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Nuclear magnetic resonance (NMR) and Knight shift measurements are critical tools in the iden-
tification of spin-triplet superconductors. We discuss the effects of spin orbit coupling on the Knight
shift and susceptibilities for a variety of spin triplet multi-orbital gap functions with orbital-singlet
character and compare their responses to ”traditional” single band spin-triplet (px + ipy) supercon-
ductors. We observe a non-negligible residual spin-susceptibility at low temperature.

I. INTRODUCTION

A working definition for an unconventional supercon-
ductor is one whose gap function averaged over the Fermi
surface is less than the maximum value of the absolute
value of the gap at any point on the Fermi surface. This
allows for gaps which do not exhibit isotropic s-wave
pairing. In particular, the possibility for pairing in odd
parity channels allows for spin-triplet pairing, the most
notable purported example being Sr2RuO4 in which the
simplest descriptions involve models with only intra-band
pairing. For Sr2RuO4, there is still no consensus on the
actual form of the superconducting gap with various ex-
periments showing conflicting results1–5. In light of this,
it is useful to consider what other systems might be can-
didates for realizing spin-triplet pairing. One recent work
proposes that a different kind of spin-triplet pairing may
be realized in iron-based superconductors that only pos-
sess hole pockets6. Based on angle-resolved photoemis-
sion spectroscopy and heat capacity measurements, the
authors argue in favor of s-wave gaps in these materials
and present a new mechanism for its realization.

The key ingredients to their proposal are (1) the pres-
ence of spin orbit coupling (SOC), and (2) the multi-
orbital nature of these systems which introduces the pos-
sibility for inter-band paired gap functions7,8. This re-
sults in the stabilization of an even parity orbital-singlet,
spin-triplet pairing state. Indeed, the s-wave iron-based
superconductors are expected to exhibit sizable SOC9

and seem to have the ingredients necessary for the model
proposed6,10–12. The same pairing state has also been the
focus of study using dynamical mean field theory8,13–15.
These studies all reveal a pairing instability within the
strong coupling limit.

In order to evaluate the validity of the proposed model
for the relevant iron-based supercondcutors, it is crucial
to identify the experimental signatures in nuclear mag-
netic resonance (NMR) and Knight shift measurements –
key experimental testing grounds for unconventional su-
perconductors2,16–19. To this end, in this article we com-
pare the results in Knight shift between the well-studied

single band spin-triplet state ~d(~k) = (0, 0, kx + iky) and
the inter-band model of Ref. 6. In the absence of SOC,
we find an invariant Knight shift which stays constant
into the superconducting phase in every direction for the

inter-band model. This distinguishes it from the intra-
band (kx + iky)ẑ state, where there is a drop in the
Knight shift for a field applied along the z direction10,20.
When including SOC, we observe a substantial decrease
in spin susceptibilities, which agrees with previous the-
oretical predictions6. However, we observe a non-zero
residual spin susceptibility at low temperature, in con-
trast with zero residual spin susceptibility for intra-band
spin-singlet pairing. Our results on spin susceptibility
and Knight shift reveal that the pairing state driven
by SOC has both intra-band spin-singlet and inter-band
spin-triplet properties.

This article is organized as follows. In Section II, we
introduce our mean field theory model involving pairing
in the orbital singlet, spin triplet channel. In Section III,
we explain how observables in NMR and Knight shift
experiments can be calculated within our model. Our
results are discussed in Section IV. Concluding remarks
appear in Section V.

II. THE MODEL

We consider a three band model for d-orbital electrons
with tetragonal symmetry. The Hamiltonian is given by
H = H0 +HSOC +HBCS , where:

H0 =
∑

~k,a,b,σ

hab0 (~k)c†~kaσ
c~kbσ, (1)

and:

hab0 (~k) =

 εyz(~k) V (~k) 0

V (~k) εxz(~k) 0

0 0 εxy(~k)

 , (2)

is the kinetic energy part of the tight binding model with

hybridization between xz and yz orbitals. c†~kaσ

(
c~kaσ

)
is

the creation(annihilation) operator of electrons in orbital
a = yz, xz, or yz and spin σ =↑, ↓. We consider a quasi-
two dimensional material, where the dispersion in the
z-direction is neglected. Here, the form and value of the
unhybridized dispersions and the hybridization potential
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are given in Ref. 21:

εyz(~k) = −ε′ − 2t cos ky − 2t⊥ cos kx

εxz(~k) = −ε′ − 2t cos kx − 2t⊥ cos ky

εxy(~k) = −ε− 2t′(cos kx + cos ky) + 4t′′ cos kx cos ky

V (~k) = −2V sin kx sin ky,

(3)

which was originally proposed for Sr2RuO4. However,
we use this model only as a specific example; our analy-

sis is not limited to this particular material. We choose
our unit of energy to be t in the following analysis. With-
out spin orbit coupling (SOC) and superconductivity, the
band structure from the diagonalization of H0 is given
in Ref. 21. The minimal band gap at the Fermi sur-
face ∆band ≈ 0.05t is between the dxy band and one of
the hybridized bands. We add the spin orbit coupling

HSOC = λ~L · ~S. The form of the BCS interaction we use
is:

HBCS = −
∑

~k,~k′,a,b,{σi}

Vabσ1σ2σ3σ4(~k,~k′)c−~kaσ1
c~kbσ2

c†~k′bσ3
c†
−~k′aσ4

,
(4)

Using a mean field decomposition, we can calculate the
gap function:

∆abσ3σ4
(~k′) =

∑
~kσ1σ2

Vabσ1σ2σ3σ4
(~k, ~k′)〈c−~kaσ1

c~kbσ2
〉.

(5)

Thus we obtain the mean field Hamiltonian, which is now
rewritten into Bogoliubov-de-Gennes (BdG) form:

Ψ†~k
≡ [c†~kX↑

, c†~kX↓
, c†~kY ↑

, c†~kY ↓
, c†~kZ↑

, c†~kZ↓
]

HMF =
∑

~k|kx>0

[Ψ†~k
,ΨT

~−k]hBdG(~k)

[
Ψ~k

Ψ∗~−k

]

hBdG(~k) =

(
ĥ(~k) ∆̂(~k)

∆̂(~k)† −ĥT ( ~−k)

)
;

ĥ(~k) = hab0 (~k)⊗ σ0
+ λ(Lx ⊗ σx + Ly ⊗ σy + Lz ⊗ σz), (6)

as a 12 by 12 matrix. Here σx,y,z,0 are the Pauli matrices
and identity matrix in spin space. For simplicity, the
orbital angular momentum operators (La)bc = −iεabc are
assumed to be the same as for electrons with L = 1.

For the case of intra-band pairing, the superconduct-

ing order parameter can be rewritten as ∆(~k) = (I3) ⊗
iσy ~d(~k) · ~σ, where ~σ = (σx, σy, σz) and I3 is the 3 by
3 identity matrix in orbital space20. Additionally, the
multi-band nature of the model introduces the possibil-
ity for inter-band coupled gap functions. We consider
a BCS gap ∆BCS = 0.01t, which is of the order of the
band gap near EF . Thus, the inter-band pairing cannot
be fully neglected. In this calculation, we consider a local

model (~k-independent model) of orbital-singlet and spin-
triplet pairing, which has the following gap function, and

the corresponding Vabσ1σ2σ3σ4
(~k,~k′):

Vabσ1σ2σ3σ4(~k,~k′) = g f(~k)†baσ2σ1
f(~k′)abσ3σ4

∆̂abσ1σ2
(~k) = ∆ fabσ1σ2

(~k)

f(~k) ≡ Lz ⊗ (iσzσy), (7)

coupling yz and xz orbitals. Since the induced intraband
spin-singlet state does not depend on a specific direc-
tion, the results on susceptibilities do not show qualita-
tive differences in different directions, which will be con-
firmed in the next section. Thus, other pairings including
(Lx⊗σx +Ly ⊗σy)iσy will give similar results. The gap
function is even parity, with time reversal symmetry and
inversion symmetry. Note that other pairing states (e.g.
intra-band pairings or other forms of inter-band pairing)
are not considered here. The two electrons comprising
the Cooper pair form an orbital singlet using the xz and
yz orbitals. In spin space, they form a triplet pair with
total spin rotating within the x − y plane. The overall

Cooper pair is odd under particle exchange. The ~d-vector
of this triplet-spin pairing contains only a z-component.
If we turn on the SOC, this inter-band pair could de-
velop an intra-band spin-singlet component6. The finite
intra-band pairing as induced by SOC helps increase the
superconducting transition temperature, as we will ex-
plain in Sec. IV.

III. NMR AND KNIGHT SHIFT

We now consider observables in NMR experiments and
the Knight shift, which are key experimental techniques
in identifying spin triplet superconductors17,19. Under-
standing the Knight shift experiment is vital in distin-
guishing between different types of gap functions20,22,23.
We will first summarize the theoretical background of
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this experiment. Then we will show results for the inter-
band paired state under different SOC strengths.

In atomic physics, the field induced non-zero spin and

orbit angular momentum of the electrons generate a hy-
perfine field experienced by the nuclear spin24:

~Bhf = −2µ0µB〈r−3〉(~L+ ξL(L+ 1)~S − 3

2
ξ[~L(~L · ~S) + (~L · ~S)~L]), (8)

which leads to the Knight shift in the NMR response.
The hyperfine field can be decomposed into orbital and
spin contributions. The orbital angular momentum gen-
erates a current and hence, a magnetic field, contribut-
ing to the first term of the hyperfine field in Eq. 8. The
dipole-dipole interaction between electron spin and nu-
clear spin leads to the remaining two terms in the hyper-
fine field, under the approximation known as the Equiva-
lent Operator Method25. Given the atomic wavefunction
of an electron with angular momentum l, the strength of
the dipole-dipole interaction is ξ = 2/[(2l− 1)(2l+ 3)]25.
In the following calculations, we choose ` = 2 which gives
ξ = 2/21. The Fermi contact interaction will also con-
tribute to the hyperfine field, which is neglected here for
L 6= 0 systems.

Knight shift tensor
←→
K is then determined by the hy-

perfine field through

~Bhf =
←→
K · ~B. (9)

Here ~B is the external magnetic field. The spin and or-
bital contribution towards the diagonal elements of the
Knight shift is directly related to the spin and orbital

susceptibilities. Under spin orbit coupling, ~L and ~S are
no longer good quantum numbers, and we will take the
expectation value of the hyperfine field operator in the
simulation. The orbital contribution, which is propor-
tional to the orbital magnetic susceptibility, does not
change dramatically upon entering the superconducting
phase. This is because in the Kubo formula for orbital
susceptibility, orbital angular momentum couples states
with different energy, so the energy shift by superconduc-
tivity will not have a strong effect. The orbital contri-
bution can be extracted from measurements within the
normal state and then substracted in the superconduct-
ing Knight shift17,19. The spin contribution has a similar
behavior as spin susceptibility and acts as a key feature
for distinguishing between spin-singlet and spin-triplet
gap functions. In the following simulations, we numer-
ically diagonalize the BdG Hamiltonian and obtain the
susceptibilities and the diagonal elements of the Knight
shift tensor.

IV. RESULTS AND DISCUSSION

The gap equation can now be solved numerically, and
the parameter ∆ in Eq. 7 is obtained self-consistently for
a given g and temperature T . After obtaining ∆, the
susceptibilities and Knight shift are calculated from the
Kubo formula. We now compare the Knight shift results

for the single band ~d(~k) = (0, 0, kx + iky) state and the
inter-band orbital-singlet, spin-triplet state. In order to
shed light on the role of SOC in the formation of intra-
band pairing, we consider three SOC regimes: λ = 0
(i.e. zero SOC) where only inter-band pairing is present,
λ ∼ ∆BCS when the SOC strength is comparable to the
size of the superconducting gap, and λ � ∆BCS . The
Knight shift and susceptibilities are all normalized to a
dimensionless number, for which the Knight shift and
susceptibilities in the normal state is unity.

If the spin orbit coupling is absent, the critical temper-
ature for superconductivity is found to be exponentially
small. We present here an unrealistic scenario with a
non-zero order parameter ∆BCS under zero/small SOC,
as shown in Fig. 2 and Fig. 3. This setup can be achieved
by choosing a relatively large coupling coefficient g in
Eq. 7, which raises the critical temperature to numer-
ically accessible values. This small SOC regime serves
only to illustrate the key results, namely the residual
spin-susceptibility. Furthermore, to better illustrate the
effect of SOC, we choose different g parameters for the
two curves λ = 0 and λ = ∆0, such that the supercon-
ductivity gap at the lowest temperature reached is fixed
to be ∆0 = 0.01t.

For purely inter-band pairing without SOC, we numer-
ically obtain the susceptibility and Knight shift. Fig. 2
shows the responses in the presence of an out-of-plane
magnetic field while Fig. 3 is in the presence of an in-
plane magnetic field. In striking contrast to the intra-
band kx + iky model2,10,20, the spin and orbital suscepti-
bilities and the Knight shift show no decrease in the su-
perconducting phase in any direction. We further check
the density of states. By redefining the Fermi surface
to be the states with energy near the chemical potential
|E − EF | < ∆BCS , we find that there is no dramatic
change in the density of states on the Fermi surface.

Here we provide a qualitative explanation for the above
findings. For intra-band pairing, the Cooper pairs are
composed of electrons with the same energies, and the



4

Δ"#$%
~Δ"#$%

Δ"&'

Δ"&'

FIG. 1: Schematic representation of the change of band struc-
ture for a two band system with inter-band coupling for (left)
no superconductivity and (right) with superconductivity. The
distance between the BCS gaps and the Fermi surface is of
order ∆Band. If the superconducting order parameter ∆BCS

is much smaller than the energy difference of the two bands
∆Band, then the states near the Fermi surface are approxi-
mately unchanged. Thus the density of states at the Fermi
surface is unaffected by superconductivity.
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FIG. 2: Orbital susceptibility, spin susceptibility and gap

function for triplet pairing ∆(~k) = Lz ⊗ iσyσz when apply-
ing an out-of-plane magnetic field for λ = 0 and λ = ∆BCS .
Within the range of the gap function, no drop in susceptibili-
ties and Knight shift is observed. Note that the zero temper-
ature gap function should be larger than 0.01t, but we only
focus on the range where ∆BCS � ∆band.

contribution to the superconductivity gap is mainly from
electrons near the Fermi surface (|E − EF | ≈ ∆BCS).
When BCS states are formed, a superconducting gap
then opens at the Fermi surface. The density of states
at the Fermi surface vanishes, and there is a substantial
drop in spin susceptibility. In contrast, the inter-band
pairing involves electrons at different bands. In a rough
approximation, let us assume the pairing only happens
at the band crossing (Fig. 1). When Cooper pairs are
formed, a superconducting gap will open above and below
the Fermi surface. The distance from the Fermi surface
is of order ∆band. If ∆band � ∆BCS , the Fermi surface
is then approximately unchanged. Therefore, the inter-
band superconductivity does not exhibit any decrease in
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FIG. 3: Orbital susceptibility, spin susceptibility, and gap

function for triplet pairing ∆(~k) = Lz ⊗ iσyσz when apply-
ing a magnetic field in the in-plane x-direction. The same
parameters are applied as in Fig. 2.

Knight shift, even though ~d is in z-direction.
As we turn on SOC while still keeping it weak (λ ∼

∆BCS < ∆Band), the SOC is not yet sufficient to gener-
ate a considerable intra-band spin-singlet pairing. As a
result, the decrease spin-susceptibility and Knight shift
remains small (red curves in Fig. 2and Fig. 3). However,
we observe a higher critical temperature, which is due to
a reduction of the minimal band gap by SOC.
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FIG. 4: Orbital susceptibility, spin susceptibility and gap

function for triplet pairing ∆(~k) = Lz ⊗ iσyσz when adding
z-direction magnetic field in the large SOC regime.

We now consider the regime with large SOC. The in-
duced spin-singlet pairing state greatly reduces the spin-
susceptibility and the Knight shift in every direction, as
shown in Fig. 4. The induced intra-band pairing provides
sufficient superconducting instability, leading to signif-
icant enhancement of the critical temperature, as pre-
dicted in the theoretical work6.

In Fig. 5 and Fig. 6, we focus on the residual suscepti-
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FIG. 5: Residual Knight shift and susceptibilities for an ap-
plied magnetic field in the z-direction, as a function of SOC.
The strength of SOC varies from 0 to 50∆BCS , i.e. in a regime
of strong SOC.
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FIG. 6: Residual Knight shift and susceptibilities under a
magnetic field applied in the x direction, as a function of SOC
strength. The strength of SOC varies from 0 to 50∆BCS .

bilities and Knight shift for different SOC. We compare
the results at two temperature. At the lower tempera-
ture T = 0.01∆BCS , we add a BCS gap ∆BCS = 0.01.
At the “higher” temperature T = ∆BCS , we consider
the normal state (with zero BCS gap). We take the ratio
of the susceptibility in the first state to its value in the
second state as a measure of the residual susceptibility.
The aim is to observe the residual susceptibility at low
temperature as we tune both the BCS term and SOC
strength.

The residual spin susceptibility first exhibits a con-

tinuous drop as SOC is increased from zero, due to the
formation of intra-band pairing. It reaches a minimum
at around λ = 10∆BCS . More importantly, the resid-
ual spin susceptibility never goes to zero, even when the
orbital susceptibility is approximately unchanged. This
feature can be explained by returning to the pedagogical
model with λ = 0 (see Fig. 2 and Fig. 3 and accompa-
nying discussion). This is a crucial difference compared
with the well-studied kx + iky model, in which the non-
zero spin susceptibility under SOC is accompanied by a
decreasing orbital susceptibility10,20. The non-zero spin
susceptibility persists as the SOC is tuned to very large
values. This may be due to mixing between an originally
vanishing spin susceptibility and a non-zero orbital sus-
ceptibility, similar to the kx + iky model (in which the
z-direction susceptibility exhibits similar features) or in
a simple single-band spin-singlet model22,23. The system
becomes more complex due to band crossings. Therefore,
for future work, the analysis for very large SOC could be
performed for a model with a large band gap.

There is no qualitative difference between the drops in
different directions, which confirms the predicted contri-
bution from spin-singlet pairing when SOC is present6.
Thus, the Knight shift in different directions provides
a tool in identifying the inter-band state and the SOC
strength.

V. CONCLUSION

In summary, we have calculated the Knight shift for
the even-parity orbital-singlet spin-triplet superconduc-
tors in a quasi-two dimensional tight binding model, by
numerically solving the gap equation. In contrast to the
kx + iky unconventional superconductor, the inter-band
model exhibits no decrease in Knight shift in any di-
rection. After introducing the required large spin orbit
coupling, the predicted intra-band spin singlet state is
observed, and there is a drop in spin susceptibility and
Knight shift. However, the residual spin susceptibility is
non-zero even under large SOC in contrast to spin-singlet
intra-band pairing state.
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