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The elastic response of an electron fluid at finite frequencies is defined by the electron viscosity
n(w). We determine n(w) for graphene at the charge neutrality point in the collisionless regime,
including the leading corrections due to the electron-electron Coulomb interaction. We find inter-
action corrections to n(w) that are significantly larger if compared to the corresponding corrections
to the optical conductivity. In addition, we find comparable contributions to the dynamic momen-
tum flux due to single-particle and many-particle effects. We also demonstrate that n(w) is directly
related to the nonlocal energy-flow response of graphene at the Dirac point. The viscosity in the col-
lisionless regime is determined with the help of the strain generators in the Kubo formalism. Here,
the pseudo-spin of graphene describing its two sublattices plays an important role in obtaining a
viscosity tensor that fulfills the symmetry properties of a rotationally symmetric system.

I. INTRODUCTION

The low-frequency flow of electron charge and momen-
tum in graphene is dissipative! ® and can be described
within the hydrodynamic approach® 7. Signatures of hy-
drodynamic behavior in graphene have been recently ob-
served experimentally® 2 while attracting considerable
theoretical attention!3 7.

The collective motion of charge carriers in a solid be-
comes hydrodynamic, if the dominant scattering mech-
anism is provided by electron-electron interactions, such
that the corresponding scattering rate 7.,' multiplied by
Planck’s constant, ir_.!, is the largest energy scale in the
problem®7. For example, the low-frequency, wre, < 1,
Drude-type dynamical viscosity due to collisions of ther-
mally excited carriers is shown in the inset of Fig. 1.
Stationary transport properties are then encoded in a
few kinetic coefficients describing dissipative processes'®.
In contrast to standard fluid mechanics®!'®, dissipation
in graphene is described by the electrical (rather than
the thermal) conductivity at the charge neutrality point
and the shear and bulk viscosities®. The former reflects
the particular property of Dirac fermions in graphene
in which the energy current is proportional to the to-
tal momentum and is conserved by electron-electron in-
teractions. The electric current is not conserved and
at charge neutrality can be relaxed by electron-electron
interactions'®2%. The bulk viscosity in graphene was ar-
gued to vanish®713 at least within the considered ap-
proximations.

At relatively high frequencies, i.e. in the optical col-
lisionless regime, wte. > 1, free Dirac fermions in pure
graphene at charge neutrality are characterized by the
frequency-independent optical conductivity?' 32, while
electron-electron interactions yield a rather small, weakly
frequency-dependent correction:

7'('62

o(w) = o 14 Cra(w)...], a(w)

Here a(w) is a running (or renormalized) dimension-
less coupling constant measuring the strength of the
Coulomb interaction, ag = e*/(hvé) is its bare value, e
is the electron charge, v is the bare velocity of the Dirac
fermions, D is the bandwidth scale, and € = (e;+€3)/2
is determined by the dielectric constants €; 2 of the
material above and below the graphene sheet (in sus-
pended graphene é =1 and a9 ~ 2.2). Our results
are obtaind using a perturbative renormalization group
analysis. While «aq is of order unity, the expansion is
in fact with regards to the renormalized coupling con-
stant a(w) of Eq. 1 which is small for w <« D. The
numerical coefficient C, = (19 — 67)/12 ~ 0.01 is rather
small?3:2431:32 This is in agreement with the experimen-
tal measurement?? of the transmission coefficient related
to the conductivity by** T(w) = [1 + 270 (w)/c]~2: the
measured value T'=0.977 yields o(w)~me?/(2h).

In this paper we consider the electronic viscosity of
graphene in the collisionless regime, with a particular em-
phasis on understanding the impact of electron-electron
interactions on this observable. We start by noting that
the behavior of the electronic fluid in graphene at fi-
nite frequencies is similar to that of an elastic medium?®.
Elastic deformations are described in terms of a dynamic
strain

Ougs(x,t)
Oz,

: (2)

675(.’13, t) =

where the vector u(x,t) describes the displacement of
a fluid element. Within the elasticity theory, the strain
is linearly related to stress. If (7,g(x)) is the expecta-
tion value of the stress tensor operator and 6(7,s) is the
change in (7,4) from its value for zero strain, e,5 = 0,
then we can define the dynamic elastic response constants
by

Sran(®) = [ Cuplt = )zr5(0). (3)
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FIG. 1. (Color Online) Main: Frequency-dependent shear vis-
cosity, Eq.(6), in pure graphene at charge neutrality and tem-
perature 7' = 0 in the high-frequency collisionless regime. In-
set: Frequency-dependent shear viscosity in the low-frequency
hydrodynamic regime for 7' = 100 K and an inverse scattering
time of firg,t ~ 1.307 adkpT ~ 0.002 eV obtained by gener-
alizing the analysis of Ref. 3 to small but finite frequencies®°.

In the collisionless regime, the dynamic elastic constants
can be split into isothermal and adsorptive parts (see
section IT for a formal proof) with the latter related to
the dynamic viscosity, 7ays(w):

Caprs(w) = Copys — iwWhapys(w), (4)

In an isotropic fluid, the elastic properties are determined
by the bulk modulus, hence the isothermal static elastic
constant is equal to

Ip

CL, < =k7'0,50 kil = -V ==
Bvd T YapPy6; T )
e ov N.T
with k7 the isothermal compressibility.

In systems with rotational invariance (which holds for
graphene in the low-energy limit), the tensor structure of
the dynamic viscosity has the form*

naﬂ'y(S(W) = 77(“) 60#75[95 + 60(56[37 - Zéaﬁ(své] ’ (5)
where n(w) is the shear viscosity, d is the dimensionality,
and we neglected the bulk viscosity® %13

Our main result concerns n(w) in the the collisionless
regime of pure graphene at the charge neutrality point
(and at zero temperature, T = 0). We obtain

o w
64 02(w)

n(w) [1+Chaw) + Ol W], (6)

with the numerical coefficient
89 — 207
40
Here, v(w) = v[1 4+ (ap/4) In(D/w)] is the renormalized
velocity at frequency w. The resulting frequency depen-
dence of the viscosity is shown in the main panel of Fig. 1,

Cy = ~ 0.65 > C,.

with the inset illustrating the low-frequency hydrody-
namic regime following Refs. 3 and 36. Our calculation
for the collisionless regime is performed at zero temper-
ature. Finite T will affect the low-frequency hydrody-
namic regime shown in the inset of Fig. 1, while thermal
effects are negligible for w > kgT. In Fig. 2 we compare
n(w)/w? of Eq. 6 with and without Coulomb interactions,
i.e. for ag # 0 and ag = 0, respectively, in the collision-
less regime. Coulomb corrections significantly suppress
the viscosity in the regime w < D.

Within the hydrodynamic theory of Galilean-invariant
systems, dissipation affects the energy flow and the mo-
mentum flux as quantified by the thermal conductiv-
ity and the two viscosities, respectively*. In particu-
lar, the shear viscosity, n, describes the tendency to-
wards a uniform flow and can be directly related?3>37 39
to the nonlocal optical conductivity, o(g,w). In con-
trast, the electronic hydrodynamics in graphene describes
the energy flow'? while dissipation affects the electric
current (as well as the momentum flux). Here the
shear viscosity determines the nonlocal thermal conduc-
tivity, k(q,w). At charge neutrality, the electric cur-
rent and energy current are completely disentangled and
orthogonal®2%, while the electrical conductivity is inde-
pendent of viscosity'%132°, The mutual independence
of the electric and energy current manifests itself in the
maximal violation of the Wiedemann-Franz law®. Far
away from the neutrality point (i.e. for |u| <« T),
the electronic system in graphene behaves similarly to
a Fermi liquid®7. Here the energy current and the elec-
tric current are collinear and hence proportional to each
other. Both currents now depend on both 733% such
that the above relation between o(q,w) and 1 (as well
as the Wiedemann-Franz law”) is restored. Finally, we
note that the roles of frequency and temperature in this
picture are not equivalent: the macroscopic currents can
only be entagled by the collision integral. In the colli-
sionless regime, the electric and energy currents remain
orthogonal at charge neutrality; o(q,w) remains indepen-
dent of n even if |p| < w.

Focusing on the charge neutrality point in graphene,
we derive the relation between the viscosity and thermal
conductivity using the Kubo formula approach of Ref. 38
which we generalize to multi-component Dirac systems
described by a pseudo-spin. This insight may be relevant
not only to graphene, but also for other multi-band ma-
terials such as topological insulators, their surface states,
Lieb lattices, and related systems.

Having briefly described our main results, we now de-
scribe the organization of the remainder of this paper. In
section IT we develop the formalism for the dynamic vis-
coelastic response of graphene in the collisionless regime
generalizing the framework of Ref. 38 to systems with a
pseudo-spin structure, including a formal proof of Eq. (4).
Section IIT is devoted to the calculation of the dynamic
viscosity of pure graphene at charge neutrality in the col-
lisionless regime and it is split in two parts. In the first
part, Section ITI A, we introduce the RG procedure which
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FIG. 2. (Color Online) The effect of electron-electron interac-
tion on the shear viscosity of pure graphene at charge neutral-
ity in the high-frequency collisionless regime. The green line
shows 7(®)(w)/(hw)? for free Dirac fermions, see Eq. (61). The
red curve shows our result (6) for the dynamical shear viscos-
ity, n(w)/(fiw)?, including the interaction effects also shown
in Fig. 1.

justifies our perturbative calculation of the dynamic vis-
cosity. In the second part, Section IIIB, we derive the
first term in Eq.(6) which corresponds to the viscosity
of non-interacting Dirac fermions, while the interaction
correction is calculated in the following subsection. In
Section IV we derive the relation between 7,8+5(w) and
k(g,w) and in Section V we provide concluding remarks.

II. VISCOELASTIC RESPONSE OF THE
ELECTRON FLUID

In this Section, we establish a general formalism for
the dynamical viscosity by generalizing the approach of
Bradlyn et al.3® to multi-band systems with a pseudo-
spin structure. In graphene, the pseudo-spin appears
due to the sublattice structure of the honeycomb lattice.
The low-energy electronic excitations are described by a
spinor

vie) = (12). g

comprising the annihilation operators of electrons be-
longing to the sublattice A or B. In terms of the spinors,
the effective low-energy Hamiltonian of pure graphene at
charge neutrality is

Howy = Hoo) + Hine,o) 5 (8a)

Hoa = v / dop(z) o (), (8h)
Q(t)

Huno = 5 [ d'adyu! (@)} )V (@90 (@) (@),
Q(t)
(50)

where  (t) describes a time dependent domain within
which the electronic systems is assumed to be confined
and the dimensionality d is given by d = 2 for graphene.
For simplicity we also use 2 (¢) to denote the volume of
this domain. Here v denotes the bare velocity, p is the
momentum operator, and o is the vector of the Pauli
matrices acting in the pseudo-spin space. The additional
valley and spin degrees of freedom give rise to an overall
degeneracy factor N = 4 in the viscosity. The electrons
interact by the Coulomb law, V(z—y) = 2 /(4nélxz—y|).

A. Strain generators for systems with pseudo-spin

Following Ref. 38, we analyze generic coordinate trans-
formations, * — @’ = x + u(x,t), which are realized in
terms of a homogeneous but time-dependent invertible
d x d matrix /A\(t) with a positive determinant via

' =At) Tz (9)

The matrix K(t) can be expressed in terms of the strain
tensor £(t) of Eq. (2):

~

At) = O, (10)

Indeed, for small strain we have ' ~ (1 + &7)x with the
displacement u(z) = é7'x and we recover Eq. (2).
Usually, the viscous dynamics is expressed in terms of
the response to a velocity gradient. This follows from the
relation
v Oeys

ovs _ _ 11
Oz ot (11)

The coordinates !, can be strained due to rotations,
shear, or compressions. All transformations should adi-
abatically connect to the unit matrix, which implies the
abovementioned restriction detA > 0.

1. Uniform compressions

In order to illustrate the more general case of the next
paragraph we first consider uniform compressions which
represent a physical system with a time-dependent vol-
ume {2 (¢) that preserves its shape and orientation. Our
goal is to express the dynamics of Hq() in terms of a
Hamiltonian with a fixed volume Qg and additional per-
turbations. For homogeneous compressions we write for
the transformation matrix:

A(t) =1 (12)



where the strain tensor is diagonal, é = 1. The trace
of the strain tensor, Tr é = de, determines the relative
volume change, Q (t) = () (in the case of graphene
d=2).

By requiring that canonical anticommutation relations
are preserved, we find the form of the electron field op-
erator after the transformation

bel(@) = =02y (0 ). (13)

The same transformation can be expressed in terms of a
unitary operator

V(@) = Uty(e),  Ut)=eOTL (14)

The infinitesimal generator £ was introduced in Ref. 38
as the “strain generator”. The explicit form of the strain
generator can be inferred from the requirement that the
two forms of the transformation yield identical results®®.
For uniform compressions, the strain generator is diago-
nal and is given by

Loo = % + ixa%. (15)

Since Eq. (14) describes a time-dependent transforma-
tion, we obtain the additional contribution to the Hamil-
tonian

SH; = —z'/ddxw(m)U(t) DU ()] ¥(, t).

Finally, for arbitrary functions of the momentum or po-
sition operators, f(p) or g(x), respectively, it holds

Ul f (e7p) U= f(p),

Uy (ee(t):c) U=g(x).

Combining the above expressions, we express the Hamil-
tonian of a system with time-dependent volume as

Hew) = Ho, — / A0 (@) 0 3 Laata),  (16)

where Hg, is the Hamiltonian with a fixed volume .
Thus, we see that the time-dependent compression can
be “gauged away” and yields a form of the Hamiltonian
that can be treated within the usual Kubo formalism, see
section 11 C.

We note that the internal spinor structure of the
fermion field did not play any role in the above analysis of
uniform compressions. However, in our subsequent dis-
cussion of arbitrary dynamical strain this will no longer
be the case.

2. Arbitrary dynamical strain

Now we study arbitrary strain fields, such that A(t)
in Eq. (9) is an arbitrary matrix with positive determi-
nant. Following Ref. 38, the transformation of the field
operators takes the form

Ye(x) = Vdet Ay (ATa:) , (17)

where the factor vdet A ensures the proper canonical
commutation relation (i.e., normalization).
For an infinitesimal change from € to € 4+ §é we find

0 0as , 0

@%(w) = = Ye(®) + %87,;31/18(11). (18)

2

Here the first term stems from the change in the determi-
nant, while the second term is the derivative with respect
to the coordinates @’. For infinitesimal changes we may
set € = 0 on the right side so that there is no distinction
between the two sets of coordinates in the second term.
As a result, the infinitesimal strain transformation can
be expressed as

e ()
Ve(x) = () + ) ca ’
%,8: g 86%8 e=0
= |1-i) eaplap| (@), (19)
apB
with
) 0 1 1
»Caﬁ = Z:Ea% + §5a5 =73 {xaapﬁ}v (20)

playing the role of the generators of this transformation
and generalizing Eq. (15).

Extending these arguments to finite displacements>®,
we arrive at the natural generalization of Eq. (14)

Ye(x) = Uz(tp(x), Up(t) = ™EL) . (a1

The form of the strain generators (20) can also be
established?® by considering the transformations of the
coordinate and momentum operators,

ANz =UgzU;', A 'p=U,pU;’,
which lead to the commutation relations
_iéozuplu

[»C;waxa] = i(sau'ruv [ﬁ;vaa] =

satisfied by Eq. (20). The resulting transformation of the
momentum operator is

Uﬁangl = Po + E€apDB- (22)

We now recall that the generic coordinate transforma-
tions (9) also include spatial rotations. This implies that



the infinitesimal generators (20) are related to the angu-
lar momentum. For fermion fields without internal de-
grees of freedom, the usual (orbital) angular momentum
is determined by the antisymmetric part of the strain
generator®®, L, = —€apyLpy = EapyTapy. However, as
is well-known from standard field theory“?, the proper
generators of infinitesimal rotations are the operators of
total angular momentum. In the case of graphene, two-
dimensional in-plane rotations are generated by the com-
ponent of the total angular momentum orthogonal to the
graphene sheet*!. Since both sublattices are affected by
the rotations, the total angular momentum of the Dirac
fermions in graphene includes the pseudo-spin.

A natural form of the Hermitian operator that corre-
sponds to strain transformations in pseudo-spin space is

i 1

Saﬂ = g [ On(fﬁ] = 715015’70"7’ (23)
which yields the desired relation to the pseudo-spin con-
tribution to the angular momentum, S, = —€48,S58~-
The tensor S,p is asymmetric. The only possible choice
for a symmetric contribution would be proportional to
{0a,08} = 264500, which is trivial in pseudo-spin space.
For the unitary transformation in pseudo-spin space we
find therefore

Us = e—iTr(éS‘) = ei(smyfsyx)az/2 ,
where the latter expression is specific for d = 2.

The preceding arguments show that the correct strain

generator of graphene is

1 i
Jap = Lap +Sap = —5 {Za, P} + S 00, 05], (24)
such that the transformation matrix is given by
U =UsUy = e "™(9), (25)

Generalizing the above arguments for the case of uni-
form compressions, we arrive at the following form of the
Hamiltonian in a general time-dependent domain, € (¢),

Hq) = Hq, */ddﬂﬂz agiotéﬁW(w)ja/ﬂ/J(ﬂ?) (26)
ap
Thus, a time dependent strain field couples to the strain
generator J,g that affects the coordinates and pseudo-
spin structure. This result will enable us to determine the
proper (symmetric) stress tensor and the Kubo formula
for the viscosity of the Dirac fermions in graphene.

B. Momentum conservation and stress tensor

Having determined the form of graphene’s strain tensor
€ga(x, t) and its coupling to the electron fluid, taking into
account the sublattice structure of the honeycomb lattice,

our next task is to identify the stress tensor 7gq(x,t).
The linear-response relationship between these tensors,
given above in Eq. (3), then defines the viscosity tensor.

To obtain the stress tensor, we begin by recalling that,
in a translationally invariant system, momentum is con-
served and the operators

G = —i / i ot (@, £) D (x, 1) (27)

of the a-th component of the total momentum commute
with the Hamiltonian. Momentum conservation can also
be expressed by the continuity equation

Otga(z,t) + Op780(z, ) = 0, (28)
where g, (x,t) is the momentum density

Jo(z,t) = _in(wvt)aa¢(wvt)v (29)

and 7,8(x,t) is the momentum flux or stress tensor.

The choice (29) of the momentum density is, however,
not unique*?*3: adding a contribution acting as a surface
term in the integration of Eq. (27) does not change the
total momentum. In the standard field theory??%3 this
freedom is used to bring the canonical stress tensor to a
symmetric form that is typically assumed in calculations
of the viscosity tensor®® (using an asymmetric stress ten-
sor leads to results that are explicitly incorrect).

In what follows, we modify the momentum density (29)
(preserving the total momentum) to*3

Jo(x,t) = {[8awT(x,t) + Vzﬂ(az,t)vaa] P(x,t)

YIS

— YT (x, 1) [at(@,t) + 0 V(2 t)-a]},  (30)

in order to derive a symmetric form of T.5(x,t). The
latter can be found by considering the long-wavelength
limit of the continuity equation (28). Indeed, applying a
Fourier transformation with respect to the spatial coor-
dinates we may write Eq. (28) in the form

0:9a(q,t) —iqsTsa(q,t) = 0.

Expanding the Fourier-transformed momentum density
ga(q,t) for small g, we find

gl 1) = / i (g, (2,1) | (31)

~ go (0,1) + iQ5/dd.13 i (z,t)

.0 1
x |:J?B (_’Lax) + 4€Ba’y0-’y:| w ((B,t) + ...

To leading order in small q, this formula implies conser-
vation of the total momentum 0., (0,t) = 0;Gq (t) = 0,
while the first subleading order reveals

atjaﬁ = —Lap; (32)



where
Top =Tap (g =0) :/ddx Tap (),

is the integrated stress tensor and J,g is the stress gen-
erator of Eq. (24). As a result, the commutator of the
stress generator with the Hamiltonian yields the explic-
itly symmetric stress tensor

Top = —i[H, Tup] - (33)

We postpone evaluating this commutator until after we
obtain the Kubo formula expression for graphene’s vis-
cosity. Before proceeding to this task we note that in
the case of a rotationally invariant system, the result-
ing stress tensor is equivalent to the Belinfante-Rosenfeld
stress-energy tensor in the usual Dirac theory**%>. The
approach presented here, however, has the advantage
that it may also be applied to anisotropic systems such
as the anisotropic Dirac fluids studied in Ref. 17.

C. Kubo formalism for the viscosity tensor

We now proceed with the development of the Kubo for-
malism for the dynamic viscosity of graphene. To make
our presentation self-contained, we begin by summarizing
the usual linear response theory*%47. Consider a system
subjected to an external, time-dependent perturbation

SH == A;F;(t), (34)

characterized by the operators A; and time dependent
functions F} (¢). Within linear response, the expectation
values (4;); acquire an additional contribution

oo

8(A)y = / dtZGij(t—t’)Fj(t’), (35)

where
Gij(t) = —i0(t)([A:i(1), A; (0)]),

is the retarded Green’s function. In addition, one may
make use of the Kubo identity

B
i[A(t), ] = p/dTA(t i),
0

perform a Fourier transformation and partial integration,
and obtain

Gij(w) [xii (@) — x5 5 (36)

T w0t

where

it = t') = =0t = ¢) { [4:(), 45(¢)])

and

is the isothermal susceptibility due to an external static
field F3** coupling to A; in the Hamiltonian?®.
Now we apply the above Kubo formalism to the vis-

cosity tensor defined by the linear response relation

T Oe
3= ) = (Tashe = [ 3 manalt—1) T
oo V6
(37)

where (7o) q/(2) indicates the stress tensor averaged over
the system with the deformed or undeformed coordinates,
respectively.

The time dependent strain field e,5(t) couples to the
system by means of Eq. (26). At the same time, the inte-
grated stress tensor is proportional to the time derivative
of Jap, see Egs. (32), (33). Here one has to distinguish
between the integrated stress tensor T,z and the local
stress tensor 7,5(g = 0) which are connected via

(Top) = [ da(rp(@)) = Vimpla =0 (39)

Q

In order to determine the viscosity, we need to calculate
(TaB)a, 1.€., the expectation value of the stress tensor in
the deformed coordinate system, see Eq. (37). Using the
perturbation defined in Eq. (26) we may determine the
expectation value of the integrated stress tensor

Vi Oe
Topar = Tapha + [ dt Xos 25, (39)

where the correlation function X,g+5(w) is defined as

—1 <5<Taﬁ>

i(w+i0T) \ 9es

Xapys(w) = +Caﬂws(W)> , (40)

xT

with Capy5(w) being the Fourier transform of the stress-
stress correlation function

Caprs(t —t) = i0(t — ') ([Tap(t), Trs(t)]),  (41)

previously introduced in Eq. (3).

The correlation function X,g,5(w) can be related to
the local stress tensor using Eq. (38) and the transfor-
mation law Vg = Vy exp(Tr &),

1 T Oes
<Taﬁ>w’:(1_575575)<Ta5>w+7w/dt (Xaﬁwé)mTZ'

(42)



Hence, the viscosity tensor has the form

Naprs(t) = Xapys(t) — 054 (Tap)b(t). (43)

Now we use the identity

t e’}
, O¢ Oe
eys(t)= / dt 8;6 = / dt’ (t) 0;5,

— 00 — 00

to perform the Fourier transformation of the viscosity
tensor

_ _ (Tap)abys
Mairs (W) = Xagys(w) i(wti0t)
o5 P
=X, o Cos 44
Brs(w) (wti0?) (44)

where we have used the fact that the averaged stress ten-
sor defines the pressure of the system

(TaB)z = P das.

Finally, using Eq. (36) we express the dynamic viscos-
ity as

C‘;‘Cﬁw& — Capys(w)

feY = - 5 5 45
Nap~ys (w) z(w—l—zO*) ( )
where
d(7ap)
T af
Caﬁ'yé = - W ’
’YJ 605:0

is the isothermal elastic constant (we have added a term
~T,se53" with static strain €5 to the Hamiltonian).

The above argument constitutes a formal proof of Eq. (4).

III. DYNAMIC VISCOSITY OF GRAPHENE

In this Section, we use the Kubo formula Eq. (45) to
evaluate the dynamic viscosity tensor of pure graphene at
charge neutrality and in the collisionless regime. Since we
work at finite frequencies, we can drop the delta-function
part of Eq. (45) to arrive at

Im C 5(60)

gy (w) = —— 10 (46)
w

Thus, we only need to compute the Fourier transform

of the correlation function (41). In doing this, we shall

combine perturbation theory with the renormalization

group (RG) in order to arrive at the result Eq. (6).

A. RG procedure

We begin by describing our RG procedure, which will
allow us to determine the shear viscosity of interacting

graphene in the collisionless regime. The small parameter
justifying our calculation is the renormalized coupling
constant at frequency w, a(w), which is small at w <
D, where D is the bandwidth of graphene (unlike the
bare coupling constant, which is not small, with oy =
e?/(hwe) =~ 2.2 for the vacuum case € = 1).

To obtain the RG equations for the coupling parameter
and for the shear viscosity we perform a leading order RG
analysis, which shows that the Fermi velocity of graphene
is renormalized by the Coulomb interaction and diverges
logarithmically with growing RG flow b = e! where [ is
the RG flow parameter?!-5!:

v—>v(1+%lnb>. (47)
This leads to the fact that the flow equation of the cou-
pling constant is given by

da(b) 1 9
amy 100 (48)

which is solved by the following expression for the cou-
pling constant

%]

O =

(49)

Simultaneously, the frequency is renormalized by the
scaling factor Z,(b) which has the form

Zu(®) = [1+ Thn b| b (50)

Next we consider the behavior of the viscosity tensor
under the RG flow. In distinction to the electrical con-
ductivity, which is scale invariant in two dimensions, the
viscosity has a finite scaling dimension which is given
by the dimensionality d of the system, a result that fol-
lows from momentum conservation and the isotropy of
space®”. Thus we have the rigorous relation

Napye (W, ap) = b_dna@w; (Zw (b)f1 w, o (b)) . (51)

The physical viscosity at the bare value « of the coupling
constant can be expressed in terms of the viscosity at a
higher frequency and a weaker coupling constant, since
a(b>1) < ag. Scaling is expected to stop at the scale b*
where the renormalized frequency equals the band width:
w/Z, (b*) = D. This leads to

D (67} D
b =— |14+ —In— 52
@=2(1+Fm2) (52)
and a (w) = a (b* (w)) given in Eq. (51). If we insert this
result into Eq. (51) we obtain

W Napys (D, a (W)

. 53
D2 (1+ % n2)? (5

NaB~s (wa Oé()) =

Our remaining task is to determine the high-frequency
viscosity at weak coupling. For 1ass (D, a (w)) we can



then perform a perturbation theory calculation to obtain

Mg (D, (@) =155 (D) (1+ Cya (@) +-++), (54)
where ng)l;v s (D) is the viscosity of non-interacting elec-
trons at frequency w = D and C),, a numerical coefficient
of order unity that we will determine in the next section.

Equation (51) implies that electron-electron interac-
tions impact graphene’s viscosity in two ways: Firstly,
by the overall prefactor b;¢ = b;2. As we shall see,
this yields the frequency-dependent Fermi velocity factor
in Eq. (6). Secondly, interactions enter via the renor-
malized viscosity 1ag~s(D,(b*)) on the right side of
Eq. (51). Much of our subsequent calculations will in-
volve computing this to leading perturbative order in
a(b*) = a(w). This will require computing the corre-
lation function C,g,s within perturbation theory. Be-
low, we call the zeroth order, e.g., O(a"), and first or-

der, O(at), contributions to this quantity as ngm; and

Célﬁ),y 5> respectively.

Diagrammatically, these contributions are depicted in
Figs. 3 and 4. The response of free Dirac fermions, CSEW,
is shown in Fig. 4, panel (a). Notably, this contribution
has nothing to do with dissipation (which is absent in any
non-interacting system), but rather describes the nonlo-
cal energy-flow response of Dirac fermions to an external
time-dependent perturbation. The correlation function
Cé%),y 5 is evaluated in Section III B.

Obtaining the perturbative contribution to the dy-
namical shear viscosity, oW By requires computing the
leading-order Feynman diagrams in the interaction pa-
rameter, as shown in Fig. 4, panels (b)-(e). The corre-
sponding calculation is presented in Section III C.

B. Free Dirac fermions

We begin with the zeroth order calculation, which cor-
responds to the collisionless dynamic viscosity of non-
interacting graphene. The Matsubara stress-stress cor-
relation function of a system of non-interacting Dirac
fermions is given by3Y

Cl)5(i9) (55)

—TZ/

where ’7;(2 are the vertex operators corresponding to the
stress tensor (33), see Fig. 3, and Gy 4, are the Matsubara
Green’s functions

Gk zw7;(ﬂ ( )Gk 7(w+Q)T((?)(k) )

' . 1 .
Gr = _ (iwoo+vk-o) 1 Z oo+svo-k/k

R 2 » (56)

S w— vk
with s being the band index. The corresponding diagram
is shown in Fig. 4, panel (a).

Tap =

FIG. 3. (Color online) Diagrammatic representation of the
stress tensor vertex. The left vertex describes the non-
interacting stress tensor (60). The right vertex describes the
interaction part of the stress tensor (66).

(a) (©)

— =

FIG. 4. (Color online) Feynman diagrams for the correla-
tion function of the stress tensor. The diagram (a) describes
the dynamic viscosity of non-interacting Dirac fermions, while
the remaining diagrams determine the leading order correc-
tion due to the Coulomb interaction. in the main text the
diagrams (b) and (c) are referred to as the self-energy dia-
grams, diagram (d) — the vertex diagram, and diagram (e) as
the “honey diagram” that includes the interaction correction
to the stress tensor.

R

Given that the strain generator (24) is a combination
of the orbital and pseudo-spin parts, we evaluate the
two corresponding contributions to the stress tensor sep-
arately. The orbital contribution is given by

, &k
T(fB(O) Z[LaﬁvHO}/( )Qljkta'akﬁﬂ}kt, ( )

where 9y, ; is the spinor (7) in momentum space and time
domain. Note that this expression is explicitly not sym-
metric. However, adding the pseudo-spin contribution

. d?k
Tjﬂ(O) —i[Sapg, Hol = 2/( )dJkt(crgka Oaks) ket
(58)

where Hy is defined by Eq. (8b), we arrive at the sym-
metric expression of the stress tensor

) d*k
Tli%) =—i[Jap, Hol = 2/( >¢k (kao3+kgoa) it
(59)
The corresponding vertices (see Fig. 3)
7.5 = (kaoﬁ+k50a), (60)

are time-independent and we may perform the sum over
the Matsubara frequencies in Eq. (55) to obtain:

TZ 1 1 _ np(s1vk)—np(ssvk)
— iw—s1vk iw+iQ—sovk  (s1—s82)vk+iQ

)



where np(w) = ﬁ is the Fermi function.
After analytical continuation, i) — w + iJ, the imagi-
nary part of this expression is given by a J-function,

! = —imd(w—(s1—82)vk),

I =
m(31 —s9)vk+w—+id

reflecting the expected behavior that only interband tran-
sitions, s # $3, contribute to the dynamic viscosity (with
w > 0).

The remaining integration is straightforward. As a re-
sult, we obtain for the dynamical shear viscosity of non-
interacting Dirac fermions in pure graphene at charge
neutrality:

h
(W) = o5 (61)

which corresponds to the shear viscosity n(w) of the stan-
dard expression (5) for the viscosity tensor 7,8+s-

The above calculation demonstrates the importance of
the pseudo-spin structure of the fermionic excitations in
multi-band systems (in other words, of the interband
transitions). Evaluating the viscosity tensor using the
orbital part of the stress-tensor (57) only, one arrives
at 7Nagys with the tensor structure that explicitly vio-
lates Eq. (5). The reason for this incorrect result is that
Eq. (32) is not fulfilled. The fact that physically correct
results correspond to the symmetric stress tensor (59) is
well recognized in literature3?#243 based on the known
result (5) for rotationally invariant systems. The problem
becomes more difficult in the anisotropic case'”, where
one does not have the guidance of the known result. Our
derivation of the strain generators and symmetric stress
tensor allows us to establish the structure of the viscosity
tensor from first principles without relying on any phe-
nomenological assumptions.

C. Dynamic viscosity of interacting graphene

We now consider the Coulomb interaction correction

of the optical conductivity?324:31:32 which has shown the

resulting diagrams to be separately divergent, we modify
the Coulomb interaction to
627’0_ J

Vi) = o=

(62)

and take the limit § — 0 at the end. Here, r( is a length
scale introduced to preserve the units of the system at
finite §. In the case of the optical conductivity calcula-
tion, this modification provides a “soft cut-off” regular-
ization of the logarithmically divergent diagrams, such
that the divergent contributions of the self-energy and
vertex diagrams cancel out yielding the finite result (1).
The Fourier transform of the modified Coulomb potential
(62) is given by

2mag

Vig) = W,

(63)

where a; = a r5°2°T[(1+6)/2]/T[(1-6)/2]. We note
that the reason for the introduction of the exponent §
instead of using a screened Coulomb potential is that we
are evaluating the shear viscosity at the charge neutrality
point and in the collisionless regime, w7, > 1, which
leads to the fact that the calculation can be performed
at T = 0. Hence, there is no charge density to screen the
Coulomb potential.

In addition, the validity of the present regularization
scheme is ensured by the fact that it reproduces the same
value for the coefficient C, in the optical conductivity (1)
found in the Dirac model and the tight-binding model of
graphene®2.

In distinction to the charge current, the momentum
current of our system contains single-particle contribu-
tions, Eq. (59), and many-body contributions. The latter
take into account the flow of momentum by interaction
effects. Our first task is to evaluate this interaction part
of the stress tensor

(int) .
to the viscosity correlation function, which we denote as Tos (r) = —i[Jap, Hint]- (64)
Cc(vlﬁ)vé' Drawing on past experience of the calculation
J
Explicitly, we find®°
T (r) = / d*rid®rog! (1) (r) e (r2)e(r1)(ria = r20) VeapV (r1,72) (65)

(1=8)ry°

= 7/d2r1d27“21/ﬂ(T1)¢T(T2)¢(7’2)¢(r1)

2

(10 = 120) (118 — T2p)
|7-1 _ 7’2|3_6

The integrated stress-tensor can be obtained by calculating the zero-momentum Fourier component of T(S;t)(r),

lals a4 rn(-1,7), (66)

of 2 I'[(3—6)/2]

with the density operators in momentum space,

n(l, ) = / (;Zf;w;(ﬂwpﬂ(r). (67)

(int), _1=08 515 TIB+6)/2] [ d?
T.:,7(@g=0,7)= ——r;°2" °x o) I

(

The remaining calculation of the interaction correc-



tion to the dynamic viscosity amounts to the evaluation
of the four Feynman diagrams shown in Fig. 4, panels
(b)-(e). In contrast to the similar calculation of the op-
tical conductivity?®24:31:32  these include an additional

diagram, see Fig. 4, panel (e), describing the correlation

between the interaction part of the stress tensor 17, (mt)

and the non-interacting part T(iﬂ). In what follows we
will refer to this diagram as the “honey diagram”, since
the high viscosity of classical fluids such as honey arises
mostly due to the strong interaction between the fluid

J

C(l,bc)

TYTy

(iQ) = 2N/;T/<;132Tr

with the self-energy

0= [

2mos
G [p— ki Cpie’ = 0PIP-O,

dwdw’ 2m

[Gp,i(w+Q)7:c(5) (p)Gp,in(p)Gp,iw,];(g) (P) ’

d’p d’k
(1,d)
Cwyry(ZQ) NO‘5/ / (27)2 (27)2 |p — k|19

(2m)?

dw d’k
Ca(vyrg);(ZQ 74N/ /W |:Gk lw,];y ( )Gk z(w+Q)7;y( ) .

Self-energy and vertex diagrams. The dynamic viscos-
ity (46) is determined by the imaginary part of C(ilﬂ),yé
(after analytical continuation to real frequencies, iQ2 —
w + 29). In the self-energy and vertex contributions,
Egs. (69) and (71), the imaginary part is “less diver-
gent” than the real part. This can be seen by using the
Kramers-Kronig relations to analyze the Matsubara fre-
quency dependence of the bare bubble, which has the
form Cupys < aA? + bAQ? +iNQ? where A is an ultra-
violet cutoff (proportional to the bandwidth) and a, b,
and N are numerical coefficients. The imaginary part
is determined by the third term of this expression and
is free of any ultra-violet divergences. Anticipating that
CLyP (i) and CLy)(i€2) will have the same form, we
proceed by carefully subtracting the first two contribu-
tions in these expressions that are proportional to A2
and A. For the functions analytically continued to the
real frequency axis, we find for the self-energy diagram

(1.be 49-5(§ — 4)w =075 0T(5/2)
Im Oxy}r)y)/ cos(md/2)T(2 O— 8/2) “
o Moy = 2D 1 0(5)| e @ )73
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molecules leading to a large contribution of T(lgt).

Computing the contributions of different diagrams sep-
arately, we arrive at the interaction correction to the cor-
relation function in the form

C(l e)

(1,be) (1,d)
=\ +C s

(1)
C afyé aﬁvé

af~yd T (68)

Given the tensor structure (5) it is sufficient to evaluate
just one component of the viscosity tensor. Focusing on

C’g,)zy, we write the three different contributions to the
correlation function as

s 2°T(8)
¢(p) = arg @P ;
|:Gp sz ( ) D, 7(w+Q)Gk,i(w’+Q)7—x(;(y]) (k)Gk,iw’} ) (71)

(72)

(

with Nerp = 1/8 — /2 and for the vertex diagram

Im szaﬁz Jw (74)
1 1 4
= |- 5 + Noertea + ﬂ%ﬁi+a@aww%m,

with Myerter = —193/80 + (v + 2m) /4, where the above
expressions are valid for small §. The details of the calcu-
lation to determine the numerical coefficients Nye; ¢ and
Nyertex can be found in the appendix.

The self-energy and vertex diagrams, which describe
single-particle propagation, are still divergent for ¢ —
0. In contrast to the case of the optical conductivity
(with similar diagrams), these divergences do not cancel
when summed, indicating that the final “honey” diagram
(panel e of Fig. 4) must contribute additional divergent
contributions.

Honey diagram. The above divergence of the self-
energy and vertex diagrams at § — 0 will be canceled
if the remaining “honey” diagram has the form

Im C{1-¢) Jw

In(row/4)

1 +000)| a(w) n(o)(w).

1
= 45 + Mwney

To show that this is indeed the case we begin with the
Matsubara expression of the honey diagram, which con-



tains one noninteracting stress tensor vertex and one ver-
J

e I3 -0)/2]

ww'’
Summing over the frequencies, we find

o0

zyry

(1) (5001 — (1gyn—bgrs LB+8)/2) 1
C1e) (7)) = (1—8)ry 223+ A B /dk

T[(3—0
0
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tex from the interacting part of the stress tensor:

oLe) (ZQ) _ _27T(1_5)T6623+6MT2Z/ (d2l d%k

dlo/dao/dﬂ (4k2 + Q2) /K2 + 2kl cos(a — B) + 12

e (0)
27‘(’)2 (27T)2 |l|3+5 Tr |:Gk+lﬁiw’Gk,i(w+Q)7;y Gk,iw . (76)

27 2m
k31179 sin 2ar cos 28 sin(a — J3)

(77)

Now, we analytically continue the obtained function to real frequencies and evaluate the imaginary part of the

correlation function. Here we make use of the identity

1 P i w s w
—0(k——= —i(k+ = 78
e T () (kg (78)
where P denotes the principal value. The resulting imaginary part of the correlation function is given by
ImClys),  2%-8(5—1)w=0ry°T(5/2) , 1 In(row/4)
it o2 O SO | Ny + 2 4 000)] ) (79)

with Nponey = 1/16 + /4, which has the exact form
as Eq. (75) and thus cancels the divergence of the self-
energy and vertex diagrams. As a result, the perturba-
tive expression for the conductivity, on the right side of
Eq. (51), has the form of Eq. (5) with

(D, a(w)) = (D)[1+ Cha(w)] (80)
and the correction coefficient
89—20
Cy = Naetf +Noertes +Nnoney = Toﬁ ~ 0.65. (81)

When we use Eq. (61) and insert this into the RG equa-
tion Eq. (53), we finally arrive at Eq. (6).

Thus, in contrast to the case of the optical conductivity
of graphene, the dynamic viscosity of graphene reveals
significant interaction corrections. These are due to the
velocity renormalization but also due to the interaction
correction C,, that is much larger than the corresponding
correction C, = 0.01 in the optical conductivity.

IV. CONNECTION BETWEEN VISCOSITY
AND THERMAL CONDUCTIVITY

In this Section, we relate graphene’s dynamic viscosity
to its nonlocal (momentum dependent) energy flow ex-
pressed in terms of the thermal conductivity. Our deriva-
tion is similar to one presented by Bradlyn et al.?® relat-
ing the viscosity to the momentum-dependent conductiv-
ity tensor 0,5(q,w) in a Galilean invariant (GI) system.
The relation derived in Ref. 38 relies on two facts. Firstly,
the continuity equation Eq. (28) allows one to relate cor-
relation functions of the momentum to strain correlation

(

functions (and, hence, the viscosity tensor). Following
Bradlyn et al., the relation is (with w™ = w + 0", and
in the limit of ¢ — 0):

o0

(wh)? / dt e / e (g, (@, 1), g5(0,0)])

0

ikt
= qgpw’ (77/\1/013 (w) + Lﬁé/\uépﬂ) ;o (82)

with x being the compressibility.

The second fact used by Bradlyn et al. is that, in a sys-
tem with GI, the momentum density is proportional to
the particle current, so that the momentum correlation
function can be related to a current correlation function
which, within the Kubo formalism, determines the opti-
cal conductivity. This then leads to the relation

indus QG i

ik
+m(oﬁ)2 (nx\wﬂ(w)+w7+5/\u5p5)v
(83)

UVﬁ(q7 OJ) = mw+

connecting the electrical conductivity to the viscosity
tensor in a GI system (equivalent to Eq.(4.9) of Ref. 38
in the limit of B — 0). Here, n is the average charge
density.

In graphene, the lack of GI implies that the momentum
current is not proportional to the charge current and the
relation (83) does not hold. However, since Eq. (82) still
holds, it is natural to ask if it can be used to derive
an alternate relation connecting the viscosity tensor to
a response function of graphene. To do this, we note
that the momentum density Eq. (30) is proportional to



the energy current in graphene®”'3. We can see this by
considering the noninteracting energy density operator

() = 2 [V} @) Vole) - [0 Vil ()] ()], (84)
which satisfies the continuity equation
V- Q(x,t) + Oe(x, t) =0, (85)

with Q(zx,t) = v2g(zx,t), so that, indeed, the energy cur-
rent is directly proportional to the momentum density
Eq. (30).

Using this connection along with Eq. (82), we now pro-
ceed to relate the nonlocal thermal conductivity to the
viscosity tensor. Following Luttinger®®, we add a time-
dependent perturbation to our system Hamiltonian,

H, = /de e(@)x(z,t), x(x,t)= 67””)((33)7

allowing us to incorporate, e.g. a local temperature gra-
dient, Vx(x) = —VT/T (with w a frequency scale of the
temperature oscillations). Following the standard linear
response theory??, we obtain the frequency-dependent
heat current (Qn) = —Kap(q,w)9sT with the thermal
conductivity tensor

’U4

= WKaﬁ(q7w)7 (86)

Kaﬁ(q, W)

Kap(g,0) = - / dt ¢ / @ e~ (g (. 1), g5(0,0)]),

in terms of a Fourier-transformed correlation function
K,p(q,w) of the momentum density. Now using Eq. (82)
and taking the large w limit (in which we may neglect the
term proportional to the inverse compressibility), we fi-
nally arrive at

vd
’{aﬁ(qaw) = _Wq)\qpn)\apﬁ(w)v (87)
the desired relation between the frequency-dependent
viscosity tensor and the nonlocal thermal conductivity.
Dropping the infinitesimal part of the frequency and
plugging in our main result, Eq. (6), we obtain (assuming
the standard frequency-dependent renormalization of the
velocity):

Tw(w)*q®

D 0ag (14 Cya(w)+), (88)

Haﬁ(qa w) =

for the nonlocal thermal or energy-flow response of
graphene in the collisionless regime.

V. CONCLUSIONS

We determined the elastic response of graphene in the
collisionless regime and related it to the nonlocal energy

12

flow response of the system. In doing so we extended
the theoretical framework of Bradlyn et al®® in which
the viscosity was derived using strain generators to sys-
tems with pseudo-spins and showed that the pseudopsin
also contributes to the shear viscosity in the collisionless
regime and cannot be neglected.

In particular, we demonstrated that the Coulomb in-
teraction between the quasiparticles of graphene has a
sizable influence on the shear viscosity of graphene in the
collisionless regime. Therefore, the self-energy diagram,
the vertex diagram and the honey diagram were evalu-
ated using a soft cut-off on the Coulomb potential. The
momentum flux of the system is then governed by com-
parable single-particle and many-particle contributions.
The correction coefficient in first order of the coupling
constant determined out of the sum of these Feynman
diagrams is given by C = (89 — 207)/40 ~ 0.65. The
influence of this value of the correction coefficient can be
seen in Fig. 1.
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Appendix A: Correction coefficient of the viscosity
in the collisionless regime

Here, we give a detailed presentation of the calcula-
tion of the different Feynman diagrams contributing to
the correction coefficient C,. These diagrams are the
self-energy diagram, the vertexr diagram and the honey
diagram. To evaluate the different diagrams, we intro-
duce a soft cut-off to the Coulomb interaction Vs(q) =
2mas/|q|' 0 where the small parameter § regularizes
the integrals. The coupling constant s is defined as
e
(s
the length scale rg in such a way that the dimensionality
of Coulomb interaction remains unchanged.

a5 =g Ty 6(5 with (5 = , where we introduced

1. The self-energy diagram

We start with the evaluation of the self energy which
is defined as

2
(k) :/dw d*p 2mas

o (2m)2 [p_ ks Crie =Rk (AL
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with

s _2°0(3/2)

d(k) = Ak~ = aorg 8L(2—6/2)

E=°. (A2)

The correlation function of the self-energy diagram is

given by
COE0) = =8 [ Tt [Gpitan) T (P)Goin SP)Gip s TS ()]
P
— 20T(6/2) / PPk dw p~° Tr(B) (A3)
TN T2 -6/2) ) @2 2r Rt (wtQ)?) (Riw?)?’
with
Tr(B) = —2kqy (ke + ky) (kp + k2 [w(w + 2Q) — 10k2] + k2[5 (k2 + w?) + 2w0]). (A4)
After performing the frequency integral and the integration over the angle, we obtain
T 20-AT(§/2)k10 (4K — Q2
CLEI (i) = a / dk (/2R ( 5 ) (A5)
J mT'(2 —6/2) (4k? + Q2?)

In order to determine the numerical coefficient of the imaginary part of the correlation function Cg(uéf;) (i€2), we have
to calculate the difference

Sy (o) (0 20~ 6F 8) k270 (12k2 4 Q2
() = AR ZCAO) / af LRI (40
o ) @ )
and
b9 i) — 89 (o) 7dk2589r(5/2)k5 (202 + 30?) 49=5(5 — 4)Q°T(6/2)
=« = — ,
0 ’ A0(2 — 6/2) (4k2 + 02)2 0 cos(md/2)T(2 — 6/2)
ap —41n(reQ) —4v+ 1+ 41n(4)
~ A
1285 0 713 +0(9), (A7)

where in the last step we expanded the expression for small §. The self-energy diagram diverges upon taking the limit
0 — 0. The other two Feynman diagrams are going to cancel this divergence.

2. The vertex diagram

In this section we focus on the vertex diagram. The vertex diagram is defined by the following correlation function
/ d’p dw / PPk dw'  27mas
(2m)22n | (2m)2 27 |p — k|10

After inserting the corresponding expressions of the Green’s functions and the energy-stress tensor and performing
the two frequency integrals, we find

. d)( Q) = _/ d?p  d?q 2w as 2
T (2m)2 (2m)2 [p — q|* 0 pq (4p? + Q2) (44 + Q?)

CLd) (1) =

ryry

Tt |G T (P)Gpitos ) Gir sy T (k) G| - (AS)

$Ap? 2t (I + & = 34)) +pyay (¢ =362+ 4})]
0300 (° + @ — 3q)) + 03 [ (¢) — 42) — 3pyay (¢ — 34} +q)]

—=3p.piqs (¢ + ¢ —3¢)) + 1) [pyay (=36 + ) + (2 — 0y) (2 + @)] } - (A9)
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Next, we subtract the zero-frequency part from the above expression to obtain
Ciyiy (i) — Chyiay (0)
02 '
To finally determine the contribution to the correction coefficient, we have to subtract again the zero-frequency part
which yields
1,d) . 1,d
by (i) — Sy (0)
Q

where Q1 and Q2 are convergent for § = 0, whereas the integral Qs is divergent for § — 0. The explicit expression of
these three integrals are

Pl i) =

YTy

(A10)

= Qi+ Q2+ Qs, (ALL)

T

as Q79 T (pq/4) cos 2¢ + pq? cos ¢ cos 2¢
= —— d Al2
Ql / 4p + 1 q 4q _|_ 1 / ® (1+96)/2 ) ( )

2 (2m)? 0/ [p* + ¢* — 2pg cos ]
0 7 7 3 9
B P gqcoslp

d A13

@ @ (2m)2 /p (4p% +1) / q(4¢> + / <,0[p2 + g% — 2pq cos p|(1+9)/2 7 (A13)
0 0
0 oo 2m
Qs = _as o / pdp / qdg /d cos p cos 2¢[p? (4p? + 1) + ¢*(4¢% + 1)) (A14)
3= 16 (27r)2 2(4p2 + 1) 2(4(]2 + 1) [pz + q2 _ 2pq Ccos sD](1+5)/2 :
0 0

In the following, we demonstrate how the different integrals are evaluated.
a. Calculation of @1 Since (1 is convergent for § = 0, we set 6 = 0, substitute the momentum variable g by
introducing the variable ¢ = xp and obtain the following expression:

Q1:*% Q‘Z/ ;lp / 2al;z: ]d (1/4)COS2Q0+IL'p2COS(pCOSQQD. (A15)
2 (2m) 4p +10 4a2p —|—1O V1+ 22 —2zcosyp

The integration over p can be done easily using

oo

/ dp 1 B T / p? T (A16)
4p2 +14x2p2 +1  4(1+z)’ 4p? —|—14xp +1 1637(1—1—33)'
0 0

After performing first the z-integral and than the angle integral, we find
as
=——. A17
Q= (a17)
b. Calculation of Q2 Here again, we apply the variable substitution ¢ = xp which leads to the integral

Q-9 OOdpp2 57 7 dp cos 2 Vi 1—g0-1 7 2cos?(p)—1
Q2=—as / / / Zq/dw /dw , (A18)
(27)20 4p?+1 J 422p?+1) [1422—22 cos ] T9/2 J z?—1 J [1422—2x cos ] 1 T/ (

with

NasQ—9 204

T : A19
1 4(2m)? cos(md/2) (A19)
In order to evaluate this integral, we split up the integral in two parts. These two integrals are defined as:
[o1-att ] cos(p)?

a=2q [do—g—— [d 7 A20
@ q/ R / 4 [1+ 22 — 2z cos p](119)/2 (A20)

0 0

T 1— g0t 1

=—q/d d : A21
Q2. (I/ T 5 1 / 80[1 + 22 — 22 cos S0](1+5)/2 ( )

0 0
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Analysis of ()2, This integral can be split in a singular and a non-singular contribution Q2. = @3, + @57%,
where the singular contribution is given by

T 1— g0t / w2
Q5,= 2q/d:c271 /dcp cos? p = I cot(md/2). (A22)
' x

0 0

Next, the non-singular contribution is analyzed, which is defined as

. . T 1ot , 1
20 = @20 = Q20 = 2q/da:ﬁ /dga cosTe {[1 + 22 — 2z cos p](1+0)/2 1 (A23)
0 0

Since this integral is convergent for § = 0, it can be evaluated in this limit. We find

oo T
s 1
2@:2(]/d$m/d§0€082(p
0 0

where we first performed the z-integral and then the ¢-integral.

1
1| = (11 - 67 + 1n 4096), (A24)
V1+ 22 —2zcosyp 6

Analysis of (Q2, This integral is again split up into a singular and a non-singular contribution. The singular
contribution is given by

T 7 1— %1 2
0 0

The non-singular part, which is convergent and can be evaluated for § = 0, reads

oo T
1
ns _ _ 085 — _ dp—— d
2,b QQ,b QQ,I) Q/ x.’l?(l"‘l')/ 2
0 0

Result for ()2 Combining @2, and @23, we obtain for the integral Q)2 the following value:

asQ=% 20747 g (22 27r)

(11— R — = —
(27 cos(nd/2) 6 11 ) 768 256

1
V1+ 22 —2zcosyp

- 1] = %(w —21n4). (A26)

Q2= Q24+ Q2p = Q57 + @5, + Q5 +Q5,=— (A27)

where in the last line we expanded for small 6.
c. Calculation of Q3 After the variable substitution p = xq, we need to evaluate the following integral

asQ~° dqq=? / / T COS oS 2¢p
- d A28
@s 8(27T / 4¢% +1 v 1+ 22 — 2x cos ] (119)/2° (A28)

which is divergent for § — 0. In the following step we use the identity:

1 —k%z
—(146) _
k| T /dzz(l_m, (A29)
0
and obtain
e} 2 0
. 015976 2t € —(1+x2—2zcos<p)z
Q3 = )7 T 1 0) /2 cos(m0/2) /dz/d<pcos<pcos2<p/dzz(1_5)/26 , (A30)
0
o 20 w(§ 4+ 2)T[(1-6)/20(6/2) e ag(4ln(re) + 4y —5 - 8In2) L OE)
T (2m)2 cos(wd/2) AT[(1+40)/2T(3—0/2) ~ 2560 1024 ’

where in the last line we expanded the above expression for small §.
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d. Result of the vertex diagram Combining all three integrals yields

L)) — 159D 0) a0 ap(20In(Qrg) + 407 + 207 — 193 — 401n 2)
= - + . (A31)
Q 256 6 5120
The vertex diagram is also divergent for § — 0, but does not fully cancel the divergence of the self-energy diagram.

A third Feynman diagram is needed to cancel all divergences.

3. The honey diagram

Wm + VY
k

AVAVAVAVAY .@. AAYAVA

t < aqf w, 0
7:1(‘]’;7 >(q> & (:2 “é‘;:{ﬁ“ (I;”) (\(f)(k) - %(/{4\(77’ + I{’};(T”)

FIG. 5. The honey diagram.

The last diagram contributing to the correction coefficient C is the honey diagram, which takes account of the
interacting part of the energy-stress tensor. The correlation function is given by

_ T[(3+40)/2] lolp
e 4 é
Ca%/xz)/(lQ) ( 5) 240 [(3 5)/2] / |l|3*5 Tr [GkH,iwsGk,Z’(wanvrﬂ;(g)(k)Gk,iwm} : (A32)

k,l,m,s

This Feynman diagram is depicted in Fig. 5. Inserting the explicit formulas of the Green’s function and the stress
tensor into the above equation yields

(o) _ppigphop LB 4D/ [ Ll (A
Czymy( €2) = —(1—d)rg 93+3 r[(3-14)/2] / [13+0 (w2 + |1 + E|2) (k2 + w?)[k2 + (w + Q)2 (A33)

k,l,m,s
where the trace is given by
Tr[A] = =2 {(kq + lo)ky [-3k2 + k2 + w(w + Q)] + (ky + ks [k2 — 3k + w(w + Q)] + 2k.kyw' (2w + Q) } . (A34)

Next, we perform the two frequency integrations and find

[ee) 00 2 27
23+5 F 371—36 o3 D) 28 si _
Cha) (1) = (1 — 8)ryd — / dk / dl / da / gg— KU sin2acos2fsinfa =) g5
(2m)* T ) J T (4k2 + Q) /K2 + 2kl cos(a — B) + 12
Upon using Eq. (78), we find that the imaginary part of the correlation function can be cast into the form
349 x 2 1—6 ¢ . .
ImechZ,( )y = (1 §)r0_5 2910 I‘ /dl / / ﬂ 1172 sin 2a cos 28 sin(a — B) ' (A36)
(2m)* I ) 161/412 + 4lw cos(a — f) + w?

Next, we substitute the angle « — ¢ + 8 and perform the [ integration and obtain

o0

23+6 F 2 2Z176 i 2
ImC%jl)}( )= (1 §)r0‘5 T /dl/ W sin” o cos . (A37)
(2m 16\/l2 + lwcos o +w?/4

0

After using Eq. (A29), we obtain

00 2 oo 2 2
23+67T5/2 1'\[(3 + 6)/2] 6_(l +lw cos p+w /4)
(Le) () — (1 — 81— 2/1-6 . 2
ImCyr) (W) = (1 = d)rg G T((3-0)/2] /dl/dap/dzw ["7%sin” pcos 1677 . (A38)
0o 0 0
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As the last step, we first perform the angle-integration over ¢, than the l-integration and at last the z-integration,
which leads to

220785 — 1)wPOT(5/2) ~ w? 34In(row) +4y+1—8In2

(Le) () — ~_
ImCsyny (@) T(3-0/2) 2565 1024 +009), (A39)

YTy

where we expanded the above expression for small §. The honey diagram is also divergent for 6 — 0. When all three
diagrams are summed up, these divergences cancel each other.

4. The correction coefficient

Upon combining all three Feynman diagrams, we find for the correction coefficient C,

89— 207

Co 40

~0.65. (A40)

This is a relatively large correction coefficient and hence, the impact of the Coulomb interaction on the shear viscosity
of graphene in the collisionless regime is large.
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