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Rahul Trivedi,* Kevin Fischer, Shanshan Xu, Shanhui Fan, and Jelena Vuckovic
E. L. Ginzton Laboratory, Stanford University, Stanford, CA 94305, USA

We show how to use the input-output formalism compute the propagator for a low-dimensional
quantum system coupled to an optical field under the rotating wave and Markovian approximation.
The propagator for this coupled system is expressed in terms of the Green’s functions of the low-
dimensional system, and it is shown that these Green’s functions can be computed entirely from
the evolution of the low-dimensional system under an effective non-hermitian Hamiltonian. Our
formalism generalizes the previous works that have focused on time independent Hamiltonians to
systems with time dependent Hamiltonians (e.g. coherently driven systems), making it a suitable
computational tool for the analysis of a number of experimentally interesting quantum systems. We
illustrate our formalism by applying it to analyze photon emission and scattering from driven and
undriven two-level system and three-level lambda system.

I. INTRODUCTION

1- 6-12

Single photon sources!™® and single and two-photon optical gates are the basic building blocks of optical quantum
information processing and quantum communication systems. Implementing any of these building blocks involves
interfacing a low-dimensional quantum system (e.g. a two level system such as quantum dots, color centers, su-
perconducting qubits, atomic ensembles) with the high-dimensional optical field (which often propagates in optical
structures such as waveguides) — these systems'® 1 have been a topic of immense theoretical interest since the in-
ception of quantum optics. Analyzing such coupled systems has always been a challenging task due to the huge and
continuous Hilbert Space of the optical fields, and the non-linearity induced by the low-dimensional quantum system.

Traditional computational methods for analyzing these quantum systems fall under two broad classes — master
equation based methods and the scattering matrix based methods. Under the Born-Markov approximation, the
master-equation based methods'®'® exactly compute the dynamics of the low-dimensional system while tracing out
the Hilbert space of the optical fields. Within the master-equation framework, it is only possible to computationally
extract the correlators in the optical fields. To extract the full state of the optical field, correlators of arbitrary
orders are required and computing them becomes exponentially more complex with the order of the correlator. The
scattering matrix based methods'® 3! attempt to resolve this problem by treating the low-dimensional system as a
scatterer for the optical fields and attempting to relate the incoming and outgoing optical fields. However, most of
the scattering matrix methods are restricted to time-independent Hamiltonians — in particular, they are unable to
analyze coherently driven systems which are extremely important from an experimental standpoint. Moreover, the
scattering matrix methods often only relate the input state at distant past to the output state at distant future, and
don’t have the capability to model the dynamics of the system during the interaction of the optical field with the
low-dimensional system.

In this paper, we present a full calculation of the few-photon elements of the propagator, which captures the
relationship between the state of the quantum-system at two given time-instants, for an arbitrary low-dimensional
system coupled to a optical field. The central result of this paper is a relation between the propagator and time-
ordered expectations of system operators over states where the optical field is in the vacuum state (labeled as the
‘Green’s functions’). By resorting to a discrete approximation of the bath Hilbert space, we show that Green’s
functions can be evaluated by computing the dynamics of the low-dimensional system under an effective non-Hermitian
Hamiltonian. It can be noted that our formalism is valid for both time-independent and time-dependent Hamiltonians,
allowing it to efficiently model not only few-photon transport through the low-dimensional system, but also photon-
emission and scattering from coherently driven systems. Our formalism provides a set of computational tools that
are complementary to the master-equation framework, wherein the focus is on exactly computing the dynamics of
the few-photon states emitted from the low-dimensional system, as opposed to capturing the exact dynamics of the
low-dimensional system. Our formalism will thus be of relevance to design and analysis of quantum information
processing systems in which the ‘information’ is encoded in the state of the bath, with the low-dimensional system
implementing either a source for the bath state or a unitary operation on the bath state.

Finally, we show how to extract the scattering matrices, which relate the state of the system at ¢ — —oo to its
state at t — oo, of the low-dimensional system from the full propagator. In particular, we show that for the case of
a time-independent low-dimensional system Hamiltonian, our method reduces to scattering matrices derived in past
works'®20, Our formalism also allows us to define a scattering matrix for systems with time-dependent Hamiltonians,
as long as they are asymptotically time independent. Such a quantity might be of interest while analyzing photon
scattering from coherently driven low-dimensional systems.
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FIG. 1. Schematic of the quantum systems being considered, with a low-dimensional system coupled to (a) a single waveguide
(b) multiple waveguides.

This paper is organized as follows — Section IT describes the propagator computation starting from the input-output
equations, Section IIT shows how to extract the scattering matrix for the system from the propagator and Section IV
uses the formalism developed in sections II and III to analyze scattering and emission from a two-level system and a
lambda system.

II. QUANTUM OPTICAL SYSTEMS COUPLED TO WAVEGUIDES

The general quantum networks being considered in this paper include a low dimensional quantum-optical system
coupled to one or more waveguides (Fig. 1). In our calculations, we will be concerned with not only the state of the
quantum-optical system, but also with the state of the waveguides. Section IT A introduces the Hamiltonians studied
in this paper and the associated input-output equations, section II B shows how to use the input-output formalism to
relate the propagator matrix elements to Green’s functions of the low dimensional system, II C extends the result to
multiple input and output waveguides and IID shows how to efficiently compute the Green’s functions required for
computing the propagator matrix elements.

A. Hamiltonian and input-output formalism

As a starting point, we consider only one waveguide [Fig. 1(a)] — the generalization to multiple waveguides is a
straightforward extension. The total Hamiltonian we are interested in can be expressed as the local system Hamiltonian
Hgys, the waveguide Hamiltonian H,,, and an interaction Hamiltonian between the local system and waveguide Hiy:

H = Hgys(t) + Hug + Hing- (1)

The Hilbert space of the low dimensional system can often be captured by a finite or countably infinite basis, which we
denote by {|o1),|o2)...|os)}. It is typically straightforward and computationally tractable to analyze the dynamics
of the low-dimensional system in isolation.

The dynamics of the waveguide can be modeled by the following Hamiltonian:

Hyy = /walawdw (2)

where a,, is the annihilation operator for an excitation of the waveguide mode at frequency w. They satisfy the
standard commutation relation [a,,, a.] = 0 and [aw,al,} = §(w — w'). A suitable basis for the waveguide’s Hilbert
space is the Fock state basis:

N
W1,Ws .. .WN) = Haln [vac) VN e N. (3)
n=1



It is also convenient to define a spatial annihilation operator for the waveguide mode:

/ o <wx> dw ()
a; = [ ayexp|i—
‘ w XD Vg /) \/2TVg

where v, is the group velocity of the waveguide mode under consideration, which we will take as unity (v, = 1) for
the rest of this paper (note that this is equivalent to rescaling the position x to have units of time). It follows from
the commutators for the operators a,, that [as,a,] = 0 and [az,al,] = 0(xz — a’). These operators can be used to
construct another basis for the waveguide’s Hilbert space, which we refer to as the spatial Fock states:

N
|x1, 2. .. xN) = H al, |vac). (5)
n=1

The system-waveguide interaction, under the rotating-wave and Markovian approximation, can be described by the
following Hamiltonian:

- f iy o

Hing / (awL' + Lal) o (6)
where L is the operator through which the low-dimensional system couples to the waveguide. In writing this Hamil-
tonian, we make the standard Markov approximation of assuming that the low-dimensional system couples equally to
waveguide modes at all frequency — this is equivalent to assuming that the physical process inducing an interaction
between the waveguide and the low-dimensional system has a bandwidth much larger than any excitation that will
be used to probe the low-dimensional system.

In the Heisenberg picture, this system can be modeled via well known input-output equations3?:

ay(t) = a, (=) exp(—iw(t — 7)) — i/L L(t") exp(—iw(t — ")) j% (7a)
L(t) = —i[L(t), Heys] — i[L(t), LT(t)] (ain(t) - ;L(t)) (7b)

where ai, (t) = [ a,(7—) exp(—iw(t—7_)) dw/v/27 is the input operator which, in the Heisenberg picture, captures the
state of the system at time ¢ = 7_. After the evolution of the system to a time instant t = 7, > 7_ in the future, the
state of the system is described by the output operator aou(t) = [ au(74) exp(—iw(t — 74)) dw/v/27. Using Eq. 7a,
we can relate the input operator to the output operator via:

Aout(t) = ain(t) —iL(HI(T- <t <Ty) (8)

where Z(+) is the indicator function, which is 1 if its argument is true or else is 0. Intuitively, this expresses the field
in the waveguide after the input has interacted with the system as a sum of the input field and field emitted by the
low-dimensional system. We note that Egs. 7 and 8 are only valid within the Markovian approximation, and under
the assumption that the characteristic frequency of the low-dimensional system (e.g. resonant frequency of a cavity,
or the frequency corresponding to the excited state energy of a two-level system) is much larger than the system
bandwidth. These approximations are typically satisfied in most quantum-optical systems, where the characteristic
frequencies are of the order of THz, and the system bandwidths are of the order of GHz.

A useful set of commutators between the input operator, output operator and the low-dimensional system’s Heisen-

berg operators can be derived using the quantum-causality conditions3?:

[aout (1), s(t)] =0 if t <t and [ain(t),s(t)] =0if t >t 9)

where s is an operator in the Hilbert space of the low-dimensional system. From these causality conditions, it
immediately follows that'®:

L
T|: o(t
=1

L

) TT st Hdm)}’r[ﬁsm(t;ﬂ)} (100)
T[Tt IT ntts
=1

m=1
st ﬁsm@m}f[lﬁli(m} (10b)

M
M
m=1
where o(t) is an output operator evaluated at time ¢ (i.e. agu(t), al , (£) or their combination), i(t) is an input operator
evaluated at time ¢ (i.e. ain(t), a;rn(t) or their combination), s,,(t) is a low-dimensional system operator evaluated at
time ¢ in the Heisenberg picture and 7 is the chronological time-ordering operator.

=T
=T



B. Calculating the propagator matrix elements

The dynamics of a quantum system with a Hamiltonian H(t) is completely characterized by its propagator — in
particular, if the propagator is known, then the time evolution of the quantum state of the system can be completely
derived from the initial state of the system. In this section, we will focus on computing the interaction picture
propagator Uy (74, 7—) defined by:

UI(T+7 7—7) = eXp(iHWgTJr)U(TJra T*) eXp(_inng) (11)

where U(74,7_) is the Schrodinger picture propagator for the system:

U(ry,7—) = Texp [_i/m H(t)dt] (12)

and T is the chronological operator that time-orders the infinitesimal products of Eq. 12. In particular, we will
compute the matrix elements of the interaction picture propagator in the form:

Ufi’;f (@), @l 1,00 can) = (a2 o | Uy, 72 ) |21, 22 . TN 0) (13)

where |21,22...2p;0) = |x1,22...2p) ® |o) with 2; € R and ¢ € {01,02...}. Since the spatial Fock state basis
(i.e. the set {|z1,20...2p) Va; € R, P €{0,1,2...}}) for the waveguide is complete, and the basis {|o1),|o2) ...}
is a complete basis for the system state by construction, these matrix elements are sufficient to characterize the entire
propagator.

Writing out Uf;:‘;’._ (@, 25 ... 2521, 22. .. 2N) in terms of the spatial annihilation operators:

M N
Uf;ii_(mll...xh;xl...xN):<Vac;0'| [Ha%] (7,7 [H } |vac; o)
i=1 =1
M N
= (vac; 0’| {H axg] Ui(r4,0)U(0,7-) [H a;rcj} |vac; o) . (14)
i=1 j=1
Noting that
. . . dw
exp(—iHygT)ay exp(iHwgT) = /aw exp(iw(x + T))\/? (15)
T
and since U(0,7)a,U(T,0) = a,(7),
Ur(0, 74)a,Ur(74,0) = aous(—z) and Ur(0,7-)a,Ur(7—,0) = ain(—2x). (16)

Therefore

—

Ju

[

aml}U(u,) Ur(74,0 [Haout } (17a)

i
1=

o [T = [T ehicss o )

Jj=1 J=1

Eq. 14 can thus be expressed as

M N
UZT (2 ahpa . an) = (vac;o! | U(74, 0) [ | aous(—2 H —;)U1(0,7_) [vac; o) . (18)

T+,T
i=1

Since all the input or output operators commute with each other, we can introduce a time ordering operator as shown



below:

= T[ﬁ (alu(—z;) — LT (—2))I(—74 <z < —7'))]
N = k N—k N—k
=S+ S| T abw-omyo) TT 22y | TL 274 < gy < =)
k=0 B/{»V i=1 J=1 j=1
N N—k N—k
=S (-i)N- kz [Haout —TpN ) }T[ IT Zi¢ xBN(J))} { I z(-74 <@gy T_)} (19)
k=0 i= j=1 j=1

where B,]CV is a k—element unordered subset of {1,2... N} and B,]CV is its complement. In the last step, we have used
Eq. 10a and the fact that output operators evaluated at different time instances commute. From Eq. 16, it follows
that aeu (—2)Ui(0,74) [vac; o) = Ur(0, 74 )ag |[vac; o) = 0. Together with the commutator [aoy (t), al, ()] = 6(t—1t'),
this can be used to prove that:

M
Haout 9cBN(Z l_Iaiut UI 0,74 )|vac; o)

k M—k
=M=k [ZHé T o) —xB;,v(i))} [T b (=0 VR0, 72) Ivac; o) (20)

BM b P, =1 j=1

where P, denotes a permutation of a set of k elements, e.g. PkB,iVI is a permutation of B,JCVI which itself is an unordered
k-element subset of {1,2...M}. Substituting Egs. 19 and 20 into Eq. 18, we obtain:

N k
= Z(_I)kaI(M > ]g) Z |:ZH5<$/PICB;€VI(1) — LEB]IQ\/(Z)):| X

P, i=1

N—k
(vac; 0’| Up(74,0 { H Aout ( xBM(J) ]T{ H LT(_:CB;QV(S))] U1(0, 1) |vac; o) X
s=1

k
I(-T.»,. < sziV(q) < —T_)

=
[

@
I
—

I
M=

(_i)kaI(M > k) Z |:ZH5 kaBM() xBN(z))}

k=0 BN BM P, i=1
M-k
(vac; 0’| Ur(74,0 { H Aout ( xBM( ) H Lt(— }UI(O T_) |vac; o) X
N—k
I 274 <@gy < —7) (21)
s=1

wherein we have used Eq. 10b in the last step to pull the output operators into the time-ordering operator. Using



M-
[ H Aout ( JCBM H LT( xBﬁ’(SQ] U1(0,7-) |vac; o)

M-
= { H Qin ( I/B]iv](j)) fiL(fz;;éw(j)) (=74 < zBM k) < T_) 1_[1 IEBIJCV(S)):| U1(0,7_) |vac; o)

M— N—k M-
= (—i)M~ ’“T[ H (=25 5)) IT £i(—esy s))] U1(0,7-) |vac; o) H —T4 <&y < 7T-) (22)
j=1 s=1 s=1

wherein we have used Eq. 10b and the fact that input operators at different time instances commute to move
all the input operators in the time ordered product to the right and Eq. 16 to set aj,(—z)Ur(0,7-) |vac;o) =
Ur(0,7-)a, [vac; o) = 0. Substituting Eq. 22 into Eq. 21

N
UZg (2. ahpor . an) = (—)MINTRI(M > k)X
k=0
M—k N—k
Z [ZH(S kaBM() l'BN(Z)):| { H I(—714 < zIB{y(i) < —7'_)] [ H I(—m4 <zpyg < —T-)| X
BBy - Proi=l j=1
G (*Iﬁfyu)v *x/B,y(z) T 55;?;;4(1\471@)5 —TBN(1), ~TBN(2) "~ TEN(N-k)) (23)
where gg 7 (t) ... thyste. . tn) is the system Green’s function defined by:
N
GZ7 (th .. thyti.. . ty) = (vac; 0’| Up(r4,0 [HL H }Ul (0,7_) [vac; o) . (24)

Note that the Green’s function depends entirely on the dynamics of the low-dimensional system under consideration
— we have thus reduced the problem of computing the propagator for the entire system to the problem of computing
the dynamics of only the low-dimensional system.

Finally, after having computed the propagator in the interaction picture, Uy (74, 7_), it is a simple matter to compute
the propagator in the Schréodinger picture U (74, 7—). To do so, we use the following property of the spatial Fock state:

exp(—iHyeT) 21,22 ... ZN) = |21 + T, T2+ T ... 2N + T) (25)
which intuitively states that an excitation created at a position x in the waveguide propagates along the positive z
direction with velocity equal to the group velocity of the waveguide mode (which in this case is taken to be 1). Thus:

(). 2y 0| U(rg, 72) |21 . ey 0) = Uf+"7( — T4 Lo — Ty ... Thy — T4iT1 — T, Ta —T— ...on —T—).  (26)

It can be noted that while the Eq. 23 relates the matrix elements of the propagator on the Fock state basis to the low-
dimensional system’s Green’s functions, the matrix elements of the propagator on a different basis can be computed
by expressing states in that basis in terms of the Fock states (this is always possible since the Fock state basis is
a complete basis for the Hilbert space of the waveguide modes). However, we note that such a computation may
be computationally intractable if the states in the basis being used have, on an average, a large number of photons
in them. The formalism developed in this section is best suited to computing the “few-photon” components of the
propagator, which is typically sufficient for analyzing a large number of systems in quantum optics.

C. Extension to multiple waveguides

Local systems coupled to multiple waveguide modes (which can either be physically separate waveguides or orthogonal
modes of the same waveguide), diagrammatically shown in Fig. 1(b), can be described by Hamiltonians of the form:

N
dw
H = sys /waw #aw #dw + Z / (awyﬂLL + L#CLL’#)E (27)
p=1



where Ny, is the total number of loss channels, a,, , is the plane wave annihilation operator for the 't waveguide
which couples to the low dimensional system through the operator L,. A complete basis for the waveguide modes
can now be constructed using the creation operators for the different waveguides:

N
{ar, b {we, po} - Axn, uv}) = [ af, . Ivac) (28)
=1

where a; , = f g,y exp(iwr)dw/+v/2m is the spatial annihilation operator for the pth waveguide mode. These annihi-
lation operator have the commutators [a; ., ag /] = 0 and [az ,, al,’#/] = 0(z —2')d,,,». The propagator can thus be
completely characterized by matrix elements of the form:

U (i b Aah, b} - Ay i b {ans i}, {wa, o} - Ao, un})

= (vac; 0’| @y Gl - - - Gty g Un(mge, 72)ald, ol al |vac; o) . (29)

T1,M1 T T2,142 TN MM

Repeating the procedure described in Section II B, it can easily be shown that:

N
Ung,U ({{L‘/l, ILLII} s {'T/M7 NIJ\/I}; {1"17 lu'l} s {‘TN7 /‘N}) = Z(_1>M+N_2kI(M > k)x (30)
k=0
k
!/
Z [Z Hé(kaB}cw(’:) N xBISI(i))%/l’kB,i”(i>’”BQ(J .
BN,BM - Py i=1
M—k N—k
[ H I(-74 <mpm < —T)} { H I(—74 <wpng) < —7)} X

i=1 J=1

gs—l’g ({_xlgévl(l); ,U'/B]Ic‘ﬂ(l)h ce {_x,B,{V(M—kV “,B,QM(Mfk)}; {_IBIICV(l)a IUBIZCV(l)} s {_‘Z‘B,éV(ka)a IU’BIICV(ka)})

where:
M N
S (At s {t )ty i }) = (vacs of | Ur(ry, 0)T [HL#; (t) [T £}, <tj>] U(0,7-) [vac; ) .
i=1 j=1

(31)

D. Efficient computation of the Green’s functions

While Egs. 23 and 30 express the propagator entirely in terms of the low-dimensional system operators, the time
evolution of these operators requires computing the time evolution of the entire system which remains computationally
intractable due to the high dimensionality of the Hilbert space of the waveguide modes. In this section, we show that
these Green’s functions can equivalently be computed by evolving the low dimensional system under an effective
non-hermitian Hamiltonian. We consider a general Green’s function of the form:

Qq‘_’;’g__ (ti,to...tx) = (vac; 0’| Ur(14, 0)T [s1(t1)s2(t2) . .. sn (tn)] Ur(0, 7—) [vac; o) (32)

where s; are operators defined in the low-dimensional system’s Hilbert space and 7— < t; <74 Vi € {1,2... N}. Let
P be a permutation of {1,2,3... N} such that tp;) > tp(2) -+ > tp(n), then

gfi:if(tl,tg...t) (vac; o’ |Up(14,0 |:H8p( (tpe }UI(O,7)|vac;0>. (33)

We note that the system operators s; commute with the waveguide Hamiltonian H,,g and thus s;(t) = U(0,t)s;U(t,0) =
U(0,t) exp(—iHygt)s; exp(iHwgt)U (t,0) = U (0,t)s;Ur(t,0). The Green’s function can thus be expressed as:

N-1
g7 7 (ti,ta. .. ty) = (vac; o' |Ur(74, tp(r) [H spaUt(tpey, tp(zﬂ))} spanyUt(tp(ny, 7 )|vac; o). (34)

i=1
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FIG. 2. Diagrammatic representation of approximating the Hilbert space of the bath modes with a discrete Hilbert space. To
compute the Green’s functions involving operators of the low-dimensional of the system, the spatial discretization is eventually
taken in the continuum limit.

We next show that the vacuum expectation in this equation can be explicitly evaluated — as a starting point, we
express the interaction picture propagator in terms of the interaction picture Hamiltonian:

t1
Ui(ti,tz) = T exp [ i/ Hl(t’)dt’} (35)
12
where
a2 dw
Hi(t) = Hgys(t) + Z/ (aw,u L], exp(—iwt) + LMaL exp(iwt)) ——. (36)
e " " V2T

In terms of the spatial annihilation operator, a,,,, the interaction picture Hamiltonian can be rewritten as:

Np,
Hy(t) = Hyps(t) + Y (@o=—tu Ll + Lyal__, ). (37)

p=1

To proceed, we approximate the high-dimensional continuum Hilbert space of the waveguides by a discrete Hilbert
Space with a countably infinite basis (Fig. 2). This is achieved by introducing a coarse graining parameter dz, and
defining the ‘coarse grained operators’ A, ,, via:

dz
Ayn] = / —— (38)

(n—1)éx

These operators satisfy the commutators [A,[n], AL, n]] = 6ppwOnms [Auln], Aw[n]] = 0 and in the limit of dz —

0, Au[n]/ V/6z would approach the continuum operator Ag—nsz,u- The discrete Hilbert space approximating the
waveguide’s Hilbert space would then be the space spanned by the tensor product of the Fock states created by each
of the operators Af,[n], Vu € {1,2... N} and n € Z. In particular, the vacuum state |vac) for the Hilbert space of
the waveguide is approximated by

Ny, o
® ® |vacy, ) (39)

p=1n=—oo



where |vac, ,) is the vacuum state corresponding to the operator A,[n]. Moreover, this interaction Hamiltonian
(Eq. 36) is then expressed as Hi(¢;dz) in the limit of dx — 0, where Hi(¢;dz) is given by:

1
Vo

Using the notation ny = [74 /dx], n— = [7—/dz], n; = [t;/dz] and defining

Np
Hy(1:62) = Hot) + {Z( (T-4/8e]) 2L+ L, AL [T-t/001)) . (10)

nodx

Uilni,na] = T exp (—i / Hi(t; 5x)da:> (41)

nidx

the Green’s function in Eq. 34 can be expressed as:

o) N-1
gng”‘,Tri(tth... = lim [{@ ® Vacnu|} < /:|U1[n+7np(1)]|: H Sp(i)UI[np(i),’l'Lp(i+1)] X

dx—0 -
p=1n=—oo i=1
NL o0
seon il 1| { @ @ aews) folo) | (42)
p=1ln=—co

Noting that since for néx <t < (n+1)dx, Hi(t) depends only on A, [—n], Ur[n+1,n] would only act on |vac_,, ) Vpu.
Using this together with the decomposition Ui[n, ng] = Ur[ni, ny —1|Ur[ns —1,n1 —2] ... Ur[na — 1, no], we can rewrite
Eq. 42 as:

—Np(1) N—1 —NPpP(it+1)
627 (ntetn) = )| ] tali+r=al] [T {sr0 TT Va1

j:7n+71 i=1 j:*ﬂp(i)fl
—n_
soon| T U+ 1) o (43)
j=—npn)—1
where

NL NL
Ueiln + 1,n] = {@ (vac_p, | } Ui[n + 1, n] [® [vac_y, ) } . (44)

pn=1 p=1

This expression can be further simplified by expanding Ui[n + 1,n] into a Dyson series in terms of the interaction
Hamiltonian:

(n+1)éz (n+1)dx (n+1)éz
Ul[n+17n] :I+Z / / / H; tn,é.’L‘)HI( n— 1,5.’1?) Hl(tl,é.’l?)dtl .dt,,. (45)
ti=ndx ta=t1 n=tn_1

It follows from Eq. 40 that the vacuum expectations corresponding to the first two terms in the summation in the
Dyson series evaluate to:

Ny (n4+1)éx Ny (n+1)éz
{@ <vacw|] / Hy(t'; 62)dt’ {@ |Vacw>] = / Heys(t)dt (46a)
n=1 t=ndx n=1 nox

Ny (n+1)éz (n+1)éx Ny ) Ny
{@ (vac_p | ] / / Hy(to; 6x) Hy(ty; 6)dtydto {@ vacm} =3 > LiLubx+ O(5a%). (46b)
p=1 ti=ndz to=ty p=1 pn=1

Moreover, it can easily be seen from Eq. 36 that the vacuum expectations of higher order terms in the Dyson series
do not have any contributions that are first order in dx. Therefore,

(n+1)éz (n+1)éz
Uegln + 1,n] =1 —1i / Hog(t)dt' + O(52°) = T exp [—i / Heﬁ(t)dt] + O(6?) (47)

t=ndx nox
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where
H, (t) = sys Z LT L (48)

Finally, substituting Eq. 47 into Eq. 43 and evaluating the limit, we obtain:

N-1
G7 %, (ti,ta.. . tn) = <U/Ueff(7+atP(l)>|: H SP(i)UeH(tP(i)7tP(i+l)):| spnyUest(tp(ny, 7 )|0) (49)
=1
where
ty
Ueff(tl, tz) = Texp [— i/Heff(t)dt] . (50)

Eq. 49 is an expectation evaluated entirely in the Hilbert space of the low-dimensional system, which makes it
computationally tractable. For many systems of interest, it is often easier to work with a Heisenberg-like form of the
Green’s function, which can be obtained by defining §;(¢) = Ueg(0, t)s;Uent(t,0), which satisfies the Heisenberg-like
equations of motion:

si(t) = —i[Hen(t), 5:(1)] (51)

where Heg(t) = Uegr(0, t) Hegr () Uegr(t, 0). In terms of these operators, Eq. 49 can be reduced to

G2 (t1,tz ... tx) = (o' |[Uear(74,0 {HSP ]Ueﬂ(o ) |o)
N
— (o' Va(r+,0) {HZ } V(0,7 |o) (52)
i=1

III. SCATTERING MATRICES

The scattering matrix is a useful quantity to characterize the response of the low dimensional system to wave-packets
incident from the waveguide modes coupling to it. The scattering matrix 3 can be computed from the interaction
picture operator by taking the limits 7 — —oo and 74 — oo:

= T}ignw Ur(m4,7-). (53)

T_—>—00

The scattering matrix can be completely characterized by matrix elements of the form:

277 ({2, pi} A2 ek {z i} Ao, pn )
= {ahm}t- Ao, pdi o' [ S {a i} ey, uv o) (54)

In order to compute the scattering matrix from the propagator analyzed in the previous section, we make the definition
of the system Hamiltonian Hgys(t) more explicit — in particular, we assume that it is ‘time dependent’ only if
t € [0, Tp]. Physically, this might correspond to a system like a two-level atom being driven by a coherent pulse which
vanishes outside [0, Tp]. Mathematically, this is equivalent to writing Hgys(t) as:

HY +HP (t) for0<t<Tp
Hoo(t sys sys -7 = . 55
() = {Hgyg otherwise (55)

For a low-dimensional system Hamiltonian of this form and by using Eq. 23 the scattering matrix element can be
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expressed as:

N

Ea/,o({xllhull} s {xhvﬂ/]\/l}; {331, :ul} s {xN’ :uN}) = Z(_i)MJrNiZkI(M > /ﬂ)X (56)
k=0

k
!
YN D33 | LT L PPN B

BY.BM b Py i=1

ngjfoo({—xjgéu(l), #Elfyu)}, s {—x%;;y(M_k)v N%;;CW(M_;C)}; {—ffégu)» Még(l)} e {—»”UB,{,V(ka), #B,ICV(ka)})
where

NN B (7YY S OIS B0 {tN,uND
— (0| Uk (4, T )Ueat (T, 0) [HL H D (6] U300, ) (57)
with
Ud%(t1,t2) = exp { - <1H£ys + %: ;LLL#> (t — tz)} . (58)

While the orthonormal basis {|o1) , |o2) . ..|os)} for the low-dimensional system’s Hilbert space used for computing
the propagator could be arbitrarily chosen as long as it is complete, for the purpose of computing the scattering
matrix, we make this basis more explicit by expressing it as a union of a set of ‘ground states’ {|g1),]g2)-..|gs,)}

and ‘excited states’ {|e1), |e) ... |es,)} which are all eigen-states of the Hamiltonian HJ:
Hgys |g7l> = 6971 |gn> and Hsys |e’ﬂ> = Een |€7l> . (59)
Moreover, the ground states and the excited states also satisfy:
Lylgn) =0V pe{l,2...Nr},ne{l,2...5,},me{l,2...5.} (60a)
Jue{l,2...Np} | Lylen) #0Vne{l,2...5} (60b)
(emlgn) =0V me {1,2...5.},ne {1,2...5,} (60c)

where L, are the operators through which the low dimensional system couples to the waveguide modes. An immediate
consequence of the definition of ground and excited states (Eq. 60) and the positive-definiteness of the operator
Z T . (which is also the non-hermitian part of the effective Hamiltonian) within the subspace spanned by the
exc1ted states is that if evolved with the propagator U, ff(tl, to) an excited state would decay to 0 and a ground state
would remain unchanged except for accumulating a phase:

hm UH(O 7_)|en) = 0 and hm UH(O T_)|gn) = exp(ieg, 7—) |gn) (61a)
Jim_(enl Uly(rs, Te) = 0 and TJLII}OO (9al USk(rs, Tp) = exp(—icy, (7+ — Tp)) {gal. (61b)

Therefore, only the scattering matrix elements corresponding to the low-dimensional system going from one ground
state to another ground state are non zero and are given by:

N
Sgman {2111} - Az Y {mn md o Azy, uv}) = D ()M TRI(M > k) x (62)
k=0
k
!
DN | LEAPTREERTRL N B
BN,BM b Py i=1 k

ggo:ioo({_'rlély(l)a “/B}f(l)}? cee {_xjé,y(M,k)v ,UJ,BQI(M,JC)}; {_xB}CV(l)y #B{j(l)} cee {_zBéV(ka)a ,UB}CV(N—k)})

where

'::|:

N
@ 1IT, )] ) o

G2 (s ) ot (0} - (o) = | VenT, 0T | T[

=1



12

wherein we have dropped the phase factors depending on 7, and 7_ corresponding to the phase accumulated by the
ground states from the scattering matrix element. Previous calculation of the scattering matrix!20 for systems with
time-independent Hamiltonians arrived at exactly the same form as in Eqs. 62 and 63 with Tp = 0. However, as
previously emphasized, the formalism introduced here allows us to model systems with time-dependent Hamiltonians,
thereby increasing its applicability in modeling experimentally relevant systems.

IV. EXAMPLES

In this section, we show how to use the formalism developed in the previous sections to analyze some low-dimensional
quantum systems of interest. The examples we choose to analyze include a two-level system and a lambda three-
level system. We calculate both emission from these systems when they are coherently driven, and scattering of
single-photon pulses from these systems.

A. Two-level System

As our first example, we consider a coherently driven two-level system coupled to a single waveguide with coupling
decay rate . Denoting the ground state of the two-level system with |g) and the excited state with |e), the two-level
system can be modeled with the following Hamiltonian:

Hyys = 6400+ Q(t) (0 + o) (64)

where o = |g) (¢| and o = |e) (g| are the annihilation and creation operators for the two-level system, &, is the
detuning of the resonant frequency of the two level atom from the frequency of the coherent drive and €2(¢) is the
amplitude of the coherent drive, which we assume to be of the form:

Qy 0<t<Tp
Qt) = . 65
*) {O otherwise (65)

We first analyze emission from this driven two-level system — we consider the two-level system coupled to a single
waveguide, with it being in the ground state and the waveguide to be in the vacuum state at ¢ = 0 [Fig. 3(a)]. This
amounts to computing the propagator Ur(7,0), from which it is easy to extract the state of the waveguide and the
two-level system as a function of 7. Of particular interest are the probabilities of finding 0 and 1 photon in the
waveguide with the two-level system being in the excited or ground state as a function of 7:

Po.¢(1) = |(vac; g|U(T,0) |vac; g) |27 Py (1) = |{vac; e|U(T,0) |vac; g) |2 (66a)

Pry(r) = / (a:g|U(,0) [vac; g) [Pda;  Pro(r) = / (&€l U (7, 0) [vac: g) d. (66b)

Fig. 3(b) shows the steady state probabilities P; 4(c0) and Py 4(c0) of a two-level system emitting a single photon
or not emitting any photons after being excited by a short pulse as a function of the pulse area. We observe the
well understood rabi-oscillations in these probabilities with the pulse area. Fig. 3(c) shows the time-dependence of
the probabilities defined in Eq. 66 for a long pulse — again, we observe oscillation in these probabilities while the
two-level system is being driven, followed by a decay of the two-level system to its ground state and emission of
photons into the waveguide. The full space-time dependence of the propagator matrix elements corresponding to a
single photon in the waveguide is shown in Fig. 3(d) — we clearly see signatures of rabi-oscillation during the time
interval in which the two-level system is being driven by the coherent pulse. During this time interval, the two-level
system state and the waveguide state are entangled to each other, and after the coherent pulse goes to 0 the two-level
system completely decays into the waveguide mode and the resulting excitation propagates along the waveguide. It
can also be noted that the matrix elements are always zero outside the light-cone (i.e. for x > t), which is intuitively
expected since the group velocity is an upper bound on the speed at which photons emitted by the two-level system
can propagate in the waveguide.

Next, we analyze scattering of a single-photon pulse from a coherently driven two-level system (Fig. 4) — this
amounts to computing the scattering matrix for the time dependent Hamiltonian in Eq. 64 using Eq. 62. We consider
a two-level system coupled to two waveguides (Fig. 4), and excite it with an input pulse from the first waveguide
(labeled as 1), and compute the single-photon component of the output state in the second waveguide (labeled as 2).
Fig. 4(b) shows the single-photon scattering matrix for a two-level system, with and without the coherent drive. The
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FIG. 3. Emission from a coherently driven two-level system. (a) Schematic of a two-level system driven with a pulse Q(t).
(b) Probability of emission of a single photon Py 4(c0) and of no emission Pj 4(c0) from a two-level system driven by a short
pulse (YT = 0.2) as a function of the pulse area. (c¢) Time dependence of the probabilities Py g, Pig, Po,e and Pi . for a
two-level system driven by a long pulse (vTp = 2 and Qo = 5v). (d) Space-time dependence of the propagator matrix elements
corresponding to a single photon in the waveguide (dotted line is the light line z = 7).

two scattering matrices differ in the region —Tp < x1,x2 < 0, which corresponds to incident pulses that arrive at
the two-level system while it is being driven. To analyze the transmission spectra of the driven two-level system, we
consider exciting the first waveguide with a single-photon state (in the interaction picture) at time —oo of the form:

2

(-0 = [ nlon)al, s lvachdor. nten) = gz o ( - gk + i ) (67

x2

where &g is the central frequency of the incident wave-packet, and Az is its spatial extent. We compute the single-
photon component in the output waveguide by applying the scattering matrix to the input state:

Yous (2) = / ({22}, {1, 1})oin (1) (68)

and the transmission of the single-photon state via:

Transmission:/|¢Out(ac2)|2dx2. (69)

Figure 4(c) shows the transmission spectrum of the two-level system with and without the coherent drive — the driven
two-level system clearly shows a suppression in transmission. Intuitively, this is a consequence of the coherent pulse
transferring the two-level system into its excited state when the single-photon pulse arrives at the two-level system,
thereby resulting in low transmission into the output waveguide. Figure 4 shows the dependence of the transmission
of the two-level system for a resonant input single-photon wave-packet (69 = 0) on the length of the coherent drive Tp.
Again, we see a signature of the rabi-oscillation in the transmission — the probability of the two-level system being
in the excited state oscillates with the input pulse, and this oscillation translates to the oscillation in the transmission
of the driven two-level system.
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FIG. 4. Scattering of a single-photon wave-packet from a coherently driven two-level system. (a) Schematic of a coherently
driven two-level system coupled to an input and output waveguide. (b) Single-photon scattering matrix for the driven and
undriven two-level system. (c) Variation of the transmission of the coherently driven two-level system with the central frequency
do of the input single-photon state. (d) Variation of the transmission of a coherently driven two-level system with the length of
the coherent drive for a resonant input single photon state (6 = 0). For (b) and (c), it is assumed that yTp = 4 and Qo = 5.
Y1 =72 = /2 and Az = 2.0/ is assumed in all the calculations.

B. Lambda system

As our next example, we consider a coherently driven three-level lambda-system. This system has two ground states,
denoted by |g1) and |g2), and one excited state, denoted by |e). The Hamiltonian for this system is given by:

Hyys = bcle) (el + 012 |g1) {g1] + Qt) (01 + o) (70)

where o; = |g;) (€| is the operator that annihilates the excited state |e) to the ground state |g;), 0. is the detuning of
the frequency difference between |e) and |ga) from the frequency of the coherent drive, 412 is the frequency difference
between the states |g2) and |g1), and Q(¢) is the amplitude of the coherent drive which we again assume to be a
rectangular pulse as given by Eq. 65.

We first analyze photon emission from this driven lambda system — the lambda system is assumed to couple to a
single waveguide through an operator ,/yo2, with it being in the ground state |g;) and the waveguide being in the
vacuum state at time 0 [Fig. 5(a)]. The probabilities of interest that we compute include the following:

Pog1(7) = | {vac; 1| Ur(, 0) [vac; g1) |, Po.e(r) = | (vac; e] Us(7,0) [vac; g1) |”

Prg = / | (: g2) Ui(, 0) [vac; g1) [*da (71)

Figure 5(b) shows the dependence of the probabilities of single photon emission and no emission as a function of the
pulse area for a short driving pulse — we again observe the expected rabi-oscillations in these probabilities. Fig. 5(c)
shows the time evolution of the probabilities defined in Eq. 71 for a long driving pulse — we clearly observe an
oscillation in these probabilities while the lambda system is being driven followed by emission of a single photon into
the waveguide. We note that for a lambda system, once a photon emission into the waveguide occurs, the lambda
system would necessarily transition to the state |g2), and will no longer be driven by Q(t). As a consequence of
this structure of the lambda system, only a single photon can be emitted into the waveguide — this is numerically
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FIG. 5. Emission from a coherently driven three-level lambda system. (a) Schematic of the system being analyzed. (b)
Probability of emission of a single photon P g,(c0) and of no emission Py, g, (00) from the lambda system driven by a short
pulse (vTp = 0.2) as a function of the pulse area. (c¢) Time dependence of the probabilities Py g, , P1,g, and Pp . for a three-level
lambda system driven by a long pulse (vTp = 2 and Qo = 57v). (d) Space-time dependence of the propagator matrix elements
corresponding to a single photon in the waveguide (dotted line is the light line = 7). d12 = 0 and d. = 0 are assumed in all
the simulations.

validated in Fig. 5(c) from which it can be seen that Py 41(00) + Pi g2(c0) = 1. Figure 5(d) shows the propagator
matrix element | (z; go| U(7,0) |vac; g1) |> — we clearly see a stark difference from the corresponding matrix element
for a two-level system (Fig. 3) due to the system not interacting with the coherent pulse following the emission of a
photon into the waveguide.

As our final example, we analyze photon subtraction using a lambda system — the system under consideration is
shown in Fig. 6(a). A lambda system is coupled to an input waveguide through the operator o; and to an output
waveguide through oy to an output waveguide, with lambda system initially being in the state |g1). A single photon
is incident from the input waveguide which drives the system from |g1) to |e) to |ga2), with the photon finally being
emitted into the output waveguide. For a lambda system with §12 = 0 and the incoming photon being resonant with
the ground state to excited state transition, the incoming photon is completely transfered from the input waveguide to
the output waveguide. Subsequently, a photon incident from the input waveguide does not interact with the lambda
system, since the lambda system is now in the state |g2) which cannot be driven with an excitation from the input
waveguide. This allows the lambda system to be used as a photon subtracter® — for a stream of spatially separated
single photons incident on the lambda system, the lambda system would remove the first photon from the stream,
and transmit the rest. To numerically reproduce this effect, we consider the system to be in the following initial state:

(z1 + L)2) (72)

1
1%(0)) = /win(xl)allg [vac; g1) dz1,  Yin(z1) = W exp <— A2

where Az is its spatial extent of the incoming photon wave-packet and L is the distance of the center of the wave-
packet from the lambda system at ¢ = 0. The state of the system at ¢ = 7 can then be expressed in terms of the



16

(b)

(©)

15 15
8 -
T '
<10 C10
= =
= -

5 5

0 0

-5 0 b} _5 0 5
Position yx Position yx

FIG. 6. Scattering of a single-photon wave-packet from a three-level lambda system. (a) Schematic of the system being
analyzed. (b) Time dependence of the probabilities Pe, Pi,4, and Ps 4, for a three-level lambda system excited by an incident
single-photon state. (c) Space-time dependence of the single-photon component of the system state in both the input and
output waveguides. y1 = v2 = v/2, Az = 2/ and de = d12 = 0 is assumed in all the simulations.

propagator matrix elements:

0(r)) = [ (vacse|U(r,0) ot 1 0) vin( o
+ / / {n, 13 | U7, 0) [{2h 13 g1) () ath 1 [vacs gn) day iy
+ / / ({2, 2}; g2 U(r,0) [{}, 1} 1) thm (&) 5 [vacs g2) ey dars. (73)

The probabilities of interest, denoted by P, P, 4, and Ps 4,, that we simulate for this system are defined by:

Po(1) = | (vaciel(T)) >, Prg, =/|<{$171};91I1/}(7)>|2d$1 and P, =/|<{$2,1};92|¢(7)> Pdzs. (74)

Figure 6(b) shows the time evolution of these probabilities — clearly, the lamba-system transitions from initially
being in |g1) to the excited state |e) and then to |g2) with photon transfering from the input to the output waveguide.
However, we note that the photon wave-packet is not completely transmitted into the second waveguide, which is
a consequence of wave-packet having a finite spread in frequency, and therefore not being completely resonant with
the lambda system. Figure 6(c) shows the space-time dependence of the single-photon wave packet in the input and
output waveguides — clearly, the initial wave-packet propagates along the input waveguide till it reaches the lambda
system at x = 0 and then transmits to the second waveguide.
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V. CONCLUSION AND OUTLOOK

We have completely described the unitary propagator for a composite quantum network comprising waveguides and
a low-dimensional system. Our method is strongly connected to the linearity of the waveguide dispersions and the
Markovian coupling approximation. This linearity allows us to always express the initial (time 7_) and final (time 7 )
waveguide states in terms of Heisenberg field operators. As a result, we are able to use the input-output boundary
conditions to arrive at an expression between the states in terms of system Heisenberg operators only. The culminating
expectations are with respect to vacuum states, otherwise known as a Green’s functions. These Green’s functions can
be expressed entirely in the Hilbert space of system operators, which we showed by coarse-graining the waveguides’
spatial dimensions. Hence, our expression proves tractable for many systems of interest and provides insight into the
connections between input-output theory, scattering matrices, and propagators for low-dimensional systems coupled
with a Markovian coupling to optical fields.

It can also be noted that while the formalism described in this paper is strongly dependent on the low-dimensional
system having a Markovian coupling with the optical field, the idea of coarse-graining the optical field is a powerful
one and can possibly be used to capture non-Markovian systems. This leads naturally to the description of the state
of the coupled system with a Tensor product state (e.g. Matrix product states) — and recent works**3° have shown
how to analyze quantum systems with optical feedback using this idea. In the non-Markovian case, it is not possible
to explicitly take the limit of coarse-grained optical system’s Hilbert space to the continuous Hilbert space, but it is
possible to numerically compute the state of the coarse-grained optical system.
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