
This is the accepted manuscript made available via CHORUS. The article has been
published as:

Ultrafast strong-field photoelectron emission due to two-
color laser fields
Yi Luo and Peng Zhang

Phys. Rev. B 98, 165442 — Published 29 October 2018
DOI: 10.1103/PhysRevB.98.165442

http://dx.doi.org/10.1103/PhysRevB.98.165442


1 
 

Ultrafast strong-field photoelectron emission due to two-color laser 
fields 

 
Yi Luo and Peng Zhang* 

 
Department of Electrical and Computer Engineering, Michigan State University, East Lansing, 

Michigan 48824-1226, USA 
*e-mail: pz@egr.msu.edu 

 
 

 

Electron emission from solids driven by two-color lasers provides new flexibility for the 

control of electron dynamics in ultrashort spatiotemporal scales due to the interference effect. 

Here, we construct an analytical model for the highly nonlinear photoelectron emission from a 

metal surface illuminated by two-color laser fields, by solving the time-dependent Schrödinger 

equation. The exact solution is valid for arbitrary harmonic orders, laser intensities, phase 

difference between two lasers, and metal work function and Fermi level. We find two-color 

lasers can strongly modulate both the electron spectra, and the emission current up to 99%.  
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I. INTRODUCTION 

Laser-induced electron emission from solids [1–8] offers a platform to coherently control 

electron dynamics in ultrashort spatiotemporal scales [9–13]. It is fundamentally important to the 

advancement of ultrafast electron microscopes [14,15], tabletop particle accelerators and x-ray 

sources [16], and future quantum nanocircuits [17–19]. The mechanisms of electron emission 

driven by a single frequency laser have been extensively studied both theoretically [20–24] and 

experimentally [1–3,25,26], including transition from multiphoton absorption to optical field 

emission [2],  electron emission energy distribution [3], effects of carrier-envelope phase [25], 

local nonuniform fields [4], dc bias [1,24], and short pulse excitation [11]. Recently, two-color 

photoemission from nanotips driven by a fundamental and a weak second harmonic laser pulse 

has been demonstrated experimentally [27,28], showing substantial emission current modulation. 

However, the underlying physics for the correlation between two-color laser fields and various 

electron emission processes is not well understood. The parametric dependence of the electron 

emission properties requires substantial further study. 

Here, we present an analytical model for ultrafast electron emission from a metal surface 

driven by two-color lasers. By solving the time-dependent Schrödinger equation exactly, our 

solution is applicable for arbitrary fundamental and harmonic laser frequencies, laser intensities, 

phase delays, cathode work function and Fermi level. Various emission mechanisms such as 

multiphoton absorption, photon-induced over-barrier emission, strong optical field emission, and 

various combinations of them are all captured in a single formulation. We identify the condition 

for the maximum emission current modulation by superimposing a weak harmonic laser on a 

fundamental laser, showing excellent agreement with the experimental observation [27]. This 

work provides clear insights to control both the photoelectron energy distribution and the current 

modulation depth using two-color lasers. 

 

II. EXACT FORMULATION 

 

Our one-dimensional (1D) model (Fig. 1) assumes electrons with initial energy ߝ are emitted 

from the metal-vacuum interface at x = 0 under the illumination of two-color laser fields, ܨଵcos ሺ߱ݐሻ and ܨଶcos ሺݐ߱ߚ   ଶ are the magnitudes of the laser fields, ߱ isܨ ଵ andܨ ሻ, whereߠ

the fundamental laser frequency, ߚ is a positive integer, and ߠ is the relative phase. We assume 
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both laser fields are perpendicular to the metal surface, and cut off abruptly at the surface [24]. 

The sudden screening of external fields may be justified, because the laser penetration depth (i.e. 

skin depth) is typically much smaller than the laser wavelength (e.g. for the gold, the skin depth 

of 800 nm laser wavelength is around 4 nm) [24]. For simplicity, the scattering effects of 

photoexcited electrons with phonons and other electrons, which may happen in the penetration 

depth, are also ignored in our model. A time-varying potential barrier would be created by the 

two laser fields at the metal-vacuum interface ݔ ൌ 0,                            

 Φሺݔ, ሻݐ ൌ ൜0,                                                                            ݔ ൏ 0                                    ܸ െ ݔଵܨ݁ cosሺ߱ݐሻ െ ݔଶܨ݁ cosሺݐ߱ߚ  ,ሻߠ ݔ    0,                             ሺ1ሻ 

where ܸ ൌ ிܧ   ,ி and ܹ are the Fermi energy and work function of the metal respectivelyܧ ,ܹ

and ݁ is the elementary charge. To make the analytical treatment feasible, image charge effects 

[29] are not included in Eq. (1). However, our previous work [24] demonstrated a very good 

approximation to include the image charge potential in our model, by simply replacing the work 

function ܹ with the effective work function due to Schottky barrier lowering.  

The electron wave function ߰ሺݔ, ሻݐ  is solved from the time-dependent Schrödinger 

equation, 

݅ ߲߰ሺݔ, ݐሻ߲ݐ ൌ െ ଶ2݉ ߲ଶ߰ሺݔ, ଶݔሻ߲ݐ  Φሺݔ, ,ݔሻ߰ሺݐ  ሻ,                                    ሺ2ሻݐ

where  is the reduced Plank constant, m is the electron mass, and Φሺݔ,  ሻ is the potential energyݐ

given in Eq. (1).  

An exact solution to Eq. (2) for ݔ  0 is obtained (see Appendix for more details), 

      ߰ሺݔ, ሻݐ ൌ  ܶ expሺെ݅ݐߝ/ െ ሻஶݐ߱݊݅
ୀିஶ ൈ exp ቀ݅ߦඥ2݉ܧ/ଶቁ 

ൈ exp ቀ ݔܮ  మ଼ ܯ െ మிభிమଶఉఠమ ܰቁ ݔ    ,  0                                                     (3) 

where ߦ ൌ ݔ  ிభ ୡ୭ୱሺఠ௧ሻఠమ  ிమ ୡ୭ୱሺఉఠ௧ାఏሻఉమఠమ ܮ , ൌ ிభ ୱ୧୬ሺఠ௧ሻఠ  ிమ ୱ୧୬ሺఉఠ௧ାఏሻఉఠ , ܯ  ൌ ிభమ ୱ୧୬ሺଶఠ௧ሻఠయ 
ிమమ ୱ୧୬ሺଶఉఠ௧ାଶఏሻఉయఠయ  , ܰ ൌ ୱ୧୬ሾሺఉିଵሻఠ௧ାఏሿሺఉିଵሻఠ െ ୱ୧୬ሾሺఉାଵሻఠ௧ାఏሿሺఉାଵሻఠ , ܶ is the transmission coefficient, the drift 

kinetic energy ܧ ൌ ߝ  ݊߱ െ ிܧ െ ܹ െ ܷଵ െ ܷଶ , the ponderomotive energies ܷଵ ൌ݁ଶܨଵଶ/4݉߱ଶ , and ܷଶ ൌ ݁ଶܨଶଶ/4݉ߚଶ߱ଶ , and ߝ  is the electron initial energy. Because of the 
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time periodicity, Eq. (3) represents the superposition of transmitted electron plane waves with 

energies ߝ  ݊߱, due to multiphoton absorption (n > 0), tunneling (n = 0), and multiphoton 

emission (n < 0) [21,24].  

For x < 0, the solution to Eq. (2) is,                  ߰ሺݔ, ሻݐ ൌ exp ൬െ ݐߝ݅  ݅݇ݔ൰   ܴ exp ൬െ݅ ߝ  ݊߱ ݐ െ ݅݇ݔ൰ஶ
ୀିஶ ݔ   , ൏ 0          ሺ4ሻ 

which denotes the superposition of an incident wave and a set of reflected waves, where ݇ ൌ ඥ2݉ߝ/ଶ , ݇ ൌ ඥ2݉ሺߝ  ݊߱ሻ/ଶ , and ܴ  is the reflection coefficient. It has been 

verified that most of the reflected current is through the initial energy level (n = 0) [24].  

By matching the solutions in Eqs. (3) and (4) from the conditions that both ߰ሺݔ, ሻݐ  and ߲߰ሺݔ,  are continuous at x = 0, and taking Fourier transform, we obtain, in nondimensional ݔ߲/ሻݐ

quantities [24], ߝҧ ൌ ܹ/ߝ , ഥ߱ ൌ ߱/ܹ ҧݐ , ൌ തிܧ  ,/ܹݐ ൌ ܹ/ிܧ ҧݔ , ൌ ߣ/ݔ ߣ , ൌ ඥଶ/2ܹ݉ തଵܨ , ൌ തଶܨ ,ܹ/ߣଵ݁ܨ ൌ /ܹ, ഥܷଵߣଶ݁ܨ ൌ ܷଵ/ܹ, ഥܷଶ ൌ ܷଶ/ܹ, the following equation,  

ሺ݈ሻߜҧߝ√2    ൌ  ܶൣ√ߝҧ  ݈ ഥ߱ܲሺିሻ  ܳሺିሻ൧ஶ
ୀିஶ ,                                            ሺ5ሻ 

where ߜሺ݈ሻ is the Dirac delta function, and  ܲሺିሻ, and ܼሺିሻ are given by, 

ܲ ൌ ߨ12 න ሺ ഥ߱ݐҧሻ݁ିఠഥ ௧ҧ݀ሺ ഥ߱ݐҧሻଶగ
 ,   ܳ ൌ ߨ12 න ሺ ഥ߱ݐҧሻݖሺ ഥ߱ݐҧሻ݁ିఠഥ ௧ҧ݀ሺ ഥ߱ݐҧሻଶగ

 ,          ሺ6aሻ 

ሺ ഥ߱ݐҧሻ ൌ ሺݍ ഥ߱ݐҧሻ݂ሺ ഥ߱ݐҧሻ,   ݖሺ ഥ߱ݐҧሻ ൌ ටܧത  തଵ߱ഥܨ sinሺ ഥ߱ݐҧሻ  ߚതଶܨ ഥ߱ sinሺߚ ഥ߱ݐҧ   ሻ,            ሺ6bሻߠ

ሺݍ ഥ߱ݐҧሻ ൌ eଶඥாതிതభ ୡ୭ୱሺఠഥ ௧ҧሻఠഥ మ ାிതమ ୡ୭ୱሺఉఠഥ ௧ҧାఏሻఉమఠഥ మ ൨,                                                                     ሺ6cሻ 

               ݂ሺ ഥ߱ݐҧሻ ൌ ݁ቈிതభమ ୱ୧୬ሺଶఠഥ ௧ҧሻସఠഥ య ାிതమమ ୱ୧୬ሺଶఉఠഥ ௧ҧାଶఏሻସఉయఠഥ య 
ൈ ݁ିிതభிതమ൜ୱ୧୬ሾሺఉିଵሻఠഥ ௧ҧାఏሿሺఉିଵሻఠഥ ିୱ୧୬ሾሺఉାଵሻఠഥ ௧ҧାఏሿሺఉାଵሻఠഥ ൠ,                                                                    ሺ6݀ሻ 

with ܧത ൌ ҧߝ  ݊ ഥ߱ െ തிܧ െ ഥܷଵ െ ഥܷଶ െ 1. In Eq. (6b),  and ݖ denote the phase factor of the 

wave function in the ݊th state and of its spatial derivative at ݔ ഥ= 0 respectively. ܲ and ܳ are 

the ݈th Fourier coefficients of   and the product of   and ݖ  respectively. The transmission 
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coefficient ܶ (and therefore the reflection coefficient ܴ) is obtained from Eq. (5). The emission 

current density is then calculated from the probability current density ܬሺݔ, ሻݐ ൌ ሺ݅/2݉ሻሺ߲߰߰ݔ߲/כ െ כ߰ ሻݔ߲/߰∂ ൌ ሺ݅/2݉ሻ ∑ ∑ ሺ߰ ∂߰ݔ߲/כ െ ߰כ ∂߲߰ݔሻஶୀିஶஶୀିஶ , where ߰ሺݔ, ሻݐ ൌ∑ ߰ሺݔ, ሻஶୀିஶݐ  is obtained from Eq. (3). 

The normalized emission current density, defined as the ratio of the transmitted probability 

current density over the incident probability current density, ݓሺߝ, ,ݔ ሻݐ ൌ ,ߝ௧ሺܬ ,ݔ ,ߝሺܬ/ሻݐ ,ݔ  ሻ, isݐ

found in nondimensional form as,  ݓሺߝҧ, ҧݔ , ҧሻݐ ൌ ҧߝ√1   ܴ݁ൣ݁ሺିሻఠഥ ௧ҧ ܶ ܶ݁כܦ൧ஶ
ୀିஶ

ஶ
ୀିஶ ,                                         ሺ7ሻ 

where Θ ൌ ቂඥܧത െ ቀඥܧതቁכቃ ቂݔҧ  ଶிതభఠഥ మ cosሺ ഥ߱ݐҧሻ  ଶிതమఉమఠഥ మ cosሺߚ ഥ߱ݐҧ  ሻቃߠ , and ܦ ൌ ቀඥܧതቁכ ிതభఠഥ sinሺ ഥ߱ݐҧሻ  ிതమఉఠഥ sinሺߚ ഥ߱ݐҧ   ሻ. The normalized time-averaged emission current density is foundߠ

to be, 

ۄҧሻߝሺݓۃ                               ൌ  ஶۄҧሻߝሺݓۃ
ୀିஶ ۄҧሻߝሺݓۃ     , ൌ Re ቆ| ܶ|ଶටܧത/ߝҧቇ,                                 ሺ8ሻ 

where ݓۃۄ  represents the emission current density through the ݊ th channel, with emitted 

electrons of energy ߝ  ݊߱  due to the n-photon contribution. Since most of the electrons 

emitted from sources are located near the Fermi level [21,24,31,32], we take the initial electron 

energy ߝ ൌ   .ி for the calculations in this paperܧ

 

III. RESULTS AND DISCUSSION 

 

Figure 2 shows the photoelectron energy spectra, under different two-color laser fields ܨଵ (at 

frequency ߱) and ܨଶ (at second harmonic 2߱), for various phase differences ߠ between two laser 

fields, calculated from Eq. (8). The wavelength of the fundamental laser is 800 nm (߱ = 1.55 

eV). The metal is assumed to be gold [2,21,32], with Fermi energy ܧி=5.33 eV and the work 

function W =5.1 eV. Unless mentioned otherwise, these are the default values for the calculations 

in this paper. The dominant emission process is the four-photon absorption (݊ ൌ 4) for the 

fundamental laser (or two-photon absorption for the second harmonic laser), where electrons at 

the Fermi level need to absorb at least four photons to overcome the potential barrier (ܹ/߱ ൌ
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3.29ሻ (c.f. Fig. 1). For ݊ ൏ 4, the emission probability is identically zero. When the two laser 

fields are in phase (0 = ߠ), the photoelectron emission spectrum becomes broader and the total 

emission current density ۄݓۃ ൌ ∑ ۄݓۃ  increases when either ܨଵ  or ܨଶ  increases, since more 

channels open up for electron emission. When ܨଵ is small [see Fig. 2(a)], the emission spectrum 

is very close to that driven by the second harmonic laser ܨଶ alone, indicating ܨଶ dominates the 

emission process. As ܨଵ  increases [from Figs. 2(a) to (e)], the emission spectrum gradually 

transits to that driven by ܨଵ alone, indicating the laser field dominating the emission process 

changes from ܨଶ  to ܨଵ . During the transition process, the competition between ܨଵ  and ܨଶ  for 

dominating the electron emission causes the dip in Fig. 2(c). In Figs. 2(d)-(e), the dip shifts to 

larger n as ܨଵ increases, due to the channel closing effect [21,24]. When either ܨଵ ൌ 0 or ܨଶ ൌ 0, 

the results recover those of single frequency laser induced photoemission [21,24]. Figures 2(f)-(j) 

show that the emission spectra can be greatly modified as ߠ changes, due to the interference 

effect between two lasers. For example, when ߠ  changes from 2/ߨ  to 32/ߨ , the emission 

process with the highest probability shifts from the four-photon ሺ݊ ൌ 4ሻ to five-photon ሺ݊ ൌ 5ሻ 

absorption.  

Figure 3 shows the normalized total time-averaged emission current density ۄݓۃ under various 

combinations of ܨଵ and ܨଶ, for the phase differences 0 = ߠ and ߨ. In Figs. 3(a)-(b), when ܨଶ is 

small (ܨଵ ଶܨ/  10), ۄݓۃ is insensitive to ܨଶ , because the fundamental laser ܨଵ  dominates the 

emission process. As ܨଶ increases, the current density gradually approaches the scale ۄݓۃ  ଶଶܨ ן

with n = 2 [see Figs. 3(a) and (b)], indicating two-photon absorption (or four-photon with respect 

to the fundamental laser of ߱) is the main emission process. The gradual change of the slope of ۄݓۃ is due to the open up of higher emission channels, as seen in Fig. 2. When ߠ ൌ  .see Fig] ߨ

3(b)], a series of new dips appear in the curves as compared to those when ߠ ൌ 0 [see Fig. 3(a)], 

indicating strong interference effects between the two lasers. The interference effect is also 

reflected in that the total current density ۄݓۃ with ܨଵ = 1 V/nm changes from being larger than ۄݓۃ with ܨଵ = 0 (i.e. by ܨଶ only) to being smaller [see the green and dark blue lines in Figs. 3(a) 

and (b)]. The sharp drops of ۄݓۃ at ܨଶ ൌ 13 V/nm in Figs. 3(a) and (b) are due to the channel 

closing effect [21,24], which is accurately predicted by taking ܧସ ൌ ߝ  4߱ െ ிܧ െ ܹ െܷଵ െ ܷଶ ൌ 0 , giving ܨଶ  = 12.4 V/nm. Similar behaviors of ۄݓۃ  as a function of ܨଵ  are 

observed in Figs. 3(c) and (d). 
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The total time-averaged emission current density ۄݓۃ as a function of ߠ is shown in Fig. 4(a)-

(c), for various 2߱ laser field ܨଶ with fixed ܨଵ ൌ 1.6 V/nm. The total emission current density ۄݓۃ oscillates as a sinusoidal function of ߠ, showing striking resemblance to the experimentally 

measured emission current (see Fig. 2(b) in Ref. [27]). As ܨଶ  decreases, the maximum and 

minimum of ۄݓۃ both decrease, but the corresponding ߠ for the maximum and minimum ۄݓۃ 
remain almost unchanged. The modulation depth, defined as Γ ൌ ሺۄݓۃ௫ െ ௫ۄݓۃሻ/ሺۄݓۃ   ଵ = 0.1375 (orܨ/ଶܨ ሻ, reaches a maximum value of approximately 99% whenۄݓۃ

intensity ratio of 2%), in excellent agreement with the experimentally measured modulation 

depth of 94% in Ref. [27]. The discrepancy of 5% between the theoretical predictions and the 

experiments could attribute to many factors. Our model assumed one-dimensional flat metal 

surface, whereas the experiment used nanometer scale sharp emitter [27]. The sharpness of the 

emitter may introduce varying field enhancement and Schottky lowering factor along the 

emission surface, nonuniform off-tip electron emission [33], and even quantized energy levels 

inside the emitter [34]. In addition, our model neglects the image charge potential, laser pulse 

shape, laser penetration depth, incident electron energy distribution inside the meal, and surface 

effects (e.g. local surface roughness, grain boundaries, different crystal plane terminations), 

which could also contribute to the discrepancy. As ܨଶ  further decreases, Γ  drops. When ܨଶ 

reaches 0, ۄݓۃ becomes a constant, with zero Γ as expected, as shown in Fig. 4(c). Figure 4(d) 

compares the electron energy spectra at the peak and valley of the current modulation for ܨଶ/ܨଵ = 0.1375, where the dominant emission process shifts from 4-photon to 5-photon absorption. 

Figure 4(e) summarizes the modulation depth Γ as a function of ܨଶ/ܨଵ, for different strength of 

the fundamental ߱  laser field ܨଵ . As the ߱  laser field ܨଵ  increases, the location of the peak 

modulation depth shifts to larger ܨଶ/ܨଵ, since a larger 2߱ laser field ܨଶ is needed to balance the 

increase of ܨଵ for achieving the same modulation depth. 

Figure 5 shows the time-dependent electron emission current density ݓሺݔҧ,  ሻ as a function ofݐ

the space ݔҧ  and time t, for ߱  laser field ܨଵ ൌ 1.6  V/nm and 2߱  laser field ܨଶ ൌ 0.22  V/nm. 

When ݔҧ is greater than 20 (beyond the strong surface current oscillation region), the emission 

current keeps the same temporal profile with only a phase shift as ݔҧ increases [see Figs. 5(a) and 

(b)], which is primarily due to the drift and acceleration motion of electrons under the influence 

of laser fields [24]. As the phase difference ߠ varies from 0 to ݓ ,ߨሺݔҧ,  ሻ becomes significantlyݐ

smaller, due to the interference effect of two lasers, which also causes the total time-averaged 
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emission current density ۄݓۃ decreases from 5.23ൈ 10ିଵ to 7.31ൈ 10ିଵଵ. Figures 5(c) and (d) 

show the total emission current density ݓሺݐሻ at ݔҧ = 100 as a function of time t. It is shown that ݓሺݐሻ and the total laser field ܨሺݐሻ have a clear phase shift, which means the peak value of time-

dependent total emission current density does not occur at the peak value of the total incident 

laser field. As the phase difference ߠ changes, the temporal profile of emission current density ݓሺݔҧ,  .ҧ also has a phase shift due to the interference effect between the two lasersݔ ሻ for a fixedݐ

The FWHM of the modulation of the ultrafast current pulses in Fig. 5 is approximately 0.62 fs, 

which is significantly shorter than the period of the fundamental laser period of 2.67 fs.  

Figure 6 shows the effects of higher harmonic ܨଶ (ߚ  2) on the emission current modulation 

depth Γ. As ߚ  increases, Γ decreases, because of reduced interference between the two-color 

lasers [see Fig. 1(d)]. Note that superimposing the fourth harmonic laser (β = 4) on the 

fundamental laser leads to the largest ۄݓۃ௫  and ۄݓۃ . This is in agreement with the 

prediction [24] that the maximum emission current occurs when the single photon energy (i.e. 

the fourth harmonic photon here) roughly equals the potential barrier, 4߱/ܹ ൎ 1. 

 

IV. CONCLUSION 

 
In summary, we have constructed an analytical model for ultrafast electron emission from a 

metal surface due to two-color lasers, by solving the time-dependent Schroሷ dinger equation 

exactly. A single formulation captures various emission mechanisms, such as multiphoton 

absorption, photon-induced over-barrier emission, strong optical field emission, and various 

combinations of them. Our model demonstrates great tunability on the photoelectron spectrum, 

emission current, and current modulation depth, via the control of the phase delay, relative 

intensity, and harmonic order of the two-color lasers. We believe that such two-color induced 

photoemission can provide a new way for ultrafast coherent control of electrons and may inspire 

new route towards designing of future ultrafast nanoelectronics.  

Future research may consider the effects of band structure of the cathode material, electrode 

geometry and surface effects (e.g. local surface roughness, grain boundaries, and different crystal 

terminations, etc), space charge, dc bias, and short pulse illumination on two-color laser induced 

electron emission. Image charge effects along with the Schottky barrier lowering due to 

additional dc bias will be studied. The effects of laser penetration depth and scattering effects of 
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photo-excited electrons with phonons and other electrons will also be evaluated and compared 

with existing three-step models [20]. These studies could further facilitate the extension of our 

model to non-metal cathodes (e.g. semiconductors and low dimensional materials).        
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APPENDIX 
Following Truscott [24,30], the time dependent potential for x ≥ 0 may be written as Φሺݔ, ሻݐ ൌܸሺݔ, ሻݐ െ ,ݔሻ, with ܸሺݐሺ݂ݔ ሻݐ ൌ ܸ, and ݂ሺݐሻ ൌ ଵܨ݁ cosሺ߱ݐሻ  ଶܨ݁ cosሺݐ߱ߚ   ሻ. Thus, Eq. (2)ߠ

in the text may be transformed to the coordinate system ߦ , t, where ߦ ൌ ݔ െ ሻݐሺݍ , the 
displacement ݍሺݐሻ ൌ ሺ1/݉ሻ  Ԣ௧ݐᇱሻ݀ݐሺ , and ሺݐሻ ൌ  ݂ሺݐᇱሻ݀ݐԢ௧ , by assuming that ߰ሺݔ, ሻݐ ൌ߶ሺߦ, ,ݔሻ߯ሺݐ ,ݔሻ, with ߯ሺݐ ሻݐ ൌ exp ሾെ݅ݐܧ/  ሻ/ݐሺݔ݅ െ ሺ݅/2݉ሻ  Ԣ௧ݐᇱሻ݀ݐଶሺ ሿ, and ܧ being a 
constant. We have, ݅ డథሺక,௧ሻడ௧ ൌ ቂെ మଶ డమడకమ  ܷሺߦ, ሻݐ െ ቃܧ ߶ሺߦ,  ሻ,                                (A1)ݐ

with ܷሺߦ, ሻݐ ൌ ܸሺݔ, ,ߦሻ. By separation of variables, Eq. (A1) can be easily solved to give ߶ሺݐ ሻݐ ൌ ߶ሺߦሻ ൌ ݁కඥଶሺாିబሻ/మ,                                            (A2) 

From ߰ሺݔ, ሻݐ ൌ ߶ሺߦሻ߯ሺݔ,  ሻ, we obtain Eq. (3), which is the exact solution to Eq. (2), uponݐ
using ܧ ൌ ߝ  ݊߱ െ ݁ଶܨଵଶ/4݉߱ଶ െ ݁ଶܨଶଶ/4݉ߚଶ߱ଶ.  
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Figure captions: 

 

 

FIG. 1. Photoemission under illumination of two-color laser fields. (a) Energy diagram for electron emission 
through a wiggling potential barrier induced by two-color laser fields across the metal-vacuum interface at x=0. 
Electrons with initial energy of ߝ are excited to emit through n-photon absorption, with a transmitted energy of ߝ  ݊߱, with ݊ being an integer. The fundamental and the harmonic laser fields are ܨଵcos ሺ߱ݐሻ and ܨଶcos ሺݐ߱ߚ ߠሻ, respectively. ܧி and ܹ are the Fermi energy and work function of the metal, respectively. Strong interference is 
shown in the time-dependent total laser field ܨ ൌ ݐ߱ߚଶcos ሺܨ+ሻݐଵcos ሺ߱ܨ   ሻ as a function of (b), relative laserߠ
fields strength ܨଶ/ܨଵ, with ߚ ൌ 2 and ߠ ൌ 0. (c), relative phase difference ߠ, with ܨଶ/ܨଵ ൌ 0.1 and ߚ ൌ 2, and (d), 
harmonic order ߚ, with ܨଶ/ܨଵ ൌ 0.1 and ߠ ൌ 0.   

 

FIG. 2. Photoelectron energy spectra, calculated from Eq. (8). (a)-(e) Energy spectra under different combinations of 
two-color laser fields ܨଵ (at frequency ߱) and ܨଶ (at frequency 2߱), for the special case of ߠ ൌ 0. (f)-(j) Energy 
spectra for various phase differences ߠ, for [ܨଵ, ଶሿܨ ൌ ሾ5, 1ሿ, ሾ5, 0ሿ, and [0, 1] V/nm. A clear modulation in both the 
energy spectrum and the total emission current ൏ ݓ  is observed, due to the interference effect between the two-
color lasers. The unit of laser fields ܨଵ and ܨଶ is V/nm in all figures.     

    

FIG. 3. Normalized total time-averaged emission current density for the phase differences 0 = ߠ and ߨ. (a)-(b) total 
time-averaged current density ۄݓۃ as a function of the second harmonic laser field ܨଶ, under various fundamental 
laser field ܨଵ. (c)-(d) ۄݓۃ as a function of ܨଵ, under various ܨଶ. The laser intensity is related to the laser electric field 
as I [W/cm2] = 1.33 × 1011× (F1 [V/nm])2. 

 

FIG. 4. Current modulation depth. (a) Normalized total time-averaged emission current density ۄݓۃ as a function of 
the phase difference ߠ, under different ܨଶ/ܨଵ. (b) Magnification of the bottom area of (a). (c) Semi-log plot of ۄݓۃ in 
(a). ܨଵ is fixed at 1.6 V/nm in (a)-(c). (d) Electron energy spectra of ۄݓۃ௫ (point A) and ۄݓۃ (point B) for ܨଶ/ܨଵ =0.1375 in (c). (e) Current modulation depth Γ  as a function of the field ratio ܨଶ/ܨଵ  for different ܨଵ ൌ0.5, 1.6, 10 V/nm.  

 

FIG. 5. Total time-dependent emission current density for the phase differences 0 = ߠ and ߨ. (a)-
(b) total time-dependent emission current density ݓሺݔҧ,  .ҧ and time tݔ ሻ as a function of the spaceݐ
(c)-(d) total emission current density ݓሺݐሻ at ݔҧ = 100 as a function of time t. Dotted lines in (c) 
and (d) are for the total time-dependent laser field ܨ ൌ ݐ߱ߚଶcos ሺܨ+ሻݐଵcos ሺ߱ܨ  ሻߠ . The 
fundamental laser field ܨଵ= 1.6 V/nm. The second harmonic (ߚ ൌ 2ሻ laser field ܨଶ = 0.22 V/nm 
(experimental laser parameters in Ref. [27]). When ߠ  = 0, the normalized time-averaged 
emission current density 5.23 = ۄݓۃൈ 10ିଵ; when 7.31 = ۄݓۃ ,ߨ = ߠൈ 10ିଵଵ. 

 

FIG. 6. Effects of the harmonic order. The emission current modulation depth Γ, the maximum and minimum time-
averaged current density, ۄݓۃ௫ and ۄݓۃ as a function of harmonic order β. The fundamental laser field ܨଵ and 
the harmonic laser field ܨଶ are 1.6 V/nm and 0.22 V/nm, respectively (intensity ratio of 2%).  

 














