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Abstract

We present a protocol for the study of the dynamics and thermodynamics of quantum
systems strongly coupled to a bath and subject to an external modulation. Our protocol
quantifies the evolution of the system-bath composite by expanding the full density
matrix as a series in the powers of the modulation rate, from which the functional form
of work, heat and entropy rates can be obtained. Under slow driving, thermodynamic
laws are established. The entropy production rate is positive and is found to be related
to the excess work dissipated by friction, at least up to second order in the driving
speed. As an example of the present methodology, we reproduce the results for the
quantum thermodynamics of the driven resonance level model. We also emphasize that
our formalism is quite general and allows for electron-electron interactions, which can

give rise to exotic Kondo resonances appearing in thermodynamic quantities.



I. INTRODUCTION

Modern nanofabrication techniques, super-resolution spectroscopies and nanoscale
sensors provide tools for the design, control and study of systems made up of
just a few atoms, namely, far from the thermodynamic limit. In this regime,
both thermal and quantum mechanical fluctuations are essential and cannot be
neglected. Biomolecular motors, driven transport nanojunctions and quantum
computing elements stand out as prototypical nanoscale systems that can be uti-
lized to perform tasks under continuous energy exchange with their surroundings.
Just as for macroscopic engines, in order to understand the nature of the work
performed and heat produced at this scale, both theoretical principles and compu-
tational methods for evaluating energy conversion and thermodynamic efficiency
are necessary. From a conceptual point of view, the modern field of quantum
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thermodynamics*1Y addresses these questions while accounting for the quantum

nature of the nanoscopic system. As a result, concepts such as quantum dissi-
pation and frictional effects have been formulated in thermodynamic terms 2
Recent experimental works*®™ have started to address these concepts.

Under the condition of weak coupling strength between a system and its sur-
roundings, quantum thermodynamics can successfully describe®2"*23 the dynamics,
heat, work and entropy production rates for the system-bath composite in terms of
the reduced density matrix for the system. By contrast, the strong coupling regime
has proven more challenging, and advanced strategies have been necessary.** For
example, strongly coupled quantum heat engines® have been investigated with
a polaron transformation, which can somehow map the original strongly coupled
system into an equivalent weakly coupled system. Another approach is to intro-
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duce heat exchangers=*<, essentially increasing the system space to accommodate

strongly coupled environmental modes. In addition, a strategy using reaction co-

ordinate techniques combines these two pictures and have been applied to bosonic
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as well as fermionic environments. Furthermore, the concept of active and



32995 which identifies unitary transformations acting on the space

passive states
of reduced density matrices for the system with processes that can potentially
deliver work, provides yet another approach. Lastly, techniques from quantum

information theory can also provide some quantum thermodynamic principles®® =,

In general, for the strong coupling regime, the key point to emphasize is that the
reduced density matrix of the embedded system does not necessarily contain all the
information needed to describe the dynamics and thermodynamics of that same
system; instead, one needs to include corrections originating from the system-bath
couplings. Several recent works, e.g. Refs. [39-44, have addressed this situation.
For instance, in Ref. 39 work is defined in terms of the reduced density matrix
and the total power dissipated during the evolution of the full composite system
(i.e. system-+bath). This approach was later refined*” to include the action of
strong external fields within the stochastic Liouville-von Neumann scheme, cap-
turing the full non-Markovian nature of the reduced density matrix. In both
cases, the initial state is taken to be a tensor product of the quasithermal state
for the system and the thermal state for the bath, which can be used when the
focus is on the long time steady state or periodic behavior**#, When applied to
open systems at steady state, such an approach permits the computation of the
entropy production for the system in the presence of two reservoirs with different
temperatures and chemical potentials, in both the weak and the strong coupling
regimes®). Recently, an approach based on effective quantum master equations has
been formulated, relying on a protocol by which the system repeatedly interacts
with identically prepared “units”*. The overall consequences of these interactions
can be assessed from the initial and final state of these units, which results in
a propagation scheme for the system density matrix that is consistent with the
correct thermodynamics in a few model systems. A conceptually similar setup,
describing thermodynamic processes as a sequence of quenches and thermaliza-

tion processes affected by turning off and on system-baths interactions, has been



recently explored by Perarnau-Llobet and co-workers*”,

From our perspective, a generic and universal approach to quantum thermody-
namics that interpolates between weak and strong coupling regimes is still lacking
even in classical mechanics*®“®, due to the inherent difficulties of defining proper
thermodynamic quantities (e.g. internal energy, heat, work and entropy) consis-
tent with the thermodynamic laws. Likewise, the definition of thermal properties

4250 may lead to apparent anomalies. A pro-

of the system such as heat capacity
totypical model system that has served as the playground to test new ideas is the
driven resonant-level model?#*1%3  Under the wide-band approximation, with
proper splitting of the system-bath coupling, a consistent thermodynamic descrip-
tion with a proper formulation of the first and second laws can be established for
the averaged thermodynamic observables, including situations where the system-
bath coupling is time dependent®. However, the coupling splitting assumption
may fail to reproduce higher moments in the energy distribution®?.

With this background in mind, in the present paper, we will study the quan-
tum thermodynamics of general systems from the perspective of the full density
matrix for the system-bath composite. The present method does not make any
assumptions regarding the complexity of the original system or bath, allowing the
inclusion of interactions and treating fermionic and bosonic systems on an equal
footing. This scheme can be seen as a natural extension of the strategies devel-
oped in Refs. 51 and 56/ for strongly coupled systems near equilibrium. Our key
ingredient for defining consistent thermodynamic quantities relies on separating
the dynamic evolution of the full density operator of the driven system into the

explicit time evolution and the (assumed slow) driving terms**>%:

d 0 .
E—E—F;R Ons (1)

where R® are system parameters that are modulated over time, with R® being the

imposed driving speeds. Stating from the equation of motion for the full density
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operator and assuming different timescales for the internal time evolution % and
the driving processes R®, we obtain the full density operator in a power series in

the driving speeds beyond first order®®.

By implementing this approach we will be able to consistently define thermody-
namic quantities of the full, composite system as well as for the driven sub-system,
which naturally reduce to their equilibrium values at vanishing driving speeds.
When applied to the driven resonant level model, this approach matches previously

35152 Moreover, beyond most approaches, our formalism

obtained previous results.
allows for electron-electron interactions, which we shall demonstrate gives rise to
interesting Kondo resonances in the evaluated thermodynamic quantities. Up to
the second order in the driving rate, we find that entropy production is related to
frictional work. For the case of one fermionic or bosonic bath, such friction is pos-
itive definite, in agreement with the second law of thermodynamics. However, as
will become clear below, the proper definition of entropy above second order in the

driving rates and in presence of multiple baths under nonequilibrium conditions

will require further studies.

To avoid confusion, a note should be made about language. The system of in-
terest is a driven microscopic sub-system that interacts, possibly strongly, with its
macroscopic environment. Together, this subsystem and its environment consti-
tute a macroscopic system that we refer to as the total, full, or composite system.
This full system can be treated within macroscopic thermodynamics as a closed
system or as a system open to energy exchange (canonical) or energy and particle
exchange (grand canonical) with an even larger equilibrium environment (referred
below as “superbath”) characterized by temperature 7" and chemical potential .
One may safely assume that the dynamics and thermodynamic properties (assum-
ing the latter can be defined) of the driven microscopic system do not depend
on the nature of the interaction between the “full system” and the “superbath”,

however we will see that some thermodynamic considerations may depend on how



this interaction is taken into account.

We organize the paper as follows. In Sec. [[I, we establish the first law of
thermodynamics in the quasi-static limit. In Sec. [[TI, we extend the results into
the finite speed, and connect the entropy change to frictional work. In Sec. [[V]
we introduce system-bath separation, reformulate thermodynamics law for the
sub-system, and apply the results to the resonant-level model. An interesting
Kondo resonance in thermodynamic quantities shows up when electron-electron

interactions are included. We conclude in Sec. [V].

II. STATIC AND QUASI-STATIC THERMODYNAMICS

We start by reviewing the quasi-static (reversible) limit. In this limit, the
modulation of Hamiltonian parameters is done slowly enough relative to relax-
ation processes that bring the system to equilibrium. Consequently, the system
evolves adiabatically while remaining at equilibrium with its environment for the

instantaneous values of the modulated parameters.

A. Static thermodynamics

We consider a very general large system consisting fermions and/or bosons
(or both) at equilibrium with an environment characterized by a temperature

T = kgB~" and chemical potential ;. The equilibrium density operator p(© is
PO = e—ﬁ(ﬁ—uN)/Q’ (2)

where () is the grand canonical partition function, 2 = Tr(e*B(H*“N )), and N

is the particle number operator. We consider the case where H commutes with

N, such that p© is well defined® The static free energy (grand potential) F(©),
defined by

1
FO = _—1Q. 3
B (3)



can be used to calculate other thermodynamic quantities, such as the static number
of particles N(©
NO = 9 po) Z (50, n
o
and the static entropy S©

OF©)

0 — _
5 orT

_ kBBQ%F(O) — kp (mQ + BTH(HPO) — BuTr(Nﬁ(O))) . (5)

so that the static system energy
EO = Te(Hp"), (6)
satisfies
EO =FO 4 750 4 ,NO. (7)
Finally, from the definition of p(*) and using Trp(®) = 1, we find
Tr(p” Inp¥) = —InQ — BTx(HpV) + BuTr(Np©), (8)
such that the static entropy S, Eq. (§), can be rewritten as

SO — _kpTr(p@ In p®). (9)

B. Quasi-static thermodynamics: first order in driving speed

Now assume that the total system is subject to infinitesimally slow driving,
such that H is time dependent. To be specific, let H depends on a parameter
set R = (R, R?,..., R, ...), which changes slowly over time. Henceforward, the
speeds {RO‘} will be our essential constant parameters. In the quasi-static limit,
i.e., infinitesimally slow driving (i.e. R* ~ 0), we assume that the system remains
equilibrated at each time step. In this limit, the rate of change for all thermody-

namic quantities is simply given by the adiabatic derivative with respect to time,
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d% => . R*3,, of all the equations in the previous subsection. For example, the

rate of change of the total energy in the quasi-static limit is, from Eq. @,

EW =Y " Reg, B =Y ReTr(0,Hp") + > ReTe(H0p)  (10)

(The superscript ) indicates quantities linear in the driving speeds {R*}.) Sim-
ilarly, the rate of work done and heat exchanged in this limit are (using Eq.
and Eq. (5], respectively)

W =3 Reg, FO = 3" BeTe(9,15), (11)

QW =T Re0,8 = ReTr(HOap) — Y ReTr(Noap”).  (12)

(0%
Finally, from Eq. , the rate of change of the particle number in the quasi-static

limit is
NO — Z RaaaN(O) — Z RaTr(Naa,ﬁ(O)). (13)

Eqs. (10)-(13) imply that the first law of thermodynamics is obeyed in the

quasi-static limit, namely, to the first order in R®:
EY =W 4+ QW 4 uNO. (14)

Before leaving this section, a note of caution about the calculation of ) should
be made. A popular definition of work and heat in open systems is given in terms

of contribution to the total energy change

B vy = o) + () = i

; i 1
dt dt dt dt )t ;R Tr(0aHp) (1)

dt
where the second term on the right hand side (RHS) is the work performed on
the system and the first term represents the heat that enters (when positive) it,

per unit time. As is set now (before we consider thermodynamic functions of

subsystems in Sec. , the time evolution under consideration is that of the full
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system. However, in the closed full system comprising the subsystem of interest

and its environment, the so-defined heat vanishes

d - dp FEPP
d_i? _ Tr(Hd_f) _ —%Tr(H[H, ) =0 (16)

Note that the same is true also for the corresponding grand canonical expression
% = Tr((H—puN) %) that takes into account possible change in number of particles
vanishes for a closed system. Indeed, the existence of finite heat current stems from

the recognition that the actual time evolution of the density operator is given by
dp i~ 2
— = ——[H,p] — Xp 17
where X p expresses the relaxation dynamics associated with the (small) coupling
of the full system to a “superbath” of temperature T" and chemical potential pu.
This coupling brings the system to equilibrium for any given constant R. However,
the coupling is assumed small enough so as not to affect the response of the system

to the driving at any finite time.

ITII. NONADIABATIC THERMODYNAMICS AND ENTROPY PRO-
DUCTION

Having provided the relevant background above, we next go beyond the quasi-
static limit and address the case where the system is subject to a finite speed
driving. The driven system state now deviates from equilibrium, giving rise to

dissipation and entropy production.

A. Expansion of the density operator in driving speed

With finite speed driving, the equation of motion for the total system is

d . o . R .
- (R,t>—§p+§VjR Oup = = [H(R), ] (18)
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or

0 . v A Aa
2 oA
—Lp=—|H, P (20)

where we have used Eq. to express the total time derivative of p (i.e. dp/dt)
as a combination of the the explicit contribution dp/0t (which remains when the
parameters R are constants) and the term(s) associated with time evolution of the
parameters R. The solution of Eq. is then written as a power series in the
driving speed:

p= pA(O) 4 ﬁ(l) + pA(Q) 4+ (21)

where p(™ represent contribution of order n in R. Substituting Eq. into Eq.
and matching orders of R from both sides, we get a series of equations,

0 (RN

— 50 — _Z1g. 50 29
5 =L 0, (22)
0 i .

Z 50 = 21 M — v, 50 2

T wH, 0] EV R70,p", (23)
19) 7.~ .

— 5 — _ 21 5 — vy pn=1) 1. 24
A = ) = ST R0, (24)

Under the assumption that the dynamics represented by Eq. is much faster
than the time evolution of the parameters R, the equilibrium solution of Eq.
can be used as a “boundary condition” defining the inhomogeneous term in Eq.

(2352, so that we can then proceed to solve for oV (and p™, n > 1):
t A A
AR, 1) = — Z/ o)1 fr g 50) B (=) /gy (25)
— Jo
¢ X X
/3(") (R,1) = — Z/ efiH(tft’)/hRuayﬁ(nfl)eiH(tft’)/hdt/; n>1 (26)
— Jo

Note that as it stands, Eq. does not have a unique steady state solution,

as any function of H provides such a solution. Choosing the equilibrium solution

10



POR) = e PH®B)-1N) /) to generate the higher order terms in Egs. and
is again based on the recognition that the actual time evolution is given by Eq.
that includes (small) coupling to an external equilibrium environment (“su-
perbath”). This coupling brings the system to equilibrium for any given constant
R, however the coupling is assumed small enough so as not to affect the response
of the system to the driving at any finite time. See also the discussion at the end
of Sec. Il As will be discussed below, we will assume the timescale to bring the
system back to equilibrium is faster than the driving speed. This is indeed the
strongest approximation (or assumption) we have made in this article. See the
discussion under Eq. .

Note that, p”(R) depends only on R and does not depend on ¢ explicitly,
whereas p™ (R, t) (n > 1) depends on t explicitly. Note also that

Trp = Trp® =1, (27)
hence,
Trp™ =0, n > 1. (28)

In what follows we makes another simplification, made possible by the nature of
our problem. While the composite system under discussion is macroscopic (com-
prising the microscopic system of interest and its macroscopic environment), the
changes represented by R are local, taking place within the microscopic subsystem
or at its boundary (that is, in its coupling to the rest of the full system). The evo-
lution e~ iHE=t)/ERrH 5O iHEt)/n ynder the full system Hamiltonian takes the
deviation of (¥ from equilibrium, caused by a change in R, back to zero. As-
suming that this relaxation is fast relative to the driving speed, we can make the
Markovian approximation

PR~ R / h T, p O Mgy = — RL9,00 (29
v 0 v
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We have denoted £71(-) = [5* e~ /M ()i Y /By BT Note that, with a constant R,
AW in this Markovian limit only depends on R (not on ¢ explicitly). Consequently,
the nth order correction is, under the same Markovian assumption

PUR) = Y RLT0 ) = (S RLT9) 0 1 (30

v v

Henceforward, we will refer to results associated with p™") “nonadiabatic”.

B. Nonadiabatic thermodynamics: second order in driving speed

With the results above, let us now calculate the rate of change of the thermo-

dynamic quantities up to the second order in driving speed by replacing p(*) in

Eqgs. (10)-(13) with oV (Eq. ([29))°,

E® = =3 ReRVTH(0.HL0,p0) = 3 Re R Te(HOL(L70,60)). (31)

av av

W = =3 HeRvTr(0, HL9,59), (32)

av

Q¥ = = 3" ReRTe(H0,(L70,6) + Y RoRUTr(N0,(£710,"),(33)

av av

and

N =~ Re BT (NOn(£710,50)). (34)

av

Note that the second order work rate, Eq. , is related to dissipation,

W = =3 ReRTe(0, HL0,p) = 3 Ko, B, (35)

av

where the friction tensor 7, is defined by°%0U 62

ew = Tr(O HLL18,5). (36)

12



Generalizing the result of Eq. , we now find that the first law of thermody-

namics is obeyed to the second order in R (i.e. in the nonadiabatic limit):
E® =Ww® 4+ Q® 4+ N®. (37)

As already alluded to at the end of Sec. and following Eq. , the heat
and particle current are characteristics of the openness of the full system to the
“superbath” that determines the temperature and chemical potential of the equi-
librium system. As discussed above, this information enters through the imposed
form of (¥ and does not explicitly depend on the coupling to this “superbath”.
These results for rates of change of the thermodynamic functions are mathemat-
ically consistent, but their physical interpretation should be assessed carefully as

further discussed below.

C. Entropy production

Next consider entropy production. At equilibrium, the von Neumann entropy,
Eq. @, is the proper extension of the Gibbs entropy to quantum statistical
thermodynamics. Here, as in Refs”!' and® we explore the use of the same concept
to slowly driven non-equilibrium systems by simply replacing the static density

operator p(°) by the full density operator j (Eq. .
S =—kgTr(plnp) (38)
The first order correction to S is (see Appendix [E)
SW = —kpTr(pM 1In p) (39)
or
SO = (0 - pr T (O R)
T T

_ 1 sl 7 A—19, 5(0) 1 s ( 14, 4(0)
_—T;R Te(HL'8,p )+usz:R Te(NL8,p) (40)
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Finally, we take the derivative of S with respect to time in order to calculate

the rate of change of the entropy to second order in driving speed,
. . 1 . A A
2) — o 1 _ = o Py —15 5(0)
SV = Ea R~0,S" = 7 é,, R*RYTr(0,HL™0,p")

~ ~
~ ~

1 a Pu ] -1 ~(0) 1 >a Pu \ -1 ~(0)
—?ZR R'Tr(HOL(L79,p)) +MT;R RVTr(NOo(L70,pV)41)

With Eqgs. (32)-(33), we find

S’(Q) — @ + W(2)
T T

For one electronic (or bosonic) bath, Y4, Eq. (36)), is positive definite®™%?, so that

(42)

the second law of thermodynamics is satisfied,

o QP W)
T T

1 ) )
= > Ry R >0 (43)

The relationship (Eq. (42)), which has been reported previously in the
literature®>*% indicates that the extension of Eq. for the entropy to driven
non-equilibrium systems is consistent with our understanding of the entropy con-
cept, in particular the association of entropy production with the (positive definite)
energy dissipation, at least up to the second order in the driving speed. Several

other points should be noted:
(a) Using Eq. , Eq. may be rewritten in the form
B® i Z 740 (44)
The corresponding first order relation (Eq. with Q) = 78M ) is
BO _ a0 = 7E0 4 0 (45)

Indeed, Eqgs. and can be derived starting from the total averaged energy

and particle number written in terms of the full density operator,
. . 1 o
B = pN =T(p(H = pN)) = =5 Tr(pIn e~ B(H-uN))

1 1
= —Tr(plnp®) — Z1nQ 46
5 (pInp™) 5 (46)
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With Eq. , the above equation gives
) . 1 1
EWL-mezqwﬂmuf—mw):—ETmﬁmmﬁmy—BmQ (47)
- ) 1
EW—MNW:IHWWH—MN»:—BE@Wmﬂ%n21 (48)

From Eq. (9), Eq. is just O — yN© = 750) _ %IHQ , while using Eq.
(39) and Trp™ = 0, the n = 1 equation of Eq. is EM — yN® =785 The
time derivatives of these two equations yield Eq. (since WwW = dF ©) /dt =
—B371d/dt1n Q) and Eq. (44), respectively.

(b) Beyond second order, however, while E™ — yN™ = —%Tr([)(”) In p©) we
cannot relate this expression to the corresponding order of the entropy expansion.
Namely, while such an expansion can be formally obtained from Egs. and
(21)), we find that

S0 £ —kpTe(p™ n o), n > 2 (49)
so that E™ — yuN™ £ T78M n > 2. Consequently
0D _ N0 £ PGt s o (50)

so that this procedure, which relies on the definition Eq. appears to fail
beyond second order.

(¢) In the quasi-static limit S = QM /T, which tells us that the change of
entropy in the full system is essentially given by the heat flux into the system. The
departure from this relationship at the next (second) order expresses the fact that
in addition to heat flux, there is an additional source of entropy — the dissipated
work W®. The latter is identified as the entropy production, S@ Q(Q)/T =
Ww® /T > 0. Note that in Ref”” the same physics was expressed from the outside
perspective: The outwards entropy flux was shown to be smaller than the outward
heat flux divided by T by the amount W® /T, which expresses the increase in

entropy remaining in the system due to the dissipated work.
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(d) As another way to look at the thermodynamics of the driven system, con-
sider the equilibrium states 1 and 2 that correspond to two sets of system param-
eters, R; and Ry, respectively. Starting from state 1 consider a protocol R(t)
that eventually takes the system to state 2. Since both states 1 and 2 are well
defined equilibrium states, the change in any state function F is independent of
the protocol and can be calculated from the integral over the quasi-static pro-
cess, AF = F(2) — F(1) = ff dtF(t). Consequently, for any driving protocol,
any state function must satisfy 0F = 0, where the excess function §F is defined
by 6F = F(t) — F(t) The work obviously depends on the R(t) protocol and
is given by the first term on the RHS of Eq. (15), W = ff dtTr(p) Raaaﬁ).
The excess work, 6W = W — WM is the dissipated work associated with the ir-
reversible driving. In particular, to second order in the driving speed, dissipated
work is given by W® = ff Aty R%ya,R’. The first law implies that this excess
work equals the excess heat that is given to the “superbath” during the process,

W =-6Q = —(Q — Q(l)), and consquently
2
65 = / dtS® =0, (51)
1

in agreement with Eq. .

The apparent contrast between Eq. and Eq. needs be clarified: Eq.
(51) states the obvious — the system entropy change between two equilibrium
states is fully accounted for by the corresponding quasi-static process, irrespective
of driving protocol; whereas Eq. quantifies the instantaneous rate of system
entropy change due to dissipative processes along a trajectory on which the system
is driven at finite-speed. First, note that ff dtS® £ 0 if the integral is done
between any two points along the finite-speed trajectory. It vanishes only between
equilibrium points, i.e. when the driving came to rest and enough time has passed
to allow the system to equilibrate. Secondly, in the latter case, when states 1
and 2 are equilibrium states, the fact that ff dtS® = 0 for any driving protocol

used to induce the 1 — 2 process only means that any entropy produced in the

16



process is associated with the heat transferred to the external “superbath”. The
excess entropy produced when this protocol induces irreversible dynamics (such
as with finite speed driving but including the relaxation that takes place after the
driving stops until the system comes to complete equilibrium) can be identified
as T716Q =T ff dtQ®, provided that Q@ describes also the heat transferred

to/from the superbath during this relaxation segment.

In light of these remarks, the physical contents of Eq. can be understood as
follows. In the expression S® = (W@ 4+Q®)/T, W® > 0 is the excess work done
because of the finite speed driving. At the end, all this excess work will exit as
heat to the superbath of temperature 7', implying entropy change in the universe
of T—1 ff dtW® . However, at any point in time —Q® is the rate of heat escaping
the system into the superbath (note that our choice of sign is that positive @
describes heat entering the system) and the difference S@ = (W® — (—Q®@))/T
describes entropy increase in the system. The total rate of entropy production
S@ 4 (—=Q®/T) — the sum of rates of excess entropy generated in the system
(calculated has the second order contribution, S®)| to (d/dt)Tr(pIn p) (Egs. (38)-
(40)), and the rate of excess entropy produced in the “superbath”. In a change
between equilibrium states no excess entropy is produced in the system, || 12 dtS® =

0 , and all the excess work is dissipated as heat into the external “superbath”,

[LdtW® = — [2atQ®.

Our discussion so far has focused on the thermodynamics of the full system.
Next we consider the thermodynamics of the interesting subsystem on which the
driving is done: We assume that the parameters R characterize this subsystem

and/or its interaction with its environment.
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IV. SYSTEM-BATH SEPARATION

In the above treatment, the basis for the Markovian assumption, Eq. ,
was the local nature of the driving. Here we further explore this local nature
by separating the full system considered above into a sub-system D (henceforth

referred to as “dot”) and a bath B, with the Hamiltonian written as
H=Hp+ Hp + Hy, (52)

where H; is the coupling between the sub-system and bath. While the analysis
above has focused on the effect of driving on the thermodynamics of the full D+B
system, our aim now is to address, as usually done, the thermodynamic properties
of the subsystem of interest — the dot D. With this in mind we assume that the
driving takes place within this subsystem, that is, Hp = H p(R) while Hp and
H; are constant. The dot and its driving dynamics can otherwise be general, with
arbitrary number of levels and driving parameters.

In the weak sub-system—bath coupling regime, the distinction between sub-
system and bath is based on two attributes: First, the ‘sub-system’ is the focus of
our interest (in the present case because it is the subject of the external driving
and of any subsequent measurement) and second, it is assumed the sub-system—
bath coupling is much weaker than the interactions that bring the bath to thermal
equilibrium. Under these assumptions the full density operator is written as a
direct product of the sub-system density operator and the density operator of the
equilibrium bath: p = pp ® pY and the evolution of sub-system properties are
obtained by evaluating pp. In the strong coupling regime, however, sub-system
and bath become entangled and such a decomposition of p does not hold. Still, even
in this case it would possible to consider separately the thermodynamic properties
of the two subsystems provided that an unambiguous way exists for splitting the
contribution of the interaction operator H; between them. In general no such

procedure exists, however the expectation values of single particle operators can
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be separated between the two subsystems based on the following consideration:
The expectations values of such operators can be written as traces over single
particle states involving the single particle density matrix. For example, if Ais
such an operator, A = > i A;;¢fé; (where ¢ and ¢* are single particle annihilation
and creation operators), the expectation value of A can be written in the basis of

single particle states of the free D and B systems, respectively, in the form

. L 1.~ . 1
(4) = Tr(pA) = JTe(pA + Ap) = > 5 (Aijoji + 0ijAji)
1 1 ? . "
=) 5 (Aijogi + 03 Agi) + > 5 (Aijogi + 0y A1) = (A)p + (A (53)
i€D,j i€B,j

The symmetric forms of (A)p and (A) 5 are needed to guarantee that these expec-
tations are real-valued. o here is the single particle density matrix, oy; = Tr(5¢ ¢;).
This suggests a natural separation of averaged single particle observables into
parts associated with the individual subsystems. When A=N-=N D+ N B
is the number operator, this expresses the trivial separability of the total par-
ticle number into a sum of particle numbers in the two subsystems. When A
is a Hamiltonian of a non-interacting fermion or boson model, that is Eq.
with Hp = >4 €alt Ca, Hp = >y €66y Co, H = S Vea(éhéy + ¢ ¢q), we have

(HY = Tr(pH) = (H)p + (H) 5 with (similar to Eq. (B3)).

N 1 ~ 1 -
(H)p = ;Udpdd + B %(%badb +oaVa) = (Hp) + §<HI> (54)
and
(H)p = Z%pbb + ! Z(deadb +oaVa) = (Hp) + 1<ﬁ1>
b 2 bd 2
(55)

where (H;) = Tr(pH;). Thus, the assumption that the interaction energy between

the the two subsystem is evenly split between them, assumed in several recent

51156

papers"*Y naturally holds in models of non-interacting bosons or fermions.®? Fig.
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provides a schematic view of this splitting. It should be emphasized, however,
that this result holds only for a restricted set of models and for expectation val-
ues of operators with bilinear system-bath coupling. In general, it is not true
that Hp + %ff ;and Hg + %f[ 1 are effective Hamiltonians for the two subsystems;
these effective Hamiltonians can be used to calculate first moments of the energy

distribution, but will in general fail capturing higher moments.52

Super Bath

System

Effective Bath

Effective Dot

FIG. 1: Our system consists of a dot, a bath and interaction between the dot and
the bath. With the proper splitting of the interaction in Eqs. —, the
system is divided into a effective dot and a effective bath. A super bath may or

may not be present around the total system.

Assuming that this even splitting of (I;T 1) between the D and B system holds, we
can now consider the thermodynamic properties of each subsystem. In particular
we focus on the dot D. Note that, when considering the full D4+B system we must
resort to the (at least conceptual) existence of a “superbath” that maintains the
equilibrium properties of the (otherwise closed) system, but at the same time,
the dynamics at the D-B interface should not depend on the existence of such a
superbath. Thus, when we focus now on the subsystem D, we will proceed by

considering D+B as a closed system, keeping in mind that B is infinitely large.
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For this closed system we can write

a=ay+ oy’ (56)
1.

HYT = Hp + 2HI (57)

N A 1 -

HYT = Hp + St (58)

which is assumed to hold as long as we limit ourselves to the calculation of first
moments of these operators. Furthermore, obviously N = Np + Np.

First law. We can now consider the energy change in the full system

dE df dp

%:T(dt’)HT(Hdt)

dHD Fre re
Tr (70) + Tr((Hfo + HBff)

dp

Ly (59)

and its trivial (since dN /dt = 0 for this closed system) extension

d(E — uN dH R ~ dp
W) _ o M) (1 - i) 2)

dp
dt

dHp soff v
dt p)+ Tr((Hfo + HBff - N(ND + NB))

= Tx( ) (60)

The last terms on the RHS of Eq. and Eq. vanish for the full closed
system (see Eq. and subsequent text). However, these expressions can be

separated into their dot and bath parts. In particular

Ep =puNp+Wp+Qp (61)
where
. dHET dHp
Wp =T D_5 =T b 62
D r(dtp) r(dtp) (62)
- dp
Np = Te(Np df ) (63)
Ep =Tr(H p) (64)
and

dp

eff _
Qo = T{(HF" — ni¥o) D).

(65)
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thus establishing the first law of thermodynamics for the subsystem D. This result
stems only from the the separability expressed by Eqgs. —. For slow driving
we can further apply the expansion (Eq. (21)) of the full density operator p in
powers of the driving speed R, p = p©@ + p) + ... and rewrite Eq. in the

corresponding orders

By = uNp + Wy + Q) (66)
By = uNy + Wy + Q) (67)

where the first and second order rates are obtained by replacing p by p© and p™)
in Egs. —, respectively. Note that if only Hp is changing by the driving,
WY = W® >0 (ct. Bq. [@3)).

While the work term in the above expressions is conceptually straightforward,

the physical contents of the heat term is less obvious. Note that (since Qp+Qp =
0, see Eq. (16))
QD = Tr((ff]%” - MND>

~ ~

d : . < ood
L) = =Qp = —Tr((H = uNp) D) (69)

so these rates represent a heat current between dot and bath induced by the driv-
ing. It is also important to note that although these relationships are derived from
a closed full system (D+B) picture, the appearance of u indicates that eventually
particles of the full system are exchanged with a superbath of chemical potential
w. Indeed, Eq. is a bookkeeping device: particles move between sub-systems
D and B so that the total energy and number of particles are conserved. However,
Eq. is a statement that particles exchanged with the bath will eventually,
even if on a very different timescale, be exchanged with a superbath of chemical
potential .

Entropy. The entropy of the full closed D+B system, S = —kgTr(plnp), is
conserved during its unitary evolution. This is easily shown explicitly, repeating
the procedure outlined in Appendix [E}

d 4

) _ dﬁ 1 ~
JR— fg— n) — ) 1_ [ g— A A —
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This implies that, as in Eq. , if proper splitting of the entropy to its D and B
parts can be formulated, changes in the subsystem entropies will reflect entropy
flow between them(see also Ref). To define such partial entropies we use the
already established splitting of the energy and number operators H and N and
rewrite the time evolution dS/dt in terms of these operators. To this end we use
the expansion and the definition to write the corresponding expansion of
S.

d d
(SO + 80 ) = kg Tr((p0 + U 4 ) In(p 4+ o 1)) =0
(70)

The first two terms were obtained above: S = —kzTr(p® In p?) (Eq. (9)) and
SW = —kpTr(pM In p0) (Eq. (B9)). Using Tr(dp/dt) = 0, the time derivative of

the former is obtained as

. d 1 A ~d
W= — 8O = _Ty((H — uN)—p® 1
S =280 = S T((H — pN)=0) (71)
while that of SV is given by
. d 1d . .
@ - 2 — Z Z1p(sW(H — uN

At this point we have expressed the entropy to first order in terms of H and N, so
that we can adopt the splitting of Egs. —, and define the rate of entropy

change in the sub-systems. In particular,

. 1 fe oo d o
Sg) = TTr((Hfo - MND)—dtP(O)) (73)
. 1d .
(2) — A1) ( freff
= ——Tr H N 4
58 = 2 (O — ) (74)

And using the definitions in Eq. —, we arrive at

TSR = Q) = B ) 1) ™
TSR = Q) + WD = B g (7

23



where again, the different orders of Q, W and N are obtained by substituting the
corresponding orders of p in Egs. —.

Finally, as before, to the second order in the driving speed, the entropy change
in subsystem D is seen to be associated with the friction work: When the driving
affects only H D, the entropy production is given by TS'(DQ) — Q(;) = W,(f) — W@ >
0. However, as noted before, this formalism cannot be extended in a simple way

to higher orders in the driving speed.

A. The resonant-level model

Several recent papers have considered the driven resonant-level model as a sim-
ple test platform for quantum thermodynamics in strongly interacting situations.

Here we apply the formalism developed above to this model. The Hamiltonian is
H=eg(t)d d+ > Vi(d e, +é0d) + > enéit (77)
k k

where the dot level (sub-system D with creation and annihilation operators now
denoted cz+, a?) couples linearly to a manifold of electronic levels k of the bath B
through Vj. The retarded self-energy of the dot level is defined to be
V2
Sle) =)y —F—, 78
(€) zk: €— €+ 1M (78)

Here, n is a positive infinitesimal. The corresponding spectral function is

—2Im¥(e)
(e — g — ReX(e))? + (ImX(€))?

Applying the formalism of Sec. to this model, Egs. — and —

lead to explicit expressions for the different rates. In particular, the non-adiabatic

Ale) =

(79)

correction to the work per unit time done to drive the system (frictional work) is

obtained as (Appendix A)

: hé2 [ de ,Of(€)
(2) _ _I%q [ @€ 4o
Wp' = 2 / 27TA Oe (80)
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where f(€) = (1+exp(S8(e—p)) ™" is the Fermi distribution. It is obviously positive,
satisfying the general result Eq. . The corresponding entropy change is given
by (Appendix B)

- : : hé? [ de DA% f (e)
789 = BY —uNy = -4 [ (e — p)—— 81
D HAN b 2 o (6 N) 8€d ae ( )
can be shown (Appendix B) to satisfy the relationship (compare Eq. (42))
TSy - QY =Wy (82)

from which the heat flux may be obtained. These results are obtained without
invoking the wide-band approximation. If we further make this approximation
the retarded self-energy (Eq. ) becomes pure imaginary and independent of €,
3(e) = —. In this limit the heat current can be simplified to give (Appendix B)

QF = B -V - =1 [t
The corresponding results of W,(Dz), Qg) and S’g) are in agreement with the results
in Ref?L,

In Fig. we plot Qg) for the resonant level model. Note that Qg) shows a
dip near the Fermi level (when €4(t) = p). This dip reflects the fact that electrons
exchanged between dot and bath at the Fermi energy do not produce heat as
expressed by the € — p term in Eq. . Such a Fermi resonance has also been

reported when calculating friction (see e.g. Ref21%2).

B. Bosonic system

Similarly, we can apply our approach to a bosonic system. Here, we investigate
a simple bosonic system, where a primary bosonic mode couples with a noninter-

acting bosonic bath. To be specific, the total Hamiltonian can be written as

H=Qt)a 0+ wnbhbm + Y (@™ +a)(b, + bm) (84)
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FIG. 2: Heat generation rate to the second order in driving speed Qg) for the
resonant level model (Eq. [83)). Here, we set €q(t) = éqt (€4 is a constant). Note
that Qg) shows a dip near the Fermi level (when ¢;4(t) = u). Parameters: p =0,
['=10.03eV, kT = 0.015eV .

Here a is the annihilation operator for the primary boson with time dependent
frequency Q(t). by, is the annihilation operator for the bosonic bath mode with
frequency w,,. The last term in the above equation describes the coupling between
the primary boson and the bosonic bath. For simplicity, we will apply the rotating
wave approximation, such that the coupling term (the last term in the above
equation) is approximated by 32t (atby, + b)a). Similar to the resonant level
model, we can define the strength of the coupling, I'(w) = 27 Y, |tum[*d(wm — w).
We will also invoke the wide band approximation, such that I'" is independent of
w.

For the bosonic system, the number of bosons is not conserved (and one can
simply set the corresponding chemical potential to be u = 0). Apart from this

difference, the calculation for the noninteracting bosonic system is very similar

to the resonant level model. We do not repeat the calculation, and simply show
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the results. With slow driving (Q(t) slowly varying as a function of time), the
corresponding rate of work to the second order in driving speed is

P [ dw 0 ()

W —
D 2 o Ow

(85)

Here fp(w) = (exp(w/kT) —1)7!, and A = T'/((w — Q)? + ('/2)?). The corre-

sponding rate of change of energy (to second order) is

g _ M [dw 0A20fp(w)
DT "% | 9700 ow

(86)

Finally, the rate of change of heat production (to second order) is then given simply

by Qg) = E}?) — W[(f). Thus, we recover the results reported in Ref Y.

C. The Anderson model

The general framework of Sec. [IHITI does not depend on the details of the
system considered, and is applicable regardless of whether systems of free or in-
teracting particles are considered. Such details are of course important for actual
calculations of the thermodynamic functions. The simplest generalization of the
resonant level model (Eq. ) to include electron-electron interaction is the An-
derson model

H=e,(t)Y dide +Udfdid[d, + Y Vildfew +¢l,ds) + > eréi,tno (87)

o ko ko
where now we include spin degrees of freedom, o =T, |, explicitly.

As discussed above, once we go beyond non-interacting particle models, the
splitting, Eq. — of the system bath interaction energy between system and
bath does not hold rigorously. The calculation described below is based on the
assumption that imposing such splitting, namely defining system and bath Hamil-
tonians by Eqgs. — for the purpose of calculating average energies is still

a reasonable approximation. Note that the calculation of the friction v and the
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corresponding excess work W}f) (Ref”) does not require this splitting assump-
tion. It is however needed for evaluating (or rather assigning) the thermodynamic

energies associated with the dot subsystem.

In the calculation described below, we set
ealt) = € + V29 (t) (88)

where x changes with time. In order to calculate the thermodynamic quantities
we need to diagonalize the Anderson Hamiltonian Eq. , which can be done
through numerical renormalization group (NRG) theory. For simplicity, we will
apply the wide band approximation, such that I' = 27", V?6(e — ¢;) is a con-
stant. The details behind an NRG calculation can be found in Ref. 64/ and in the
supplemental material of Ref. [57. We also present crucial steps in Appendix D.

Here we use this model to calculate El()l) — uN l()l ) where

B — uNy = Te((H — uNp)p™) (89)

Eg) — uN ](32 ) is then simply the derivative of ES) — N g ) with respect to ¢ (or z,
or ¢4 since we have defined e4(t) = € + v/2gz(t)). Without loss of generality, we
will set = 0, such that it is sufficient to calculate ES) = Tr(H p0).

As shown in Fig. ES) is nearly zero when electron-electron interactions are
treated within a mean-filed theory (MFT, see Appendix D). That being said, when
these interactions are treated within NRG, we see notable peaks. Furthermore,
these NRG peaks shift with temperature. Just as in Ref. |57, these peaks arise
due to Kondo resonances, and the peak positions reflect a match-up between the
Kondo temperature and the actual temperature. At very low temperature, these
Kondo peaks vanish. Understanding such Kondo signatures and their behaviors

will require further analytical theory and investigation in the future 866

28



2e-04

— kT = 10~ %eV]
rooal | — kpT =107V
— kpT = 10 5eV
_ -7
P -- MFT
>~
= 0e+00
\Eﬂq
-5e-05|
-1e-04
26045 4 ) 0 > 4 6

FIG. 3: With electron-electron interactions, Eg) from MFT (dashed line) is
nearly zero. The MFT result is plotted at kgT = 10~%eV. At lower temperature,
MF'T results are even smaller (not shown). By contrast, NRG (solid lines)
predicts notable peaks. Just as in Ref®?, these NRG peaks shift with
temperature and are due to Kondo resonances, where the position of the peaks
corresponds to the case where Kondo temperature is comparable with the actual
temperature. At very low temperature, the Kondo peaks vanish. Parameters:
U=0.1eV, ' =0.0leV, ¢¢ = —0.05eV, g = 0.0075eV, . = 0. We also set
hi = 0.001eV ( z is unitless, see Eq. (88)).

V. CONCLUSION

We have used a density operator formalism to investigate the quantum thermo-
dynamics of a driven system. Such a formalism is very general, treating fermionic
or bosonic systems on equal footing and allowing interactions. Our approach is
based on an expansion of the full density operator in orders of the driving speed,

and is consistent with the first and second laws of thermodynamics (at least up to
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the second order in driving speed). In addition, for a model based on system-bath
separation, we can formulate the thermodynamics quantities for the sub-system
only (assuming that we drive only Hp (and not H 7). When applied to the resonant-
level model, our results reduce to previous known results.® When electron-electron
interactions are included, thermodynamic quantities show interesting Kondo res-
onances at low temperature. Finally, we emphasize that our current approach
can be easily extended to multiple levels and beyond the wide-band limit. Future
work must address the outstanding quantities of quantum thermodynamics of a
system in the presence of multiple baths under nonequilibrium conditions and the

non-Markovian feature of quantum thermodynamics.®”
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Appendix A: Evaluating Wg)

For the resonant level model, the steps taken to evaluate W,(jz) are very similar
to the steps taken in the Supplemental Material of Ref. [57. Similar procedures
will also be taken to evaluate Eg) — uN 1()2 ) in Appendix .

For convenience, we denote the non-interacting Hamiltonian (Eq. (77)) as

H=> Myite, (A1)
Pq

For simplicity, we assume H,, is real. In the single particle basis,
Ogp = Tr(é;réqﬁ) (A2)
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At steady state, 0((,2) = f(H)y, where f is the Fermi function. Note that for
the model in Eq. , only €4(t) depends on t. According to the Markovian
approximation, o) can be written as

o)

N
o =t [ (it

Let the eigenbasis of H be denoted by {|n)}, so that H|n) = e,|n). For the

exp(iHt/h)dt (A3)

resonant model in Eq. , we can perform the following manipulation in the
single particle basis,

jii
d dtD p) = é4Tr(

0H "

( S P) = &Tr(d* dp) = éuldlold) (A4)
€d

where (d|o|d) is the matrix element for dot level. W](DQ) can then be rewritten as

- . OHp .
Wg) _ EdTr(?f,O(l)) = ¢g{d|o™M|d)

.9 > . 80(0) .
= —ed/ (d| exp(—iHt/h) e exp(iHt/h)|d)dt
0

o0 (0)
= —é ;/0 (d|m) exp(—ient/h) (m|8§€d |n) exp(ie t/h)(n|d)dt
o ®) i
— _je2 e
= s S ) ol G o) (A5)

Again, here 7 is a positive infinitesimal. Note that W}f) is real. To prove this fact,
we note that the above equation is invariant between m and n (all matrix elements
above are real, since H,, is real). If we interchange m and n, the right hand side
of the above equation becomes its corresponding complex conjugate. If we take

the ) to the zero limit, we arrive at

. e
W5 = i S ) (] 5 ) (ol )3 e — ) (40

mn

As shown in Appendix |C| (and also in the Supplemental Material of Ref. 57), we
can evaluate

90" o2

(I =) = (| 9y L) = (0] (a7

€m — €n
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For the resonant-level, g_Zj = |d)(d|, Thus, using the identities

e — e IO (e, ) OT00) (A8)
and
Sem — ) = [ ded(e =~ c)o(e — e, (A9)
we can proceed to simplify
= ) 57 ) e R
= i S ) 5 1) e - e 2t
= —ehé Y aln) () )l e — ) 22
= ey [ detatmte = en)omla i) te o) nkd) 221
= —hé?i/ —(d|TmG|d){d|ITmG|d) ——=> f( ) (A10)
Here G is the single particle Green’s function
= ;mﬁw (ALL)
and the imaginary part is (taking the 7 to the zero limit):
G =~ 3" m)le — )l (A12)

The dot level matrix element of ImG gives the spectral function A = —2(d|ImG|d),
such that

e B [ de ,0f()
(2) &g
b 2 / 27 Oe (A13)
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Appendix B: Evaluating Eg) — ,uN g )

Similarly, we can now evaluate E(DQ) — uN 1()2 ). Note that

Te(Npp) = Te(d"dp) = (d|o|d) (B1)
and
Tr(HE7 p) = Tr((eqdtd + % > Vi(gid+dter))p)
k
= ReTr((eqd™d + > Vid'ér))p) = Re(d|Hold) (B2)
k
Therefore,

. N S
B — uNy = €d8—€de((HD — pNp)p)
0
€d

= éazRe Sl = ) mlo ) ()

= €4

Re(d|(H — p)o®]d)

_ eda%ReZ(em — w){djm) (m|o® ) nd) (B3)

mn

Again, all matrix elements are real. If we look at the following matrix element,

using the results above, we arrive at

Re(m|oD|n) = —¢.Re /0 " (] exp(—iHt/h) age(j) exp(iHt/h)[n)dt
— —rhég(m| age(:) )6 (Em — €0)
= il Sy L = L
= —Whéd(m|g—f:]n>%:1)5(€m — €n)
= —rhéalmd) i) L) 5(e — ) (B4
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Accordingly, we can evaluate

B — N = —ehéi = 3 (e — )l k)l ol ) 2 e, )
= il > [ dete = et} = ) onld) (e — )l
= i [ e lalnGla) (nnGla 2L
hé2 [ de DA% Df(¢)

= -_——-—— 6 —_— —
2 27r( ") Oeg  Oe
Up until to now, our results have not relied on the wide-band approximation.

In the wide-band limit, A = such that 8 A = %A. If we integrate

(6—6d) +('/2)?

by parts, we find

Ep) — uNgy = h;d g;(e—u)aa—fagie)
e T
- S;A (CRLELE s (Bo)
From Eq. and Eq. (A13)), we recover the results in Ref. 52
QF = B - i ) = " [acie-a? L )
Appendix C: Evaluating (m|2% " |n)
We note that
2 lemdimn = o tmlo® ) = (012 )+ 20y 4 g0 2
= 2+ (e 2+ e ol 0
= 2 )+ (e — S ol A c)




Similarly,

0 0 OH d|n)
B — = — = B — 2
e mdn = g (M) = (|55 ) + (e — ) (ml 57 (€2
At this point, we multiply % on both sides of the above equation:
aH (Gm) B f(en) . f(em) B f(€n> 0 a|n>
(m| ey n) P = o — e agdﬁm(smn (f(€m) — fl€n))(m| ey
(C3)
Note that
f(em)_f(en) d _ 0
€ — €n aEd 6m(srrm - 86df<€m)5mn7 (04)
and therefore,
OH (€m) — flen) O B B oln) dpo
(m| ey n) P = ey (€m)0mn — (f(em) — f(€n))(m] dey (m| e, n)
(C5)

Appendix D: NRG and MFT calculation for the Anderson model

In a NRG calculation, the Anderson model is mapped onto a semi-infinite chain,
H = ¢y(t dtd, + Udfd+dd \/j d? foo td,
Ed()ga +Udyarapayp + 7T;(afo + fordo)

+ Z tn(f?jofn+10 + Jiﬂla]ﬁno) (Dl)

where ¢, decays exponentially with n (the exact form of ¢,, are given in Ref. [64]).

Furthermore, the subsystem ﬁgf s
N Al A AA A A 1 /T Al A
eff _ + +7 g+ + +
HD = 6d(t) Z do— dy + UdT de¢ d»L + 5\/;Z(da an + anda) (D2)

Using eigenstates of H from NRG, H|¥;) = E;|¥;), just as was shown in the

supplemental material of Ref. 57, we can now calculate the first order energy as
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follows (with NRG):

o e -~ 7Tl 8 S TT 4!
Eg) — TI'(Hle)ffﬁ(l)) — —LC/ Tr(Hle)ffeszt /h%ﬁ(o)eth /h)dt/ (D3)
0
.Th3 Oegq coff X e BEs | o—BEI
=i o > (U H W) (0 |60] ;) Z 6(E; — Ep) (D4)

1J
where on = > (cZ;“CZU - %Zl<\111]cfjcfg\lfl>e_ﬁE’>, and Z = Y, e PE7. Further
details of the actual NRG calculation can be found in the supplemental material of
Ref. 57, For the NRG calculations in Sec. we set the logarithmic discretization
parameter to A = 2. At each step, we keep up to 500 states.

Finally, let us discuss MFT. When treated within a mean-field level, the total
Hamiltonian becomes quadratic:

Hypr = Expr Y dide + Y Vildl oo + ¢lydo) + ) exélytro  (D5)
o ko ko

Let us assume a spin restricted solution so that ny = n|, and
EMFT =€q + nTU (DG)

where

de r
e / 21 (e — Emrr)? + (F/Q)Zf(E) o7

Eq. and Eq. (D7) have to be solved self consistently. With Ey;pr, the MFT
solution of Eg) is
hOE de r 2 0f(e)
E(l) — _9 . MFT /_ DS
D 50 | m\e—EwmEr2e) o PY

The factor 2 in front of the above equation counts for spin degeneracy.

Appendix E: Proof of Eq. (39)

Here we calculate the first order correction to S®. To explicitly indicate the

small parameter, we write
b= /5(0) + )\ﬁ(l) + )\2/3(2) 4. (E1)
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where we have used the power of A to indicate the order of small parameters. Our

goal is to expand S
S = —kpTr(pInp) = SO + AWM 4 \25@) ... (E2)
The zeroth order then can be written as
SO = _kpTr(pIn p)|amo = —kpTr(p? In p@) (E3)
The first order correction is
S = —kBiTr(plnﬁ)\,\zo = —kBTr(d d In /)| a0

) ) Pax
) d
= —kpTe(p) In pV) — kpTr(pp~ "P)heo = = —kpTr(pM I pV) (E4)

Inp)|r=o — ksTr(p

Here, we have used that Tr(p-% In p) = Tr(pp—*<kp). To prove this identity, we as-
sume that In j can be formally expanded in a power series Inp =37 (=1)"*(p—

1)"/n. Using the cyclic property of the trace, this leads to
d A d d
Tr(p—Inp) = Tr( D" (p—1)""'—p) =Tr(pp ' —p E5
v(py mp) = Te pz )" p) = Te(pp 2p) (D)

where we have used the formal expansion of p~! = (1+p—1)"". Admittedly, in this
derivation we have used formal expansions that numerically converge only when
|p]| is close enough to 1, which is not necessarily true here. Note, however, that
we have used this expansion only to prove the identity Tr(p-% Knp) = Tr(ﬁﬁ_lﬁ ),
where the Tr helps to remove the ordering ambiguity between p (or p~!) and
dp/dA. Alternatively we could prove the same identity using (again, formally) the

representation of p.

* Present address: Center for Nanoscale Science and Technology, National Institute
of Standards and Technology, Gaithersburg, MD 20899 & Institute for Research in

Electronics and Applied Physics, University of Maryland, College Park, MD 20742.
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