of the cosine function is incommensu-
rate with the lattice spacing, the potential looks quasi-random.
Nevertheless, there are crucial differences to a truly random
potential. First of all, there is already a localization tran-
sition in the one dimensional non-interacting system, com-
monly known as the Aubry-André model®, at W, = 2. Sec-
ondly, the detuning between neighboring sites is either always
small or large throughout the whole system, depending on the
value of the strength W, and hence rare regions are absent.

We first turn to the case of random disorder potentials. For
weak disorder, W = 2.0, an initially staggered state relaxes
and the imbalance decays in random potentials as a power
law Z(t) ~ t~%, with an exponent « between 0 and 1/2,
Fig. 1(a). The powerlaw relaxation occurs due to the pres-
ence of rare region/Griffiths effects’®>%>*.  Griffiths effects
arise due to the enclosure of non-relaxing localized regions in
the otherwise delocalized system. The probability for having
a localized inclusion in d dimensions is exponentially small

in its size, ~ qld, and the timescale for such a region to re-
lax is exponentially long, ~ e/¢, where ¢ is the localization
length in the inclusion. For uncorrelated disorder, it follows
that the density of inclusions that are dynamically frozen on

a timescale ¢ is q(glogt)d. In one dimension, these regions
hence give rise to a residual contrast that scales as a power-
law with a continuously varying exponent as disorder is tuned.
In two dimensions, rare regions give rise to a faster decay
of the contrast. Asymptotically, it is therefore expected that
this log-normal decay should be subleading to hydrodynamic
long-time tails>.

If disorder is strong, W = 17.0, the system becomes local-
ized and the imbalance Z(t) saturates at a sizable finite value,
indicating that the system keeps a memory of the initially
imprinted staggered particle distribution. Already within a
Hartree-Fock approximation, the entanglement entropy grows
logarithmically in time, which results from the dephasing dy-
namics of the local integrals of motion, App. D. Deep in the
localized phase there is no finite size dependence of the im-
balance, because the localization length is much smaller than
system size and particles do not experience the boundaries of
the system. Consequently small size simulations are sufficient
to observe the thermodynamic limit. On the other hand, finite
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FIG. 2. Relaxation of the imbalance for varying disorder. We
gradually increase the disorder strength from W = 2to W = 17
for systems of 192 sites, and monitor the relaxation dynamics of the
imbalance I(t) in time. Within the self-consistent Hartree-Fock ap-
proach we find that the system keeps its memory of the initial state
to late times for disorder strength W 2 15, which corresponds to a
disorder strength of W 2 7.5 in the XXZ-model.

size effects are considerable and still relevant even up to the
order of hundreds of sites for W = 2.

The relaxation of the imbalance for various values of the
disorder W and systems of 192 sites is shown in Fig. 2. Within
the self-consistent Hartree-Fock theory, the imbalance decays
for a large parameter regime to zero with a subdiffusive power
law. Only for W 2> 15 (corresponding to W = 7.5 in the
XXZ-model), the imbalance ceases to relax on the simulated
times. We argue in Sec. IV for the existence of a true localiza-
tion transition within our approximations, which would thus
be at significantly larger disorder strength than the one ob-
tained from small scale numerics, which has been estimated
to be at W ~ 3.6 for our system?!?22%2% " Previous large-
system studies using the numerical linked-cluster approach®
and a recent study using matrix product states®” had also lo-
cated the transition at much stronger disorder.

With quasi-periodic potentials we again find that includ-
ing interactions at the Hartree-Fock level leads to a relaxation
of the initially imprinted density pattern for weak disorder,
W = 3.0, Fig.1(b). Yet, due to the strong spatial correlations
of the quasi-periodic disorder, rare region effects are absent
and our numerics does not show subdiffusive power-law decay
of the imbalance. This is in contrast to a tDMRG and renor-
malization group study, which is however limited to shorter
time scales”®. Due to the fast decay one can still see the resid-
ual finite size value of Z(t) even for system sizes of 192 sites
at late times.

In the absence of interactions, the localization length & ~
1.2 of the model with quasi-periodic disorder at W = 3.0 is
significantly shorter than that of the model with random dis-
order at W = 2.0 (£ ~ 4.0). Yet the imbalance decays much
faster for quasi-periodic disorder, therefor we can expect, that
the absence of a subdiffusive powerlaw decay is a genuine ef-
fect of the type of the disorder potential, rather than a mere
disorder strength effect.

Increasing the disorder strength, the system localizes at
weaker potential strength than in the case of a true random
potential; it is already fully localized for W = 7.0. This is
consistent with the intuitive picture of energy mismatches be-
tween sites becoming large everywhere without any statistical
fluctuations.

2. Initial-state dependence

Besides the staggered state we also consider random ini-
tial states, where the initially occupied sites are chosen ran-
domly as well as a domain-wall initial state where a block
of L/2 sites in the middle of the system is initially occupied.
In Fig. 3 we compare for random disorder the relaxation of
the three type of initial states (staggered, random, and do-
main wall). From a coarse-grained, hydrodynamic point of
view, these three types of initial states differ in that the stag-
gered state is dominated by high-momentum fluctuations, the
domain-wall initial state has exclusively low-momentum fluc-
tuations, and the random state has fluctuations at all scales.
As expected on general hydrodynamic grounds, therefore, the
domain-wall state is much slower to relax than the staggered
state: the timescale on which it relaxes can be interpreted as
the Thouless time for the system.

The decay time scales of random initial states, Fig. 3(b), is
in between the staggered initial state, (a) and the block initial
state, (c). For random initial states, the density-density corre-
lation C(t) is not only averaged over disorder realizations but
also over different initial particle distributions, such that this
case can be interpreted as the result for an infinite tempera-
ture ensemble. For large system sizes of 192 sites, the decay
of C(t) approaches the same power-law decay ~ ¢~ as the
imbalance in the case of a staggered initial state at late times.
This behavior is not observable for smaller systems, which in
particular implies that numerics for small system sizes is not
sufficient to study the power law relaxation in that observable.

To further corroborate the observation of subdiffusive par-
ticle transport in the system at weak disorder, we analyze the
finite size scaling of the crossover timescale t,, at which the
block initial state starts to decay, see Fig. 3(c) (inset). For con-
creteness we define ¢, as the time where C(¢) has dropped to
1/(2e), though we have checked, that the scaling is insensi-
tive to this specific choice. In a diffusive system the notion of
t, would be equivalent to the Thouless time ¢y, which scales
quadratically with system size, tT,, ~ L2. For subdiffusive
transport we find a steeper power law ¢, ~ L, where o
is the exponent of the imbalance decay. The two exponents
coincide, at least within the Hartree-Fock theory, because the
timescale governing density relaxation across the system is
the relaxation timescale of the slowest bottleneck expected in
a system of size L. This slowest bottleneck should correspond
to a Griffiths region with density 1/L. Given that the density
of a Griffiths region with timescale ¢ scales as 1/t*, we thus
have that ¢, ~ L/ (dashed line in the inset of Fig. 3 (c)).
Our numerics yields a very good agreement of these two ex-
ponents, see Fig. 3(a) and (c)

Looking at panels (b) and (c) of Fig. 3, it can be seen, that
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FIG. 3. Subdiffusive decay of different initial states for random disorder potentials. We prepare the system in three different initial states,
in a staggered initial state (a) where every other site is occupied, in a random initial state (b) where half of the sites are occupied at random
positions, and in a domain-wall state (c) where a chain of length L/2 in the middle of the system is occupied with fermions. The states are
depicted schematically at the top of each panel. In the case of a staggered initial state the density-density correlation function C(¢) reduces to
the imbalance Z(t). (a) The staggered initial state shows the fastest relaxation and the imbalance decays according to a subdiffusive powerlaw
Z(t) ~ t~<. (For the disorder strength shown, & = 0.351). (b) Relaxation is slower for random initial states as they typically contain small
blocks of occupied sites, which relax slowly due to the Pauli principle. For late times however the density-density correlation approaches the
same subdiffusive powerlaw C(¢) ~ ¢t~ as the staggered initial state. To see this, large system sizes of several hundreds sites are required.
The inset shows the proper short time finite size scaling of the correlation function. (c) The domain-wall initial state is slowest to relax due
to the Pauli principle blocking hopping inside the block. The timescale ¢, for melting the block, reminiscent of the Thouless time in diffusive
systems, shows the scaling ¢, ~ LY with system size (inset), consistent with the presence of subdiffusive transport in the system. All graphs
are shown for nearest neighbor repulsion U = 0.5 and disorder strength W = 2.0.

finite size effects become noticeable already at tJ ~ 1 for a
random or block initial state, while they only become relevant
at late times for a staggered initial state, Fig. 3(a). This fea-
ture follows from the definition of C(t): for a staggered initial
state, local relaxation takes place everywhere in the system at
once, so the system-wide imbalance drops at a rate of order
unity; but for a domain-wall initial state, all the relaxation
takes place at the boundary, so the system-wide imbalance
drops at a rate O(1/L). The random initial state is, again,
in between the two cases. Calculating the average number of
domain walls for a chain of length L and periodic boundary

2
conditions, as % (1 + %) , we can remove the short

time finite size effect, by properly rescaling the measured cor-
relation function C(¢), see inset of Fig. 3(b).

B. Spectral information

A useful quantity in the study of many-body localization is
the local spectral function, defined as the imaginary part of the
retarded Green’s function, A4,;(T,w) = —1/7 ImG% (T, w).
Here, T = (t + ¢') /2 is the so called center-of-mass time and
the Fourier transform to frequency space w is calculated with
respect to the relative time t,,; = ¢ — ¢’. In a full nonequilib-
rium setting, Green’s functions do not only depend on the time
difference ¢, but also on the absolute center-of-mass time 7.
Nonetheless, we will show in the following, that one can still

extract similar information as in equilibrium.
Using the Lehmann representation assuming a nonequilib-

rium initial state, A;,(T,w) can be decomposed as
Aj(T,w) = Ajj(w) + Rjj (T, w)
Ajj(w) = Z |z/)n|2{|C,(£21\26(w — €nm) +n > m}, (8)

where ¥, = (n|yY), cY) = (n|é;|m), |n) are the exact many-
body eigenstates of the system, and €, are the levelspacings
between eigenenergies. The second term in the decomposi-

tion,

Rjj(T,w)= Y
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all the dependence on center-of-mass
via the time-dependent coefficients agzll(T)
e‘iE"1T¢:¢lC£%C’l%)*. Due to these oscillatory contri-
butions, Rjj(T,w) can become negative, which invalidates
the positivity sum rule of the equilibrium spectral function.
In contrast to the equilibrium spectral function, out of
equilibrium A;;(T,w) also shows 1/w divergences due to
the contribution of R;;(T,w), which would appear only in
the real part of an equilibrium Green’s function. By contrast,
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FIG. 4. Nonequilibrium local spectral function for a single disorder realization. Averaging the nonequilibrium spectral function A;; (T, w)
over the center-of-mass time 7" extracts the non-negative, non-oscillatory part A;;(w), which can be interpreted analogously to the usual
equilibrium spectral function. (a) For weak disorder, W = 2.0, the local spectral function A;;(w) has a broad support and hence there is
a finite energy window in which fermions can tunnel into/out of the site. This leads to the delocalization of the system. (b) In the case of
strong disorder, W = 17.0, A;;(w) has sharp delta spikes only for a finite set of frequencies, thus only fermions with energies from a set of
measure zero can hop into or out of the site. Accordingly the system becomes localized. It is crucial to look at single sites and a single disorder
realization, as averaging over either lattice sites or disorder would yield a sum of delta peaks which smears out the spectral function.

Aj;(w), which we will refer to as local spectral function in
the following, has a form similar to an equilibrium spectral
function. It is independent of the center-of-mass time 7,
nonnegative, and a weighted sum of J-functions located at
spectral lines E,, — E,,, of the system. One can obtain A;; (w)
from A;;(T,w) by averaging over center-of-mass time,
Ajj(w) =limp_ o T71 fOT dS A;;(S,w) as the average will
cancel the oscillatory terms in A;; (7T, w).

Physically the local spectral function A;;(w), is interpreted
as the amplitude for a fermion with energy w tunneling into or
out of lattice site j. If disorder is weak and the system is delo-
calized, the local spectral function is finite for a continuous set
of frequencies such that fermions with many different energies
are able to tunnel into or out of a given site, see Fig. 4(a). In
contrast, in the localized phase hopping into or out of a given
site is only possible for fermions with a discrete set of ener-
gies, hence the local spectral function has only discrete sharp
spectral lines, see Fig. 4(b).

As one is limited to a finite time evolution in numerics we
average over center-of-mass times in the range 1000 < T'J <
7313. Despite this already large averaging window, there are
still some artifacts, like zero-crossings and 1/w-singularities,
of the T-dependent part A;; (T, w) visible in Fig. 4(b). This is
due to the presence of oscillations with very long period, or in
other words very close energy levels, which naturally appear
in localized systems due to the absence of level repulsion.

IV. A SELF-CONSISTENT NOISE INTERPRETATION

It is often assumed, that treating interactions at Hartree-
Fock level is not sufficient to witness the breakdown of local-
ization in a disordered system'2. While this is true in thermal
equilibrium, as we show in Sec. IIT A this assumption does not

hold in the case of quench dynamics that is considered here.
The essential mechanism by which Hartree-Fock terms cause
delocalization is as follows: the time-dependent Hartree-Fock
potentials act as effective temporal noise, and a noninteract-
ing system subject to noise will thermalize (though potentially
with transient subdiffusive dynamics®®). Intuitively, this can
be understood as the noise process, with its continuous fre-
quency spectrum, providing the missing energy for a fermion
to hop between two energy-detuned sites. We also show in
App. F, that relaxation at weak randomness is not due to de-
phasing effects between different disorder samples or due to
averaging over different lattice sites, by computing the relax-
ation of the local density at single sites and for single disorder
configurations.

In our Hartree-Fock theory the selfenergy EEF (t) is a de-
terministic function for a given disorder sample and a given
initial state. However, its frequency spectrum can still po-
tentially be broad, allowing for transitions between energy-
detuned single-particle orbitals. To analyze this we com-
pute the amplitude spectrum of the Hartree-Fock selfenergy
|25 (w)] for a single realization of the disorder. As the results
are very similar for both the Hartree and the Fock contribution
(see App. E), we will focus on the amplitude spectrum of the
Hartree selfenergy |E§{] (w)]| only. If the amplitude spectrum is
broad and mostly featureless as for disorder strength W = 2.0
in Fig. 5(a), the self-energy will look like noise in time do-
main, leading to delocalization (inset). When the amplitude
spectrum consists only of a discrete set of sharp peaks, as is
the case for strong disorder W = 17.0, Fig. 5 (b), the Hartree
selfenergy is just a coherent oscillation in time (inset), leaving
localization intact.

These numerical findings are consistent with what one
might expect perturbatively, at weak interactions. A single
lattice site overlaps with ~ ¢ single-particle orbitals, each at
a different energy, and therefore the on-site potential fluctu-
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FIG. 5. Self-consistent noise interpretation of the Hartree selfenergy. Delocalization in our system on the Hartree-Fock level can be
understood by interpreting the Hartree-Fock self-energy EZF(t) as noise. Since EZF (t) is a functional of the Green’s function, the noise is

self-consistently generated by the system itself and hence it does not necessarily lead to relaxation. (a) The amplitude spectrum |Z§{J (w)]| of the
Hartree selfenergy shows mixing of a continuous frequency range without any to prominent features for weak disorder, W = 2.0. In the time
domain, E?j (t) therefor looks like noise (inset) and consequently the system delocalizes. On the other hand, for strong disorder W = 17.0

(b), the amplitude spectrum only shows mixing of a discrete number of frequencies. Thus, E?j (t) oscillates coherently in the time domain
(inset) and the system remains localized. All data is shown for systems of size L=96.

ates at ~ & separate oscillation frequencies. At the same time,
the energy detuning between a particular orbital and the oth-
ers it overlaps with goes as J¢ ~ 1/ €2 (or, more generally,
polynomially in 1/£). Thus, when £ > 1, a particle in a
given orbital is driven at enough different frequencies that it is
likely to find a “noise”-induced resonant transition to another
orbital. These transitions lead to yet more frequencies in the
self-energy spectrum, inducing yet more transitions, and so
forth, and eventually all particles delocalize. In the opposite
limit, ¢ < 1, the same logic indicates that localization is sta-
ble. In that limit, the amplitude of the Hartree self-energy at
a typical site falls off as exp(—1/¢) (from orbitals centered
at nearest-neighbor sites; further orbitals are exponentially
suppressed as exp(—L/€)). For the same reason, a typical
orbital has exponentially weak matrix elements to couple to
any other orbitals. Thus, asymptotically, in this limit each or-
bital is subject to a weak, essentially time-periodic potential,
which does not induce resonances, leading to a stable local-
ized regime within this approximation.
~ We now calculate the autocorrelation function
EJHj (t) E?j (0) via averaging over disorder realizations,
Fig. 6. We find that the autocorrelations show a decay which
is consistent with a slow powerlaw %1% ()% (0) ~ t=% in
the delocalized phase, W = 2.0. These noise correlations
are much longer lived than in Ref.®®, where exponential
correlations have been studied. However, when one repeats
the arguments therein with power-law correlated noise, it
turns out that the distribution of tunneling times is still fat
tailed and hence subdiffusive transport is recovered in the
system, which is consistent with our numerical observations.
In contrast, for strong disorder, W = 17.0, the self-energy
autocorrelations remain constant in time.

Despite the similarities between our Hartree-Fock treat-
ment and Ref.%8, there are still some differences. Most
importantly, the noise is generated self-consistently, so its
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FIG. 6. Autocorrelation of the Hartree selfenergy. We compute
the autocorrelation Z?j (t)Z}{j (0) of the Hartree selfenergy averaged
over disorder realizations for systems of size L=96. The autocor-
relation of E?j (t) shows a decay in time, consistent with a slow
powerlaw, when the disorder is weak, W = 2.0 (blue). One can
therefore think of E?j (t) as powerlaw correlated noise in a zeroth
order approximation. In the localized phase, W = 17.0, the Hartree
selfenergy shows non-decaying autocorrelations for all times (red).

strength is in general not constant in time. The distribution
of ¥11F(t), obtained from disorder sampling is furthermore
non-Gaussian. We expect that these differences lead to quan-
titative changes in the dynamics, which need to be addressed
in more detailed, future investigations.

V.  CONCLUSION AND OUTLOOK

In this work, we developed a self-consistent Hartree-Fock
approach in the framework of the nonequilibrium Keldysh
field theory to study interacting and disordered fermions, ini-



tialized in a far-from-equilibrium state. Our results show
that this approach can capture a lot of the phenomenology of
many-body localization. Using this technique, we study the
time-evolution of systems of up to 192 lattice sites to times
10*/J. With that we can treat systems that are much larger
than the ones accessible in exact diagonalization and study
dynamics to times much longer than the ones accessible with
matrix product states. Moreover, our results also indicate that
near the many-body localization transition finite size effects
are strong, and for certain observables systems of several hun-
dreds of sites are required to obtain the asymptotic behavior.

The self-consistent Hartree-Fock approach is sensitive to
rare-regions and therefore captures subdiffusive transport for
weak random disorder. We showed that in correlated quasi-
periodic potentials such subdiffusive transport does not exist,
as can be understood from the absence of rare regions. The de-
localization of our system on the Hartree-Fock level for weak
disorder results from the dynamical nature of the self-energy,
which we interpret as noise. For strong disorder, only a couple
of frequencies contribute to the self-energy, and hence local-
ization persists.

From a certain perspective it is surprising that Hartree-Fock
theory is able to capture so much of the MBL phenomenol-
ogy. This appears to have to do with our far-from-equilibrium
initial state, which (together with the randomness) builds in
fluctuations at many frequencies into the initial conditions for
the Hartree-Fock dynamics. If we had instead started with an
eigenstate of the noninteracting problem'>®! the Hartree-Fock
theory would not give rise to thermalization, at least for weak
interactions. The fact that the performance of mean-field ap-
proaches is sensitive to the fluctuations encoded in the initial
state—as we see here—was recently pointed out in Ref.”".

For future work, it will be interesting to study many-body
localization in higher dimension and the effects of long-range
interactions on the many-body localization transition with this
approach and with that explore many-body localization in
trapped ions®, polar molecules’!, or condensed matter sys-
tems with dipolar interactions'?. Moreover, many-body local-
ized systems that are subjected to periodic driving fields® can
be explored as well with this technique for large system sizes.
From a more fundamental point of view, it would intriguing to
investigate how one can use measures of the “spikiness” of the
local spectral function to quantify the many-body localization
transition, how they can be measured in ARPES type experi-
ments for ultracold atoms’?, and whether these measures are
consistent with the long-time evolution of the system.
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Appendix A: Numerical integration of the Hartree-Fock
equations

In order too capture the unitary and conserving nature of
the equations of motion, Eq. (3), we use a predictor-corrector
scheme for the numerical integration. The time arguments
are discetized on a equidistant grid, (¢,t') — (nAt, mAt).
Eq. (3) integrated over a single time step with the standard
trapezoidal rule,

GS(T + At, ') = GS(T,t') + it

x |(J = STF(T + At)) « GS(T + At ') — I (T + A, t')

+ (J = STF (1)) « GS(T, ') — I3 (T, 1)) (A1)

This leads to an implicit equation for the Green’s functions
at one time-step forward, which is solved iteratively by means
of the pedictor-corrector scheme. In the prediction-step, a pre-
dictor is calculated by replacing T' + At with T' on the right
hand side of Eq. (Al). Following that, whe calculate a cor-
rected value of the Green’s function by using the predictor
value at T' 4+ At on the right hand side of Eq. (Al). This is
iterated until convergence up to a chosen accuracy is achieved.

Appendix B: Comparison of Hartree-Fock with exact
diagonalization

For small systems of 12 sites we compare the imbal-
ance time-traces obtained from our Hartree-Fock approach to
exact-diagonalization calculations in order to get a quantita-
tive benchmark for our method. In the weak-disorder regime,
Hartree-Fock tends to be more delocalizing, see Fig. 7. In the
strong disorder limit, however, our method is in good quan-
titative agreement with exact diagonalization. The deviations
at weak disorder stem on the one hand from neglecting higher
order contributions to the self-energy and on the other hand
from the fact that field theories have the tendency to mimic
larger systems and hence provide results that are more delo-
calized compared to exact diagonalization.

Appendix C: Self-consistent Born approximation

The next-to-leading order contribution to the self-energy
in our weak coupling expansion is often referred to as self-
consistent Born approximation (SCBA), which is of second
order in the interaction U. We calculate the SCBA contribu-
tion to the selfenergy and obtain

TSR, ) = 8Gi; (1) Y Ul Gra(t, )Gt t).
Ik
(ChH
We evaluate the Dyson equation taking self-energy contribu-
tion up to the SCBA and compute the time averaged correla-
tion function for a staggered initial state and a domain wall
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FIG. 7. Comparison between Hartree-Fock and exact diagonal-
ization. We compare the Hartree-Fock (HF) theory with exact di-
agonalization (ED) for small systems of 12 sites at weak disorder,
W = 2.0, where HF delocalizes faster than ED, and at strong dis-
order, W = 17.0, where both are practically lying on top of each
other. The faster decay of the HF time trace compared to ED for
weak disorder can be first attributed to the fact that interactions are
treated only perturbatively and second because field theories are not
very sensitive to finite size effects.
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FIG. 8. Comparison of Hartree-Fock and SCBA at short times.
We compare the leading order Hartree-Fock dynamics with the nex-
to-leading order self-consistent Born approximation, both for the (a)
staggered and the (b) domain-wall initial state. The data shown is for
a single disorder realization and a system size of L = 48
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FIG. 9. Entanglement entropy. For non-interacting fermions

(blue), the entanglement entropy saturates at a finite value indepen-
dent of system size. Including interactions at the Hartree-Fock level,
we find entanglement growth consistent with the expected logarith-
mic behavior S ~ logt. The data is shown for disorder strength
W = 9.0 and a 12 site system. We made sure, that there are no finite
size effects at the timescales shown.

initial state, see Fig. 8. Within the SCBA it is numerically
expensive to reach late times, because the memory integrals
on the right hand side of the Dyson equation (2) have to be
computed. Therefore, our data is limited to times tJ ~ 20.

Hartree-Fock is overall consistent with SCBA, but the latter
potentially delocalizes the system slightly less, at least on the
accessible time scales. On the one hand, SCBA adds new de-
cay channels to the dynamics which on the first sight should
enhance delocalization, but on the other hand it might also de-
crease the self-consistent noise because the memory integral
in the Dyson equation damps oscillations.

One possible scenario could be, that the second effect
(weaker noise due to damping of oscillations) dominates at
short times, before the first effect (larger number of decay
channels) takes over at later times, as the SCBA contributions
in Eq. (2) may build up slowly over time. Similar behavior
has been found in the NLO dynamics of the O(IN)7376.

Appendix D: Entanglement growth

At Hartree-Fock level, our fermion system is effectively de-
scribed by a quadratic Hamiltonian and hence one can cal-
culate the entanglement entropy from the two-point Green’s
functions’’. This essentially follows from the fact, that in
quadratic systems, the reduced density matrix can be writ-
ten as po = 1/Zexp{—H}, where # = > Hiéle; is
the so called entanglement Hamiltonian. Using the relation
ImG35(t,t) = tr{é;éi[m}, for 4, j in subsystem A one can
express the matrix H;; in terms of the two-point Green’s func-
tion, such that one obtains

Sent = = Y [Glog G+ (1= G)log(1 = G)], (DD

l



where (; are the eigenvalues of the matrix TmG'5 (¢, t), with
indices 4, j restricted to the subsystem A.

The evolution of the entanglement entropy of the half-
system is shown in Fig. 9. For a non-interacting system,
U = 0, entanglement quickly saturates at a system size in-
dependent value, while it shows logarithmic growth for finite
interactions, U = 0.1, consistent with previously reported re-
sults?*-22, This is because the logarithmic growth of the entan-
glement entropy essentially results from the dephasing of the
local integrals of motion in the many-body localized phase,
which is captured by a Hartree-Fock approximation. Even
though we observe the qualitatively correct behavior, our ap-
proach does not capture the full entanglement production be-
cause higher-order interaction effects can induce larger entan-
glement.

Appendix E: Analysis of the Hartree and Fock contributions

In Sec. IV, we have focused on analyzing the Hartree self-
energy. In Fig. 10 we show, that the time evolution, when
taking into account only Hartree, only Fock, or both Hartree
and Fock contributions, are qualitatively similar. This is why
it is sufficient to focus on the Hartree selfenergy, E?j (t), when
we analyzing the self-consistent noise.

Appendix F: Single samples and single sites

It is well established, that the nonequilibrium Keldysh 2PI
approach is able to describe thermalization in a closed system.
This is, however, only true, when the memory integrals on the
right hand side of Eq. (2), i.e., the time non-local parts of the
selfenergy, are included. The Hartree-Fock selfenergy on its
own does not lead to thermalization. Nevertheless we have
shown in our present work, that a pure Hartree-Fock time-
evolution is already able to describe relaxation due to inter-
action effects in a disordered system. Just by looking at the
decay of the imbalance or the density-density correlation of
an initial state in Sec. III A, it is unclear whether this decay is
only due to dephasing effects between different disorder sam-
ples and different lattice sites or true delocalization. In prin-
ciple, this scenario can already be discarded by our results
for the local spectral function in Sec. III B, which we com-
puted for a single disorder realization. To further substantiate
that the decay of the correlation functions is due to particle
transport, we look at the occupation number n;(t) of a single
site and a single disorder realization. In a delocalizing sys-
tem, the single-site occupation number will approach 1/2 for
late times, n;(t — oo) = 1/2. On the Hartree-Fock level
n;(t) contains oscillations which will persist forever and de-
localization corresponds to these oscillations being centered
around 1/2. Decay of oscillations can only be obtained in
higher order in the interaction and is a true many-particle ef-
fect. In order to remove the oscillations, we compute the time

10

averaged occupations, lim;_,o T fot ds n;(s) = 1/2, which
smoothly approach 1/2 at late times when the system delocal-
izes. That can be observed in Fig. 11, where we show that the
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FIG. 10. Comparison between Hartree, Fock, and Hartree-Fock
time evolution. The time evolution of only Hartree (red), only Fock
(yellow), and both Hartree and Fock (blue) is qualitatively similar.
The time evolution is shown for random potentials of strength W =
2.0 in the subdiffusive phase and are compared to the localized, non-
interacting system with the same disorder (black).
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FIG. 11. Relaxation of an initially occupied site for a single dis-
order realization. To verify that the decay of the density-density
correlation is not due to dephasing or averaging effects, we compute
the time averaged occupation on a single site and for a single disorder
realization. For weak disorder, W = 2.0, (lower curves) this quan-
tity decays to the average density of a half-filled lattice. By contrast,
for strong disorder, W = 17.0, Without time averaging, n;(¢) would
be persistently oscillating about 1/2 at late times. Therefor the decay
of the imbalance Z(¢) or in general the correlation function C(t) is
due to particle transport. For strong disorder, W = 17.0, the par-
ticle number does not decay on an initially occupied site, indicating
localization of particles on the given site.

time-averaged occupation number on a single site approaches
1/2 for a few different disorder samples at weak disorder.
For strong disorder the occupation remains close to its initial
value, Fig. 11 as expected for a many-body localized system.
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