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We investigated third-order correlations between photons born in single quantum dot resonance
fluorescence that were filtered with narrow-band tunable etalons. Three-time autocorrelation mea-
surements in which photons were identically filtered resulted in correlation maps that are functions of
two relative delays. A comparison with the correlation maps computed using the “sensors method”
introduced by del Valle et al. [Phys. Rev. Lett. 109, 183601 (2012)] reveals faithful agreement with
theory, with the strongest correlations obtained when filtering between Mollow triplet sidebands
and the central peak. We characterized the correlations associated with these virtual transitions,

and compared them with correlations at other Mollow triplet frequency windows.

Accentuated

nonclassical characteristics are amongst the distinguishing features of three photon spectra.

PACS numbers: 78.67.Hc, 78.47.—p, 78.55.Cr

I. INTRODUCTION

Photon correlations are the primary tool for character-
izing light-matter interactions at the few or single quan-
tum level. In principle, if photon correlation functions
to all orders were known, all measurable properties of a
given light source would be known.

The first-order photon correlation function, g™ (r),
of a light source is readily obtained interferometrically;
its Fourier transform is the power spectrum. Although
it provides invaluable information about the light and
the mechanism underlying its generation, a g(*) (1) mea-
surement alone reveals little about the source itself. For
example, a light source consisting of a single radiating
atom, and a light source consisting of an ensemble of non-
interacting radiating atoms could have identical g(*) (11).
To distinguish the two, a second-order photon correlation
measurement is required; the single atom source would
uniquely exhibit photon anti-bunching [1]. The second-
order correlation function, 9(2)(7'1, To), is proportional to
the histogram of photon arrival time differences between
two detection channels and has been used extensively in
the past decades to characterize a variety of light sources
such as lasers and single photon emitters [2-7]. Crucially,
a g(2) (11, T2) measurement serves as a unique identifier
of non-classical light sources, i.e., sources of light which
cannot be described without quantum theory [8].

Recently, there has been increasing interest in correla-
tion measurements which go beyond second order. Early
work using a streak camera showed strong photon bunch-
ing statistics in third-order correlation measurements of
microcavity laser light [9, 10]. The third-order correla-
tion function, 9(3)(71, T2, T3), was shown to provide more
refined information about nonclassical light sources such
as multiphoton differentiation [11] and the ability to an-
alyze components [12]. Most recently, the nonclassical
character of light emitted by a strongly coupled quantum
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dot-cavity system has been demonstrated up to fourth or-
der [13]. For a wide range of quantum processes, includ-
ing those involving multiparticle interactions [14], pho-
ton correlations are an enabling investigative tool which
is now more powerful than ever thanks to increasingly
performant detection systems [15].

A fascinating development in the understanding of
photon statistics has been the generalization of frequency-
resolved photon correlations.  The pioneering the-
oretical work of del Valle et al has introduced
a method for computing the “N-photon spectrum”
91(“11\[.)..1“1\, (11,w1;...; TN, wN ), which is proportional to the
joint probability of detecting a photon in channel 1 at
time 7 filtered at frequency w; with a bandwidth 'y, a
photon in channel 2 at time 7 filtered at frequency wo
with a bandwidth I's, ..., and a photon in channel N at
time 7y filtered at frequency wy with a bandwidth 'y
[16]. An interesting aspect of gl(ﬂjlv.)“FN (T1, w15} TN WN)
is that it reveals information about pathways underlying
the generation of light in a given source [5]. Although the
computation of such a function is challenging using di-
rect integration, the “sensors method” of Ref. 16 makes
the calculation straightforward even at high orders. Re-
cently, we have experimentally measured the function
gl(ﬂzl)r2 (71, w1; T2, w2), a two-photon spectrum, and verified
distinguishing features predicted by theory such as the
existence of “leap-frog” transitions [4].

Here we explore third order correlation func-
tions which make wup the three-photon spectrum
91(“3;)1“21“3 (T1,w1; T2, wa; T3, ws) of single quantum dot (QD)
resonance fluorescence under strong monochromatic laser
illumination.  Contrary to its second-order counter-
part, the function gl(ﬂgl)rzF3 (T1,w1; T2, wa; T3, w3) involves
three-photon pathways down the ladder of dressed
states, adding a new dimension to potential communi-
cation schemes in quantum information science applica-
tions [17]. Our measurements provide further confirma-
tion of the validity of the method of Ref. 16 and may lead
to more advanced experiments, such as those involving

heralded photon bundles [18].
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FIG. 1. (a) A resonantly-driven two-level system generating resonance fluorescence is weakly coupled to three sensors so

that correlations between sensor populations are proportional to filtered resonance fluorescence intensity correlations. (b)
Experimental setup: the light near-resonantly scattered by a strongly-driven QD excitonic two-level system was collected by a
lens, spectrally filtered, split three ways and detected. Time-tagging was performed on each channel independently.

II. BACKGROUND

Resonance fluorescence is generated when a two-level
electronic system is interacting resonantly or very near
resonantly with a monochromatic laser. It is well
known that under a sufficiently intense applied field, the
resonance fluorescence spectrum consists of a “Mollow
triplet” centered at the laser frequency, with individual
peaks approximately separated by the Rabi frequency,
Q2 [19]. The light emission process may be viewed as a cas-
cade down a ladder of dressed-states, i.e., the eigenstates
of the coupled light-matter Hamiltonian [1]. Extensively
documented for isolated atoms [20], molecules [21], quan-
tum dots [22-26] and Josephson-junctions [27], a two-
level system in the Mollow triplet regime serves as a
unique platform for testing novel quantum optics con-
cepts. Despite its apparent simplicity, it continues to
be researched for its fascinating properties which may
benefit emerging quantum information science applica-
tions [28].

A N-photon spectrum as a generalization to the or-
dinary spectrum is one such concept. It is built on the
notion of a time-dependent physical spectrum introduced
by Eberly et al. [29], and of time-dependent correlation
functions studied extensively by Knoll et al. [30]. At
N-th order, however, the computation of such a quan-
tity becomes challenging once N > 2 [31]. Del Valle et
al. proposed and demonstrated that correlations of spec-
trally filtered photons emitted by a system under test can
be calculated by weakly coupling the system to N sensors
with a finite bandwidth, I';, and computing correlations
between sensor populations, as depicted schematically in
Fig. 1(a).

The objective of this work is to test the theory of del
Valle et al. against experimental measurements for the
case of third order correlations. After briefly describing
our experimental setup in Section III, we report the mea-
surement of raw two-time correlation maps in Section IV.
In Section V, theoretical simulations are presented for

comparison. We then present a summary of extracted
N-Photon spectra in Section VI and finally provide a
simple dressed-states interpretation in the discussion Sec-
tion VII.

III. EXPERIMENTAL SETUP

From an experimental point of view, a IN-photon spec-
trum measurement is based on a straightforward exten-
sion of a Hanbury-Brown and Twiss type measurement,
wherein light from a source is split into N channels each
equipped with a spectral filter and detector. We probed
molecular-beam-epitaxy-grown InAs QDs held in a cryo-
stat (base temperature of 4 K) and interacting with a res-
onant wave-guided monochromatic laser beam [32]. Our
setup, depicted in Fig. 1(b), is optimized to efficiently col-
lect the light scattered by a single QD while minimizing
unwanted background laser scattering [22]. We focus here
exclusively on autocorrelation measurements, i.e., mea-
surements involving only one filter, a thick solid etalon,
whose resonance frequency, wy, is tunable [33]. The
bandwidth of the filter was fixed at I'y /27 = 330 MHz ap-
proximately matching the linewidths of the peaks in the
Mollow triplet. After traversing the filter the QD scat-
tered light was split three ways by two non-polarizing
beam splitters and detected by single photon detector
modules (Excelitas SPCM-AQRH-14). Tagging of pho-
ton arrival times was performed for each detection chan-
nel independently with the help of a router (PicoQuant
PHR 800 router with 100ns cable delay to avoid the
router dead-time window) and time-tagging electronics
(PicoQuant PicoHarp 300) at an overall detector-limited
resolution of about 400 ps. Note that the router is used
here for no purpose other than as a replacement for a
more expensive multichannel time-tagging system.
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FIG. 2. Experimental (a) and theoretical (b) third-order correlation map for a filtering frequency wy ~ wr + ©/2 with fixed
Rabi frequency Q/2r = 1.88 GHz, a radiative decay rate I'/2mr = 200 MHz, a filter bandwidth 'y /27 = 330 MHz (where
't =Ty =T3 =TYy), and a laser detunning A = 0. (c) (top) corresponding density plot for same data as in part (a) and,
(bottom) selected cross-sections as indicated. (d-f) Same as in (a-c) but for a filtering frequency wy ~ wr, + Q.

IV. THREE-PHOTON CORRELATION MAPS

All measurements were performed for a fixed Rabi fre-
quency /27 = 1.88 GHz. Time tags were stored for each
channel separately so that correlation functions could be
computed as histograms of arrival time delays between
“clicking” detectors. Due to the long exposure times
needed to collect sufficiently many third order coinci-
dence events (on the order of hours), we focus here on
two specific measurements each with a different filter fre-
quency setting.

In Fig. 2(a), the experimental three photon correlation
map with a 1ns bin width is shown for a filter frequency
wr =~ wr, + /2. The map reveals a strong coincidence
peak at ¢t = ¢ = 0 demonstrating that for this filter
configuration photons are more likely to be detected in
bunches than spread over time. In addition, the map
also reveals diagonal ridges which indicate that events
in which two photons are detected simultaneously and
one photon is accidental are more frequent than events
in which all three detectors “click” accidentally at differ-
ent times. Selected cross sections at t = 0 and ¢t = 8ns
through the maps are shown at the bottom of Fig. 2(c)
for a more quantitative comparison. In a second con-

figuration, namely for a filter frequency wy ~ wr + €,
the correlation map looks quite different, as shown in
Fig. 2(d-f). For this case, nonclassical correlations are
seen at coincidence (t = ¢/ = 0) and whenever two out
of three detectors click simultaneously, producing anti-
bunching troughs.

V. THEORY

To quantitatively describe the frequency-filtered corre-
lation maps of Fig. 2 we turn to a theoretical modeling
following the method of del Valle et al. For simplicity
we describe the QD exciton generating resonance fluo-
rescence as a two-level system radiatively decaying at a
rate I' while being driven by a monochromatic laser at
frequency wy. The laser may be detuned from the QD
resonance frequency, wg, by A = wp — wp. As detailed
in the Appendix, a matrix M [Eq. Al] determines this
system’s observables such as (a), (a'), and (aa), at time
7, where a and a denote the creation and annihilation
operators of the resonance fluorescence photons, assumed
proportional to the two-level system creation and anni-
hilation operators [19].



In order to describe filtered photon correlations at
any order, del Valle et al. considered a larger system,
which includes a set of sensors weakly coupled to the
QD through the QD resonance fluorescence as depicted
in Fig. 1(a). The coupling constants ¢; are assumed to
be small enough such that these sensors do not disturb
the QD in any measurable way. The sensors are most
simply modeled as two-level systems with resonance fre-
quencies w;, decay rates I';, and creation and annihilation
operators ngr and ¢;. The observables of this more gen-
eral system are conveniently captured by a parameterized
vector which for three sensors reads:

atw[/h v1,p2v2,u3vs] T

<§IH1 glVl C;Hz ggz géws §3l/3>

<§IH1 gfl C;WQ §52 g:;rlta §g3a>
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W[H1V17IL2V27/43V3] =
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where p; and v; are zero or one. In their supplemental
material to Ref. 16, del Valle et al. provided the sys-
tem’s equation of motion to first order in the couplings
€;, derived from a master equation. For three sensors,
this equation of motion reads:
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, (2)

where I is the identity matrix, and the matrices T} and T are given in the Appendix [Eq. A5].

Using this equation of motion, any relevant correlation
function can be obtained by applying the quantum re-
gression theorem. By repeated applications, the three
photon spectrum of the QD resonance fluorescence can
then be obtained via correlations between sensor popu-
lations n; = gZT G as

(3) ot ) = (02 ()ns(t)
grurars (013 023 48) = 3 o3 G O a0y )

All the calculations shown in the present work involved
numerically integrating Eq. (2) using Mathematica™ in
a recursive manner as detailed in Appendix A.

Figure 2(b) and Fig. 2(e) show the result of simu-
lations with the same parameters as those of the cor-
responding experiments. As can be seen, these theo-
retical maps closely resemble the experimental observa-
tions even without including more realistic solid-state
processes such as spectral diffusion and phonon scatter-
ing [24, 26, 32].

VI. N-PHOTON SPECTRA

Before further scrutinizing the third-order correlation
maps presented above it is helpful to view them as con-
stituents of a three photon spectrum which can then be
discussed using the dressed-state formalism. Following
the language of del Valle et al. we refer to the coincidence
value of the normalized N-th order frequency-filtered cor-
relation function simply as the “/N-photon spectrum”.

(

The lowest order function, the one-photon spectrum
is then simply proportional to the count rate of one of
the detectors, as shown in Fig. 3(a), as a function of
wy. This is the familiar Mollow triplet at a resolution
wy. The origin of the three peaks is best visualized using
the dressed-states picture, wherein the resonance fluores-
cence process is interpreted as a cascade down the ladder
of superposition states which result from the diagonal-
ization of the coupled QD-laser Hamiltonian [1]. In this
picture, the one-photon spectrum emerges out of four
transitions, two of which are degenerate and at the laser
frequency, wr,, as indicated in Fig. 3(a). These are the
only possible transitions between successive rungs.

The spectrally resolved correlation function of next
higher order is the two photon spectrum. It has recently
been documented theoretically [18] and experimentally
[4] for the case of light scattered by a resonantly driven
QD. In general it involves two filter frequencies and must
therefore be represented as a two-dimensional map. How-
ever, when the two photons emitted are detected at the
same frequency as in the single filter experiments dis-
cussed here, only the full map’s diagonal, as plotted in
Fig. 3(b), is relevant. The two photon spectrum then
represents the probability of simultaneous emission of two
photons at the same frequency. Its most obvious features
are two dips positioned at the location of the Mollow
triplet sidebands, two peaks located halfway between the
central peak and a sideband, and a nearly vanishing peak
at the location of the Mollow triplet central peak. The
dressed states picture has been used to interpret the ori-
gin of these peaks. All possible pathways between states



separated by one rung must now be considered [Fig. 3(b)].
If the upper (lower) state from the upper rung connects
the upper (lower) state from the lower rung, then the two
photons generated are at the central (laser) frequency.
These two pathways interfere to give rise to nearly Pois-
son statistics [34, 35]. If on the other hand the upper
(lower) state from the upper rung connects the lower (up-
per) state from the lower rung then there can be no real
intermediate state and the emitted photon’s frequencies
are at approximately wy + €2/2 and wy — §2/2. Since
these two-photon cascades can only proceed through vir-
tual intermediate states, strong correlations are expected
and observed experimentally [Fig. 3(b)]. These transi-
tions have been coined “leapfrog” transitions [5]. Lastly,
the anti-bunched photon statistics (dips) at the location
of the sidebands can be viewed as originating in discon-
nected pathways.

One order up, the three photon spectrum describes the
probability of simultaneous frequency-resolved detection
of three photons. The relevant dressed-states transitions
are those between states separated by two rungs. For
the presently considered case of three photons with the
same frequency, the distinguishing pathways are the ones
from the upper (lower) state of the upper rung to the
lower (upper) state of the lower rung which necessarily
must proceed via two virtual intermediate states, and
require the photons to have frequencies of approximately
wr, +9Q/3 and wr, —Q/3. This sequential photon emission
is in fact observed in our experimental data plotted in
Fig. 3(c).

VII. DISCUSSION

In order to better understand the presence of the ridges
and troughs in the maps of Fig. 2, we turn to simu-
lated maps where the only difference from those shown
in Fig. 2 is an increased Rabi frequency, specifically
/27 = 15 GHz. It then is revealed that what seemed to
be single correlation peaks in the three photon spectrum
of Fig. 3(c) are actually two pairs of correlation peaks.
One set of peaks at wy ~ wr, £ Q/3 is associated with
leap-frog transitions over three rungs of the dressed states
ladder whereas the other set of peaks at wy ~ wr, £Q/2 is
due to transitions in which only two of the three photons
are connected by a transition through a virtual interme-
diate state. Accordingly, the latter are associated with
correlation maps exhibiting ridges [Fig. 4(b)] while the
former are associated with correlations maps in which
the ridges are nearly vanishing relative to the coincidence
peak [Fig. 4(c)]. The larger Rabi frequency relative to
the filter bandwidth and the QD decay rate is the rea-
son that the peaks can be separably viewed in the three
photon spectrum of Fig. 4(a) but not in that of Fig. 3(c).
While it is straightforward to increase the Rabi frequency
in our experiments by increasing the applied laser’s in-
tensity, the emission rate then becomes low enough that
the overall recording time becomes impractical. This
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resonance frequency wy relative to the laser frequency wr, with
same parameters as Fig. 2. Dressed-state diagrams illustrate
the transitions each located at their corresponding filter fre-
quency (i.e., wy = wr + (0, /3, /2, Q).

problem can likely be remedied by improving the col-
lection and propagation efficiency, as well as the detector
quantum efficiency in our experiments (combined these
amount to ~1% here). In addition, other more complex
approaches have been proposed to overcome the reduced
emission rate with increased Rabi frequency, such as the
use of photonic nanowires [36], microlenses [37], broad-
band enhancement solution using bullseye structures [38],
and using the Purcell effect of cavity quantum electro-
dynamics [39] to enhance the rate of emission. Then,
according to the simulations of Fig. 4(a), correlations
larger by many orders of magnitude than in the current
experiments may be obtained. Comparing correlations
measured for second and third order it can nevertheless
already be seen that a three photon spectrum provides
more pronounced photon anti-bunching compared to the
two-photon spectrum when the filter frequency matches
the Mollow triplet sidebands, in addition to increased
correlations when the filter frequency is between a side-
band and the central peak.



@ 0 wp=wp+ 02

7}}0@,0 ~.
sy 25 -

3 P
9% 1 1 (Ows;0wt;0w¢) W[01,00,00] (Norm.)

(@i—w))/2r 573

© wp=w, + 03 a0

y
Ny
8

oyt lm‘o)’.l 41 “](95

FIG. 4. Simulated third-order correlations for which all parameters are identical to those in Figs. 2 and 3 except for the
Rabi frequency, which is now /27 = 15 GHz. Part (a) shows the normalized one photon spectrum (top) and the diagonal
of the three photon spectrum at zero time delay (bottom), whereas parts (b) and (c) show correlation maps at selected filter

frequencies of wr, + /2, and wr + /3, respectively.

An interesting prospect emerging from the N-photon
spectrum measurement and analysis is the possibility
of generating heralded emission of groups of photons of
any desirable number. Such photon bundle emission is
due to the structure of the dressed-states ladder system.
For example, when considering the pathways analyzed in
Fig. 4(c)] which consist of three photons emitted subse-
quently, it is clear that no second such sequence is al-
lowed immediately following the first since the system
is left in a lower dressed state. Therefore, there is a
tendency to emit in bundles in between other emission
events. This feature has been analyzed in detail theo-
retically and was explicitly verified using Monte Carlo
simulations [16]. With the use of independently tunable
filters, a large parameter space exists to select pathways
for the generation of heralded N-photon sequences [17].

VIII. CONCLUSION

In conclusion, spectrally-filtered third-order photon
correlations were recorded for resonance fluorescence
from an individual semiconductor QD. Only a single filter
was used, thus yielding the autocorrelation cross-section
of the complete three-photon spectrum as introduced by
del Valle et al. Our measurements establish a firmer
foothold of this concept and show its utility for character-
izing non-classical light sources. The three-photon spec-
trum exhibits significantly more pronounced photon anti-
bunching compared to its two-photon counterpart. In
addition, three photon pathways through virtual states
are found to lead to more strongly correlated emission
than at second order. Future directions include the mea-
surement of cross-correlations at third-order, i.e. the use
of independently tunable filters for each channel which
brings about new experimental challenges. Extension to
fourth order and heralded photon bundle generation are
also possible in principle.
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Appendix A: Three photon spectrum calculation

The master equation describing the evolution of the
density matrix for the QD-laser system leads to an equa-
tion of motion for the system’s observables, the inputs of
which can be captured in the form of a single matrix:

0 0 0 0
|-/ —r2—ia 0 Q

M=\ _op» "o _rjo4ia o A
0 —Q/2 Q2 T

The quantum regression theorem then states that for any
operators X and Y of the system, the evolution of the
vector vx y (7) defined by:

(X(0)Y(0))
vey(r) = | (EOan)Y(0)
oY (X(0)a ()Y (0)) [~
(X(0)(ala) (7)Y (0))

(A2)

is also determined by M. Specifically it must obey the
differential equation:

O-vxy(T) = Mvxy(T), (A3)
so that the steady-state observables are given by:
1
v v = | G (A
0



For the larger system which includes the sensors, the  when acting on vx y (1) [16]:
relevant equation of motion is Eq. (2) in the main text,
wherein two matrices T4 are defined which introduce an

extra al for T and an extra a for T_ between X and YV’ T, — (A5)

oo OO
oo o
OO OO
O = OO

These matrices are useful for recursively computing
the steady state solutions of Eq. (2) via the algebraic
parametrized vector equation:

Wss[p1v1,pave,puzvs] —

1
(—M — 1 [(p1 —v1)iws — (1 + 1) + (2 — va)iwy — (g + v2) 2 + (s — va)iws — (us + v3) ] )
x (ul(i51T+)WSS[0V11N2V2#31/3] +V1(_ing*)WSS[MO,MW#31’3] +p2(ie2 Ty ) Wi [n1v1,0v2,p3v3] +V2(_i€2T*)WSS[#1V1-,#201#31/3]

+ H3(i€3T+)Wss[M1y17M2y2701/3] + V3(77:53T—)Wss (1 1/1,“21/2,;530]> (AG)

down to the vector wssjoo,00,00 = V**.
According to the quantum regression theorem the vector y defined as:

O s)0)
_ [ m@raoceeo)
itnsernrani® = || o) cinciral el 0) Ao
(O )0 (e 0)

satisfies the same equation of motion as the vector Wigg u,u,,00, namely Eq. (2), with initial condition
Y11, pavepusvs) (0) = Wes[11, 500, pu505]- We can further define a vector:

(1 (0)na(t)(< :“3 ()
(n1(0)n2(t) (3" <52a) ("))
waval (1) = A8
Z[ll,ll,/ 3 3]( ) <n1 (O)TLQ(t)( THS(;;?CLT)(t )> ( )
(n1(0)na(1) (<2 ata)(t'))
which obeys the same equation of motion as Wgg,00,5,] [Ed. (2) with ¢ — #'] with initial conditions 211,11, 150,] (¢, 0) =
Y[11,11,305] (t). At last, the three photon spectrum is obtained, based on the definition of Eq. (3), as:

[Z(11,11,117 (¢, )] 1

(3) /
gFI‘ T (0,W1;t7LL)2;t7WS): 9 (Ag)
e [Wss[n,oo,oo]]l [Wss[oo,n,oo]]1 [Wss[oo,oo,llﬂl
where [+ -]; denotes the first element of a vector. Likewise, the two photon spectrum is given by:
9 [¥[1,11,00 ()]
90, (0,013, w5) = 1 : (A10)
[Wss,[n,oo,oo]]1 [WSS[OO,ll,OO]]l
and the one photon spectrum is given by gl(ﬂll)(O7 wy) = [wss[11700700]] .
[
All the computations shown in the main text were per-  puted, followed by y[11, 05, pgvs] (£) a0d Z[11,11,1504] (£, ).
formed recursively with Mathematica™ using parame- The coupling constants €; cancel out in the final nor-
terized functions of solutions to the relevant differential malized expressions for the two photon and three photon
equations. First all steady-state quantities were com- spectra.
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