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Recently, the celebrated Rytova-Keldysh potential has been widely used to describe the Coulomb
interaction of few-body complexes in monolayer transition-metal dichalcogenides. Using this po-
tential to model charged excitons (trions), one finds a strong dependence of the binding energy on
whether the monolayer is suspended in air, supported on SiO2, or encapsulated in hexagonal boron-
nitride. However, empirical values of the trion binding energies show weak dependence on the
monolayer configuration. This deficiency indicates that the description of the Coulomb potential is
still lacking in this important class of materials. We address this problem and derive a new potential
form, which takes into account the three atomic sheets that compose a monolayer of transition-metal
dichalcogenides. The new potential self-consistently supports (i) the non-hydrogenic Rydberg series
of neutral excitons, and (ii) the weak dependence of the trion binding energy on the environment.
Furthermore, we identify an important trion-lattice coupling due to the phonon cloud in the vicin-
ity of charged complexes. Neutral excitons in their ground state, on the other hand, have weaker
coupling to the lattice due to the confluence of their charge neutrality and small Bohr radius.

I. INTRODUCTION

The discovery that monolayer transition-metal
dichalcogenides (ML-TMDs) are two-dimensional (2D)
direct band-gap semiconductors has sparked wide in-
terest in their optical properties1–13. It also resurfaced
the problem of calculating exciton states in ultrathin
semiconductor heterostructures by the use of the con-
ventional Coulomb potential14–23, e2/εr, where e is the
elementary charge, ε is an effective dielectric constant,
and r is the distance between the charged particles in
the 2D plane. The conventional potential is a good
description when the dielectric constants of the various
layers have similar magnitudes. While this scenario holds
in typical semiconductor quantum-well heterostructures
such as Si/SiGe or GaAs/AlGaAs, it does not hold
when an ML-TMD or graphene is suspended in air,
supported on low-dielectric materials or encapsulated
between them. The Rytova-Keldysh potential is a better
description in these cases14–17,
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where e1 and e2 are the charges of the interacting par-
ticles, located in the mid-plane of a thin semiconductor.
The latter is embedded between top and bottom layers
with dielectric constants εt and εb, as shown in Fig. 1(a).
H0 and Y0 are the zero-order Struve and Neumann spe-
cial functions, κ = (εt + εb)/2, and r0 is a measure of the
dielectric screening length due to the polarizability of the
2D semiconductor17.

The Rytova-Keldysh potential has become a prevalent
description of the Coulomb interaction in ML-TMDs af-
ter it was shown to support the non-hydrogenic Rydberg
series of neutral excitons18,19. However, in spite of its re-
cent popularity24–44, it does not properly model charged
excitons (trions). While their calculated binding energies
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FIG. 1: (a) The dielectric environment when considering a
uniform ML with polarizability χ. Also shown are the field
lines between opposite charges. (b) The ML thickness is d and
it is modeled as three atomic sheets with polarizabilities χ+

for the central one (Mo/W) and χ− for the top and bottom
ones (S/Se/Te, displaced by ±d/4 from the center). Screening
from the chalcogen sheets helps to confine the field lines in the
ML, thereby reducing the dependence on the bottom and top
materials whose dielectric constants are εb & εt.

show a strong dependence on whether the ML is encap-
sulated, supported, or suspended, the empirical evidence
is reversed. The binding energies of trions in MoSe2 and
WSe2, for example, have been repeatedly measured in
various configurations showing that they are nearly un-
affected by the values of εt and εb (see Table II). That is,
the role of the environment is mitigated.

We derive a new potential form, taking into account
the three atomic sheets that compose an ML-TMD, as
illustrated in Fig. 1(b). Since electrons and holes are re-
stricted to move in the mid-plane of the ML (their wave-
functions are governed by orbitals of the transition-metal
atoms), the chalcogen atomic sheets act as a buffer be-
tween charged particles in the ML and the outside world.
The in-plane polarizability of these buffer layers provide
additional screening to the in-plane component of the
Coulomb interaction, thereby hindering the electric field
from breaking out to the top and bottom layers when r is
not much greater than the thickness of the ML, d, or its



2

characteristic screening length. The calculated binding
energies of trions strongly depend on the inter-particle
interactions when r ∼ d, resulting in weak dependence
on the values of εt and εb. The measured energy sepa-
ration between the 1s and 2s states of neutral excitons,
which represents how similar is the Rydberg series to that
of an effective 2D hydrogen model, is also recovered by
the new potential. Furthermore, we identify an impor-
tant difference between the cases of neutral and charged
excitons in ML-TMDs. The crystal in the vicinity of a
neutral exciton is not distorted since the exciton’s Bohr
radius is smaller than the polaron radius of electrons or
holes in these materials. This scenario changes for trions
since their nonzero charge distorts the polar crystal in
their vicinity. The phonon cloud leads to an increase in
the effective mass of the trion, which in turn leads to an
increase in their binding energies.

II. A PHENOMENOLOGICAL MODEL FOR
THE COULOMB POTENTIAL IN ML-TMDS

Our approach to the problem is to replace the system
shown in Fig. 1(a) by the one in Fig. 1(b). The cen-
tral atomic sheet comprises electron-deficient transition-
metal atoms while the top and bottom ones comprises
electron-rich chalcogen atoms. In analogy to the treat-
ment of graphene by Cudazzo et al.17, we consider their
in-plane polarizabilities, χ±. The Poisson equation for
the bare Coulomb potential follows45

∇
[
κ(z)∇φ(r − r′; z, z′)

]
= −4πe1δ

(
r − r′

)
δ
(
z − z′

)
− 4πρind(r, z) , (2)

where the potential is induced by a point charge (e1),
located at (r′, z′), and the relative dielectric constant is

κ(z) =

 εt for z > d/2,
1 for − d/2 < z < d/2,
εb for z < −d/2 .

(3)

Using the relation ρind = χ±∇2
rφ for the induced-charge

density, the 2D Fourier transform of Eq. (2) reads
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where A is the area of the ML and `± = 2πχ±. Fix-
ing the point charge to the mid-plane, z′ = 0, one can
solve Eq. (4) with the boundary conditions that φq(z, 0)
is continuous and its derivative is piecewise continuous
with jumps of 2q2`+φq(0, 0) − 4πe1/A at z = 0 and of
2q2`−φq(±d/4, 0) at z = ±d/4. The Coulomb interac-
tion between e1 and e2 yields

V (q) = e2φq(0, 0) =
2πe1e2

Aε(q)q
, (5)

where the static dielectric function follows

ε(q) =
1

2
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]
. (6)

Defining pj ≡ (εj − 1)/(εj + 1) for the top and bottom
dielectric constants (j = b/t), we get that

Dj(q) = 1 + q`− − q`−(1 + pj)e
− qd
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2
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The real-space 2D interaction between the two charges
in the mid-plane is then found from,

V (r) =
A

4π2

∫
d2q V (q)eiq·r = e1e2

∫ ∞
0

dq
J0(qr)

ε(q)
, (8)

where J0 is the zeroth-order Bessel function.
The Rytova-Keldysh potential can be recovered when

considering the strict 2D limit [d = 0 in Eq. (7)],

ε(q)
d=0−−→ εRK(q) =

εt + εb
2

+ q(`+ + 2`−), (9)

and upon its insertion in Eq. (8), one recovers the form
of VRK(r) in Eq. (1) with r0 = `+ + 2`−. The use of
εRK(q) instead of the more rigorous expression in Eq. (6)
is valid if d� aB where aB is the effective Bohr radius.
When this condition is met, one can consider the range
q � 1/d in Eq. (6) since the exciton wave function in q-
space is negligible when q � 1/aB . The main drawback
of this approximation is that d ∼ 0.6 nm is only two
or three times smaller than aB in ML-TMDs46. There-
fore, VRK(r) is not accurate enough when r ∼ d, and
the correction to the interaction in this range is much
needed when studying three or more particle complexes.
For example, the binding energy of a trion is measured
with respect to that of an exciton plus a faraway third
particle (electron or hole). The interaction between the
neutral exciton and the third particle at large distances
is dipolar in nature, and its relatively fast decay (∼1/r2)
implies that the binding energy of trions and other few-
body complexes is governed by inter-particle interactions
at short distances.

Figure 2 shows the Rytova-Keldysh potential (dashed
lines) and the new potential (solid lines) in two ML con-
figurations. The first one simulates a ML suspended in
air, εb = εt = 1, and the second one an encapsulated
ML assuming εb = εt = 6. The results are shown for
r > 0.1d since atomic, exchange and correlation effects
take over at ultrashort distances38,41. Hereafter, we de-
note the new potential by V3χ(r) owing to the three polar-
izable atomic sheets of the ML. Two general conclusions
can be made by inspection of Fig. 2. Firstly, VRK(r) and
V3χ(r) converge to the conventional Coulomb potential,
2e2/(εb + εt)r, when r � d. Compared with trions, the
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FIG. 2: The Coulomb potential in suspended (εb = εt = 1)
and encapsulated (εb = εt = 6) monolayers, where d= 0.6 nm.
The solid lines show the new potential, V3χ(r), when substi-
tuting Eq. (6) into (8). The dashed lines show the Rytova-
Keldysh potential, VRK(r), provided by Eq. (1).

binding energies of neutral excitons are more affected by
the long-range part of the potential because the electron-
hole attraction decays relatively slowly (∝ 1/r). Sec-
ondly, the suspended and encapsulated potential forms
approach each other faster when r . d in the case of
V3χ(r) (solid lines) compared with VRK(r) (dashed lines).
This property leads to a weaker dependence of the trion
binding energy on εb and εt when using V3χ(r).

III. EXCITON AND TRION STATES IN
ML-TMDS

To quantify the effects of VRK(r) and V3χ(r) on ex-
citons and trions, we solve their Schrödinger equations.
Within the framework of the effective mass approxima-
tion, the Hamiltonian of an N -particle system reads,

HN =

N∑
i

− ~2

2mi
∇2
i +

N∑
i<j

V (rij) , (10)

where mi is the effective mass of the ith particle. The in-
teraction between the ith and jth particles, V (rij) where
rij = |ri − rj |, is modeled by Eq. (1) when we use
VRK(r), and by substitution of Eq. (6) into (8) when
we use V3χ(r). To solve the Schrödinger equation of the
N -particle system, we employ the stochastic variational
method (SVM), developed by Varga and Suzuki47–50 (see
appendix C for technical details). A few important points
are in place before we present numerical results.

A. The dielectric constants of hBN and SiO2

Two of the most common configurations in which ex-
citons are studied in ML-TMDs are either by supporting

the ML on SiO2 or by encapsulating the ML in hBN.
The dielectric constants of SiO2 are εSiO2,0 = 3.9 and
εSiO2,∞ = 2.1, in the static and high-frequency limits,
respectively. The case of hBN is less clear, where vari-
ous values for its dielectric constants are reported in the
literature. Geick et al. originally reported that the out-
of-plane and in-plane dielectric constants with respect to
the c-axis of bulk hBN are ε‖,0 = 5.09 and ε⊥,0 = 7.04
in the low-frequency limit, while the high-frequency ones
are ε‖,∞ = 4.1 and ε⊥,∞ = 4.9551. Recent first-principles
calculations, however, reported that ε‖,0 = 3.57, ε⊥,0 =
6.71, ε‖,∞ = 2.95 and ε⊥,∞ = 4.87, showing similar re-

sults with those by Geick et al. only for ε⊥,0 and ε⊥,∞52.
Dai et al. have shown that the first-principles calculated
values match very well with their experimental results in
which high-quality hBN was used (see discussion in the
supplemental materials of Ref.53). They attributed the
differences to the likely presence of misoriented grains
in the pyrolytic hBN used by Geick et al.51. We follow
this explanation and employ the first-principles calcu-
lated values because of the high-quality hBN that is used
to encapsulate ML-TMDs in recent experiments. The
effective values due to the boundary conditions in the
Poisson Equation are then εhBN,0 =

√
ε‖,0 · ε⊥,0 = 4.9

and εhBN,∞ =
√
ε‖,∞ · ε⊥,∞ = 3.8.

Choosing between the static or high-frequency dielec-
tric constants of hBN or SiO2 is a subtle problem when
one wishes to calculate the exciton states in ML-TMDs.
The reason is that energies of polar phonons in SiO2 and
hBN are of the order of 100 meV51,54, lying between the
binding energies of the ground and excited states of ex-
citons in ML-TMDs43. The most accurate way to cal-
culate the exciton states in such a scenario is to use a
dynamical Bethe-Salpeter Equation of the electron-hole
pair function55, where the Coulomb potential includes
dynamical contributions from polar phonons in the ML
and surrounding layers. However, this numerical tech-
nique is computationally expensive and cannot be applied
to trions without significant approximations. Improving
the calculation of the neutral-exciton states because of
the polar phonons dynamical effect will be studied in a
future work.

As the focus of this work is on trions with emphasis on
the weak dependence of their binding energies on the top
and bottom layers, we will employ the high-frequency di-
electric constants of hBN and SiO2 in V3χ or VRK . This
choice is justified because the polar-phonon energies in
hBN and SiO2 are smaller than the trion energy, which
is the sum of the relatively large binding energy of the
ground-state exciton and the relatively small binding en-
ergy of the trion (with respect to the ground-state ex-
citon). Choosing the high-frequency dielectric constants
in the trion case is further justified by recalling that the
trion is ‘glued’ by short-range forces for which the relative
motion of the involved particles is fastest. Accordingly,
we assume that atoms in the top and bottom layers can-
not track the time-changing electric field lines due to this
fast motion.
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B. Mass parameters

So far, we have discussed the screening parameters and
dielectric constants that appear in the Coulomb poten-
tial. Equally important are the mass parameters be-
cause they lead to differences between the binding en-
ergies of negative and positive trions in tungsten-based
MLs. Table I lists the effective masses of electrons and
holes following ab-initio calculations56. me (mh) refers to
the electron (hole) mass in a neutral exciton, while m2e

(m2h) refers to the mass of the added electron (hole)
in a negative (positive) trion. The negative trion in
tungsten-based compounds is unique because its elec-
trons have different masses (me 6= m2e in Tab. I), where
one electron comes from the top spin-split valley of the
conduction band, while the second electron comes from
the bottom one41,57. The masses of the same-charge
particles are equal in all other trion cases because they
come from time-reversed valleys. These differences are
consequential since the binding energy of the trion is
enhanced/suppressed when the added charge is heav-
ier/lighter than the one with the same charge in the neu-
tral exciton (recall that the trion binding energy is mea-
sured with respect to that of the exciton). In the case of
ML-WSe2 , the fact that m2e > me while m2h = mh ex-
plains why the measured binding energy of the negative
trion is larger than that of the positive one41,58. It is em-
phasized that the spin-splitting in the conduction band is
not related to the binding energy of trions41. Appendix D
includes a quantitative analysis of the binding-energy de-
pendence on the effective masses.

C. The coupling of trions to the lattice

Additional important mass-related aspect deals with
the coupling of trions to the lattice. The values shown in
Tab. I are the band-edge effective masses, which do not
take into account the phonon cloud near a charged par-
ticle in polar materials when the atoms move from their
equilibrium positions to effectively screen its charge. The
phonon cloud increases the effective masses of electrons
and holes unless they are bound together in a neutral ex-
citon whose Bohr radius extends over a distance smaller
than their polaron radii. The latter are expressed by
re(h) ∼ ~/

√
me(h)Ep where Ep is the longitudinal-optical

phonon energy. Substituting typical effective mass val-
ues (Tab. I) and phonon energies, Ep ' 30 meV12,57,
the polaron radii are in the range of 2-3 nm in ML-
TMDs. The effective Bohr radius of neutral excitons in
their ground state is of the order of 1-2 nm46, imply-

TABLE I: Effective masses in ML-TMDs56.

WSe2 MoSe2

me, mh 0.29, 0.36 0.5, 0.6

m2e,m2h 0.4, 0.36 0.5, 0.6

ing that the lattice is largely undistorted in their vicinity
due to charge neutrality. The case of trions is different
because of their nonzero charge. To account for the po-
laron effect in Eq. (10), we have increased the effective
masses of the electrons/holes in a negative/positive trion.
This increase leads to a rigid upshift of the trion binding
energies for all ML configurations. We will show that
very good agreement with experiment is achieved when
the effective-mass increase is ∼15-25%. These values are
consistent with those found in other chalcogen-based po-
lar semiconductors such as CdS and ZnSe59–63.

IV. RESULTS AND COMPARISON WITH
EXPERIMENT

Our calculations are focused on ML-MoSe2 and
ML-WSe2 for which there are well-established results
for the binding energies of trions in various ML
configurations41,43,58,64–70. When benchmarking the cal-
culated values against empirical results, we focus on the
trion binding energies and the energy difference between
the 1s and 2s neutral-exciton states, ∆12. The former
is directly measured from the energy difference between
the spectral lines of the neutral and charged excitons in
photoluminescence or reflectivity experiments. Similarly,
∆12 is directly extracted from the energy difference be-
tween the spectral lines of the 1s and 2s neutral-exciton
states in reflectivity experiments41,66,67,70. Table II in-
cludes compiled empirical results of WSe2 and MoSe2 in
three common ML configurations: suspended in air, sup-
ported by SiO2, and encapsulated in hBN. Clearly, the
trion binding energies show weak dependence on the ML
configuration, varying by ∼5 meV or less between the
different cases.

Table III shows the calculated results when using
V3χ(r). A compiled list of all parameters used in these
calculations is provided in Appendix B. Each entry for
the trion binding energies in the table includes two val-
ues in meV where the first (second) one is calculated with
(without) the polaron effect. Table IV shows the respec-
tive results when using VRK(r). The following numerical
procedure was used in the calculations. We have first
searched for a value of r0 in VRK(r) or ` = `± in V3χ(r) to
best match the empirical results of ∆12. We then use this
fitting parameter to calculate the more computationally
demanding trion states. The mass increase of the same-
charge particles in the trion due to the polaron effect is
then used as a second fitting step to match the empirical
trion binding energies. Comparing the results in Tabs. III
and IV, we find that V3χ(r) yields better agreement with
experiment. Below we discuss a few noticeable features.

Firstly, the results in Tabs. III and IV show that
the variation in the trion binding energies between sus-
pended, supported and encapsulated is not affected in
the second fitting step in which we increase the mass
of the same charge particles. That is, the trion bind-
ing energies without the mass increase are smaller than
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TABLE II: Empirical values of the energy difference be-
tween the 1s and 2s neutral-exciton states (∆12) and
of trion binding energies in ML-WSe2 and ML-MoSe2.
The negative and positive trions are indicated by X±.
The units are in meV. While the band structure in
tungsten-based MLs supports two types of bound nega-
tive trions41,55,58,71, we only list the ground-state binding
energy since our model excludes exchange and correlation
effects that correspond to their fine structure.

Air SiO2 N

Suspended Supported Encapsulated

WSe2, ∆12 - ∼170a ∼130b,c,d

X− ∼39*,† 38e 35c

X+ ∼26† ∼23e 21c

MoSe2, ∆12 - - ∼150j

X− - ∼30g 26h, 30i

X+ ∼31f ∼30g 24h, 30i

a Ref. [66], b Ref. [65], c Ref. [41],
d Ref. [43], e Ref. [58], f Ref. [64],
g Ref. [68], h Ref. [69], i Ref. [67],
j Ref.[70],
* Private Communication with Xiaodong Xu.
† Private Communication with Kin Fai Mak and Jie Shan.

TABLE III: Calculated values for the same parameters shown
in Table II when using V3χ(r). The units are in meV. The
first (second) value in the table entries of trions is calculated
with (without) the polaron effect. The latter is modeled by
a 17% mass increase of the same-charge particles in the trion
complex for ML-WSe2 and 25% for MoSe2. The fitting pa-
rameter in V3χ is `± = 5.9d for ML-WSe2 and `± = 7.1d for
ML-MoSe2.

Air SiO2 hBN

Suspended Supported Encapsulated

WSe2, ∆12 171.4 162.7 138.2

X− 38.5 (29.4) 37.5 (28.5) 34.9 (26.1)

X+ 26.6 (18.7) 25.8 (17.9) 23.6 (15.9)

MoSe2, ∆12 170.3 166.7 150.9

X− 31.5 (18.4) 31.0 (17.9) 29.6 (16.6)

X+ 29.7 (18.7) 29.2 (18.2) 28.0 (17.0)

the empirical values by ∼8 meV in all of the ML-WSe2

configurations and by ∼12 meV in all of the ML-MoSe2

configurations. The fact that a mass increase in the ball-
park of 15%-25% is needed to match the empirical data,
reinforces the polar nature of TMDs and is inline with
the mass increase that one finds in other chalcogen-based
semiconductors59–63. In addition, a larger mass increase
in ML-MoSe2 than in ML-WSe2 is needed to reach agree-
ment with experiment (25% versus 17%). This fact is
consistent with the stronger Fröhlich interaction in ML-

MoSe2
72.

Secondly, the results in Tabs. III and IV show that the
calculated values of ∆12 do not perfectly match the ex-
periment results. That is, we could not find a value for r0

in VRK(r) or ` = `± in V3χ(r) such that ∆12 ∼ 130 meV
for ML-WSe2 encapsulated in hBN43 and ∆12 ∼ 170 meV
when it is supported on SiO2

66. We attribute this diffi-
culty to the use of high-frequency dielectric constants in
hBN and SiO2 in the calculation of the exciton excited
states. Specifically, it is possible that atom vibrations
in SiO2 and hBN are fast enough to track the relative
motion between the electron and hole in the ML if the
exciton is large enough (i.e., in the 2s or higher energy
states). Indeed, we have reached better agreement when
we have simulated a case where the high-frequency dielec-
tric constants, εhBN,∞ and εSiO2,∞, are used to calculate
the exciton’s ground state, while the static-limit values,
εhBN,0 and εSiO2,0, are used to calculate its excited states.
Using this method and assigning ` = 6.8d in V3χ(r), we
found that ∆12 = 131.4 meV for the encapsulated case
and ∆12 = 170.7 meV for the supported one (Appendix
F).

Finally, the trends in Tabs. III and IV are robust.
In other words, choosing other parameters for r0 and
the mass increase cannot ‘cure’ the inherent problem of
VRK(r) that we address in this work: A much stronger
than observed dependence of the trion binding energies
on the ML configuration. The use of V3χ(r), on the other
hand, produces better results. The variation in the trion
binding energies between encapsulated and suspended
configuration is ∼3 meV when using V3χ(r), while Tab. II
shows that the empirical variation in of the order of 4-
6 meV. As we show in Appendix E, this slight mismatch
can be readily solved by reducing the value of `− while
increasing that of `+. Here, we chose to use `+ = `− in
order to minimize the dependence of the model on fitting

TABLE IV: Calculated values for the same parameters shown
in Table II when using VRK(r). The units are in meV. The
first (second) value in the table entries of trions is calculated
with (without) the polaron effect. The latter is modeled by
a 17% mass increase of the same-charge particles in the trion
complex in ML-WSe2 and 25% in MoSe2.The fitting parame-
ter in VRK is r0 = 5.6 nm for ML-WSe2 and r0 = 4.9 nm for
ML-MoSe2.

Air SiO2 hBN

Suspended Supported Encapsulated

WSe2, ∆12 215.7 187.2 114.0

X− 43.1 (34.6) 38.2 (30.3) 25.7 (19.7)

X+ 32.0 (24.5) 27.9 (20.9) 18.0 (12.7)

MoSe2, ∆12 258.8 229.5 149.7

X− 44.6 (29.6) 39.8 (25.7) 27.5 (16.3)

X+ 42.2 (29.6) 37.7 (25.8) 26.0 (16.6)
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parameters. In addition, Appendix F includes sets of
calculations with different choices of dielectric constants,
showing similar trends to the ones in Tabs. III and IV.
That is, the dependence of the trion binding energy on
the ML configuration is relatively weak (strong) when
using V3χ (VRK).

A. Comparison with other models

While VRK(r) is the most commonly used potential
for calculation of exiton and trion states in ML-TMDs,
there are few recent studies that improve this model by
considering finite thickness effects with input from ab-
initio calculations. For example, Meckbach et al. took
into account the anisotropy of the effective dielectric
constant, finding a quasi-2D Coulomb potential whose
Fourier transform in the ML limit reads23,

Vw(q) =
2πe2 e−qw

Aq

1

εw(q)
. (11)

Here, w is a fitting parameter that reflects the wave-
function extension of electrons and holes in the out-of-
plane direction. The use of e−qw/q in the potential
can be understood from the 2D Fourier transform of
V (r) ∝ 1/

√
r2 + w2 when w 6= 0. The dielectric func-

tion in Eq. (11) reads

εw(q) =

(
1− pbpte−2ηqD

)
κ(

1− pte−ηqD
) (

1− pbe−ηqD
) + r0qe

−qw, (12)

whereD is the nominal thickness of the ML, η =
√
ε‖/ε⊥,

κ =
√
ε‖ε⊥ and pb(t) = (εb(t) − κ)/(εb(t) + κ). Here, ε‖(⊥)

is the effective in-plane (out-of-plane) dielectric constant
of the ML. We have used this potential form in the SVM
simulations of the exciton and trion states. The ML pa-
rameters for D, ε‖ and ε⊥ in Vw are taken from Ref.23

(they are also listed in Appendix B), whereas the effec-
tive masses in the ML and dielectric constants for SiO2

and hBN are kept as before. We then use both w and r0

as independent fitting parameters to match the empirical
results of ∆12, followed by calculation of the trion binding
energies with the added polaron effect as a third fitting
parameter. The results are shown in Tab. V. Compar-
ing these results with the ones in Tab. III, the agreement
with empirical results is better with V3χ, with the ad-
ditional advantage that fewer free parameters are used.
As shown in Appendix F, this behavior persists for other
choices of the dielectric constants.

V. CONCLUSIONS

We have derived a Coulomb potential form that self
consistently explains the non-hydrogenic Rydberg se-
ries of neutral excitons in monolayer transition-metal
dichalcogenides and the weak dependence of the trion

TABLE V: Calculated values for the same parameters shown
in Table II when using the potential Vw. The first (second)
value in each pair is calculated with (without) the polaron
effect. The latter is modeled by a 17% mass increase of the
same-charge particles in the trion complex of ML-WSe2 and
25% in MoSe2. The fitting parameters are r0 = 4.3 nm and
w = 2.2 Å for ML-WSe2, and r0 = 4 nm and w = 0.4 Å for
ML-MoSe2.

Air SiO2 hBN

Suspended Supported Encapsulated

WSe2, ∆12 212.2 184.7 116.4

X− 42.2 (34.0) 37.5 (29.8) 26.2 (20.1)

X+ 31.5 (24.2) 27.5 (20.7) 18.4 (13.0)

MoSe2, ∆12 231.7 210.1 150.4

X− 40.0 (26.4) 36.5 (23.4) 27.7 (16.4)

X+ 37.8 (26.4) 34.5 (23.5) 26.2 (16.6)

binding energies on the dielectric constants of the top
and bottom layers. Its difference from the other poten-
tial choices is by considering a phenomenological non-
uniform screening profile within the monolayer. We have
shown that agreement with experiment is improved by
treating the monolayer as three polarizable atomic sheets.
When the inter-particle distance is comparable to the
thickness of the monolayer, the chalcogen atomic sheets
diminish the effect of the top and bottom dielectric layers
on the Coulomb interaction between charged particles in
the mid-plane of the monolayer.

In addition, we have shown the importance of the po-
laron effect arising from coupling of trions (charged exci-
tons) to the lattice. This effect can be modeled through
an increase in the effective mass of charged particles.
The mass increase leads to similar enhancement of the
trion binding energies in encapsulated, supported, and
suspended monolayers, producing an overall far better
agreement with the nominal binding energies that one
measures in experiment.

To further improve the phenomenological non-uniform
screening profile, one should consider the coordination of
the chemical bonds in the unit-cell, leading to a descrip-
tion where both in-plane and out-of-plane components
of the screened electric field are affected by the mono-
layer atomic structure. Further improvements to the
model can be achieved by studying the electron-phonon
interaction either by its incorporation as part of the few-
body Hamiltonian or by evaluating the induced dynami-
cal shift of exciton binding energies. The latter will lead
to better quantification of the exciton binding energies
in monolayer transition-metal dichalcogenides and their
non-hydrogenic nature.

.



7

10-1 100 101 102
10-3

10-2

10-1

100

10-1 100 101 102
10-3

10-2

10-1

100

po
te
nt
ia
l	[
	e2
/d
	]

r/d	

suspendedencapsulated

(`+ = `� = 5d)V3�

VRK (r0 = 15d)

2d/(✏t + ✏b)r

r/d	

suspendedencapsulated
V3�

VRK

2d/(✏t + ✏b)r

(r0 = 7.5d)

(`+ = `� = 2.5d)

FIG. 3: The Coulomb potential in suspended and encapsulated monolayers, modeled by εb = εt = 1 and εb = εt = 6,
respectively. The left panel shows the results when the screening parameters are `− = `+ = r0/3 = 5d and the right panel for
`− = `+ = r0/3 = 2.5d. The thickness of the monolayer is d= 0.6 nm. The solid lines show the new potential, V3χ(r), the
dashed lines show the Rytova-Keldysh potential, VRK(r), and the dashed-dotted gray lines show the conventional potential.
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Appendix A: Comparing the new and Keldysh
potentials

Figure 3 shows the new potential, V3χ(r), and the
Rytova-Keldysh potential, VRK(r), where the left and
right panels show the results for different screening
parameters in the monolayer (ML). Regardless of the
screening parameters, the two potential forms converge
to the conventional Coulomb potential, 2e2/(εb + εt)r,
when r � d, indicated by the gray dashed-dotted line.
The screening parameters of the ML affect the potential
mainly at short distances, r . d. In this short-range
regime, the suspended and encapsulated forms approach
each other, and this trend is stronger for the new poten-
tial (the solid lines approach each other faster).

Appendix B: A summary of physical parameters
used in the simulations

1. Effective masses:

The values of the effective masses in our simula-

tions are listed in Table II of the main text. In Ap-
pendix D, we will provide an analysis of the depen-
dence of the exciton and trion binding energies on
the effective mass values, with emphasis on the dif-
ference between tungsten and molybdenum based
MLs.

2. Dielectric constants and screening parameters:

We have used the high-frequency limit of the di-
electric constants in the main text. In Appendix F
we make use of static dielectric constants as well.
The values we use in the simulations are

(a) The static dielectric constant of SiO2 is 3.9,
and the high-frequency one is 2.1.

(b) The effective static and high-frequency
dielectric constants for hBN are:
εhBN,0 =

√
ε‖,0 · ε⊥,0 = 4.9 and

εhBN,∞ =
√
ε‖,∞ · ε⊥,∞ = 3.8. The val-

ues of ε‖,0, ε⊥,0, ε‖,∞ and ε⊥,∞ are taken

from the work of Cai et al.52. To better
understand this choice, see the discussion in
the supplemental materials of Ref.53.

(c) When simulating the exciton and trion states
with Vw, we use ε‖ = 3.36 (5.01) and ε⊥ = 5.16

(6.07) in ML-WSe2 (MoSe2), following Ref.23.

(d) The screening parameters of the ML are
treated as fitting parameters. We have used
` = `± as a single fitting parameter in V3χ,
r0 as a single fitting parameter in VRK, and w
and r0 as two independent fitting parameters
in Vw.

3. Length scales:
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(a) The thickness of the ML in our simulations
with V3χ is d = 0.6 nm. It is half the out-of-
plane lattice constant in bulk TMDs, taking
into account the distance between the chalco-
gen atomic sheets (∼0.3 nm) and the van der
Waals gap regions above and below the ML.

(b) When simulating the exciton and trion states
with Vw, we use D = 6.5 Å, following Ref.23.

Appendix C: SVM

The numerical calculations in this paper are performed
with the Stochastic Variational Method (SVM)47–50,
which has been recently applied to study binding ener-
gies of exciton complexes in ML-TMDs27,36. Another
common method is the Quantum Monte Carlo38,73, and
the two methods are similar in the sense that both use
trial functions to minimize the ground state energy.

The wavefunction in the SVM is expanded in a varia-
tional basis which includes correlated Gaussian functions.
This variational basis is optimized in a random trial pro-
cedure to minimize the ground state energy of a few-body
system whose Schrodinger equation follows

ĤΨ = EΨ with Ĥ =

N∑
i=1

p2
i

2mi
+

N∑
i<j

V (rij). (C1)

{mi} is the set of effective masses of the N -particle sys-
tem, and V (rij) is the interaction potential of two parti-
cles i and j. It is easier to solve the problem by changing
from position to Jacobi coordinates, xT = UrT , where
the transformation matrix reads47,49

U =


−1 1 0 · · · 0
−m1

Σ2
−m2

Σ2
1 · · · 0

...
...

...
. . .

...
− m1

ΣN−1
− m2

ΣN−1
· · · · · · 1

m1

ΣN

m2

ΣN
· · · · · · mN

ΣN

 , (C2)

with Σi = m1 +m2 + ...+mi. The center of mass coordi-
nate xN is a free degree of freedom if there is no external
potential acting on the system. In such a case, the prob-
lem has only N − 1 variables. The eigenfuntions Ψ(x)
are found by the expansion

Ψ(x) =

K∑
i=1

ciψ(x, Ai), (C3)

where the trial basis functions are chosen in the form of
correlated Gaussian functions

ψ(x, Ai) = A
{
e−

1
2xAixχ

}
. (C4)

χ is the spin function and A is the antisymmetrizer op-
erator. Ai is (N − 1)× (N − 1) dimensional symmetric,

positive definite matrix whose elements are variational
parameters, which will be generated randomly and cho-
sen to optimize the energy level of interest.

The matrix equation corresponding to Eq. (C1) is

HC = EOC, (C5)

where C = (c1, c2, ..., cK)T . The Hamiltonian and over-
lap matrix elements are

Hij = 〈ψ(x, Ai)|Ĥ|ψ(x, Aj)〉 ,
Oij = 〈ψ(x, Ai)|ψ(x, Aj)〉. (C6)

The overlap matrix elements can be expressed through
overlap of correlated Gaussians GAi

= e−
1
2xAix, having

the following form in a two-dimensional system

〈GAi
|GAj

〉 =
(2π)N−1

det(Ai +Aj)
. (C7)

After excluding the center-of-mass term, P 2/2M , the ki-
netic energy can be similarly expressed as〈

GAi |
N∑
i=1

p2
i

2mi
− P2

2M
|GAj

〉
= 〈GAi |GAj 〉

×
{

2Tr(ΛAi)− 2Tr
[
(Ai +Aj)

−1(AiΛAi)
]}

, (C8)

where Λ is an (N − 1)× (N − 1) diagonal matrix, Λij =
~2

2µi
δij and µi = mi+1Σi/Σi+1

48. The calculation for the

potential energy term follows from48,50

〈GAi
|V (rαβ)|GAj

〉=
∫
drV (r)〈GAi

|δ(rα − rβ − r)|GAj
〉

=〈GAi
|GAj

〉v(cijαβ), (C9)

where(
cijαβ

)−1

=

N−1∑
k,l=1

(
U−1
αk − U

−1
βk

)
(Ai +Aj)

−1
kl

(
U−1
αl − U

−1
βl

)
,

v(c) =
c

2π

∫
V (r)e−

c
2 r

2

dr. (C10)

The integral can be rewritten as

v(c) =
c

2π
e1e2

∫ ∞
0

dq

ε(q)

∫
J0(qr)e−

c
2 r

2

dr

= e1e2

∫ ∞
0

e−
q2

2c

ε(q)
dq, (C11)

and it is calculated numerically in the cases of V3χ(r) and
Vw(r). When using the Rytova-Keldysh potential with
the static dielectric function ε(q) → εRK(q) = εav(1 +
qr∗0), where r∗0 = r0/εav and εav = (εt+εb)/2, the integral
can be evaluated through the exponential integral and
Dawson special function 36,

vRK(c) =
e1e2

εav

2
√
πD

[
1√

2cr∗0

]
− e
− 1

2cr∗0
2

Ei
[

1
2cr∗0

2

]
2r∗0

. (C12)
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Appendix D: Mass dependence

Using the fact that the masses of electrons and holes
in a given ML-TMD are of similar magnitude (while not
exactly the same), we provide formulas to estimate the
exciton and trion binding energies for a general set of
three similar masses {mi,mj ,mk} where mj and mk are
masses of charges with the same sign. The analysis will
help us to understand the small (large) energy difference
between the binding energies of positive and negative tri-
ons in molybdenum-based (tungsten-based) TMDs. It is
based on linear expansions around reference points cal-
culated for the case that the two (three) particles in an
exciton (a trion) have the same mass

EX(mi,mj) ' E0
X(m)

[
1 + β

(
mi +mj

2
−m

)]
, (D1)

ET (mi,mj ,mk) ' E0
T (m)

[
1 + η

(
mj +mk

2
−m

)

+ γ(mi −m)

]
, (D2)

where E0
X(m) and E0

T (m) are exciton and trion energies
when the mass of each particle is m. We extract the
values of {β, γ, η} by fitting the numerical results to the
above equations, where m = 0.36m0 (m = 0.5m0) in ML-
WSe2 (ML-MoSe2). The results are listed in Table VI,
showing the important property that

β ' 2η ' 2γ . (D3)

TABLE VI: The values of {β, γ, η} obtained from linear fits
to the numerical data. The unit are in m−1

0 . Here, we use
high-frequency dielectric constants and V3χ(r) with ` = 5.9d
and `− = 7.1d in ML-WSe2 and ML-WSe2, respectively.

Air SiO2 hBN

Suspended Supported Encapsulated

WSe2, β 0.98 1.13 1.54

γ 0.48 0.55 0.75

η 0.49 0.57 0.78

MoSe2, β 0.67 0.77 1.01

γ 0.33 0.38 0.50

η 0.34 0.38 0.51

The trion binding energy is obtained from

EX±b = EX(mi,mj)− ET (mi,mj ,mk). (D4)

The difference in the binding energies of positive and
negative trions is

∆E± ≡ EX+
b − EX−b (D5)

' E0
T (m)

[
(η − γ)(mh −me)−

η

2
(m2e −me)

]
.

In the case of molybdenum-based TMDs where m2e =
me, only the first term contributes. The difference in
the binding energies of the positive and negative trions
in these compounds is of the order of 1 meV mainly be-
cause η − γ is a very small quantity. The fact that mh

is larger only by about 20% than me in ML-TMDs also
contributes to the small difference. The case of tungsten-
based TMDs is different because m2e 6= me, and the sec-
ond term in Eq. (D5) leads to a large difference such that
the binding of the negative trion is larger by ∼15 meV.
We can also make connection with the exciton bind-
ing energy by rewriting Eq. (D5) using the relations in
Eqs. (D1)-(D3),

∆E± ' −
η

2
E0
T (m) (m2e −me) '

β

4
E0
T (m) (me −m2e)

' 1

2

[
EX(me,mh)− EX(m2e,mh)

]
, (D6)

where we have used E0
T (m) ' E0

X(m) in the final step
because of the fact that the trion energy does not dif-
fer much from the exciton one. ∆E± in tungsten-based
TMDs is about half of the gained energy when chang-
ing from a lighter exciton (me,mh) to a heavier one
(m2e,mh). The factor of 1

2 in Eq. (D6) can be loosely
understood as follows: Every opposite-charge pair shares
one half of trion energy as illustrated in Fig. 4.

FIG. 4: Illustration of negative (left) and positive (right) tri-
ons in tungsten-based TMDs. Because of the repulsion be-
tween charges with the same sign and the resulting larger
separation between them, we can view the trion as comprised
of two electron-hole pairs, where each contributes about one
half to the trion binding energy. The difference in binding
energy of the {m2e,mh} pair in X− and the {me,mh} pair
in X+ leads to the relatively large difference between the
binding energies of negative and positive trions, as written in
Eq. (D6).

1. The polaron effect

The polaron effect is simulated by a mass increase of
charges with the same sign in the trion complex. Follow-
ing Eq. (D2), the binding energy changes by

∆EP ' ηE0
T (m)

∆mj + ∆mk

2
. (D7)

Table VII lists the change in binding energy, where the
first value is the numerically calculated result and the
second one (in parentheses) follows Eq. (D7). The largest
deviation between the two values is for X+ in ML-MoSe2

(11 vs ∼16 meV), caused by the fact that η was evaluated
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FIG. 5: E0
X(m) (left) and E0

T (m) (right) as a function of the
mass. The bottom/middle/top lines denote the studied cases
of suspended/supported/encapsulated MLs. The solid lines
denote the numerical data calculated with ` = 5.9d in V3χ(r)
along with the high-frequency dielectric constants of SiO2 and
hBN. The dashed lines are the linear fits with Eq. (D8).

by expansion of the trion energy around m = 0.5m0,
which better approximates the case of X−, rather than
larger values of m which would better fit the case of X+.

TABLE VII: The change in binding energy, ∆EP , after in-
creasing the effective mass of the same-charge particles by
17% in ML-WSe2 and 25% in ML-MoSe2. The first (second)
value is calculated numerically (extracted from Eq. (D7)).
The high-frequency dielectric constants are used along with
` = 5.9d (` = 7.1d) in V3χ(r) for ML-WSe2 (ML-WSe2).

Air SiO2 hBN

Suspended Supported Encapsulated

WSe2, X− -9.1 (-10.0) -9.0 (-10.0) -8.8 (-9.9)

X+ -7.9 (-9.6) -7.9 (-9.6) -7.7 (-9.5)

MoSe2, X− -13.1 (-13.6) -13.1 (-13.5) -13.0 (-13.4)

X+ -11.0 (-16.3) -11.0 (-16.2) -11.0 (-16.0)

As one can see, the added binding energy due to the
polaron effect is almost independent on the ML config-
uration. The reason is that the main contribution to
the trion binding energy comes from short-range interac-
tions, r ∼ d, where the environment below and on top of
the ML does not play an important role. This behavior
is manifested in opposite trends of η and E0

T (m) where
the former (latter) is larger when the dielectric constants
of the top and bottom layers are relatively large (small).
As a result, the product between η and E0

T (m) has a rel-
atively small dependence on the identity of the top and
bottom layers.

The values of E0
X(m) and E0

T (m): The numerical
results for the case that the two (three) particles of the
exciton (trion) have the same mass can be fitted using a
linear approximation,

E0
X(m) ' A0

Xm+B0
X , E0

T (m) ' A0
Tm+B0

T . (D8)

Fig. 5 shows the linear fits (dashed lines) for the numer-
ical data (solid lines) of exciton (left) and trion (right)
energies. The error introduced by the linear approxima-
tion is less than 4 meV for the range [0.3m0, 0.6m0].

Appendix E: Screening parameters l±

The numerical procedure presented in the main paper
was first to fit the empirical values of ∆12, and then use
these screening parameters to calculate the binding ener-
gies of trions. When using V3χ, we chose to use one fitting
parameter, ` = `±, in the main text to minimize the de-
pendence of the model on fitting parameters. However, if
we alleviate the constraint that `+ = `−, then there are
several sets of parameters that one can use to fit the value
of ∆12. Table VIII shows the results for one such repre-
sentative set: l+ = 7.8d and l− = 3d (and using the high-
frequency dielectric constants for hBN and SiO2). As
one can see from Table VIII, the values of ∆12 can then
match relatively well the experimental values (∼170 and
∼130 meV for ML-WSe2 supported on SiO2 and encapsu-
lated in hBN, respectively). However, the trion binding
energies calculated with {l+ = 7.8d, l− = 3d} show in-
creased dependence on the environment, caused by the
relatively small value of l− (reflecting a smaller screen-
ing effect of the chalcogen atomic sheets and therefore a
stronger dependence of the trion binding energies on the
environment).

TABLE VIII: The values of ∆12 and trion binding energies in
ML-WSe2 for l+ = 7.8d & l− = 3d. The units are in meV.
The polaron effect is modeled by a 17% mass increase of the
same-charge particles in the trion complex.

Air SiO2 hBN

Suspended Supported Encapsulated

WSe2, ∆12 178.0 166.6 135.8

X− 37.0 (29.1) 35.4 (27.6) 31.6 (24.0)

X+ 26.6 (19.6) 25.2 (18.3) 21.9 (15.2)

Appendix F: Further results with different
parameters for the dielectric constants

We show in this appendix that the weak dependence
of the trion binding energy on the ML configuration is
largely unaffected by the choice of the dielectric con-
stants. Our choice in the main text was to employ the
high-frequency dielectric constants of hBN and SiO2 in
V3χ, VRK and Vw.
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TABLE IX: Calculated values when using V3χ(r) and static-
limit dielectric constants for hBN and SiO2. The units are in
meV. The fitting parameter is `± = 5.5d for ML-WSe2 and
`± = 6.9d for ML-MoSe2.

Air SiO2 hBN

Suspended Supported Encapsulated

WSe2, ∆12 182.8 162.6 139.1

X− 38.8 (31.4) 36.6 (29.4) 34.2 (27.2)

X+ 26.4 (20.0) 24.5 (18.2) 22.5 (16.3)

MoSe2, ∆12 175.1 164.0 150.2

X− 32.4 (18.9) 31.3 (17.8) 30.0 (16.7)

X+ 30.5 (19.2) 29.5 (18.2) 28.4 (17.1)

TABLE X: Calculated values when using VRK(r) and static-
limit dielectric constants for hBN and SiO2. The units are in
meV. The fitting parameter is r0 = 4 nm for ML-WSe2 and
r0 = 3.6 nm for ML-MoSe2.

Air SiO2 hBN

Suspended Supported Encapsulated

WSe2, ∆12 287.7 192.1 110.8

X− 55.1 (46.3) 39.4 (32.3) 25.5 (20.4)

X+ 40.2 (32.4) 27.6 (21.3) 17.1 (12.7)

MoSe2, ∆12 339.4 241.2 149.6

X− 58.6 (38.5) 49.1 (26.4) 29.0 (16.5)

X+ 55.4 (38.5) 40.7 (26.7) 27.4 (16.8)

1. Static dielectric constants for hBN and SiO2

Tables IX, X and XI show the simulated results when
choosing to work with the static-limit dielectric con-
stants, εhBN,0 =

√
ε‖,0 · ε⊥,0 = 4.9 and εSiO2,0 = 3.9, in

V3χ, VRK and Vw, respectively. The first (second) value in
the table entries of trions is calculated with (without) the
polaron effect. The latter is modeled by a 25% mass in-
crease of the same-charge particles in the trion complex
in MoSe2, and 12.5% in ML-WSe2, with the exception
that the mass increase is 17% in Vw for ML-WSe2 (this
change was needed in order to improve the agreement
with experiment).

2. Using mixed dielectric constants in V3χ

The calculated values of ∆12 in the previous simula-
tions did not reach perfect agreement with experiment.
Namely, we could not find a value for r0 in VRK(r) or
` = `± in V3χ(r) such that ∆12 ∼ 130 meV for ML-

TABLE XI: Calculated values when using Vw(r) and static-
limit dielectric constants for hBN and SiO2. The units are
in meV. The fitting parameters are r0 = 3.7 nm and w =
0.4 Å for ML-WSe2, and r0 = 3.1 nm and w = 0.4 Å for
ML-MoSe2.

Air SiO2 hBN

Suspended Supported Encapsulated

WSe2, ∆12 249.1 181.2 117.4

X− 50.1 (40.0) 39.2 (30.4) 28.9 (21.8)

X+ 37.0 (28.1) 27.8 (20.1) 19.7 (13.5)

MoSe2, ∆12 271.9 212.4 150.6

X− 47.0 (30.8) 37.9 (23.2) 29.2 (16.5)

X+ 44.4 (30.8) 35.8 (23.4) 27.6 (16.9)

TABLE XII: Calculated values of ML-WSe2 when using
V3χ(r) with `± = 6.8d. Here, the static-limit dielectric con-
stants for hBN and SiO2 are used in the calculation of the
exciton excited states, while the high-frequency ones are used
for the trion and ground-state exciton. The units are in meV.

Air SiO2 hBN

Suspended Supported Encapsulated

WSe2, ∆12 150.2 170.7 131.4

X− 36.8 (26.1) 36.0 (24.9) 33.7 (22.9)

X+ 25.7 (16.4) 25.3 (15.7) 23.4 (14.0)

WSe2 encapsulated in hBN43 and ∆12 ∼ 170 meV when
it is supported on SiO2

66. This difficulty can be circum-
vented by employing the following approach. The exciton
ground-state and trion state energies are calculated with
the high-frequency dielectric constants, while the exciton
excited states are calculated with the static-limit dielec-
tric constants of hBN and SiO2. The motivation for this
calculation is that atom vibrations in SiO2 and hBN can
be fast enough to track the relative motion between the
electron and hole if the exciton is large enough (i.e., in
the 2s or higher energy states). Table XII shows the
simulated results in ML-WSe2 when using ` = 6.8d in
V3χ(r), where the first (second) value in the table entries
of trions is calculated with (without) the polaron effect,
modeled by a 25% mass increase of the same-charge par-
ticles in the trion complex. The agreement in this case,
for both ∆12 and trion binding energies, is nearly excel-
lent. The relatively small value of ∆12 in the suspended
case (∼150 meV) is caused by the relatively large value
of the screening parameter in this case (` = 6.8d). The
value of ∆12 is larger for the supported case because of
the use of different dielectric constants in the calculation
of the ground and excited states.
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TABLE XIII: Calculated values of ML-WSe2 when using
Vw(r) with the all parameters taken from Ref.23, including
effective masses, me = mh = 0.34, and dielectric constants
for hBN and SiO2, εhBN = 2.89 and εSiO2 = 2.1. The units
are in meV. The best agreement with experiment is reached
when the polaron effect is modeled by a 17% mass increase
of the same-charge particles in the trion complex. The fitting
parameters are r0 = 4.3 nm and w = 3.6 Å.

Air SiO2 hBN

Suspended Supported Encapsulated

WSe2, ∆12 202.6 174.9 128.5

X− 40.1 (32.5) 35.2 (28.1) 27.3 (21.3)

X+ 30.2 (23.4) 26.0 (19.8) 19.6 (14.3)

3. Other parameter choices for Vw

We have also simulated the case of ML-WSe2 with
Vw using the exact parameters in Ref.23, including the
same effective masses and dielectric constants for SiO2

and hBN: me = mh = 0.34, εSiO2,∞ = 2.1, and εhBN,∞ =
2.89. The latter seems to be the case that εhBN,∞ = ε‖,∞
rather than εhBN,∞ =

√
ε‖,∞ · ε⊥,∞52,53, giving rise to

a smaller contrast between the suspended and encap-
sulated configurations. Table XIII presents the results
where the two fitting parameters are r0 = 4.3 nm and
w = 3.6 Å, showing that ∆12 is in nearly excellent agree-
ment with experiment. However, despite the seemingly
small chosen value for the dielectric constant of hBN,
the variation in trion energies is still twice than in the
experiment (10-13 meV vs 4-6 meV).

4. Comparing the potential models

All in all, comparing the experimental data in Tab. II
with the simulated results, calculated with various pa-
rameter and potential choices throughout this work,
shows that V3χ consistently achieves better agreement
with the empirical trion binding energies. It requires a
single fitting parameter ` to match the empirical results
of a given compound regardless of the ML configuration.
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electric function for 2D semiconductors including substrate
screening, Sci. Rep. 7, 39844 (2017).

23 L. Meckbach, T. Stroucken, and S. W. Koch, Influence of
the effective layer thickness on the ground-state and exci-
tonic properties of transition-metal dichalcogenide systems,
Phys. Rev. B 97, 035425 (2018).

24 A. Thilagam, Exciton complexes in low dimensional tran-
sition metal dichalcogenides, J. Appl. Phys. 116, 053523
(2014).

25 L. Wang, A. Kutana, and B. I. Yakobson, Many-body and
spin-orbit effects on direct-indirect band gap transition of
strained monolayer MoS2 and WS2, Annalen Der Physik,
526, L7 (2014).
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30 I. Kylänpää and H.-P. Komsa, Binding energies of exci-
ton complexes in transition metal dichalcogenide monolay-
ers and effect of dielectric environment, Phys. Rev. B 92,
205418 (2015).

31 K. A. Velizhanin and A. Saxena, Excitonic effects in
2D semiconductors: path integral Monte Carlo approach,
Phys. Rev. B 92, 195305 (2015).

32 S. Latini, T. Olsen, and K. S. Thygesen, Excitons in van
der Waals heterostructures: The important role of dielec-
tric screening, Phys. Rev. B 92, 245123 (2015).

33 F. Wu, F. Qu, and A. H. MacDonald, Exciton band struc-
ture of monolayer MoS2, Phys. Rev. B 91, 075310 (2015).

34 D. Y. Qiu, F. H. da Jornada, and S. G. Louie, Screening
and many-body effects in two-dimensional crystals: Mono-
layer MoS2, Phys. Rev. B 93, 235435 (2016).

35 A. V. Stier, K. M. McCreary, B. T. Jonker, J. Kono, and
S. A. Crooker, Exciton diamagnetic shifts and valley Zee-
man effects in monolayer WS2 and MoS2 to 65 Tesla, Nat.
Commun. 7, 10643 (2016).

36 D. W. Kidd, D. K. Zhang, and K. Varga, Binding energies
and structures of two-dimensional excitonic complexes in
transition metal dichalcogenides, Phys. Rev. B 93, 125423
(2016).

37 R. Ya. Kezerashvili and S. M.Tsiklauri, Trion and Biexci-
ton in Monolayer Transition Metal Dichalcogenides, Few-
Body Syst. 58,18 (2017).

38 E. Mostaani, M. Szyniszewski, C. H. Price, R. Maezono, M.
Danovich, R. J. Hunt, N. D. Drummond, and V. I. Fal’ko,
Diffusion quantum Monte Carlo study of excitonic com-
plexes in two-dimensional transition-metal dichalcogenides,
Phys. Rev. B 96, 075431 (2017).

39 M. Szyniszewski, E. Mostaani, N. D. Drummond, and
V. I. Fal’ko, Binding energies of trions and biexcitons in

two-dimensional semiconductors from diffusion quantum
Monte Carlo calculations, Phys. Rev. B 95, 081301 (2017).

40 A. Raja, A. Chaves, J. Yu, G. Arefe, H. M. Hill, A. F.
Rigosi, T. C. Berkelbach, P. Nagler, C. Schüller, T. Korn,
C. Nuckolls, J. Hone, L. E. Brus, T. F. Heinz, D. R. Re-
ichman, and A. Chernikov, Coulomb engineering of the
bandgap and excitons in two-dimensional materials, Nat.
Commun. 8, 15251 (2017).

41 E. Courtade, M. Semina, M. Manca, M. M. Glazov, C.
Robert, F. Cadiz, G. Wang, T. Taniguchi, K. Watanabe,
M. Pierre, W. Escoffier, E. L. Ivchenko, P. Renucci, X.
Marie, T. Amand, and B. Urbaszek, Charged excitons in
monolayer WSe2: experiment and theory, Phys. Rev. B 96,
085302 (2017).

42 M. Van der Donck, M. Zarenia, and F. M. Peeters, Ex-
citons and trions in monolayer transition metal dichalco-
genides: A comparative study between the multiband model
and the quadratic single-band model, Phys. Rev. B 96,
035131 (2017).

43 A. V. Stier, N. P. Wilson, K. A. Velizhanin, J. Kono, X.
Xu, and S. A. Crooker, Magneto-Optics of Exciton Rydberg
States in a Monolayer Semiconductor, Phys. Rev. Lett.
120, 057405 (2018).

44 I. Filikhin., R. Ya Kezerashvili, Sh. M. Tsiklauri, and B.
Vlahovic, Trions in bulk and monolayer materials: Faddeev
equations and hyperspherical harmonics, Nanotechnology
29, 124002 (2018).

45 The contribution from the nonzero charge of the infinite
cationic and anionic sheets to the electric-field vanishes in
the mid-plane by symmetry. Thus, we only consider how
the polarizabilities of these sheets affect the Coulomb in-
teraction between itinerant charges in the mid-plane.

46 A. V. Stier, N. P. Wilson, G. Clark, X. Xu, and S. A.
Crooker, Probing the Influence of Dielectric Environment
on Excitons in Monolayer WSe2: Insight from High Mag-
netic Fields, Nano Lett. 16, 7054 (2016).

47 Y. Suzuki and K. Varga, Stochastic Variational Approach
to Quantum Mechanical Few-Body Problems, Springer-
Verlag (1998).

48 K. Varga and Y. Suzuki, Solution of few-body problems with
the stochastic variational method I. Central forces with zero
orbital momentum, Comp. Phys. Comm. 106, 157 (1997).

49 K. Varga and Y. Suzuki, Precise solution of few-body prob-
lems with the stochastic variational method on a correlated
Gaussian basis, Phys. Rev. C 52, 2885 (1995).

50 K. Varga, Solution of few-body problems with the stochastic
variational method II: Two-dimensional systems, Comp.
Phys. Comm. 179, 591 (2008).

51 R. Geick, C. H. Perry, and G. Rupprecht, Normal modes
in hexagonal boron nitride, Phys. Rev. 146, 543 (1966).

52 Y. Cai, L. Zhang, Q. Zeng, L. Cheng, and Y. Xu, Infrared
reflectance spectrum of BN calculated from first principles,
Solid State Commun. 141, 262 (2007).

53 S. Dai, Z. Fei, Q. Ma, A. S. Rodin, M. Wagner, A. S.
McLeod, M. K. Liu, W. Gannett, W. Regan, K. Watan-
abe, T. Taniguchi, M. Thiemens, G. Dominguez, A. H.
Castro Neto, A. Zettl, F. Keilmann, P. Jarillo-Herrero, M.
M. Fogler, and D. N. Basov, tunable phonon polaritons in
atomically thin van der Waals crystals of boron nitride,
Science 343, 1125 (2014).

54 M. K. Gunde, Vibrational modes in amorphous silicon
dioxide, Physica B: Cond. Matter 292, 286 (2000).

55 D. Van Tuan, B. Scharf, I. Žutić, and H. Dery, Phys. Rev.
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