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We consider a single-layer graphene with high ripples, so that the pseudo-magnetic fields due to
these ripples are strong. If the magnetic length corresponding to a typical pseudo-magnetic field
is smaller than the ripple size, the resulting Landau levels are local. Then the effective properties
of the macroscopic sample can be calculated by averaging the local properties over the distribution
of ripples. We find that this averaging does not wash out the Landau quantization completely.
Average density of states (DOS) contains a feature (inflection point) at energy corresponding to
the first Landau level in a typical field. Moreover, the frequency dependence of the ac conductivity
contains a maximum at a frequency corresponding to the first Landau level in a typical field. This
nontrivial behavior of the effective characteristics of randomly strained graphene is a consequence
of non-equidistance of the Landau levels in the Dirac spectrum.

PACS numbers:

I. INTRODUCTION

It is known that graphene deposited on different sub-
strates, such as SiO2, exhibits ripples.1 These ripples es-
sentially follow the corrugation of the substrate.

Already in the early days of the research on graphene it
was predicted2,3 (for review see Refs. 4,5) that random
strain, caused by ripples, can play the role of random
magnetic field affecting the orbital motion of electrons
and having opposite signs in different valleys.

Later, a direct evidence of the substrate-induced rip-
ples was reported in Refs. 6–10, where the topography
of the surface was revealed via the STM (scanning tun-
neling microscopy) images. The fact that the ripples
indeed give rise to the pseudo-magnetic fields was di-
rectly confirmed in the experiments Refs. 11–13. In
Refs. 11–13 the staircases of the Landau levels were ob-
served in the bias dependence of the local tunnel conduc-
tance. Another physical manifestation of the curvature-
induced magnetic field is the sensitivity of transport to
the external magnetic field applied parallel to the sur-
face. This sensitivity was demonstrated experimentally
in Refs. 14,15. Due to strain, a parallel magnetic field
generates a pseudo-magnetic field normal to the sur-
face which causes the electron dephasing.16–19 Alterna-
tive explanation20 is common for electron motion along
the rough interface: in course of this motion electron tra-
jectory can enclose a finite flux even if the field is parallel
to the graphene sheet on average.

The motivation for the current studies of the strained
graphene21,22 is a promise to manipulate the electron
spectrum by tailoring the strain.23 For a review on
“strain engineering” see Ref. 24. In the present paper we
address one peculiar property of graphene with pseudo-
magnetic fields. These fields create position-dependent
staircases of Landau levels. Randomness in the “steps”
of these staircases tends to smear the average density of
states (DOS). It is not obvious whether or not this smear-
ing is complete. Specifics of graphene with linear disper-
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FIG. 1: (Color online) (a) Schematic illustration of random
pseudo-magnetic field induced by strain. In the red and blue
regions the field has opposite signs. Typical size, Rc, of the re-
gions is assumed to be much bigger than the typical magnetic
length. Low-energy states originate from the white regions
where magnetic field passes through zero. For these “snake”-
like states electron propagates along the boundary B = 0 and
decays into both red and blue regions. (b) Since the extension,
y0, of the electron wave-function in the y-direction, which is
normal to the direction of propagation, is much smaller than
Rc, the magnetic field within y0 can be linearized.

sion spectrum is that Landau levels are not equidistant
in a constant magnetic field. We demonstrate that, as a
consequence of this non-equidistance, the average DOS
retains the memory about the Landau quantization.

If the random field changes smoothly along the plane,
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local Landau levels are formed in the strained re-
gions. They manifest themselves in the local tunnel
conductance.11,12 We demonstrate that the average (over
the surface area) tunnel conductance, G, still contains a
feature reflecting the first Landau level in a typical field.
Naturally, this feature is more pronounced in the deriva-
tive, dG

dV , of the conductance with respect to the bias
voltage, V . This derivative saturates at high bias. To-
gether with the average tunnel conductance, we calculate
the average frequency-dependent ac conductivity, σ(Ω).
It appears that a feature at Ω corresponding to the first
Landau level in a typical field not only survives the av-
eraging, but manifests itself stronger than in the tunnel
conductance.

The bigger is the correlation length, Rc, of the random
magnetic field, see Fig. 1, the more pronounced is the
Landau quantization in the average DOS, or, in other
words, the stronger is the depletion of the DOS near zero
energy. Finite Rc smears the quantization due to the
emergence of the low-energy states. These states, which
we study in the present paper, originate from the spatial
regions where the random magnetic field passes through
zero, as illustrated in Fig. 1.

II. AVERAGE DOS

If the magnetic field does not change in space, then the
DOS is given by

ρ(E,B) =
1

2π`2B

∞∑
n=−∞

δ (E − En) , (1)

where the energies, En, are the Landau levels in graphene

En = sgn(n)
(
2e~v2

F |n|B
)1/2

. (2)

Here vF ≈ 106m/s is the Fermi velocity, and

`B =

(
~
eB

)1/2

(3)

is the magnetic length.
Actual shape, 〈ρ(E,B)〉, of the average DOS depends

on the relation between the correlation radius, Rc, of the
random field and the magnetic length, `B , in the r.m.s
field, B0 = 〈(B(r))2〉1/2, where 〈...〉 denotes the spatial
averaging. For Rc � `B adiabatic description applies.
Within this description, the local DOS is given by Eq.
(1) at every point, with En being the levels in the field,
B, at this point. Then 〈ρ(E)〉 is obtained by averaging
of Eq. (1) over the distribution of B, i.e.

〈ρ(E)〉 =
1

B0

∞∫
−∞

dBρ(E,B)F
( B
B0

)
, (4)

where the distribution function, F , is normalized, so that∫∞
−∞ dxF (x) = 1.
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FIG. 2: (Color online) (a) Average DOS in randomly strained
graphene is plotted from Eq. (5) versus the dimensionless
energy z = E/w, where w is the Landau quantization energy
in a typical pseudo-magnetic field. For demonstration purpose
the δ-peak at E = 0 is broadened into a gaussian with a width
0.04. Note that the first Landau level in a typical field survives
the averaging and manifests itself as a feature near z = 1. To
elucidate this feature the derivative of average DOS is plotted
in (b). It reveals not only the first but also the second Landau
level.

The integration in Eq. (4) is performed with the help
of the δ-functions. Prior to the averaging, it is convenient
to rewrite the DOS Eq. (1) in the form

ρ(E,B) =
e|B|
2π~

δ(E)+
|E|
~2v2

F

∞∑
n=1

|B|
n
δ

(
|B| − E2

2πe~v2
Fn

)
.

(5)
Obviously, the n = 0 Landau level is not smeared

by averaging.25 This is a rigorous statement, which
can be viewed as a manifestation of the Atiyah-Singer
theorem.26 To get a finite broadening of the n = 0 Lan-
dau level, the random field should change in space so
rapidly that the coupling of K and K ′ points becomes
important. Thus, the width of the n = 0 peak is propor-
tional to the Fourier harmonics of B(r) corresponding
to the momentum transfer between K and K ′. Note,
however, that the magnitude of the δ(E)-term contains
the magnetic field via `B and, thus, should be averaged.
Equally, in n 6= 0 terms, the values of B at which the
arguments of the δ-functions turn to zero, should be sub-
stituted into the prefactor 1

`2B
.

It follows from Eq. (4) that the characteristic scale of
change of the average DOS is related to B0 as

w =

(
2ev2

FB0

~

)1/2

, (6)
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so that 〈ρ(E)〉 is a function of the dimensionless ratio

z =
E

w
. (7)

We cast the result of averaging into the form

〈ρ(E)〉 =
1

2π`2B0
w
φ

(
E

w

)
. (8)

where the dimensionless function φ(z) is given by

φ(z) = 2Fδ(z) + 4|z|3
∞∑
n=1

1

n2
F
(z2

n

)
, (9)

where F =
∫∞

0
dzzF (z).

For Gaussian F (x) = 1
π1/2 exp(−x2) we have F =

1
2π1/2 . The small-z asymptote of φ(z) follows from Eq.

(9) upon setting F (z) = 1
π1/2

φ(z)||z|�1 ≈
4|z|3

π1/2

∞∑
n=1

1

n2
=

2π3/2

3
|z|3. (10)

This behavior reflects the depletion of the average DOS
at small energies due to the formation of the Landau lev-
els. The large-z asymptote, φ(z) ≈ 2|z|, is determined
by the terms n ∼ z2 � 1, when the summation can be
replaced by integration. Naturally, it recovers the DOS
in a zero field. Our main finding is that, at intermediate
z, the function φ(z) exhibits a feature (inflection point)
near z = 1 as shown in Fig. 2a. Presence of this feature
indicates that the first Landau level survives the averag-
ing. The feature becomes even more pronounced in the
derivative φ′(z) plotted in Fig. 2b. Actually, as seen in
Fig. 2b, the derivative φ′(z) contains an additional fea-
ture which corresponds to the second Landau level, so
that it also survives the averaging in some form.

III. AVERAGE AC CONDUCTIVITY

A standard expression for the ac conductivity, σ(Ω),
in a constant magnetic field, see e.g. Ref. 27, reads

σ(Ω) =
e2v2

F |eB|
Ω

∞∑
n=0

δ
(
|En|+ |En+1| − Ω

)
×
{[
nF (−|En|)−nF (|En+1|)

]
+
[
nF (−|En+1|)−nF (|En|)

]}
.

(11)

Here nF (E) = [exp(E/T ) + 1]
−1

is the Fermi distribu-
tion. The first term in the square brackets describes
the transitions from the occupied hole level (n + 1) to
the empty electron level n, while the second term de-
scribes the transitions from the occupied hole level n to
the empty electron level (n+ 1).

In the limit Ω � w, Eq. (11) yields σ = e2

4~ , which
is a standard result. Averaging over the distribution of
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FIG. 3: (Color online) The average ac conductivity is plotted
from Eq. 13 versus the dimensionless frequency z̃ = Ω/w,
where the characteristic frequency, w, is defined by Eq. (6).
Unlike the DOS, the feature corresponding to the transition
0 → 1 emerges even without taking the derivative. Black,
blue, and red curves correspond to the temperatures T = w,
T = w

2
, and T = w

40
, respectively.

pseudo-magnetic fields in Eq. (11) is quite similar to the
averaging of the DOS. The result is expressed through
a dimensionless function, Υ(z̃), of the dimensionless fre-
quency z̃ = Ω/w. This result reads

σ(Ω) =
e2

4~
Υ(z̃). (12)

The form of the function Υ(z̃) is the following

Υ(z̃) = 8z̃2
∞∑
n=0

fn(z̃, T )(√
n+
√
n+ 1

)4F
(

z̃2(√
n+
√
n+ 1

)2
)
,

(13)
where the temperature factor, fn(z̃, T ), is defined as

fn(z̃, T ) =
exp(λT z̃)

4 cosh
(

λT z̃
√
n√

n+
√
n+1

)
cosh

(
λT z̃
√
n+1√

n+
√
n+1

) , (14)

with λT = w
2T .

Note that there is an important difference between
Eqs. (9) and (13). Namely, the summation in Υ(z̃) in-
cludes the term n = 0. Due to this term, a peak in the
average ac conductivity is present even without taking
derivative, as shown in Fig. 3. This peak corresponds to
the virtual transitions 0 → 1 and −1 → 0 in the Kubo
formula. It is seen from Fig. 3 that the peak remains
pronounced up to high temperatures.

IV. FINITE-Rc CORRECTION

As it was mentioned above, the adiabatic description
applies when the correlation length Rc exceeds the mag-
netic length in a typical field. Even when this condition
is met, there are low-energy states in a random mag-
netic field for which adiabatic description is inapplicable.
These states originate from the regions where the random
field passes through zero. As illustrated in Fig. 1a, the
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FIG. 4: (Color online) (a) First four branches of the dis-
persion of the snake states obtained by the numerical solu-
tion of Eq. (20). (b) Two contributions to the dimensionless
DOS, dQ

dε
, are plotted from (a) for the branch n = 1. In-

set: schematic behavior of the dimensionless DOS plotted in
Fig. 2 in the low-energy domain. The dependence φ(z) ∝ z3

extends down to z = zm =
(
`B
Rc

)1/3

and is terminated as

z < zm, where the main contribution to the DOS comes from
the snake states.

contours B = 0 form a percolation network.28 As a result
of the smallness of B, the corresponding local magnetic
length is big and exceeds Rc. To establish the portion
of these regions and their contribution to the DOS a full
quantum mechanical description is required. The sim-
plification which allows one to develop this description
comes from the fact that the motion along the network
B = 0 has a one-dimensional character.29

We start from the effective-mass Hamiltonian for an
electron in the presence of an arbitrary magnetic field

Ĥ = vF

 0 π̂x − iπ̂y

π̂x + iπ̂y 0

 , (15)

where π̂ = k̂ + e
cA, with k̂ being the momentum opera-

tor and A being the vector potential. The Hamiltonian
Eq. (15) describes the states in a single valley. The crucial
assumption, which will be justified later, is that, near the

contour B = 0, see Fig. 1a, the magnetic field can be lin-
earized, see Fig. 1b, as B = 2B0y

Rc
, so that the vector po-

tential in the Landau gauge is given by A = (−B0y
2

Rc
, 0).

This form of the vector potential allows the separation of
variables in the Dirac equation, namely

Ψ = eikxx

ψ1(y)

ψ2(y)

 , (16)

where the components ψ1(y) and ψ2(y) satisfy the system
of equations

E

vF
ψ1 =

(
kx −

eB0y
2

cRc

)
ψ2 +

dψ2(y)

dy
,

E

vF
ψ2 =

(
kx −

eB0y
2

2Rc

)
ψ1 −

dψ1(y)

dy
. (17)

We can now introduce the dimensionless variables

y = y0s, kx =
Q

y0
, ε = y0

E

vF
, (18)

where y0 is given by

y0 =
(
`2BRc

)1/3
, (19)

and reduce the system Eq. (17) to a single second-order
differential equation for ψ2

d2ψ2

ds2
+
[ (
Q− s2

)2
+ 2s

]
ψ2 = ε2ψ2. (20)

This equation has the form of the Schrödinger equation

with potential U(s) =
[(
Q− s2

)2
+ 2s

]
. Note that the

term 2s in the potential is specific for the Dirac electron.
For the Schrödinger electron in a magnetic field29 B(y) ∝
y this term is absent. It is this term which ensures that
the level ε = 0 is robust.

From the expression Eq. (19) for y0 we conclude that,
by virtue of the condition Rc � `B , the length y0 lies in
the interval

Rc � y0 � `B . (21)

First relation justifies linearizing of the magnetic field
performed above. Second relation indicates that the en-
ergies of the snake states, described by the system Eq.
(17), are much smaller than the characteristic energy, w.

Consider a ripple of a size ∼ Rc. Its area is ∼ R2
c .

Snake states are confined along the perimeter, within a
strip of a width ∼ y0, see Fig. 1. The area of the strip is
∼ y0Rc. Thus, for energies of the order of w, the relative
correction, ρsn(w), to the DOS due to finite Rc is of the
order of

ρsn(w)

〈ρ(w)〉
∼ y0

Rc
∼
(
`B
Rc

)1/3

. (22)
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We now turn to the low-energy domain E � w, where
the DOS is dominated by the snake states. The disper-
sion law, ε(Q), of the snake states, drifting along the
contour B = 0, can be found analytically in the lim-
its of large negative and large positive Q. For negative
Q, such that |Q| � 1, the potential can be replaced by
U(s) = Q2 + 2|Q|s2. Then the Schrödinger equation Eq.
(20) reduces to the harmonic oscillator equation yielding

ε2n = Q2 + (2n+ 1)|2Q|1/2, Q < 0, |Q| � 1. (23)

At large positive Q the potential should be expanded
near s = Q1/2. Upon setting s = ±Q1/2 + s1, and as-
suming that s1 � Q1/2, the potential takes the form
U(s) ≈ 2Q1/2 + 4Qs2

1, which is again the harmonic oscil-
lator potential with frequency 2Q1/2. This leads to the
following dispersion laws of the branches

ε2n = 4nQ1/2, Q� 1. (24)

Integer n in Eqs. (23), (24) starts from n = 0. Dispersion
laws of the first four branches calculated numerically are
shown in Fig. 4a. The asymptotes Eqs. (23), (24) are
clearly seen in the plots. At large positive Q the branches
approach asymptotically the Landau levels in the bulk.
The branch n = 0 approaches ε = 0. However, with
numerical accuracy, it merges with horizontal axis at Q =
0. In Fig. 4b the dimensionless DOS, dQ

dε , is plotted for
the branch n = 1. This DOS contains two contributions
from positive and from negative Q. It is seen that the
first contribution dominates for dimensionless energies
ε > εm, where εm is the minimal energy of the branch,
see Fig. 4a.

To find the energy dependence of the DOS in the do-
main ε � 1, we can use the asymptote (24) and cast it
into the form

Q =
ε4

16n2
. (25)

In dimensional units Eq. (26) has the form

kx =
y3

0E
4

16n2v4
F

. (26)

It is important that dkx
dE yields a one-dimensional DOS.

To recalculate it into a real 2D DOS, we have to divide
dkx
dE by Rc. This leads to the result

ρ(n)
sn (E) =

1

Rc

dkx
dE

=
y3

0E
3

4n2Rcv4
F

=
`2BE

3

4n2v4
F

. (27)

Now it is easy to realize that, upon summation over n,
Eq. (27) restores, within a factor, the behavior φ(z) ∝ z3

derived above without accounting for the snake states.
From this we conclude that the true behavior of φ(z)
at small z is the one shown schematically in the inset
of Fig. 4b. Namely, the z3-dependence extends down to
minimal z = zm and saturates below z = zm. The value
of zm can be found from Eq. (18)

zm =
1

w

(
vF
y0

)
∼
(
`B
Rc

)1/3

. (28)
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FIG. 5: (Color online) Average DOS is plotted from Eq. (5)
versus the dimensionless energy z = E/Emax for the homo-
geneous distribution of pseudo-magnetic fields in the interval
(−Bmax, Bmax). The energy Emax is the Landau quantization
energy in the field Bmax. Multiple features originate from the
sharp boundaries of the distribution. These boundaries are
generic for the periodic arrangement of ripples.

V. DISCUSSION

(i) With regard to the observables, a pronounced peak
in Fig. 2b should manifest itself in the derivative of the
average differential conductance with respect to the bias
voltage. In other words, not only the zero-bias peak,
seen in differential conductance11, but also n = ±1 peaks
survive the averaging over the ripples due to the substrate
topography.

A peak in the average ac conductivity, σ(Ω), in Fig. 3
might manifest itself in the infrared characteristics of the
rippled graphene sample. For example, for a typical field
1T, the maximum in σ(Ω) corresponds to the frequency
Ω = 120K and to the wavelength 100µm. This frequency
can be probed by photoconductivity30 or by the measure-
ment of the infrared transmission.31 In the latter case, the

shape of transmission profile is determined by dσ(Ω)
dΩ .

(ii) Throughout the paper, we have completely ignored
the scalar potential. The condition for this neglecting is
that the magnitude of scalar disorder is much smaller
than vF /`B , i.e. the typical magnitude of random po-
tential is much smaller than the distance between the
Landau levels. Under this condition, while the scalar po-
tential will immediately broaden the zeroth Landau level,
the anomaly at z = 1 will not disappear.

(iii) From the STM images of graphene on different
substrates,6–10 it can be concluded that the realistic pro-
file, h(x, y), resembles a periodic structure. Such a quasi-
periodicity implies that the distribution of B(r) has a
sharp cutoff at some B = Bmax. This is because B(r)
is, essentially, the radius of curvature at the point r.16,18

The consequence of this cutoff is a presence of numer-
ous features in the average DOS corresponding to the
Landau levels in the field B = Bmax. To illustrate this
point, we chose a homogeneous distribution of pseudo-
magnetic fields which translates into F (z) = 1

2θ(1− |z|).
The resulting DOS calculated from Eq. (9) is shown in
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Fig. 5. We see that φ(z) exhibits a sawtooth struc-
ture as it approaches the bare DOS. More specifically,
a microscopic treatment16,18 of pseudo-magnetic fields
induced by a bubble of concrete shape and with angu-
lar symmetry indicates that the maximum of pseudo-
magnetic field corresponds to the points away from the
center. Then the distribution, F (B), diverges near Bmax

as (Bmax − |B|)−1/2.
(iv) Throughout the paper, we have focused on the ex-

trinsic ripples imposed by the substrate imperfections.
The reason is that we could not see how the tunnel den-
sity of states can be measured in a free-standing graphene
with intrinsic ripples. However, the ac conductivity can
still be measured. In this case we expect a much richer
structure in σ(Ω) for the reason explained in (iii). Indeed,
intrinsic ripples are less random than extrinsic ones. As
we had seen above, even with minimal lifting of random-
ness, the smooth density of states develops a saw-tooth
structure after averaging.

(v) We emphasize that the inflection point in Fig. 2 is
the consequence of Landau levels in the Dirac spectrum
being non-equidistant. If they were equidistant, the func-

tion φ(z) would take the form φ(z) = z
∑
n

1
n2 exp

(
− z2

n2

)
instead of Eq. (9). Plotting this function indicates that
the feature near z = 1 is pronounced very weakly.

(vi) To explore the applicability of the adiabatic de-
scription we use the expression32 for pseudo-vector po-
tential in terms of the surface profile, see the Appendix.
In this appendix we derive the following expression for
the adiabaticity parameter

`B
Rc

=

(
Rca

16νh2
0

)1/2

. (29)

For adiabatic description to apply the right-hand side
should be small. It requires strong corrugation ampli-
tude, h0, while, somewhat counterintuitively, this corru-
gation cannot be too smooth for Landau levels to form
within Rc. (the case opposite to Ref. 33). Using the pa-
rameters Rc = 4nm and h0 = 0.5nm from Ref. 11 we get
for the right-hand side the value 0.47. Similar parame-
ters Rc = 4± 2nm and h0 = 0.6± 0.1 were extracted in
Ref. 15 from the transport measurements. Concerning
the STM measurements, the parameters Rc ≈ 10nm and
h0 ≈ 0.5nm reported in different papers 6–9 are consis-
tent with each other and correspond to the value 0.74 in
the right-hand side.
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Appendix A: Pseudo-magnetic field

In this Appendix we express the pseudomagnetic field
via the parameter of the ripple. For this purpose, we use
the expression32 for pseudo-vector potential in terms of
the surface profile, h(r),

Ax(r) = ν
Φ0

a

[(
∂h

∂x
(r)

)2

−
(
∂h

∂y
(r)

)2
]
,

Ay(r) = −2ν
Φ0

a

(
∂h

∂x
(r)

)(
∂h

∂y
(r)

)
, (A1)

where Φ0 = ~c
e is the flux quantum, and a = 1.42Å is the

lattice constant. Parameter ν ≈ 0.6 is expressed via the
rate of change of the overlap intergral32 with a. From
Eq. (A1) we find the following general expression for the
pseudo-magnetic field

B(r) = 2ν
Φ0

a

[
2
∂h

∂x

∂2h

∂x∂y
− ∂h

∂y

(
∂2h

∂y2
− ∂2h

∂x2

)]
. (A2)

To calculate the average 〈B2(r)〉 it is convenient to
switch in Eq. (A2) to the Fourier transform, h(r) =∑

q hq exp (iq · r)

B2(r) = 4ν2 Φ2
0

a2
|hq|2|hQ|2

×
[
4(q2

x−q2
y)Q2

xQ
2
y+4qxqyQxQy(Q2

x−Q2
y)+q2

y(Q2
x+Q2

y)2
]
.

(A3)

Only the last term contributes to 〈B2(r)〉. For the Gaus-
sian correlator,

〈h(r1)h(r2)〉 = h2
0 exp

[
− (r1 − r2)

2

R2
c

]
, (A4)

evaluation of Eq. (A3) yields

〈B2(r)〉 =

(
16νΦ0h

2
0

R3
ca

)2

. (A5)
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