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Abstract

In the spinel titanate MgTi2O4, the tetragonal phase collapses upon substitution of a tiny amount

of Mg ions at the Ti site, and the cubic phase with the geometrical frustration is resurrected. The

atomic pair distribution function (PDF) and the extended x-ray absorption fine structure (EXAFS)

reveal the nanoscale structural fluctuation, in which the Ti atomic displacement has the two-in

two-out configuration in the cubic phase. We argue that the geometrical frustration plays an

essential role in the collapse of the tetragonal phase and the resultant nanoscale ice-type structural

fluctuation.
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I. INTRODUCTION

Geometrical frustration is one of central research topics in condensed matter physics,

and gives rise to various interesting physical properties originating from the degeneracy.

The first example of a frustrated system was crystalline ice and was reported by Pauling [1].

The ice rule, in which the oxygen is coordinated to two covalently-bonded hydrogens and

two hydrogen-bonded hydrogens, leads to the disorder state of the hydrogen atoms [2, 3].

Anderson applied this ice-rule concept to the spin and charge degrees of freedom in the

corner-sharing tetrahedral lattice, as shown in Fig.1(a) [4]. The spin-ice state, in which the

spin has the two-in two-out type local order, was found in the pyrochlore titanates [5].

In order to pursue the ice physics, it is important to realize the structural ice-type state

in the condensed matter, especially the strongly correlated electron systems, which have

high controllability and many degrees of freedom. The structural ice-type state, that is, the

”displacement-type ice” is defined so that two atoms are displaced inward and the other two

atoms are displaced outward in the tetrahedra in the pyrochlore lattice. Figure 1(b) illus-

trates the original positions (blue) and the displaced positions (green) of atoms. Here, the

lengths of the red, grey, and blue bonds become short, intermediate, and long, respectively.

In the dn electronic system, for example, the spinel compounds CuIr2S4 and AlV2O4, in

which the B sites form the pyrochlore lattice, exhibit nontrivial ground states forming the

structural multimer to relieve the frustration [6–10], since n valence electrons tend to create

several covalent bonds within the multimer. On the other hand, in the quantum spin-type

d1 electronic system, one valence electron can create a spin-singlet pair and a single bond.

This spin-lattice coupling can be a driving force for realizing the structural two-in state in

the pyrochlore lattice. Thus, we focused on the spinel titanate MgTi2O4 (Ti3+ (3d)1 S =

1

2
), and explored for the displacement-type ice.

In MgTi2O4, the crystal field given by the oxygen octahedron splits the orbitals into the

eg and the t2g orbitals in the Ti ions, and one electron exists in the latter degenerate orbitals.

The structural transition from the cubic phase (space group Fd3̄m) to the tetragonal phase

(P41212) occurs upon cooling at Tc ≈ 260K [11]. Below Tc, the long and the short bonds

between the Ti ions are arranged alternately along the c axis, is formed [12]. The Ti atomic

displacement follows the ice rule. However, since the long-range structural order grows

below Tc, the frustration is relieved. As a potential origin of this structural transition, the
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Peierls mechanism was proposed [13]. The structural transition creates the Peierls gap in the

bands consisting of the dyz and dzx orbitals. Another potential mechanism was a valence-

bond model suggesting a group of spin-singlet dimers with a degeneracy [14–16]. Isobe

et al. reported a decrease in the magnetic susceptibility below Tc for x=0, and ascribed

this reduction to the spin singlet [11]. In Mg-substituted Mg1+xTi2−xO4, the decrease of the

magnetic susceptibility is reduced [17, 18].

In this study, in order to explore the structural ice-type state, we substituted the non-

magnetic Mg ions for Ti ions in MgTi2O4, and shortened the correlation length of the

tetragonal structure. For its detection, we measured the two-body correlation with Ti ions

in Mg1+xTi2−xO4 by the neutron atomic pair distribution function (PDF) and the extended

x-ray absorption fine structure (EXAFS). By performing the nanoscale structural analyses,

we found the nanoscale ice-type structural fluctuation in the cubic phase.

II. EXPERIMENTAL

The spinel titanates Mg1+xTi2−xO4 were prepared by the solid reaction method [17–19].

The magnetic susceptibility was measured by using a Quantum Design MPMS magnetome-

ter. The synchrotron x-ray diffraction was measured in E =12.4keV at Photon Factory

BL-8B, and was analyzed by the RIETAN-FP program [20]. The powder neutron diffrac-

tion was measured at J-PARC BL21NOVA. The sample was placed into a V96.4-Ni3.6 cell

having an inner diameter of 6mmφ. The scattering intensity S(Q) was examined by using

Z-Rietveld and GSAS software [21]. The pair distribution function G(r) was obtained by the

Fourier transformation of S(Q), and analyzed using the PDFgui program [22]. The x-ray

absorption spectra were measured near the Ti K edge at Photon Factory BL-9Cand 12C,

and were examined by Athena and Artemis [23].

III. RESULTS AND DISCUSSION

We show the temperature dependence of the (8 0 0) Bragg peak, whose index is defined in

the cubic phase, in the x-ray diffraction in MgTi2O4 in Fig.1(c). The (8 0 0) peak splits into

two below ≈ 245K, and this splitting indicates the structural transition from the cubic phase

(a= b= c) to the tetragonal phase (a′
√
2= b′

√
2> c′) upon cooling, as shown in Fig.1(d).
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In order to clarify the Mg substitution effect on the structural phase transition in

Mg1+xTi2−xO4, we display the (8 0 0) peak profiles for various x in Fig.1(e). The (8 0

0) peak merges for x≥ 0.06. The tetragonal phase completely collapses by substituting sev-

eral percent of Mg ions, and the cubic phase is resurrected. The lattice constants (Fig.1(f))

were obtained by the Rietveld analyses. In this cubic phase (x≥ 0.06), the Bragg peak

broadens slightly at the lower temperatures, indicating the growth of the short-range order

of the tetragonal structure. The difference in full width at half maximum between 300K

and 20K, as shown by the black circle in the inset of Fig.1(e), decreases on increasing x,

and is hardly seen above x=0.25.

To reveal the local structure, we measured the neutron diffraction. Figure 2(a) shows

the neutron scattering intensity S(Q) in MgTi2O4. As indicated by the asterisks in the

inset of Fig.2(a), these reflections forbidden in the cubic phase are observed at 20K, and

indicate that the average symmetry changes into tetragonal P41212 below Tc. The indices

in P41212 are shown in the inset. As shown in Fig.2(b), the PDF G(r) is obtained by

the Fourier transformation of S(Q) for Q=0.9∼ 40 Å−1. Figure 2(d) displays the G(r) at

20K, 300K, and 450K. As shown in Fig.2(c), the dip at r=2.1 Å corresponds to the two-

body correlation between the Ti and O ions, and the peak at r=3 Å is ascribed to the

Ti-Ti and the O-O atomic pair correlations. The PDF profile at 20K can be reproduced

by assuming the tetragonal symmetry of P41212. Though the structural phase transition

takes place at T c≈ 260K, no clear difference in the local structure is seen in the data at

20K∼450K, indicating the local tetragonal structure even above Tc. As shown in Fig.2(e),

we compared the simulation with the experimental result (circle) measured at 300K. First,

we assumed the cubic Fd3̄m and the atomic coordinates obtained by the Rietveld analysis.

The black curve indicates the result obtained by adjusting the Debye-Waller factors. In the

simulation on the assumption of the Fd3̄m, the dip near r=2.1 Å corresponding to the Ti-O

pair appeared not to agree with the experimental result. This is because a large U value

in the Debye-Waller factor is required to reproduce the broad peak due to the Ti-Ti and

O-O atomic pair correlations in r=3 Å, as listed in Tab.S1 in the supplemental material

[19]. The sharp dip due to the Ti-O correlation in r=2.1Å cannot be explained by this

large U value. Next, we consider the tetragonal P41212 [12]. The red curve indicates the

analysis result obtained by allowing for the Ti, Mg, and O atomic displacements. Here, the

direction of the Ti atomic displacement is restricted to the displacement direction obtained
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by the Rietveld analysis of the neutron diffraction at 20K. The simulation in P41212 can

reproduce the sharp dip in r=2.1Å. Here, the value Rw(P41212)=12.1% is lower than that

of Rw(Fd3̄m)=14.9%. As listed in Tab.S1, two kinds of O sites (O(1) and O(2)) exist, and

the U values of the O sites and the Ti site are reduced. The Ti-O(2) distance is also close to

the Ti-O(1) distance (r=2.00∼2.09 Å). Thus, the dip in r = 2.1 Å becomes sharp. On the

other hand, the peak in r = 3 Å is still broad, since there are several kinds of Ti-Ti distances

(r=2.88∼3.12 Å) and O-O distances (r=2.68∼3.31 Å). Therefore, the local structure has a

tetragonal symmetry of P41212 even above Tc.

To estimate the correlation length of the tetragonal structure, the simulation was carried

out on the basis of the experimental data in the r range between rmax and rmax - 10 Å as

indicated by the arrows in Fig.2(b), and the boxcar refinement was applied [24, 25]. Here,

only for rmax =10 Å , the G(r) in r=1.5∼ 10 Å was analyzed. Figure 2(f) shows the rmax

dependence of the distance between the neighboring Ti ions. At 20K, three kinds of Ti-Ti

distances remain up to rmax =50 Å , and are nearly consistent with the Rietveld analysis

obtained by Schmidt et al., as indicated by the thick bars on the right ordinate [12]. These

long, intermediate, and short Ti-Ti distances are ascribed to the two-in two-out configuration

of the Ti displacement, as illustrated in Fig.1(b). At 300K above Tc, three kinds of the Ti-Ti

distances still exist. In rmax=30 Å , the values of the Ti-Ti distances merge to ≈ 3 Å . Thus,

the correlation length ξ of the tetragonal structure is estimated to be ξ=10 Å. Here, this ξ

is defined as the half of rmax − 10 Å, if the Ti-Ti distances merge in rmax within standard

error.

Next, we measured the G(r) at 20K in Mg1+xTi2−xO4 (x=0∼ 0.4) in order to investigate

the Mg substitution effect on the Ti-Ti correlation, as shown in Fig.3(a). The depth of the

dip at r=2.1 Å due to the Ti-O correlation decreases with increasing x. This dip structure

is influenced by not only the Ti displacement but also the substitution of the Mg ions

for the Ti ions, since the neutron scattering length of the Mg ions has the opposite sign

compared to that of the Ti ions. As shown in Fig.3(b), we performed the PDF analysis at

20K for x=0.125. The black and red curves indicate the results calculated by assuming

the Fd3̄m and the Ti, Mg, and O displacements in P41212, respectively, as listed in Tab.S2

[19]. Since the sharp dip at r = 2.1Å in Fig.3(b) can be reproduced by the red curve,

the short-range order of the tetragonal structure remains. Here, the Rw(P41212)=10.0% is

lower than Rw(Fd3̄m)=12.4%. Figure 3(c) shows the rmax dependence of the Ti-Ti distance.
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Three kinds of Ti-Ti distances reflecting the two-in two-out type Ti atomic displacement

still remain. The correlation length ξ of the tetragonal structure is estimated to be 10 Å in

x=0.125. The value of ξ is shortened with increasing x. For x> 0.32, the Ti-Ti distances

merge to ≈ 3 Å in the whole rmax range. Thus, the fluctuation of the tetragonal structure

remains below x=0.25∼0.32.

In order to focus on the two-body correlation with the Ti ion, we measured the Ti

K edge EXAFS at 20K in Mg1+xTi2−xO4 (x=0∼ 0.4), as shown in Fig.3(d). The peaks

around rEXAFS =1.5 Å and 2.5 Å correspond to the Ti-O and Ti-Ti atomic pair correlations,

respectively. The shape of the peak due to the Ti-Ti correlation changes in x=0.25∼0.32.

Figures 3(e) and (f) display the simulation at 20K in x=0 and 0.4, respectively. Here, we

used the structural parameters obtained by the neutron PDF analysis, as listed in Tabs.S3

and S4 [19]. In x=0, we can reproduce the overall feature of the two-peak structure due

to the Ti-Ti correlation in rEXAFS =2.1∼ 2.5 Å by assuming the P41212. In x=0.4, the

simulation in Fd3̄m can reproduce the peak structure in this rEXAFS range well. Thus, the

short-range order of the tetragonal structure exists below x=0.25∼ 0.32. It is known that

the peak position rEXAFS obtained by the EXAFS deviates from the actual distance r of

atomic pairs owing to the phase shift [26, 27]. In x=0, for example, the actual Ti-O and

Ti-Ti distances are r = 2.01∼ 2.11 Åand 2.86∼ 2.98 Å, respectively.

On the basis of the obtained experiment results, we present the phase diagram in Fig.4(a).

For x> 0.06, the structural transition temperature Tc drops to zero. Nevertheless, as dis-

played in Fig.4(c), the reduction of the magnetic susceptibility below Tc, which is defined as

|χ(150K)−χ(260K)|, is still discernible. The temperature Tmag, below which the magnetic

susceptibility decreases, remains at ≈ 230K. This decrease of the magnetic susceptibility

below x=0.25 was also reported in the previous studies [17, 18], and becomes unclear above

x=0.29. In Fig.4(b), the correlation length ξ suggests that the nanoscale fluctuation of the

tetragonal structure exists up to x=0.25∼0.32 in the cubic phase at 20K. This structural

fluctuation is consistent with the decrease of the magnetic susceptibility below x=0.25. The

local Ti dimer likely forms the spin-singlet pair, since the decrease of the intradimer Ti-Ti

distance (∆r≈ 0.1 Å) is larger than that of the intradimer Cu-Cu distance (∆r≈0.016 Å)

in CuGeO3 [28]. The resistivity increases on lowering the temperature. Below x=0.06, the

kink structure is seen at the structural transition temperature Tc [18]. Above x=0.06, the

kink structure of the resistivity broadens with x. This behavior is in accord with the fact
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that the correlation length of the tetragonal structure decreases with x.

In the structural transition to the tetragonal phase in x=0, the Ti dimers are arranged

along the c axis [12]. This structural transition relieves the frustration originating from the

degeneracy of the Ti dimer formation [14, 15]. However, a tiny amount of Mg substitution

causes the sudden collapse of the tetragonal phase, and the resurrection of the cubic phase.

If the Ti3+ ions are substituted with the Mg2+ ions, the Ti ions, whose number is the same

as that of the substituted Mg ions, have to have +4 charge. Since the substituted Mg

ion and the Ti4+ ion do not have a valence electron, these ions do not form the dimer.

Matteo et al. calculated the energy of the dimer formation, and found that the B3-type

structure, in which one dimer is formed in one Ti tetrahedron, is favored [15], as shown in

Fig.7 (Appendix). Taking into account the energy gain, since the Ti3+ ions tend to form the

dimers of the B3-type structure, the substituted Mg ion and the Ti4+ ion make a nesting

pair, as shown in Fig.8 (Appendix). At a finite temperature, the Ti4+ state can go away

from the substituted Mg ion by the thermal excitation. The B3-type structures change into

other B-type structures in the Ti tetrahedra around the path of the Ti4+ state. On the basis

of the discussion of Matteo et al. [15], we assumed the energy difference between the B3-type

structure and other B-type structure to be ∼2.5meV per one Ti tetrahedron. If the Ti4+

state moves to the neighboring Ti tetrahedron or the neighboring Ti site, then two B3-type

structures change. Thus, the Ti4+ state can go about five sites away from the substituted Mg

ion near room temperature. In Mg1+xTi2−xO4, since the concentration of the substituted Mg

ions is x/2 in the B site, the average distance between the substituted Mg ions is ∼(2/x)1/3

sites. In low x, this distance is long, and the Ti4+-Mg pair is isolated from other Ti4+-Mg

pairs. These Ti4+-Mg pairs do not have a significant influence on the overall structure, and

the tetragonal phase remains stable. In x=0.02∼0.06, the distance between the substituted

Mg ions is (2/x)1/3 = 4.6∼3.2 sites. The Ti4+ state can approach the Mg ions of other

Ti4+-Mg pairs near room temperature. As a result, the Ti4+-Mg chain is linked with other

Ti4+-Mg chains, and the tetragonal phase becomes unstable in x=0.02∼0.06. Such a phase

transition driven by a tiny amount of substitution is characteristic of the ice-type materials

[29].

The PDF analyses indicate the nanoscale fluctuation of the tetragonal structure. The

correlation length ξ of this tetragonal structure approaches zero in x=0.25∼0.32, where

the decrease of the magnetic susceptibility is still observed. Thus, in this x range, it is
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suggested that the displacement-type ice state is created. As already discussed [15], the

B-type structure is favored. In one Ti tetrahedron, there are two Ti ions forming one dimer,

and the other two Ti ions. The occupied orbital of the latter Ti ion is directed towards

the former Ti ion in the B3-type structure, and determines the position of the dimer in

the neighboring Ti tetrahedron, as shown in Fig.7 (Appendix). As a result, the correlation

length becomes the distance (∼ 9Å) of about three Ti tetrahedra or three Ti sites in this x

range.

IV. CONCLUSIONS

In the spinel titanates, the tetragonal phase collapses by substituting a tiny amount of

Mg ions, and the cubic phase with the geometrical frustration is resurrected. We performed

the nanoscale structural analyses and revealed a nanoscale structural fluctuation, in which

the Ti displacement has the two-in two-out configuration, in the cubic phase.
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FIG. 1: (a) Schematic of the pyrochlore lattice. (b) Original positions of the atoms (blue spheres)

and the positions of the displaced atoms (green spheres) in the two-in two-out type displacement.

For clarity, the displacement is exaggerated. (c) (8 0 0) reflection in the x-ray diffraction in

MgTi2O4. (d) Temperature dependence of the lattice constants. (e) (8 0 0) reflection at 20K in

x=0, 0.01, 0.06, 0.125, 0.25, and 0.4. Inset: Difference in the angular position between the two

peaks at 20K (red) and the difference in the full width at half maximum between 300K and 20K

(black), whose units are degrees. (f) x dependence of the lattice constants at 20K. In the inset of

(e) and in (f), the thick bars on the left ordinate indicate the values in x=0.
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FIG. 2: (a) Observed powder neutron diffraction S(Q) in MgTi2O4. Inset: Magnified view of the

diffraction in Q=2∼ 2.5 Å−1. (b) Atomic pair distribution function (PDF) G(r) in r=1.5∼ 50 Å .

The arrows indicate the ranges where the boxcar refinement was applied. (c) Barcodes indicating

the distances of each atom pair under the assumption of cubic Fd3̄m. (d) Experimental results

of PDF in r=1.5∼ 4 Å at 450K (red), 300K (black), and 20K (blue). (e) Observed PDF at

300K (grey circle) and PDFs calculated by using the structural model; The assumption of Fd3̄m

(black curve) and P41212 (red curve). (f) Distance between the neighboring Ti ions as a function

of the rmax, where the boxcar refinement was applied, at 450K (red cross), 300K (black circle),

150K(green triangle), and 20K (blue square). The thick bars on the right ordinate indicate the

Ti-Ti distances obtained by the Rietveld analysis.
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FIG. 3: (a) Observed neutron PDF G(r) in r=1.5∼ 4 Å at 20K in x=0 (black), 0.125 (blue), 0.25

(red), 0.32 (green), and 0.4 (grey) of Mg1+xTi2−xO4. (b) Observed PDF at 20K in x=0.125 (grey

circle) and the PDFs calculated by using the structural model; The assumption of Fd3̄m (black

curve) and P41212 (red curve). (c) Distance between the neighboring Ti ions as a function of the

rmax, where the boxcar refinement was applied, in x=0.06 (purple circle), 0.125 (blue square),

0.25 (red diamond), 0.32 (green triangle), and 0.4 (grey cross). (d) Radial distribution function

in r=0.5∼ 3 Å obtained in the Ti K edge EXAFS in x=0 (black), 0.125 (blue), 0.25 (red), 0.32

(green), and 0.4 (grey). (e) and (f) Experimental result (grey circle) at 20K, and the simulations

under the assumption of P41212 (blue) and Fd3̄m (red) in x=0 (e) and 0.4 (f), respectively.
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FIG. 4: (a) Phase diagram of the lattice structure and the magnetism in Mg1+xTi2−xO4. The

black circles and the green crosses indicate the structural transition temperature (Tc) and the

temperature (Tmag) at which the magnetic susceptibility decreases, respectively. (b) x dependence

of the correlation length ξ of the tetragonal structure obtained by the PDF analyses at 20K (blue),

150K (purple), and 300K (red). (c) Reduction of the magnetic susceptibility |χ(150K)−χ(260K)|.

Inset: Temperature dependence of the magnetic susceptibility in which χ(260K) is subtracted from

χ(T ). The thick bars on the left ordinate in (a)∼(c) indicate the values in x=0.
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Appendix A: Disappearance of the tetragonal phase by the tiny amounts of Mg

substitution.

In MgTi2O4, Schmidt et al. revealed the tetragonal structure releasing the frustration at

low temperature [12]. Figure 5 illustrates the structure in this tetragonal phase, in which

the spins in the Ti ions form the singlet dimers (the red lines). Matteo et al. suggested that

this structure shown in Fig.5 has the lowest energy, taking into account the magnetoelastic

effect [14, 15].

FIG. 5: Ti dimer configuration in the tetragonal phase, which is viewed from the c axis. The

circles, the black lines, and the red lines indicate the Ti ions, the pyrochlore lattice, and the Ti

dimers, respectively.

Though the frustration originally exists in the pyrochlore lattice, the title compound

enters the tetragonal phase at lower temperatures. For the reader′s understanding of this

situation, we show the example of the energy landscape in Fig.6. Here, the arrow indicates

the position of the tetragonal phase.

Energy

Configuration

FIG. 6: Schematic picture of the energy landscape. The bottom abscissa means the configuration

of the structure such as the dimer pattern. The arrow indicates the position of the tetragonal

phase.
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If the Ti3+ ions are substituted with the Mg2+ ions, the Ti ions, whose number is the

same as that of the substituted Mg ions, have to have +4 charge. Since the substituted Mg

ion and the Ti4+ ion do not have a valence electron, these ions do not form the dimer. The

Mg substitution reduces the energy gain due to the dimerization. Thus, the energy of the

tetragonal phase increases. If this tetragonal phase becomes unstable, the cubic phase is

resurrected, leading to the frustration effect.

In the x range between x=0 and x=0.01∼0.04, the phase transition temperature Tc

decreases with x, as shown in Fig.4(a). This decrease of Tc is proportional to the decrease of

the Ti dimer′s number due to the substitution of the Mg ions. Thus, the continuous decrease

of Tc can be ascribed to the decrease of the Ti dimer′s number.

Matteo et al. calculated the energy in the A-type structure, in which two Ti dimers are

formed in one Ti tetrahedron, the B-type structure, in which one Ti dimer is formed, and

the C-type structure, in which no Ti dimer is formed, taking into account the magnetoelastic

energy. They showed that the B-type structure has much lower energy as compared with

the A-type and C-type structures. This fact suggests that the dimer pattern tends to follow

the ice rule.

(a) (b) (c)

FIG. 7: (a) B1-type structure, (b) B2-type structure, and (c) B3-type structure in the grey Ti

tetrahedron. The red lines indicate the Ti dimers.

Figure 7 illustrates the examples of the B-type structure. They discussed the difference in

the energy between these B-type structures, and showed that the B3-type structure has lower

energy than the B1-type and the B2-type structures [15]. On the basis of their discussion,

we assumed this energy difference per one Ti tetrahedron to be ∼2.5meV (∼20meV / 8

(tetrahedra/unit cell)). Since the Ti3+ ions form the dimers of the B3-type structure owing

to the energy gain, the substituted Mg ion and the Ti4+ ion make a nesting pair, as illustrated

in Fig.8 (a).
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FIG. 8: Schematic picture of the pair of the substituted Mg ion and the Ti4+ ion. (a) Low-energy

state : the Ti4+ ion and the Mg ion make a nesting pair. (b) Excited state : the Ti4+ state goes

away from the Mg ion at a finite temperature. The blue curve indicates the path of the Ti4+ state.

In the grey Ti tetrahedra, the Ti dimers do not form the B3-type structure. In (a) and (b), the red

lines indicate the Ti3+ dimers. (c)(d) Picture in which the Ti displacements in the dimer formation

are indicated by the arrows. (c) and (d) correspond to (a) and (b), respectively. In (d), the arrows

are inverted by the movement of the Ti4+ state, as shown by blue arrows.

At a finite temperature, some B3-type structures can change into other B-type structures

by the thermal excitation. As illustrated in Fig.8(b), the Ti4+ state can go away from the

substituted Mg ion along the blue curve. Some B3-type structures change in the grey Ti

tetrahedra around the blue curve. If the Ti4+ state moves to the neighboring Ti tetrahedron

or the neighboring Ti site, one dimer is shifted, and then two B3-type structures change.

In Figs.8(c) and (d), the arrows indicate the Ti displacements due to the dimerization in

(a) and (b), respectively. Here, the arrows on the Ti ions forming the dimer are directed

inwards in the Ti tetrahedron. As shown by the blue arrows in Fig.8(d), the arrows are

inverted along the path of the Ti4+ state. This inversion process of the arrows is similar to

the process in the spin ice, in which the spins are inverted by the movement of the magnetic

monopole [30].
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If one assumes that the change of the B3-type structure needs the energy of ∼2.5meV

per a Ti tetrahedron, about ten B3-type structures per a Ti4+-Mg pair can change into

other B-type structures near room temperature, since (kB 260K)/2.5meV∼10. If the Ti4+

state moves to the neighboring Ti tetrahedron or the neighboring Ti site, then two B3-type

structures change. Thus, the Ti4+ state can go about five sites away from the substituted

Mg ion.

Since the concentration of the substituted Mg ions is x/2 in the B site of Mg1+xTi2−xO4,

the average distance between the substituted Mg ions is ∼(2/x)1/3 sites. In low x, this

distance is long, and the Ti4+-Mg pair is isolated from other Ti4+-Mg pairs. Thus, the Ti4+-

Mg pairs do not have any significant influence on the overall structure, and the tetragonal

phase remains stable.

If the concentration of the substituted Mg ions increases, the Ti4+ state can approach

the Mg ions of other Ti4+-Mg pairs. In x=0.02∼0.06, the distance between the substituted

Mg ions is (2/x)1/3 = 4.6∼3.2 sites. Since the length of the Ti4+-Mg chain is ∼5 sites near

room temperature, the Ti4+-Mg chain is linked with other Ti4+-Mg chains, and the network

of the Ti4+-Mg chains is developed. As a result, the tetragonal phase becomes unstable, and

changes into the cubic phase in x=0.02∼0.06.

It is known that the phase transition occurs by the impurity in ice [29]. By introducing

a tiny amount of NH+
4 and Cl− ions, the ice II phase changes into the ice III phase having

a large entropy owing to many kinds of the H2O configuration. The frustration effect can

be resurrected by doping, and such an unusual phenomenon is characteristic of the ice-type

materials.
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