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We study the quantum nonlinear Hall effect in two-dimensional materials with time-reversal sym-
metry. When only one mirror line exists, a transverse charge current occurs in second-order response
to an external electric field, as a result of the Berry curvature dipole in momentum space. Candidate
2D materials to observe this effect are two-dimensional transition-metal dichalcogenides (TMDCs).
First we use an ab initio based tight-binding approach to demonstrate that monolayer Ty;-structure
TMDCs exhibit a finite Berry curvature dipole. In the 1H and 17" phase of TMDCs, we show the
emergence of finite Berry curvature dipole with the application of strain and electrical displacement

field respectively.

TMDCs!'# have lately attracted considerable atten-
tion because of their rich physics, such as charge den-
sity wave®”, superconducting phase®, two dimensional
(2D) quantum spin Hall (QSH) state® '3 and Weyl semi-
metal states'*, among other phenomena. Recently nu-
merous studies have demonstrated new physical proper-
ties in a monolayer (ML) of TMDCs that may be differ-
ent from those in bulk. For example, molybdenum disul-
fide (MoS2) exhibits an induced indirect to direct band-
gap transition from 2 H-structure to its ML 1 H-structure,
together with an enhancement of the luminescence quan-
tum yield in comparison with the MoS; bulk!®16. The
1H-structure which does not possess a center of inversion,
in contrast to the 2H-structure, allows optical control of
valley degrees of freedom!”.

Generally, the electronic properties of monolayer
TMDCs with chemical composition MXs ( M= Mo, W;
and X= S, Se, Te) are directly related to their crystal
structure, which includes the 1H ( P6m2 ), 1T ( P3m2),
17" ( P21/m), and T; ( P1m1l) crystal structures, shown
in Fig. 1. 1H — MX5 is a semiconductor with a direct
band gap in the range of visible light (1 to 2 eV)18:19
and the 17T structure is metallic?®. Topological phases
occur in 17" structures since the global properties of elec-
tronic wavefunctions exhibit a non-trivial topology, the-
oretically predicted? and experimentally confirmed!® 13
to be a 2D quantum spin Hall state.

The local curvature of the wavefunction, defined as
the Berry curvature (BC)2?1:22, is a geometrical property
of the Bloch energy band. The finite Berry curvature
reveals linear response, such as anomalous Hall conduc-
tivity?!', and nonlinear response, such as circular photo-
galvanic effect (CPGE) and nonlinear Hall effect?3 32, In
TMDCs, the BC at the two valleys takes opposite values,
giving rise to bulk topological charge neutral valley cur-
rent33 3%, as a linear response. For nonlinear response,
the semiclassical approach has been used to describe the
intra-band contributions to transverse current at both

FIG. 1. Crystal structures of 1H, 1T, 17" and 1T, monolayer
transition metal dichalcogenides MXy (M = Mo, W and X
= S, Se, Te). The red solid line represents a screw rotate
symmetry Cs, axis which involves a 180° rotation about & and
a half lattice-constant translation along . The dashed-dotted
line represents the mirror symmetry M,. The combination of
Cs, and M, symmetries leads to the inversion symmetry for
the 17" structure. The 1T, phase has only M, symmetry.

zero frequency and second harmonic generation in terms
of the dipole moment of the BC in momentum space?®.
In the dc limit, the photocurrent can remain finite as a
transverse Hall-like current?6-32,

In this work, we study the emergence of the non-linear
Hall current induced by the BC dipole in various 2D
TMDC structures, using ab initio calculations combined
with a semiclassical approach. Monolayer TMDCs with

low crystalline symmetry are expected to be excellent



candidates for observing these quantum non-linear ef-
fects?6. Our study quantitatively reveals the finite BC
dipole in the Ty-structure monolayer TMDCs, where only
one mirror line survives. For the 1H structure, uniaxial
strain can break the underlying Cs, symmetry which oth-
erwise ensures vanishing nonlinear response. In addition,
we evaluate the Berry dipole of strained TMDC. Lastly,
we show that application of an out-of-plane electrical dis-
placement field induces a strong BC dipole which is ab-
sent in 17" monolayer TMDCs. Our results represent the
first numerical demonstration of non-linear current in 2D
TMDCs, which can be controlled by mechanical and/or
electrical means. The proposed strategies of a tunable
BC dipole also apply to a wide range of other two di-
mensional materials, such as hexagonal boron nitride3%
and black phosphorus373°.

In the presence of an external electric field, the carrier
velocity contains contributions from the group velocity
of the electron wave and from the anomal us transverse
term due to the BC, given by —EE x QU (k). Here the
BC for the electromc Bloch states of the nth band is
defined as?2-40:41
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where e(n) and |u(n)> are eigenvalues and eigenfunctions

of the Hamlltoman H i» respectively, at the momentum
k and Py(k) = (e/h)@f],;/@ki is the current operator.
The BC is analogous to an effective magnetic field in the
momentum space. Within linear response theory, the
integral of the BC over the entire Brillouin zone gives
rise to a transverse conductivity, which is simply given
by Guym = €2/h [ d2EfSV (RO (K), where f{"(F) is
the equilibrium Fermi-Dirac distribution function for nth
band. The transverse conductivity is zero for a time-
reversal-invariant system, since states at k and —Fk are
equally occupied and time-reversal symmetry requires
that Q,(zn)(E) = —an)(—E). When the system is driven
out-of-equilibrium, a net transverse current can survive
as the second order response to the electric field. The
combination of time reversal (TR) and inversion symme-

try restricts an)(lg) = 0 over the entire Brillouin zone.
Thus, for a TR invariant system, inversion symmetry
breaking is necessary to generate a finite BC.

We first examine the nature of the non-linear current
with a symmetry analysis. In the presence of a driving in-
plane electric field, Ex = R{Ere'*!}, the non-linear cur-

rent is written as j; = jl(o) —|—ji(2w)ezm, where the dc and
second harmonic generated currents are described by the
second-order susceptibility tensor as j ©) = Xijk€; Ex and

3
]52“’) = Xijk€;Ek, respectively. The tensor indices i, j, k

span the 2D sample coordinates x,y. X:jr respects the
symmetry of the crystal lattice. The presence of M, mir-

ror symmetry forces x;;i to be zero if any x;;i contains
an odd number of the index z. All tensor components
identically vanish in the presence of inversion symmetry.
Thus, for a crystal breaking inversion but preserving the
mirror symmetry Mg, Xyze 7 0, demonstrating that a
Hall-like transverse current can occur in second-order re-
sponse to an external electric field &,.

The expression of nonlinear currents has been theoreti-
cally obtained within the semiclassical Boltzmann trans-
port theory for a single band?>25. Up to second order
in the driving electric field, previous theoretical works
showed that in the case involving only the intra-band
process, a nonlinear Hall-like current density is expressed
as

o . (D - €) (3)
7T 2h2(1 + iwT)
3
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where 7 is the relaxation time. The nonlinear dc cur-
rent is proportional to the dipole moment of the BC
over the occupied states. In fact, according to Eq. (5)
the non-linearity of these currents is associated with a
“Fermi-surface” contribution, that is, only states near
the Fermi surface can contribute to the integral in the
low temperature limit. The largest symmetry of a 2D
crystal that allows for a non-vanishing BC dipole is a
single mirror line?®. Combining Eq. (5) with the fact
that QU (ky, k) = —Q (—k,, k,) enforced by the mir-
ror plane M,, it is evident that D, # 0 and D, = 0.
Consequently, according to Eq. (3), when the driving
electric field is aligned with the direction of the Berry
curvature dipole vector D,, we obtain the maximum dc
current density. In what follows, we obtain D, and D, in
units of A. According to Eq. (3) and (4), when the driv-
ing electric field is aligned with the direction of the Berry
curvature dipole vector D,., we obtain the dc current den-
sity j = 279 = 3698.1(A/m?)x D, ~ 10~7(A/m), where
we choose 7 = 107125, D, = 1A and &, = 100V/m.

The BC dipole is tied to the underlying crystal struc-
ture of monolayer TMDC. The most studied polymorphic
structures of pristine monolayer TMDCs are 1H, 17T, and
1774243 shown in Fig. 1. The energetically favorable
1H — MX, layer is built from two hexagonal lattices of X
atoms and an intercalated hexagonal plane of M atoms
forming a simple ABA Bernal stacking with P6m2 space-
group symmetry. In a monolayer unit of H structure,
the inversion symmetry is explicitly broken. The lack of
an inversion center in TMDCs produces substantial local
BCs near the K, K’ valleys. Due to time-reversal sym-
metry, the curvature at the two valleys has opposite sign,
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FIG. 2. (a) Band structure along I'—X for the monolayer T-
structure WTez. The global band gap is around 0.05 eV. The
weak inversion breaking induces a tiny spin splitting near the
bottom of the conduction band. The blue and green dashed
lines correspond to the energies at which the Berry curvature
is shown in (¢) and (d), respectively. Berry curvature for
the two blue dashed lines (b) Berry curvature dipole D, and
D,. (c¢) and (d) Berry curvature at 0.05 eV and —0.1 eV,
respectively.

which implies counter-propagating currents that persist
even when the system is in equilibrium. Due to exact can-
cellation from the two valleys, these transverse currents
are charge neutral to linear response in an applied exter-
nal electric field. The nonlinear contribution could still
exist when the samples have just one mirror symmetry.
2D materials like monolayer TMDCs in the H-structure
do not have currents in nonlinear response to the electric
field because their C3, symmetry forces the BC dipole to
vanish.

The 17T —MX,, layer forms a rhombohedral ABC stack-
ing phase with P3m2 space group. In this structure,
the transition metal atoms are octahedrally coordinated.
DFT calculations show that the free-standing 17" struc-
ture is typically unstable and undergoes Peierls distortion
in one direction to form a 2 x 1 reconstruction, where the
distorted M atoms form 1D zigzag chains**, referred to as
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FIG. 3. (a) Band structure along I'-M—K-T" for the un-
strained H-structure WSe2; the inset shows the Berry curva-
ture contributed from the top two valance bands. The Bril-
louin zone is presented in white solid line. (b) Berry cur-
vature dipole D, of the monolayer H-structure WSes with
strain uze = 0 (red line) and ugze = 2% (blue dotted line)
when uyy = ey = 0. Dy = 0 for all strains.

the T” structure. Inversion symmetry is present in both
the T- and T’-structure. The inversion-symmetric 17"
structure consists of two independent symmetries, the
mirror symmetry M, and the two-fold screw rotational
symmetry Cs,. Due to the inversion symmetry and time-

reversal symmetry, an)(lg) = 0 over the entire Brillouin
zone for the 17"-structure.

A candidate material to observe the quantum non-
linear Hall effect is monolayer WTey, whose structure
T, deviates slightly from the widely-studied 17" struc-
ture. In the T,; phase, the M, mirror symmetry is pre-
served but the Co, symmetry is weakly broken. As a re-
sult, the Ty structure with symmetry space group P1lml
actually breaks inversion symmetry and allows a non-
zero BC dipole to exist. We perform ab initio density-
functional theory (DFT) calculations using the Vienna
Ab initio Simulation Package (VASP)*%46 with a mini-
mal basis based on a transformation of the Kohn-Sham
density functional theory Hamiltonian to a basis of max-
imally localized Wannier functions?” as implemented in
the Wannier90 code. A slab geometry is employed to
model single or double layers with a 20A vacuum region
between periodic images to minimize the interaction be-
tween slabs. For TMDC materials, the relevant states
consist of seven valence bands and four conduction bands,
which are hybrids of metal d orbitals and chalcogen p or-
bitals. Therefore, the Wannier projections to the p/d
orbitals provides us the ab initio tight-binding Hamilto-
nian for computing the BC dipole?849.

In Fig. 2 we shows that the ML WTe; with spin-
orbit coupling (SOC) exhibits a finite BC dipole. The
SOC leads to an inverted, indirect quantum spin Hall
gap. In the DFT calculation, we used the Heyd-Scuseria-
Ernzerhof (HSE) method®® with the hybrid parameter
set at HSE= 0.4, which gives a global band gap of 50
meV. In the vicinity of the gap minimum, the BC for
the lowest conduction band exhibits two hotspots of op-



posite sign, as shown in Fig. 2(c). Such bipolar configu-
ration of BC is due to the M, symmetry. It is worth
noting that the distribution of BC near each hotspot
is not uniform, leading to a nonzero BC dipole. To
better understand the physics, we rewrite Eq. (5) as

D, = andQE(s(ef;n) - EF)[akwfl(;n)]an)(E), where Ep

is the Fermi energy and 8]%6’(2”)

velocity along z-direction. Let us first consider the case
of one Dirac cone (one hotspot). If the BC is constant
and the velocity is equal but opposite around a perfect
Dirac cone, the BC dipole will vanish. However, for a
tilted Dirac cone which has anisotropic BC and veloc-
ity around EF, a finite BC is allowed. In Fig. 2 (c), the
red (blue) hotspot shows more intense positive (negative)
BC in the left (right) part of the Dirac cone, where the
velocity is negative (positive) along x-direction, leading
to a negative BC dipole. For the highest valance band,
the slope is negative along I' to X, as shown in Fig. 2
(a). Thus, the configuration of BC in Fig. 2 (d) gives a
positive BC dipole.

The H-structure monolayer TMDCs do not have non-
linear currents due to their Cs, symmetry, but apply-
ing uniaxial strain can reduce this symmetry and leaving
only a single mirror operation, in which case the quan-
tum non-linear Hall effect can be observed?®. The appli-
cation of strain transforms the vector 7y, which denotes
undistorted crystal coordinate, into the new position 7 =
7o + U, where 7y = (z,y) and @ = (uz(x,y), uy(z, y)) are
the position and displacement deformation vector field,
respectively. Here we are considering only the acoustic
part of the in-plane displacement vector. In general, the
derivative of @ can be decomposed as Vii = & +w, where
€ and w are the strain and rotation tensors, respectively.

The simplest way to incorporate the effect of strain is
to vary the interatomic bond lengths, |d,g|, between «
and [ sites, which is known as the central force approx-
imation. At the linear order and under this approxima-
tion, the modified hopping terms in the presence of strain
can be approximated as

is associated with the

- 1

—

dt
tap =t + 10ap - (0apV) - i, 1 2f

60| dldag]”

(6)

The central force approximation fails to capture the
change in the hopping when the crystal is stretched along
a direction perpendicular to the bond. The microscopic
models based on the ab initio derived Wannier functions
describe up to linear order contributions in the strain
(Ugy + Uyy ), (Ugy — Uyy) and uy, with respect to the crys-
tal symmetry and local crystal configuration, free from
any empirical fitting procedures.

Based on the models of strained TMDCs?!, the BC
dipole can be readily evaluated. Fig. 3 shows that the
H-structure WSey with strain exhibits BC dipole. The
Brillouin zone of monolayer TMDC with Dirac points
is shifted away from the K and K’ by uniaxial strain.
When the shear strain is applied along high-symmetry
lines, one obtains finite D, but zero D,,.
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FIG. 4. (a) Band structure and (b) Berry curvature Qg")(lg)
along Y—T'—X for the ML 17T"-structure MoTez at £;. = 0.06
eV/A. (c) Band structure at £;,. = 0. The BC is zero at all
energies due to the presence of inversion symmetry. (d) BC
dipole D, induced by the electrical displacement field (eV/A)
in the z-direction which breaks the inversion symmetry. D, =
0 in all cases.

The application of an out-of-plane electrical displace-
ment field can be used to systematically control the mag-
nitude of the nonlinear Hall current. This can be under-
stood from a third order susceptibility tensor xgj?jz. In
the presence of a static electrical displacement field &g, ,
along the z-direction the nonlinear dc current is writ-

ten as ") = ng)-lfj\Q + ng‘z|5j|25d,z~ We obtain the ef-

i
fective second-order tensor containing the electrical dis-
placement field effect as )Zg]) = XE?) + XE?;zgd,z- When

J
Xg]) = 0 due to the intrinsic inversion symmetry, & .

makes it possible to produce the second response with
significant amplitude.

Finally we consider the basic symmetry properties of
the Hamiltonian for the TMDC family of materials in
the presence of &; .. The 17" phase has inversion sym-
metry from the combination of two-fold screw rotational
symmetry Cs, and the mirror symmetry M. Therefore
the monolayer 17" structure, which has zero BC dipole,
can acquire non-zero dipole if £y, is applied to break the
Cs,; symmetry and thus inversion symmetry. This inver-



sion symmetry-breaking scheme can be simply modeled
with only electrostatic on-site potential within each unit
cell. We show the monolayer MoTes with 177 structure
as a function of electrical displacement E-field in the z-
direction in Fig. 4. The enhancement of the BC dipole
is evident. This illustrates how to control and modulate
the BC dipole with an external field.

In conclusion, we discussed the non-linear current in-
duced by the BC dipole in 2D materials of the TMDC
family. The existence of only a single mirror symmetry
line is needed to provide a finite BC dipole. Breaking
of the crystal symmetry can be controlled by mechanical
and/or electrical means. Certainly, it would be desir-
able to explore the proposed effect could be observed in
other 2D materials subject to the same symmetry con-
straints. Such a tunable BC dipole not only can lead to
the quantum nonlinear Hall effect but could also be rele-
vant for the understanding of other quantum geometrical
phenomena.
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