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We consider periodically driven Anderson insulators. The short time behavior for weak, monochro-
matic, uniform electric fields is given by linear response theory and was famously derived by Mott.
We go beyond this to consider both long times—which is the physics of Floquet late time states—
and strong electric fields. This results in a “phase diagram” in the frequency-field strength plane,
in which we identify four distinct regimes. These are: a linear response regime dominated by pre-
existing Mott resonances, which exists provided Floquet saturation is not reached within a period;
a non-linear perturbative regime, which exhibits multiphoton-absorption in response to the field; a
near-adiabatic regime, which exhibits a primarily reactive response spread over the entire sample

and is insensitive to pre-existing resonances; and finally an enhanced dissipative regime.

I. INTRODUCTION

Many-body localization (MBL) generalizes Anderson
localization and entails a breakdown of local thermal-
ization in disordered, interacting systems!®. Localized
systems have been a subject of intense study over the
past decade, following a body of work which greatly
advanced the case for the existence of MBL using per-
turbative arguments?, numerical studies®® and rigor-
ous proofs®. MBL systems display a rich complex of
properties”® including an emergent set of local integrals
of motion?!? leading to a variety of unusual dynami-
cal properties®!!'13, Further stimulus to this study has
come from advances in cold atomic systems'*1? which,
unlike solids containing delocalized phonons, realize iso-
lated systems in which all degrees of freedom are local-
ized — thus allowing the simplest theory, already quite
complicated, to confront experiments directly.

The present paper is inspired by this harmonic conver-
gence, although it addresses non-interacting or Ander-
son localized systems for reasons of tractability. Specif-
ically we ask about the response of an isolated one di-
mensional Anderson insulator composed of a single set
of charges, which we take to be electrons, initially in
its ground state, when it is placed in a uniform electric
field oscillating at a frequency w and amplitude Ey. The
textbook answer to this problem is that the system will
exhibit a linear response of the celebrated Mott form for
the a.c. conductivity?® 2 at small w

o (w) ~ w?log™ (1/w). (1)

In this work, we go beyond this answer in two ways. First,
we ask what happens when the field is kept on for a long
time. Here the linear response calculation, which predicts
a linear absorption of energy with time, will break down.
Instead we find that the energy absorbed saturates and
the system exhibits a Floquet late time state (FLTS).
Second, we ask what happens if the field is too large for
the linear response formula to hold even at short times.

By definition this also involves a breakdown of linear re-
sponse theory due to the inherent non-linearity of the
response. In exploring these regimes we will embed the
Mott result in a larger “phase diagram” in the (w, Ep)
plane. This phase diagram (Figure 1 (middle)) exhibits
three new regions which we characterize as exhibiting
perturbative non-linear response, adiabatic non-linear re-
sponse and enhanced dissipation. One central message of
our analysis is that the even the limit of asymptotically
small w and Ejy in a localized system depends sensitively
on the relative magnitudes of the two quantities.

At this point it is useful to distinguish our results from
a more standard understanding of the limits of linear re-
sponse in a more conventional solid state setting. In the
latter setting one finds the same linear response, but the
long time and large amplitude response will involve cou-
pling to delocalized phonons in an essential manner. By
contrast our results are intrinsic to the electronic sys-
tem and probe the physics of Anderson localization alone,
even outside the linear response regime.

In the main text we organize our discussion as fol-
lows. In Section IT we offer an overview of our results
and introduce three length scales which organize the
physics of linear and non-linear response. Section III
is the technical heart of the paper wherein we analyze
the (w, Ep) phase diagram using a combination of per-
turbation theory, Rabi oscillation theory, Landau-Zener
tunneling ideas and Floquet theory. In Section IV we
present detailed numerical studies that bear out the ideas
developed earlier. We close with a recapitulation of our
main themes and results in Section V. In Appendix A
and Appendix B we discuss the case of a single site drive
which has some useful pedagogical features.

Before presenting an overview of our results, we note
that this work synthesizes and builds on many themes
in recent work. Most narrowly it builds on the identi-
fication of the surprising, non-local, adiabatic response
of localized insulators to a local perturbation in Ref. 12.
More broadly it builds on work establishing the existence
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FIG. 1. (left) Schematic illustration of the characteristic microscopic response to an oscillating electric field in the four

different regimes. Sketches represent physical processes dominating in the four regimes of response. From bottom to top:
Mott resonances, corresponding to the linear response regime; multiphoton absorption, corresponding to the perturbative non-
linear response regime; adiabatic avoided level crossings, corresponding to the adiabatic non-linear response regime; and level
crossings intermediate between adiabatic and diabatic, corresponding to the enhanced dissipation regime. (middle) “Phase
diagram” showing four regimes of response for an Anderson insulator driven by an oscillating electric field, as a function of
scaled field strength £ and scaled frequency €2, where these are defined in relation to Fo and w in Eqns. (2) and (3). See main
text for distinctions between regimes. (right) Schematic plot showing the length scales rmott, 7z and 7. that characterize the
response of a pair of localized states in an Anderson insulator to a periodic drive, and their dependence on drive strength £.
Linear response is mainly from resonant pairs with separation rmott indicated by a horizontal band. Other aspects of response
depend on the separation r of the localization centers of the pair of states compared to r, and r.. For r < r, the effect of the
drive is perturbative in £. For r > ry, the pair of states undergoes two avoided level crossings during the drive cycle, which
are adiabatic if r < r. and diabatic if r > r.. The shaded region with hatching indicates the crossings which dominate the

dynamics of the adiabatic non-linear regime.

of Floquet many body localized systems?* 26 which ex-

hibit partially universal states at long times®”-2®. In these
many-body systems, the FLTS exhibits a reduction to the
“diagonal ensemble” in which all observables vary peri-
odically with the period of the drive and are said to syn-
chronize with it?°. For our non-interacting system global
observables do synchronize, but local ones do not. When
we study global energy absorption upon driving the sys-
tem starting from a general state, there is a transient
regime before a FLTS is reached. For weak driving and
an initial equilibrium/ground state, this transient regime
is the regime described by linear response theory. In our
phase diagram, the transient response lasts less than one
period of the drive except in the linear response regime;
in all other regimes we will be discussing properties of
the FLTS.

We note that an early version of these results was pre-
sented by one of the present authors® and has also ap-
peared in the DPhil thesis of another®'. In the course
of completing this work, there have been a few sepa-
rate papers discussing response and regimes of energy
absorption in driven MBL systems26:32734. In particu-
lar, our analysis shares many qualitative features with
the discussion in Ref. 32, although we consider heating
starting from a low-temperature initial state of the un-

driven Hamiltonian while Ref. 32 works near infinite tem-
perature. Despite qualitative similarities with the MBL
case, the noninteracting problem offers a high degree of
tractability which allows us to propose analytically and
verify numerically several different independent signa-
tures of the four different dynamical regimes suggested
by our phenomenological analysis. While this is of inter-
est in its own right, it also helps bolster the analogous
analyses in MBL systems where numerics are limited to
much smaller sizes and times. A key difference between
the two cases is that the long time limit in interacting
systems exhibits heating to infinite temperature for fre-
quencies below a threshold set by local energetics?4 26,
By contrast, in our disordered non-interacting system in
one dimension, the energy absorption always saturates
below the maximum possible value and the system en-
ters a non-thermal late time state.

We also note related studies of non-interacting driven
systems. Dynamics of energy absorption and excitations
in driven, disordered systems have been considered in
the kicked quantum rotor using the language of one-
dimensional Anderson insulators®® and also including a
Landau-Zener mechanism for heating®®. We also flag
studies of tight-binding models which examine the effect
of periodically driving a disordered one-dimensional sys-



tem on localization length3”3?, conductance®®*!, spec-

tral statistics??, and localization properties of Floquet
operator eigenstates®®. Ref. 43 also studied dissipative
non-linear charge response (but not heating) of Ander-
son insulators, but they worked primarily in the strong
drive limit Ey > w. Studies using random matrices as
models for disordered physical systems have also asked
questions related to our themes. Work on these mod-
els demonstrates the saturation of energy absorption in
the presence of a drive when the Floquet eigenstates are
localized** and examines the relationship between en-
ergy absorption and drive amplitude and frequency, de-
pending on the class of random matrix*>~47. Addition-
ally, Ref. 48 studies the break down of linear response
in a random matrix Hamiltonian under periodic driv-
ing. Separately, within linear response, the Mott law
has been reproduced in numerical studies of a disordered
one-dimensional tight-binding model®?.

II. OVERVIEW

In this section we outline a physical picture for the
different regimes of behavior that arise in a periodically
driven Anderson insulator, as the drive amplitude and
frequency are varied. We focus on one-dimensional sys-
tems and consider frequencies low enough that the energy
of a drive photon is much less than the spacing between
electron energy levels in a region of size equal to the local-
ization length £. The regimes of behavior are set partly
by the relative sizes of three key length scales, which we
introduce in the following and denote (in units of &) by
TMott, 7L and 7.

Linear response can by definition be described in terms
of transitions between eigenstates of the undriven Hamil-
tonian, and the dominant contribution in the Anderson
insulator at low frequency is from Mott resonances — hy-
bridized pairs of localized states with an energy splitting
that matches the drive photon energy?®. These pairs have
a frequency-dependent characteristic spatial separation
known as the Mott length, ryots. This is the first of our
three length scales. Within linear response theory, energy
is absorbed by the sample from the drive at a constant
rate. At finite but weak drive amplitude, response satu-
rates on a timescale much longer than the drive period.
The saturation can be understood by examining Rabi os-
cillations of the Mott resonances. The timescale to reach
saturation decreases with increasing drive amplitude and
a boundary to the regime of linear initial response is set
by the amplitude at which the saturation time matches
the drive period.

Other physical processes make contributions to the re-
sponse that compete with Mott resonances as drive am-
plitude is increased. We discuss these processes by con-
sidering the eigenstates of the instantaneous Hamiltonian
and their parametric variation over the drive period, tak-
ing the driving electric field to be represented using a
scalar potential. A sufficient (but unnecessarily restric-

tive) condition for linear response theory to be valid at
short times is that the variation of instantaneous energy
levels over a period is much less than the level spacing.
This is the case in a small system at weak drive. For a
large system, however, there exist pairs of levels having
energies that are close in the undriven system and are
swept past each other by a finite amplitude drive. The
drive amplitude determines a minimum spatial separa-
tion rz, for the localization centers of such levels, which
is the second of our key length scales. It is natural to
consider these crossings using Landau-Zener theory. The
quantum evolution during such a crossing depends on
the strength of coupling between the levels and on the
drive frequency, and can be characterized by our third
length scale, r.. Crossings between localized states with
spatial separation much larger than r. are deep in the
diabatic limit, while crossings between states with sep-
aration much smaller than r. are deep in the adiabatic
limit.

This distinction determines the contribution to the re-
sponse of an Anderson insulator arising from the level
crossing of a state occupied by an electron with another
one that is initially empty. A strictly diabatic level cross-
ing makes vanishing contribution because the electron
does not move in space. Conversely, a strictly adiabatic
crossing makes a contribution that is large and reactive,
since the electron jumps between the localization cen-
ters of the two states involved, but jumps back later in
the drive cycle when the two levels cross in the oppo-
site sense. A dissipative response arises just from those
crossings that are intermediate between diabatic and adi-
abatic, involving localized states with spatial separation
of order r,12:26:32,

We provide estimates of these three length scales and
their dependence on drive amplitude £ in Sec. III. A
schematic view of the results is given in Fig. 1. At weak
drive the inequality 7 > r. > Moty holds. In this first
case, the only transitions that lie outside linear response
theory (those between localized states with separation
greater than rr) are strictly diabatic and so unimpor-
tant. Above a critical drive strength the inequality is
reversed, so that ryery > 7. > 7. In this second case
Mott resonances are unimportant for response, because
under drive they are traversed diabatically. Instead there
is a reactive contribution to response, from pairs of local-
ized states with spatial separation in the range between
rr, and 7., and a dissipative contribution, from pairs with
separation of order r..

As illustrated in Fig. 1, we identify from this discussion
four regimes of response for a one-dimensional Anderson
insulator driven by a low-frequency oscillating electric
field. Smooth crossovers between these regimes are tra-
versed successively with increasing drive strength &£ at
any fixed frequency 2. At the weakest drive strengths
(the linear response regime), linear response of Mott res-
onances dominates until a saturation time that is much
longer that the drive period, and response after the
saturation time is from Rabi oscillations of Mott reso-



nances. The saturation time decreases with increasing
drive strength, reaching the drive period at the upper
boundary of the linear response regime. At higher drive
strengths (the perturbative non-linear response regime)
there is no distinct period of initial response, and multi-
photon transitions make a significant contribution to en-
ergy absorption. In both the linear response and per-
turbative non-linear response regimes, the ordering of
length-scales is r;, > r. > TMmots- This is reversed on
entering the adiabatic non-linear response regime, above
a second threshold for drive strength: here there is a
large reactive response from pairs of localized states with
separation r in the range r; < r < r.. In addition,
at the highest drive strengths (the enhanced dissipation
regime) there is a large dissipative response from pairs
with r ~ r..

IIT. DETAILED ANALYSIS

We study a one-dimensional or quasi one-dimensional
Anderson insulator with density of states p per unit
length and energy, driven by an oscillating electric field of
strength Ey and frequency w. Let e denote the electron
charge. We use the inverse level spacing £p in a system
of size equal to the localization length, £, to define the
dimensionless field strength

£ =eEot?p (2)
and the dimensionless frequency
Q= hwép . (3)

We are concerned with the response to weak fields (£ <
1) at low frequencies (2 < 1) for a zero-temperature
initial state in which the energy band of localized states
in partially filled. We start by discussing the dependence
on &£ and Q of the characteristic lengths ryott, 77, and 7,
introduced above.

Consider single-particle eigenstates in an Anderson in-
sulator. Following Mott’s picture of frequency-dependent
conductivity, most eigenstates have a well-defined local-
ization center, but a few form resonant pairs with other
distant localized states. Energy absorption is due to tran-
sition within these resonant pairs. The minimum energy
difference between the two states in a pair depends on
their spatial separation z, because it is limited by level
repulsion and this is controlled by spatial overlap between
tails of wavefunctions. An estimate of this minimum en-
ergy difference is (p€) ! exp(—x/€), and the Mott length
is obtained by equating it to the energy fuww of a drive
photon. Introducing dimensionless lengths r = z /£, the
Mott length is therefore

TMott — ln(l/Q) . (4)

Pairs of states may be driven through a resonance by
an electric field of finite strength. Representing the elec-
tric field using a scalar potential, the field modulates

the relative energies of two states by an amount pro-
portional to their spatial separation. The dimensionless
length rp is defined by equating this energy modulation
to the minimum energy separation of the pair. From
reEy = (p€) ™ exp(—x/€) we obtain at leading order for
small £

rr ~ In(1/€). (5)

Next we examine the dynamics of such an avoided
crossing induced by an oscillating electric field. In gen-
eral, time evolution of a pair of states |m) and |n) with
the Hamiltonian H(¢) and instantaneous energies ,, and
&m 1s adiabatic if

hl(m|0yH (1) |n)|

ooy < (6)

For states with separation z we set [(m|0;H(t)|n)| ~
eEorw and take |e,, — e, ~ (p€) " lexp(—z/£). In
this way the boundary between adiabatic and diabatic
avoided crossings is located to be at £Q = r_ 1 exp(—2r,).
For &, Q) <« 1, this yields to leading order

1 1
Te & §1n (EQ) . (7)
As illustrated in Fig. 1, at £ = Q the lengths satisfy
TMott = T = re. For & < ) they have the ordering
rrp > re > oty and the effects of the electric field are
perturbative. For £ > Q both inequalities are reversed,
and some effects of the electric field are non-perturbative.

A. Linear response

In outline, a derivation of Mott’s result for the fre-
quency dependent conductivity in an Anderson insulator
is as follows. We equate the macroscopic expression for
the rate of energy absorption per unit length, in terms
of the conductivity o(w), to a microscopic expression in
terms of transitions between initial and final states [i)
and |f), with energies ¢; and ey = ¢; + fw. Using the
Fermi golden rule and denoting the density of final states
by pr, this gives

L E20(w) = hw > prle)lL — viep)

2

2, .
f|<l|€E01¢|f>|2PF7

3

where v(g) is the occupation probability of a state at
energy €. The central assumption is that the matrix ele-
ment appearing here is small unless the initial and final
states form one of the resonant pairs discussed above,
in which case |(ileEpx|f)| ~ eEpxmott.- For the energy
splitting of a pair to match the photon energy, the spa-
tial separation of the pair should be within O(&) of Zpott,
and so in d dimensions pp ~ pxﬁd_oitf . In consequence at
zero temperature

o(w) ~ he? p*ew?xit . (8)

In combination with the logarithmic dependence of z p70ut
on w [Eq. (4)], this yields the expected result: Eq. (1).



B. Rabi oscillations

It is straightforward to treat long-time saturation of
response at weak drive in terms of Rabi oscillations of
resonant pairs. An effective Hamiltonian for one pair has

the form
H(t)(g()fg>+<2g>sinwt, (9)

where the coupling is v ~ eFpXTmott- At finite drive
strength one should take account of levels that are not ex-
actly resonant. Denoting the detuning by § = ey —¢; —w,
the Rabi frequency is wr = 1/82 + 72 and the transition
probability is

2

ﬁ sin?(wgt/2). (10)

Pi—>f:

We compute energy absorbed by summing fwP;_,; over
initial states ¢ with a spatial density phw, and averaging
over €5 with energy density pr. For a sample of length L
this calculation gives the energy AE(t) absorbed at time
t as

1LE3o(w)t ~ #ﬁmﬁumm t < teat
AE(t) ~
%LESJ(w)tsat ~ T@SQQ In(1/Q) > teat
(11)
where o(w) is in accord with Eq. (4) and tgat ~ h/7.
Rabi oscillations of isolated Mott resonances are
vividly illustrated in numerical calculations of AE(t) vs
t for multiple disorder realizations in moderately sized
samples, as shown in Fig. 2 [see Sec. IV for details of
model and methods|. AFE(t) in an individual realization
exhibits Rabi oscillations. These vary widely in ampli-
tude and period between realizations, with much larger
energy absorption and longer period in resonant realiza-
tions than in typical ones.

C. Perturbative non-linear response

The boundary to the linear response regime is at
witsat ~ 1, which can be re-expressed in terms of
the dimensionless field strength and frequency as & ~
Q/In(1/€Q). In the limit Q@ <« 1 of interest, there is a
wide interval

Q/In(1/9) < € < N (12)

between the electric field strength at the boundary to
the linear response regime, and the field strength at
which the characteristic length scales ryiots, 77, and 7.
cross. In this interval, the ordering of these lengths
IS PMott € Te < rr. As a consequence, level cross-
ings induced by the drive are strictly diabatic, and the
leading correction to linear response theory arises from

FIG. 2. AE(t) vs t for multiple disorder realizations. (inset)
Histogram over disorder realizations of energy absorbed in
long-time limit. Electric field strength, frequency, disorder
strength, system size, and number of disorder realizations are,
respectively: ¢ow = 2.5 x 1074, w = 0.25, W = 5, L = 100,
and N, = 7.5 x 10*,

multi-photon absorption that can be treated using time-
dependent perturbation theory at the appropriate or-
der. This is the perturbative non-linear regime shown
in Fig. 1.

D. Strong field response

At higher field strengths (€ > Q) the system enters
a new regime, in which avoided level crossings of the in-
stantaneous Hamiltonian play a significant part in re-
sponse. We argue in the following that time evolution in
this regime can be understood in terms of a sequence of
distinct two-level crossings.

As a first step, consider the avoided crossings involving
a given level over a single period of the drive. We will
estimate the average number Ny, that are intermediate
between diabatic and adiabatic, and the average num-
ber N,q that are adiabatic. From the discussion leading
to Eq. (7), intermediate crossings occur between levels
that have a spatial separation of their localization centers
given by &r. to an accuracy O(§). The relative energies
of two regions of the system with spatial separation &7,
are modulated by eFEy&r. over a drive cycle. We therefore
estimate

Nint ~ eEo&?preo = Ere ~ EIn(1/£Q). (13)

Adiabatic avoided crossings occur between states with a
spatial separation that lies between &rp and £r.. Hence
by a similar argument

Ere
Nag ~ / eEoxpdr = Er2 ~ E[In(1/EQ))*.  (14)
3
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To understand whether it is sufficient to consider only
pairwise avoided level crossings, we estimate the frac-
tions Fiy and F,q of the drive cycle occupied for a given
level, by intermediate and adiabatic avoided crossings re-
spectively. Taking the minimum energy spacing at an
avoided crossing of levels with spatial separation = to be
(p€)~Lexp(—x/£), noting that the modulation in relative
energy of two levels over a drive cycle is e Egx, and setting
x = &r., we have

(p€)~"exp(—z/¢)

Fipt ~ Niy ~e e 15
¢ ¢ eEyér, ¢ (15)
A similar calculation gives
Ere
Fog ~ ¢ texp(—x/€)dx =~ €. (16)
ére

Since Finy + Faq < 1 for £,Q <« 1, the avoided crossings
involving a given level are mostly well separated from
each other.

The regime of adiabatic non-linear response indicated
in Fig. 1 is the one in which N,q > 0 but Nz < 1,
implying Q < £ < [In(1/Q]~!, while the regime of en-
hanced dissipation is one with N, > 1, which requires
In(1/Q)]"! < & We show below that in these two
regimes there are characteristic contributions to energy
absorption from intermediate crossings, and to the reac-
tive response from adiabatic crossings. Rather surpris-
ingly, we find that the dependence of these contributions
on & and €2 does not change on crossing the boundary at
Nipt ~ 1 between the two regimes.

1. Adiabatic non-linear response

In the interval
Q< &< In(1/Q]™* (17)

only rare levels undergo intermediate avoided crossings.
In this regime energy absorption does not arise from Mott
resonances, because they give rise to avoided crossing
that in this range of drive strengths are traversed diabat-
ically. Their place is taken by intermediate avoided cross-
ings between levels with spatial separation &érp < Tyots-
Such an avoided crossing gives rise to energy absorption
of order eFEyéry, if it lies within eFEpéry of the Fermi en-
ergy. The spatial density of levels inside this energy win-
dow is NinteFoérrp, and so the total energy absorbed at
long times is

AE(00) &~ LN (eEofrr)?p ~ (L/p€2)E3 In(1/9Q).
(18)
Note that this matches Eq. (11) if it is evaluated at the
boundary to the linear response regime.

2. Enhanced Dissipation

The strongest range of drive strengths we consider is
n(1/Q)] ' < €. (19)

In this regime N,z > 1, so that levels of the instan-
taneous Hamiltonian typically have many avoided cross-
ings within a drive cycle that are intermediate between
diabatic and adiabatic. Since Fj,; < 1, these cross-
ings occupy a small fraction of the drive cycle, and so
it is appropriate to consider them in a pairwise fash-
ion. We estimate the energy gain over a cycle by as-
suming that an electron in an eigenstate of the instanta-
neous Hamiltonian does a random walk in energy, con-
sisting of Njn; steps, each of characteristic size Fo&r..
Occupation is then spread over an energy window 6F
and gives energy absorption AE ~ pL (5E)2. We ex-
pect 0E ~ eEg&ren/Nint, leading to the conclusion that
Eq. (18) applies in this region as well.

E. Reactive response

At all field strengths there is a reactive component to
response, with contributions to AE(t) that oscillate over
the drive cycle. The non-linear aspects of the reactive
response are particularly interesting as they reflect the
adiabatic transitions discussed above. A convenient way
to compute the reactive component of AE(t), which we
denote AFE (), is via the polarization P(t) of the sam-
ple in the presence of an electric field Ej sin wt, since the
current flowing is I(t) = 9;P(t), which in turn is related
to AE(t).... by OAE (t),... = I(t)Eysinwt.

reac reac

1. Linear response

In linear response, one has P(t) = xEp sinwt, where x
is the polarizability, and so

1

AE (t),00c = 5XE§ sin? wt . (20)

The low-frequency polarizability is well approximated by

its static value, given in terms of single particle eigen-

states |m) and energies &, for a system with chemical
potential p by

2
[l o)

x=¢ Y

Ep — €
em<u<en, m

We estimate the value of this expression by taking
[{(n|z|m)| ~ £ if the two states are localized in a region of
size € and lie within an energy window of width (£p)~1,
and zero otherwise. This gives x ~ e2p¢2L for a one-
dimensional system of size L. (The relation between this
result and Mott’s law via the Kramers-Kronig relations
is discussed in Ref. 50.) Hence

AE (t).... ~ (L/p*)E?sin® wt. (22)

reac



2. Adiabatic non-linear response

In the field range
Q< €< [In(1/Q)]2 (23)

Naq < 1 so that adiabatic levels crossings are rare and
an individual level is involved in at most a single cross-
ing. We estimate I(¢) under these conditions as follows.
Electrons which make adiabatic transitions at unit rate
between states separated by distance x contribute current
ex. For an electron at energy ¢ below the Fermi energy
to make a transition to an empty state, the possible spa-
tial separation range, x, is & > Tmin = &/ (eEpsinwt) to
ensure the final state is unoccupied, and x < &r, for the
transition to be adiabatic. The rate at which states at
distance x pass through avoided crossings with a given
initial state is peFp|z|w coswt. Accounting for all possi-
ble initial states, for the first quarter of the drive cycle
we have

Emax 570
WAE (1), = Lp? (eEp)* wsinwt cos wt/ / dx
0 x

= % (re€eBo)® Lp?r.&sin® (wt) cos (wt) .
(24)

where epax = EreeEy sinwt.

Accounting for the entire drive cycle and integrating
over time, we find a reactive contribution to energy ab-
sorption at intermediate field strengths given by

BB O~ (s ) £210° () bl )

3. Reactive response in the enhanced dissipative regime

For the largest field strengths,

(In(1/€2)]

Noq > 1 and so individual levels are typically involved in
many adiabatic crossings over a drive cycle. One might
expect this to lead to a modification of Eq. (25), but
surprisingly it does not, as we now show.

To capture the fact that there are many adiabatic
crossings per level, we consider occupation n (g,t) of lev-
els as a function of energy € and time ¢ within a cycle.
The generalization of Eq. (24) above is

lke, (26)

OAE (). = Lp*(eEy)’ wsinwtcoswt x K (27)

reac

with
Ere
K= / de /
57"«

_ / ds / Vst [L—v(s+00][0ede.  (28)

(e,t) [1 = n(e + eEpxsinwt, t)] |z|xdx

Here we have substituted ¢ = sr.feFpsinwt,x = r.£f
and v (s,t) = n(sr.feEpsinwt,t). We can recover
Eq. (25) by taking v (s,t) = © (—s).

In general, v (s, t) should be a monotonic function that
varies from v(s,t) = 1 at large, negative s to v(s,t) =0
for large, positive s, with a step of width w. The inte-
gral K is O(1) independently of w, and so the reactive
contribution to response is given by Eq. (25) throughout
the range of field strengths 2 < £.

F. Evolution Operator

To illustrate directly the consequences of our Landau-
Zener picture for time evolution, we turn to a discussion
of the evolution operator in the basis of instantaneous
eigenstates. Let {|ok (t))} be eigenstates of H (¢). We
define

nT+t
Sjk (t,n) = (¢; () |T; exp [—Z/O H(t) dt’] ek (0)),
(29)

where T, denotes time ordering.

For the discussion that follows, the relative order-
ing of the labels j and k for instantaneous eigenstates
of H(t') at times t' = 0 and ¢ = nT + t is central.
While we have chosen to present our discussion of time-
evolution in terms of avoided level crossings for a system
with an electric field represented using a scalar poten-
tial, the most revealing ordering of j and k is by the in-
stantaneous eigenvalues of H(t) with electric field repre-
sented using a time-dependent vector potential, because
this preserves the real-spacing ordering of (p;(¢)|z|e,(t))
and (g (t)|x|ek(t)) in a transition that is diabatic. For
a sample without periodic boundary conditions, either
gauge choice is of course permissible and equivalent to
the other provided time evolution is computed exactly.
However the standard condition [Eq. (6)] for an avoided
level crossing to be adiabatic is gauge-dependent and
needs to be used with a scalar potential which ensures
that a time independent field is represented by a time in-
dependent Hamiltonian as assumed in the derivation. Fi-
nally, although a vector potential must be used to repre-
sent an oscillating electric field in a sample with periodic
boundary conditions, sensitivity to boundary conditions
is small provided L > €.

If all level crossings are perfectly diabatic, Sjx(t,n) is
a diagonal unitary matrix for all ¢,n. If the level cross-
ings are a mixture of perfectly diabatic and perfectly
adiabatic, S, (t,n) is the product of a permutation ma-
trix and a diagonal unitary matrix. Furthermore, in the
latter case, the permutation returns to the identity at
t = T'/2. Deviations from this behavior arise from inter-
mediate level crossings, which are rare in the adiabatic
non-linear regime. We will use S;;(t,n) to identify the
adiabatic non-linear regime in numerical simulations.



In particular, we introduce the quantities

FO =LY (IS (t,n)) (30)
k

and

gt)=L"" Z(mJaXISJ*k (t;n)*) (31)
k

for a system of L states, averaged over disorder and
n. We expect 1 — g(t) ~ O(Nip) and 1 — f(0) =
1= f(T/2) ~ O(Nint). At t # 0,T/2, 1 — f(t) is a
measure of the fraction of levels that have undergone adi-
abatic crossings. If N,q > 1, we expect f (t) < 1 unless
t is near an integer multiple of T'/2.

IV. NUMERICAL SIMULATIONS

In this section we present results from numerical
simulations of a site-disordered, one-dimensional tight-
binding model for spinless fermions driven globally by an
electric field.

We start from the Hamiltonian

Hy=— Z ()\CjCiJrl + h.c.) + Z wiC;-rCiy (32)
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where the site potentials w; are independent random vari-
ables uniformly distributed in [-W, W]. Representing
the electric field using a time-dependent vector potential
introduced via the Peierls substitution, the model with
global drive is

Hegp (t) = — Z (5\ (t) CICi+1 + h.c.) + Z wicjci , (33)

K3

where A(t) = Mexp(—iggcos(wt)). The product of
charge and electric field strength is then eE(t) =
Pow sinwt.

Taking A = 1 to set energy scales, we focus on strong
disorder, with W = 2, 5, 10, and 20. For W =2, £ = 6
lattice spacings and for W = 5,10, and 20, we have that
¢ < 1 lattice spacing®'. We consider frequencies in the
range 2.5 x 107 < w < 0.5 and drive strengths, ¢ow,
in the range from 107° to 1. These correspond to di-
mensionless field strength and frequency in the ranges
107 <€ <1072 and 1075 < Q < 1071, respectively.
We use as an initial state the ground state of a system
with the Hamiltonian evaluated at t = 0 and zero chemi-
cal potential. We consider systems with periodic bound-
ary conditions and L = 100 sites except where otherwise
noted. Most results are averaged over N, disorder real-
izations, with 108 < N, < 5 x 10°.

To compute time-evolution numerically, we construct
the time-evolution operator U (¢,0) from a piecewise-
constant, discretized version of H (t), using N time steps
in a period. Typically N5 ~ 2 x 10? is adequate, but for

small frequencies values as large as N5 = 2 x 10° are
necessary; for further discussion, see Ref. 31.

In the following, we present results for range of quan-
tities that characterize behavior. We consider energy ab-
sorption, changes in fermion occupation of eigenstates of
the initial Hamiltonian and of lattice sites, and fluctu-
ations of these quantities. Additionally, we study some
of the observables discussed in Sec. III: we investigate
the dependence on electric field strength of different har-
monics of the reactive and dissipative contributions to
energy absorption within the drive cycle; and we com-
pute the overlap matrix within the drive cycle, as defined
in Eq. (29). We focus on systems with global drive, but
reference results for a local drive where the comparison
is illuminating. Data for systems with a single-site drive
are given in Appendix B.

A. Energy absorption

An overall characterization of the response of a system
to a periodic drive is given by the normalized energy
absorption

(v @) [H ()[4 (1)) = Eo

AE(t) = E— (34)

at integer multiples of the drive period. Here E., is the
energy at infinite temperature and Ej is the energy at
t=0.

We start with a demonstration of the expected behav-
ior in the linear response regime. Specifically we show
that: (a) AE(¢) is initially proportional to ¢ over an in-
terval that extends to times much larger than the period
T when the drive amplitude is weak; (b) the energy ab-
sorption rate in this interval is quadratic in the drive am-
plitude; (c¢) the frequency-dependence of this rate (pro-
portional to the conductivity) is consistent with predic-
tions of variable-range hopping; and (d) the timescale
t* at which energy absorption saturates, and the energy
AE(c0) absorbed at long times, both have a dependence
on drive amplitude and frequency consistent with pre-
dictions from our treatment of Rabi oscillations of driven
Mott resonances.

Evidence is provided for (a) in Fig. 3 (left) and for (b)
in Fig. 3 (middle). To examine (c) we extract from the
weak-field, short-time behavior

AE(t) = 0 2m(pow)?t (35)

the coefficient o. As shown in Fig. 3 (right), its depen-
dence on frequency matches well the Mott law expecta-
tion

o= Aw? In*(w/w). (36)

It is interesting to contrast this Mott law behavior for a
global drive with the corresponding result for a single-site
drive, where from App. A one expects ¢ = Bw? without
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FIG. 3. (left) Absorbed energy vs time at weak drive, showing AE(t) o< ¢ over many drive periods T. Parameter values:
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vs t for a range of drive strengths, demonstrating a short-time regime characterized by a conductivity that is independent of
drive strength, and saturation at long times. Lines are guides to the eye. Parameter values: w = 0.25. (right) Comparison of
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Mott law, Eq. (36), with A ~ 0.016, wo = 3.3. (all) Other parameters values: W =5 and N, ~ 1 — 5 x 105,

the characteristic In?(w/wo) factor. This difference is ap-
parent in a comparison of Fig. 3 with Fig. B.9.

At long times, energy absorption saturates. It is clear
from Fig. 3 (middle) that the timescale for saturation
varies with drive strength. To quantify this dependence
we define the saturation time t* to be the time at which
AE(t), extrapolated linearly from its short-time behav-
ior, reaches AF/(00). From the theory of Rabi oscillations
presented in Sec. II1 B, we expect

t* 1

T~ 21t In(2W/wé) (37)
and
e,
AE(00) = Jrm dow” In(2W/wé) (38)

Evidence in support of Eq. (37) is provided by the col-
lapse of data to the dashed line in Fig. 4. Similarly, the
data collapse shown in the inset of Fig. 4 is consistent
with Eq. (38).

It is again interesting to contrast these results for
global drive with the different functional forms for t¢*
and AE(co) in the case of single-site drive. Results from
the theory of Rabi oscillations in that case are given in
Eqns. (B1) and (B2), while data is shown in Fig. B.9.

We note finally that the boundary of the linear re-
sponse regime, as discussed in Sec. II and sketched in
Figs. 1 (middle) and A.8, is set by t* ~ T'. Since simula-
tions for both single-site and global drive give results for
t* that are consistent with theoretical expectations, so is
the location of this boundary.

B. Energy distribution of excitations

In order to expose the microscopic physics behind en-
ergy absorption, it is interesting to examine how the oc-
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FIG. 4. Dependence of saturation time on drive strength and
frequency: t*/T vs ¢oIn(2W/w) on log-log scales. Points:
data; dashed line: fit with slope —1. Parameter values: W =
5 and N, ~ 2 x 10°. (inset) Dependence of AE(c0) on w
and drive strength, w¢o. Ratios of AE(c0) to predicted w-
dependence [Eqn. (38)] vs w on log-log scales. Points: data;
lines: guides to the eye. Parameter values: W = 5, N, ~
1x10* —1 x 10°.

cupation of eigenstates of H(0) changes during time evo-
lution. Let n(e, ) be the fermion occupation number of
an eigenstate with energy ¢ at time ¢. From our choice
of initial state, we have n (¢,0) = © (—e). We write the
change in occupation, relative to t = 0, as

on (e, t) = {;(—6 ’;)W)

€e<0

e>0. (39)
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FIG. 5. (left) Changes in eigenstate occupation induced by weak drive: dn(e,t) vs € at ¢ = 207. Excitations are present
only inside the energy window |e| < w. Parameter values: ¢o = 10~*. (middle) Changes in eigenstate occupation induced by
intermediate and strong drive: on (e,t) vs € at t = co. Parameter values: w = 0.35. (right) Dependence of R [see Eq. (40)] on
drive amplitude ¢ow with log-log scales. Points: data. Line: R o v/¢ow, as expected at strong drive. (all) Other parameter

values: W =5, N, ~ 1 x 10* — 5 x 10°.

In the linear response regime, energy absorption is ex-
pected to arise from resonant pairs of states. These states
are separated by energy w. Due to Pauli exclusion, only
occupied states within w of the Fermi energy can be ex-
cited. We therefore expect a depletion in the occupation
of states with —w < € < 0 and an excess occupation
of states with 0 < € < w, but no change in occupa-
tion for |e| > w, so that dn(e) is positive for |e] < w
and zero otherwise. Fig. 5 (left) displays exactly this be-
havior at weak drive. Fig. 5 (middle) illustrates behav-
ior as drive strength is increased: at intermediate drive
strength (¢9 = 0.1) multi-photon absorption is apparent,
while at higher drive strengths (¢p > 1) no structure is
visible in the energy dependence of dn (e, 00).

C.

Spatial distribution of excitations

A second way to illustrate the physics of Mott reso-
nances at weak drive, and to investigate new features
at strong drive, is to examine the spatial distribution
of particle excitations. Let n(z,t) be the expectation
value of the fermion number operator at site x and time
t in a given realization of the driven system, and let
on(x) = n(x,00) — n(x,0). We compute

2
R= M (40)
((On(a))")1/2
where the averages are over sites x and disorder realiza-
tions. This ratio characterizes the fraction of the system
that has significant change in occupation. For example,
if (0n(z))® =1 on a fraction f of sites and is zero else-
where, then B = f/2. At weak drive, we expect only
resonant pairs are active so that R is small. For strong
drive, the system is more uniformly active and so R in-
creases towards one. Fig. 5 (right) illustrates just this

behavior. From the arguments of Sec. III D we expect at
sufficiently strong drive R o v/Naq ~ V&, and the data
are consistent with this.

D. Harmonics of reactive and dissipative response

As discussed in Secs. IIID and IITE, we expect dif-
ferent dependence on &£ of the reactive and dissipative
contributions to response as field strength is varied. To
examine these differences we consider a Fourier decom-
position of the energy absorption at long times within a
drive cycle

AE(t) =) cpe™. (41)

The amplitude of the dissipative response is ¢g. From
Sec. III we expect cg x & at weak field and co o 3 at
strong field. Fig. 6 (left) shows this crossover. It occurs
at an electric field strength that increases with frequency;
in addition, c¢g is strongly dependent on frequency in the
linear response regime, but much less so in the strong
driving regime. These features are agreement with the
predictions of Eqns. 11, 17 and 18.

The values of |cz| and |c4| characterize the reactive
response. The amplitude of polarization oscillations in-
duced at the fundamental frequency by the drive field is
given by |cz|. These oscillations arise in linear response
and so one expects |ca| oc £2. This behavior is seen in
Fig. 6 (middle). Higher harmonics of the reactive re-
sponse arise at strong field. From Landau-Zener theory
of the evolution operator, we expect |c4| ox €3, as found
in Fig. 6 (right).5? Note that with our choice of phase for
the driving field, the odd Fourier components of AFE(t)
are zero.
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E. Evolution operator at strong drive

Next we present the results of calculations designed
to test the theory of the evolution operator at strong
drive, developed in Sec. IITD 1 using a picture of Landau
Zener crossings of pairs of localized eigenstates of the
instantaneous Hamiltonian. Specifically, we study the
quantities f (t) and g (¢), introduced in Eq. (30), over a
Floquet period at long times. In the adiabatic non-linear
regime, we expect that f (t) < 1 except when ¢ is near an
integer multiple of 7/2 and that g (¢) ~ 1 — O (Nint) =~
1 throughout the drive period. Numerical constraints
make the regime in which N,q > 1 difficult to access.
Nonetheless, in Fig. 7 the expected behavior is apparent.

An additional test of the application of Landau-Zener
theory to the evolution operator is provided by the de-
pendence of the amplitude of the oscillations in f(t) on
drive strength. The difference g (T'/4) — f(T/4) is ex-
pected to be proportional to Nyq — Niyt and vary as &
for strong drive. Evidence for this behavior is provided
in the inset of Fig. 7.

Note that the data shown in Figs. 6, 7 is intended to
probe behavior deep in the adiabatic non-linear regime.
Access to this regime required higher disorder strength,
lower frequency, and finer discretization of the time-
evolution operator (N5 ~ 10°) than data shown in other
figures. This in turn required smaller system sizes.
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FIG. 7. Variation with ¢ of functions f (¢) (solid) and g (t)
(dashed) over one drive period at long times [see Eq. (30) for
definitions]. Adiabatic level crossings lead to a reduction in
the value of f () when ¢t # T'/2. Values of g () less than 1
arise from level crossings that are intermediate between adia-
batic and diabatic. Parameter values: w = 2.5x107%, L = 26,
W =20, N, ~ 1.5x10°. (inset) Variation of g (T/4)— f (T/4)
with £ on log-log scale in the strong drive regime. Points:
data; line: linear dependence from Landau-Zener theory omit-
ting log corrections. Parameter values: w 2.5 x 1074,
L =26, W =20, N, ~ 1.5 x 10°.



V. DISCUSSION

To recapitulate, we have studied periodically driven
Anderson insulators with both local and global
monochromatic driving starting from the ground state.
Our results extend beyond the linear response regime
studied by Mott to include both long times and strong
driving. We have discussed these results in the setting of
a “phase diagram” in the frequency and amplitude plane
with four distinct regimes. One of these is the traditional
linear response regime and the other three: the pertur-
bative non-linear regime, the adiabatic non-linear regime
and the (non-linear) enhanced dissipation regime are new
and exhibit FLTS with interesting properties. We have
presented a framework involving pre-existing Mott reso-
nances, field induced Landau-Zener crossings and consid-
erations of adiabaticity and lack thereof to identify these
regimes. We have presented several diagnostic quantities
that are able to tease these regimes apart. The time-
dependence of the energy absorbed distinguishes linear
response from all the others, the change of single par-
ticle occupations distinguishes linear response and per-
turbative non-linear response from each other and from
the remaining two regimes, the structure of the evolution
operator allows us to tell apart the adiabatic non-linear
regime from the enhanced dissipation regime. Finally,
the spatial inhomogeneity of the excitations decreases
monotonically as we go away from the linear response
regime.

We have provided results from numerical simulations
to illustrate the breakdown of linear response and charac-
terize the Floquet regimes. In particular, we have iden-
tified the boundary of the linear response regime from
numerics. We have shown that the main contributions
to beyond linear response no longer come from reso-
nant pairs, but instead from multiphoton processes and
Landau-Zener avoided energy level crossings. In the sim-
ulations we have seen that systems heat up in an active
manner when driven beyond linear response and a sig-
nificant fraction of avoided energy level crossings are tra-
versed near-adiabatically. We have also seen that the dis-
sipative and reactive contributions to predicted by theory
match the data from simulations well in terms of the de-
pendence on field strength.

In closing we note that the defining characteristic of
“plain vanilla” Anderson insulators, and localized insu-
lators more generally, is a vanishing linear DC conductiv-
ity. That by itself does not tell us very much about the
state and indeed cannot be distinguished from the con-
ductivity of a band or Mott insulator. To probe deeper
into the state it is necessary to move away from this limit.
Mott’s classic work showed the linear finite frequency re-
sponse was a probe of two site resonances in the spec-
trum of the system. In the present paper we have shown
that investigating the long time and non-linear response
teases out more information about the system. In par-
ticular the non-linear response probes the creation of res-
onances as the system is made by the application of an
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electric field to move along a set of non-generic poten-
tial configurations starting from a generic disorder con-
figuration. Altogether the full frequency and amplitude
response yields a much wider window on the dynamics
of the Anderson insulator and we look forward to exper-
iments that will take advantage of this possibility. Ex-
amining these questions in quasiperiodic single-particle®
and many-body localized®*®® systems with quite differ-
ent resonance structures is also an interesting direction
for future work.
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Appendix A: Single-site drive

It is also interesting to consider a system driven by
a local oscillating potential, rather than an electric field
that acts globally. A broadly similar treatment applies to
the one presented in Sec. I1I, but with some characteristic
differences. It is reassuring that our general approach is
useful in a second setting. It is also helpful that some dif-
ferences arise, as correct capture of these provides a test
for simulations. In the following we outline the parallels
and differences between the two types of drive, consider-
ing specifically the tight binding model with Hamiltonian
given by

Hy = — Z (Aczmﬂ + h.c.) + Zwicj%

K3

(A1)

where the site potentials w; are independent random vari-
ables uniformly distributed in [-W, W]. The model with
single-site drive is

Hssp (t) = Ho + vsin (wt) ¢heq - (A2)

We focus on strong disorder: in this case the density of
states in energy per site is p ~ 1/W and the localization
length is £ ~ 1/In(W/)) in units of the lattice spacing.

Suitable dimensionless measures of the drive frequency
and strength in this instance are

Q=hw/W and V=v/W. (A3)

The minimum energy difference between two eigenstates
with spatial separation & between their localization cen-
ters is of order W(A/W)* = W exp(—z/¢). Equating this
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FIG. A.8. Schematic illustration of regimes of response for
an Anderson insulator driven by an oscillating site potential,
as a function of the amplitude V or potential oscillations and
frequency €2. See main text for distinctions between regimes.

to the photon energy hw, the Mott length in units of &
is again ryors = In(1/9). Equating the same energy dif-
ference to the drive amplitude gives r;, = In(1/V), and
a treatment of the condition for adiabaticity following
Eq. (6) gives r. = 1 In(1/QV).

Adapting the discussion of Rabi oscillations of Mott
resonances given in Sec. II1 B, a crucial difference for the
case of single-site drive is that the matrix element v does
not involve xppott; instead we have simply v ~ v. The
consequence of this in one dimension is that the linear-
response energy absorption rate is proportional to w?,
without the In®w factor that is present in the electrical
conductivity. This difference is apparent in our simula-
tions (compare Figs. 3 and B.9). For single-site drive we
obtain

2wt wt < Q)Y
AE(t) ~ (A4)
v(phw)?¢  wt > Q/V.

The boundary to the linear response regime, defined
as the drive strength at which energy absorption satu-
rates on the timescale of the drive period, is V ~ 2. On
the weak-drive side of this boundary, the characteristic
length scales have the ordering ryopr < 7 < 71 and only
Mott resonances contribute to response. On the strong-
drive side, the order is reversed and r; < r. < TMott-
This is a second difference from the case of global drive
(compare with Sec. ITID).

Consider the evolution of eigenstates of the instanta-
neous Hamiltonian over the course of the drive cycle. An
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eigenstate that is localized near the drive site may have
avoided crossings with other eigenstates that are adia-
batic, intermediate or diabatic, according to the spatial
separation between the two states compared with &r..
The average numbers of adiabatic and intermediate cross-
ings are Npq ~ VEr. and Njyt ~ V€ respectively. In
the regime we are considering (V, £ < 1) Ny, is always
small, but there is a change in response at the boundary
at which Nug ~ 1, implying

1
VNfln(l/Q)' (A5)
Above this boundary the system has a large non-linear
response, which is principally reactive. Since Njy is al-
ways small, this model differs from the one with global
drive in that it does not have a regime with enhanced
dissipation. The regimes of response for the single-site
drive are illustrated in Fig. A.8.

Appendix B: Single-site Drive Numerical
Simulations

In this appendix we present results from numerical
simulations of a site-disordered, one-dimensional tight-
binding model for spinless fermions, driven locally by an
oscillating potential at a single site.

We start from the Hamiltonian of Eq. (A2). The disor-
der strengths, drive strengths, and drive frequencies are
in the same range as in the main text for the global drive.
All other considerations (e.g. initial state, boundary con-
ditions, and system size) are as in the main text as well.
An overview of the dependence of energy absorbed on
time and drive strength is given in Fig. B.9 (left). The
variation of the energy absorption rate o with frequency
is shown in Fig. B.9 (middle).

It matches the theory of Mott resonances with single-
site drive and differs from the Mott law for a global drive
by a factor of In?w. Further distinctions between the
cases of single-site and global drive are in the dependence
of the saturation time ¢* and saturation energy AF(co)
on frequency and drive strength. In detail, the results of
App. A give

t* w

== (B1)
and
AE(x0) = Lwtv (B2)
(2w)?

Comparisons consistent with Eq. (B1) are shown in
Fig. B.9 (right), and with Eq. (B2) in the inset of Fig. B.9
(right).
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FIG. B.9. (left) AE(t)/v* vs t for a range of drive strengths, demonstrating a short-time regime with a constant absorption
rate, and saturation at long times. The linear response coefficient (the value of the ‘conductivity’ AE(t)/(v*t) at short time)
characterizing the absorption rate is independent of drive strength. Points are data measured every five periods, lines are guides
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