aps CHCRUS

physics

This is the accepted manuscript made available via CHORUS. The article has been
published as:

Floguet scattering theory based on effective Hamiltonians
of driven systems
Huanan Li, Boris Shapiro, and Tsampikos Kottos
Phys. Rev. B 98, 121101 — Published 4 September 2018
DOI: 10.1103/PhysRevB.98.121101


http://dx.doi.org/10.1103/PhysRevB.98.121101

Floquet Scattering Theory based on Effective Hamiltonians of Driven Systems

Huanan Li', Boris Shapiro?, Tsampikos Kottos'
" Wave Transport in Complex Systems Lab, Department of Physics,
Wesleyan University, Middletown, CT-06459, USA and
2 Technion - Israel Institute of Technology, Techmion City, Haifa 32000, Israel
(Dated: July 30, 2018)

The design of time-independent effective Hamiltonians that describe periodically modulated sys-
tems, provides a promising approach to realize new forms of matter. This, so-called, Floquet engi-
neering approach is currently limited to the description of wavepacket dynamics. Here, we utilize
the notion of effective Hamiltonians and develop a Floquet engineering scattering formalism that
relies on a systematic high-frequency expansion of the scattering matrix. The method unveils the
critical role of micromotion. An application to the case of non-reciprocal transport is presented.
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Introduction — The design of periodically driven
schemes and their implementation to various physical
systems has attracted the attention of the research com-
munity during the last decade [1-3]. The interest in
this activity, coined Floquet engineering, is twofold: from
the fundamental side one hopes that these new develop-
ments will allow for the realization of novel phenomena
and forms of matter which are currently out of reach
when using conventional (material development-based)
approaches. Examples include systems with dynamical
localization [4-9], topologically nontrivial phases [10, 11],
quantum phase transitions [12, 13], artificial gauge poten-
tials [3, 14], edge states [15, 16] etc. From the technolog-
ical side, the hope is that these advances can be utilized
towards the development of novel devices that will pro-
vide unprecedented control of information carried over
by a variety of systems, ranging from optical, microwave,
and acoustic to matter waves and quantum electronic
framework. This enthusiasm is further backed up by the
fact that the properties of a Floquet system are recon-
figurable and can be changed on demand by altering the
external driving field — a feature that is absent from any
“time-independent” system whose physical properties are
fixed during the fabrication process.

The cornerstone concept in the Floquet engineering ap-
proach is associated with the notion of effective (Floquet)
Hamiltonian fIF The latter is time-independent and al-
lows us to describe the evolution of the original periodi-
cally driven system Hy(t +T) = Hy(t) in a stroboscopic
manner. In other words, the evolution of the driven sys-
tem is given by U (tg,t1) = Up (to) e~ 2= )Hr T (1)
where Up(t) = Up(t + T) encodes the dynamics tak-
ing place within each period T of the drive, the so-called
micromotion. The prerequisite for Floquet engineering is
that Hp can be designed by suitably tailoring the driving
protocol [1, 14, 17-19]. Of course, the implicit assump-
tion is that one can theoretically calculate the effective
Hamiltonian (as well as the micromotion operator) asso-
ciated with the specific driving scheme. In general, this
is a formidable task. There are, however, experimentally
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FIG. 1: (a) A schematic of a Floquet two-level system (two
coupled resonators— red color) coupled to two semi-infinite
leads. The resonance frequency, and the mutual coupling of
the (red) resonators, can be periodically modulated in time;
(b) The same system can be described effectively as two time-
independent resonators for which the on-site potential, their
mutual coupling and their coupling to the leads are now al-
tered by the periodic drive. This system, in the scattering
framework, is now described by an effective time-independent
Hamiltonian Hr. Note that up to order O(1/w?) the alter-
ation of the coupling with the leads is solely dictated by the
micromotion.

relevant circumstances where Hp (and also Up(t)) can
be computed in the form of an inverse-frequency expan-
sion [14, 17, 19] and takes a simple form that allows for a
clear interpretation. In this fast driving regime, in which
the driving frequency is larger than any natural energy
scale in the problem, the slow degrees of freedom are not
coupled resonantly with the drive. Instead, the system
typically feels an effective static potential that depends
on the amplitude and frequency of the drive and which
can be described by Hp. Experimental implementation
of this scheme includes, dynamical trapping of Paul traps
[20] and dynamical localization [5-7], to artificial gauge
fields for neutral atoms [21-23], nontrivial topological
band structures [24] and quantum phase (superfluid-to-
Mott) transitions [12, 13, 25]. It is important to point
out that all the existing studies on Floquet engineering
are mainly concerned with the so-called wavepacket dy-
namics scenario (i.e. the spreading of an excitation). It
turns out that all these studies highlight the importance
of Hp, while the micromotion Up(t) appears to play a
secondary (if at all) role in the description of the dynam-
ics.



Besides all this activity, however, not much has been
done for the implementation of the effective (Floquet)
Hamiltonian notion within the scattering framework.
This is quite surprising since the latter is the appropri-
ate formalism for the analysis of the transport proper-
ties of a system. In this paper, we undertake this task
and develop a Floquet engineering scattering theory based
on effective Hamiltonians of periodically driven systems.
Specifically we develop a systematic high-frequency ex-
pansion of the Floquet scattering matrix, which unveils
the important role of micromotion in modifying the cou-
pling of the system to the leads. We demonstrate the
efficiency of our scheme, by utilizing it for the design of
periodic driving protocols that aim to enhanced (opti-
mized) non-reciprocal transport (NRT).

Theoretical Formalism-We consider a Floquet system
described by a finite-dimensional Ny x Ny time-periodic
Hamiltonian H (t) = H (t + T) (T = 2n/w is the period
of the drive and w is its frequency),

H(t)=Hy(t) —il; T =~Iy., (1)

where H, (t) is a Ny x N hermitian matrix, —I describes
the uniform losses in the system and Iy (with an arbi-
trary subscript N) denotes the N x N identity matrix.
For example, in the context of the coupled mode theory,
the Hamiltonian H (¢) could describe a network of cou-
pled single-mode resonators (sites) with uniform losses =,
whose resonant frequencies and couplings are modulated
periodically in time, see Fig. 1a. We turn the system of
Eq. (1) to a scattering set-up by attaching to it two static
semi-infinite leads o« = L, R, each of which is supporting
plane waves with a dispersion relation F (k).

For periodic driving, the Floquet theorem assures that
when an incident wave with frequency Eg = E(ko) is
approaching the time-periodic modulated target, it will
scatter to infinite number of outgoing channels (including
evanescent channels) with frequencies E, (k) = Eog+nw
where n is an integer. We are interested in the scattering
matrix &, which connects only the propagating incom-
ing and outgoing channels. Following the derivation in
Ref. [26], we can calculate the flux-normalized 2N, x 2N,
scattering matrix S where IV, is the number of propagat-
ing channels in each lead. We have

1
Eo—i—Z’y—HQ-i-AH-i-%WTW

WT
(2)

where Hg = HY — [nwly,] is the quasi-energy op-
erator in the extended Floquet-Hilbert space, with
_ ],A{(n—7l/)

ss’

S = 7]2Np + W

: 0
the matrix component (HQ)ns,n/s/
% foT dt (PIO (t))ss’ ez(ninl)wt. The subindex s =
1,---, Ny indicates the s-site of the time-periodic system.

The notation [X,,] denotes an infinite block diagonal ma-
trix with each diagonal block being a submatrix X,, (the

integer n runs from —oo to +00). The hermitian operator
Ay = W [A, L)W, describes the channel-coupling in-
duced renormalization for the “Hamiltonian” Hg in the
extended Floquet-Hilbert space. Here the matrix ele-
ments A,, distinguish between propagating and evanes-
cent channels. Furthermore the operator (W), , ... =
CaOnn'0aess describes the coupling between the channels
and the sites of the driven system in the Floquet-Hilbert
space, where ¢, is the bare coupling between the lead «
and the sites of the system, and we define §,..s = 1 when
the lead « is directly coupled with the site s and dpess = 0
otherwise. Finally (W)npa’n,S = \/VgnpCalnpn Oaess de-
scribes the coupling of the propagating channels with
the driven system in the extended space. The integer
np labels only the propagating channels and vy, =
OE/ 8k|knp represents the group velocity in each of these
channels.

We proceed with the high-frequency analysis of the
scattering matrix Eq. (2). Our goal is to incorporate
the effective Hamiltonian Hp in the Floquet scattering
framework. Indeed, Hp is closely connected with the
quasi-energy operator Hg as [19]

ULHQUp = [HF] — [nwin,], ULUF = [In,],  (3)

where the sub-blocks ty,—,, = (Up),,,, of the unitary
matrix Ug are related to the one—poin‘é micromotion op-
erator U (t) as i, = + fOT dtUp (t) e™~*. Therefore, Up
encodes the micromotion generated by H, (t) or equiva-
lently H (t) in the uniform-loss case. Note that in gen-
eral, both the effective Hamiltonian H r and the matrix
Ur are not uniquely defined. However, under the canon-
ical van Vleck form of degenerate perturbation theory,
they can be uniquely determined order by order with re-
spect to 1/w in terms of the Fourier components H®
of the Hy (t), see Ref. [19] and [27]. We note that the
off-diagonal blocks of Up, i.e. t,-0, have been found to
be ~ O(1/w) [19].

In the large driving-frequency limit, the number of the
propagating channels in each lead reduce to one, i.e.,
N, = 1. Using Egs. (2) and (3), we can write the scat-
tering matrix S in terms of the effective Hamiltonian Hp
as

S = I+ WFGFwrt (4)

where W = WUy and

1
[(En +09) Io] = [ He| + UL (A + $WTW) Up
(5)
The difficulty of the analysis of the scattering matrix

S mainly comes from the presence of the full matrix
UIT; (AH + %WTW) Ur in GE. The above matrix can be

GF =



formally separated into a block-diagonal part [dn} and a

block-off-diagonal matrix V, i.e.,
T T —|d
Ul (AH +5W W) Up = [dn] v (6)

where V| n, = dAan when 1y # no and (fn = cfnn The
above decomposition Eq. (6) to a block-diagonal and a
block off-diagonal matrices is inspired by a locator expan-
sion method used in disordered systems [28]. Though, in
the current situation, the locator is a matrix. Specifi-
cally, taking into account that V' ~ O (1/w), the matrix
GT can be expanded systematically as

Gl =—(¢"+¢"Vg" +--), (7)

where ¢ = L@ff } and the “locator” is identified as g =
. N
— (En +y—Hp + dn) Notice that for n # 0 the

locator is of order gf;éo ~ 0 (1/w).

Our final step involves the expansion of W = WU
(specifically of Ur) in powers of 1/w and its substitution,
together with Eq. (7), into the expression of the S-matrix
Eq. (4). In this way, a systematic high-frequency expan-
sion for the scattering matrix S can be readily derived.

Next, let us consider a scenario for which A,»o ~
O(1/w). This is a typical situation due to the diminishing
coupling between the driving system and the evanescent
channels F,+q. Up to order O (1/w2), we can write the
scattering matrix S in Eq. (4) as

Vg,0

FEo+ vy — Hp + ﬁgé’f (AO + ngg,o) Clig

S =~ —IQ + Zé’&o

where (¢),, = cadawss, Hp = I:I:L ~ Fy + %Fl + ﬁﬁg
and U9 =~ I + %bg. The operators F), appearing above
are

. . . 1 r. N
By= A0, Bi==% — [A ACm] ()
m
m=1

[ﬁ(—m)’ {mopgm”

B=Y

s 2m2
(1), [l =), ]|
+ 7%;0 m;m 3mm/

and by = fézm?ﬁo ﬁﬁ(*m)ﬁ(m) [29]. From Eq. (8)
we see clearly that the micromotion via g is modify-
ing the coupling of the driven system to the leads, see
for example Fig. 1b. Notice that the scattering matrix
S in Eq. (8) is independent of the driving phase, i.e., S
is invariant when H (t) — H (t — to). This property is
guaranteed by the structure of both Hp and 4o, which
involve only the matrix products H(m1) f(m2) ... fr(ms)

with m; +mg+---m, = 0. Generally, the leading correc-
tion of the micromotion to the Floquet scattering prob-
lem is O(1/w?). This is the same order where novel topo-
logical properties of Hp of the closed system typically
manifest themselves. The correct implementation of Hp
in the scattering framework (where the micromotion is
taken into account) is crucial in order to avoid any mis-
interpretations.

For example, in the case of a tight-binding lead with
dispersion relation E (k) = —2cos(k) (in units of cou-
pling), Eq. (8) applies with v o = 2sin(ko). In this case
A, = cos(kp), k, € (0,7) for the propagating channels
E, € (=2,2) and 4,, = e** ~ O (1/w),Zm (k,) > 0 for
the evanescent channels E,, ¢ (—2,2). Therefore we have
that cfan = nﬁl_méfem"éﬁn,ng (see Eq. (6)).

Application: Design of driving schemes for enhanced
NRT - Let us now implement the above formalism for
the Floquet design of driving schemes that can lead to
Non-Recirpocal Transport (NRT). We will confine our
analysis to the high-frequency limit where Eq. (8) is ap-
plicable. The corresponding physical requirement is that
the driving amplitudes are small compared with the driv-
ing frequency w. Furthermore, we will consider that the
scattering target is having uniform losses of strength ~.
In this case, the scattering matrix S is not unitary i.e.
I, — S'S = ~vZ where Z = Z! is the absorption ma-
trix. We remark, parenthetically, that one can utilize
this framework in order to design driving schemes that
lead to a broadband absorption [30].

We proceed with the evaluation of the left/right trans-
mittance difference A =717 g — Tr_ 1, where T, g =
|t L|2 represents the transmittance from left to right
lead for the propagating channel Fy (and similarly for

Trosr = |trl®) . We get

oo (3 D) (8 D) o= (2 ).

Equation (10) applies to any periodically driven system
coupled to two propagating channels. We point out that
Eq. (10) implies that the transmittance asymmetry and
thus NRT will be absent without material loss i.e., v = 0.
Indeed, this fact is the direct result of a 2 x 2 unitary scat-
tering matrix. Further substitution of the expression Eq.
(8) for the scattering matrix into Eq. (10) will allow us to
optimize the driving scheme that will lead to maximum
NRT.

Let us consider, for demonstration purposes, the ex-
ample case of a simple two-mode Floquet system corre-
sponding to Ny = 2. We will further assume that the
Floquet system is coupled to two tight-binding leads. In
this situation the bare coupling matrix takes the form ¢ =

(CL CO > For simplicity, we assume that ¢y, = cgp = —1
R

0
. - N 0 ho
and the static part of Hy (t) is Fy = he 0 ,ho € R.
0



Under this simplification, the parametrization by = E; =

<5r élzﬁi Br ;;Zﬂ’) together with Eqgs. (8) and (10) en-

able us to obtain the transmittance difference A up to
the order O (1/w?) explicitly

A~ (32h05i'ysin2 ko) /w?

5
4 (y 4+ sin k;o)2 cos? ko + (h% —cos? kg + (y + sin k‘o)2>

(11)

From Eq. (11) we conclude that in this case, the leading
order of NRT in the high-frequency limit is associated
with the presence of micromotion and it is O (1 /Cuz) In
fact, this estimation can be derived directly from Eq. (8),
for a generic (i.e. arbitrary Fy = FOT and cp,cr) two-
mode Floquet system. This result stresses the impor-
tance of the micromotion in the scattering framework —
its overlook can lead to qualitatively wrong conclusions,
as the example case of non-reciprocal transport indicates.

We proceed with the Floquet engineering design of
NRT, under the constraint that the driving scheme in-
volves only a first-harmonic i.e.

7oy (r(t) h(t)

= (Gl 20) (12)
where er/r (t) = 2fr/gcos (wt—|—¢L/R) and h(t) =
ho + hyexp (wt +1¢1) + hoexp (—wwt — 1d2). Without
loss of generality, we set ¢, = 0 (we can always choose
the driving phase properly to eliminate ¢; without af-
fecting NRT). In this respect, our goal is to maximize
the transmittance difference A by choosing the proper
relative driving phases, i.e., ¢r, ¢1 and ¢ when ¢ = 0.
Therefore the problem boils down to the study of 3; ap-
pearing in Eq. (11). We get

1

Bi = 5(— frhisingy + frhysin ¢,

— thl sin (¢1 — ¢R) + thQ sin (¢2 — ¢R> ) (13)

From Egs. (11,13) we find that in case of real-valued cou-
pling h (¢) € R that involves only a first-harmonic driv-
ing associated with the example of Eq. (12), the trans-
mittance asymmetry cannot be stronger than O (1 /w3).
On the other hand, when the coupling is assumed
to take complex values, we have that max{fs;} =
% (foh1 + frho + frh1 + frh2) occurs when ¢r = 0,
¢2 = —¢1 = /2, thus resulting in an optimized NRT.
In Fig. 2a, we present the numerical (lines) results for
the left (T, r) and right (Tr—, ;) transmittance versus
the frequency of an incident wave for the Floquet sys-
tem of Eq. (12). In our simulations we have used high
values of the driving frequency w = 6 and the optimized
values of the relative driving phases which we have find
to be ¢, = ¢p = 0 and ¢ = —¢; = w/2. At the same
figure we also present the theoretical (symbols) results
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FIG. 2: The analysis of transport properties of the specific
two-mode Floquet system defined in Eq. (12). (a) Numerical
and theoretical calculation of Trr (Tr—z) for the trans-
mittances from the left (right) to right (left) lead versus the
incident frequency FEjy in the case of the optimized phase when
oL = ¢r = 0 and ¢2 = —¢1 = /2. Theoretical calculation
refers to the application of Eq. (8) while the numerical rigor-
ous results come from Eq. (2) and the convergence was tested
by increasing the Floquet lattice. (b) The transmittance dif-
ference A versus the incident frequency Fo for various dif-
ferent relative driving phases ¢r = 0, /3 and —7/4 when
¢r =0 and ¢2 = —¢1 = 7/2. Theoretical results come from
the explicit formula Eq. (11) with 8; given in Eq. (13). Clearly
the optimized phase ¢r = 0 presents a relatively large mag-
nitude of the transmittance difference |A|. The other com-
mon parameters for the calculation of both (a) and (b) are:
the bare coupling between the leads and the Floquet system
cr, = cr = —1, the static coupling between the two modes
ho = —1, the driving amplitudes fr, = fr = h1 = h2 = 1 and
the uniform loss strength v = 1 and the driving frequency
w = 6.

for Tr,,r and Tk, which are based on Eq. (8). Fi-
nally in Fig. 2b we show the theoretical (symbols) and
numerical (lines) transmittance difference A for various
values of the relative driving phases ¢r. The maximum
magnitude of the transmittance difference is observed for
¢r = 0 as predicted by our theoretical analysis.
Conclusions — We have developed a scattering Flo-
quet engineering approach which is applicable in the high
driving-frequency limit. The method utilizes the notion
of the effective (Floquet) Hamiltonian which have been
recently developed in the framework of wavepacket dy-
namics of Floquet systems. The approach highlights the
importance of micromotion in the scattering framework
and allows us to design driving schemes with predefined
transport characteristics. We have demonstrated the va-
lidity of our scheme by applying it to the case of non-
reciprocal transport associated with a two-site periodi-
cally modulated target with uniform losses and a first-
harmonic time-periodic modulation. We furthermore
find that the transmittance asymmetry is proportional
to O(1/w?) for any two-site Floquet-system with uni-
form loss. It will be interesting to utilize the scattering
Floquet engineering approach in order to identify period-
ically modulated scattering geometries for which the non-
reciprocity will be of order O (1/w). A promising direc-
tion along this lines is the investigation of modulated tar-
gets with spatio-temporal symmetries (like parity-time



symmetry) [30, 31].
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