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We study the response of the Kitaev spin liquid (KSL) to a local magnetic field perpendicular
to the Kitaev honeycomb lattice. The local magnetic field induces a dynamical excitation of a flux
pair in the spin liquid and the system can be described by a generally particle-hole asymmetric
interacting resonant level model. The dynamical excitation of the flux pair closes the flux gap in
the spectrum of the spin correlation function locally for the gapless KSL even from the perturbative
response to a weak magnetic field. Beyond the perturbative regime, the p-h asymmetry competes
with the magnetic field and results in a rich phase diagram. Moreover, the magnetic field breaks the
gauge equivalence of the ferromagnetic and anti-ferromagnetic Kitaev couplings of the ground state
and leads to very different behaviors for the two cases. The anti-ferromagnetic case experiences a
first order phase transition to the polarized state during magnetization whereas the ferromagnetic
case does not. This study can be generalized to the Kitaev model in a uniform magnetic field and
may help understand issues in recent experiments on KSL candidates.

I. INTRODUCTION

Quantum spin liquid (QSL) is a strongly correlated
system with fascinating properties, such as fractionaliza-
tion, emergent topological orders, long range entangle-
ment etc. Since its original proposal as resonating va-
lence bond liquid state [1], the search and study of QSL
has attracted great efforts from both the theorectical and
experimental side [2]. However, due to the lack of any lo-
cal order, its identification is extremely difficult [3]. Until
about a decade ago, Kitaev proposed an exactly solvable
minimal model on a 2D honeycomb lattice, which com-
bines all the features of a QSL yet involves only nearest
neighbor interactions on the lattice [4]. This makes it
possible to observe the Kitaev spin liquid (KSL) in artif-
ical materials [5] and cold atom systems [6].

As one of the characteristic features of quantum spin
liquid, the KSL exhibits fractionalized excitations of
gauge fluxes and matter Majorana fermions [4, 7, 8].
The initiating and probing of such fractionalized exci-
tations often involves the dynamical response of the sys-
tem [9, 10]. The dynamical structure factor of the pure
Kitaev model are known exactly and reveals the charac-
teristic fractionalization of the KSL [7], e.g., a flux gap
in the spectrum of the dynamical structure factor ap-
pears even for the gapless KSL. However, the dynamics
included in the dynamical structure factor of a pure Ki-
taev model, which is related to an X-ray edge problem
by Baskaran et al [8], does not involve the dynamics of
the flux excitation once the flux is created in the spin liq-
uid. This is not the case for many Kitaev-related models,
such as the Kiteav-Heisenberg model [5, 11], the Kitaev-Γ
model [12].

In recent experimental search for proximate KSL in
real materials [9, 10, 18, 19], the candidates usually
include not only Kitaev couplings but also the above
Heisenberg or/and Γ interactions [5, 12–17], which in-
duces a magnetic order at low temperature in the ma-

terials. To suppress the magnetic order, the exper-
iments are often conducted in an external magnetic
field [9, 10, 18, 19]. In this case, both the extra inter-
action and the magnetic field has significant impact on
the dynamics of the fractionalized excitations.

In this work, we study the KSL in the magnetic field in
a simple but non-trivial case, i.e., the KSL in a local mag-
netic field applied to a single z bond of the honeycomb
lattice. We present an analytic study of the response
to the magnetic field in such case in both perturbative
and non-perturbative point of view, supplemented by ex-
act numerical renormaliztion group (NRG/RG) method.
This simple case allows us to have a full understanding
of the dynamics and phase transition of the KSL in the
local magnetic field and at the same time reveals many
generic features of the KSL behavior in a uniform mag-
netic filed, which may help understand the behavior of
the KSL candidates in current experiments.

Our study reveals that the local magnetic field induces
interesting physics in the KSL. The local magnetic field
not only excites a pair of fluxes in the KSL, it also in-
troduces a dynamics to the flux pair, which closes the
flux gap in the spectrum of the dynamical spin corre-
lation function locally for a gapless KSL even from the
perturbative response to a weak magnetic field. This is in
contrast to previous conjectures that such gap is robust
against weak magnetic field [7, 8].

The KSL in the local magnetic field is described by
a generally p-h asymmetric interacting resonant level
model of spinless superconductors. The full dynamics
resembles that of a Kondo problem [20–22], but has to-
tally different consequences compared to the conventional
Kondo problem in metals [20–23]. The p-h asymmetry
plays a critical role for the finite Jz case (see models be-
low). It competes with the magnetic field and results in
a rich phase diagram in the system.

The magnetic field breaks the gauge equivalence of the
ferromagnetic (FM) and anti-ferromagnetic (AFM) Ki-
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FIG. 1: (a)Kitaev honeycomb lattice. The dashed oval rep-
resents a unit cell. nx and ny are two unit vectors of the
honeycomb lattice and q1 and q2 are their dual vectors in k
space. (b) The occupation number of the f0 fermion nf0 as a
function of Jz/|Jx| at the Kitaev ground state.

taev couplings of the KSL ground state and the two cases
behave very differently in the local magnetic field. The
FM couplings favor the magnetization whereas the AFM
Kitaev couplings impede the magnetization. Moreover,
the AFM case experiences a first-order phase transition
to a polarized state at high magnetic field beyond the
perturbation theory as manifested by both the MFT and
the NRG results whereas the FM case does not.

This work can be generalized to the KSL in a uniform
magnetic field and may help understand the problems in
the current experiments searching for KSL behaviors in
real materials.

II. MODEL

We start by recapitulating the solution of a pure Kitaev
model [4]. The Kitaev Hamiltonian describes a highly
frustrated nearest neighbor interaction of half spins on a
honeycomb lattice and takes the form

HK = −
∑
〈ij〉α

Jασ̂
α
i σ̂

α
j , (1)

where α = x, y, z denotes three bond directions as shown
in Fig. 1 and σαi are the three Pauli matrices on site i.
〈ij〉α denotes two sites sharing an α bond.

The model is solved by representing the half spins with
four Majorana fermions ĉi, b̂

x
i , b̂

y
i , b̂

z
i at each site as σαi =

icib
α
i [4]. The Kitaev Hamiltonian then becomes

HK = i
∑
〈ij〉α,α

Jαu〈ij〉αcicj , (2)

where the bond operator u〈ij〉α ≡ ibαi b
α
j commutes

with the Hamiltonian Eq.(2) and is conserved. The
ground state entails the gauge invariant quantity W ≡∏
Plaquette u〈ij〉α = 1 for all the plaquettes [4]. For conve-

nience, we choose the gauge u〈ij〉α = −1 for all the bonds
for the ground state in this work. There is then no gauge
redundancy left in this work.

The Majorana fermions can be combined into two
species of complex fermions: bond fermion χ〈ij〉α =
i(bαi + ibαj )/2 and matter fermion fr = (cr,A + icr,B)/2,
where r is the unit cell coordinate and A and B are the
two sites on the r bond [7, 8]. The ground state Hamilo-
tian has the Bogoliubov de-Gennes (BdG) form when
expressed in terms of the matter fermions and describes
a spinless p-wave superconductor as

H0 = −
∑

r,α=x,y

[
Jα(f†r fr+nα + frfr+nα + h.c.)

+Jz(2f
†
r fr − 1)

]
=

∑
q

[
ξq(f†qfq −

1

2
) + ∆qf

†
qf
†
−q + ∆∗qfqf−q

]
,

(3)

where ξq = −2Re Sq, ∆q = 2iIm Sq and Sq = Jz +
Jxe

iq1 + Jye
iq2 , q1, q2 are the components of q in the q1

and q2 direction shown in Fig.1(a). The Hamiltonian
Eq.(3) can be diagonalized by the Bogoliubov transfor-

mation aq = uqfq − vqf
†
−q with uq = cos θq, vq =

i sin θq, and tan 2θq =
Im Sq

Re Sq
[7],

H0 = −
∑
q

[|Sq|(a†qaq −
1

2
)− |Sq|(a−qa†−q −

1

2
)]. (4)

The ground state spectrum of the matter fermion is then
ε0(q) = −|Sq|. The ground state spectrum and en-
ergy does not depend on the signs of Jx, Jy and Jz since
changing the sign of Jα can be compensated by chang-
ing the corresponding u〈ij〉α [4]. For convenience, we set
Jx = Jy > 0 in this work in the following. The results
do not change for Jx,y < 0. For |Jz| ≤ 2Jx, the ground
state spectrum of the KSL is gapless and for |Jz| > 2Jx,
the ground state is gapped [4].

We now consider a local magnetic field ~h perpendicular
to the honeycomb lattice applied to a single z bond of
the ground state, denoted as r = 0. The magnetic field
Hamiltonian is

Hh = −h(σz0,A + σz0,B) = −2ih(c0,Ab
z
0,A + c0,Bb

z
0,B)

= −2h(f†0χ0,z + χ†0,zf0). (5)

One immediate consequence is that the Hamiltonians
with different signs of Jz are now inequivalent. This is
shown as follows: one can transform the Kitaev Hamil-
tonian with Jz < 0 to the case Jz > 0 by the trans-
formation Jz → −Jz, bzr,B → −bzr,B on all the z bonds.
However, the magnetic Hamiltonian then becomes Hh =
−2ih(c0,Ab

z
0,A − c0,Bb

z
0,B) = −h(σz0,A − σz0,B), i.e., the

magnetic field on the A and B site now has opposite di-
rection. For the reason, the FM case Jz > 0 and AFM
case Jz < 0 respond very differently to the magnetic field.

The local magnetic field on the z bond flips the sign of
u0,z = 2χ†0,zχ0,z−1 at r = 0 by creating or annihilating a
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χ0,z fermion as shown in Eq.(5), and thus not only excites
a pair of neighboring fluxes W = −1 in the ground state
but also introduces a dynamics to the flux pair. For the
reason, u0,z is no longer a conserved quantity, whereas
u〈ij〉α on all the other bonds are still conserved. We then
separate the interaction term on the z bond at r = 0 from
the other terms in the Kitaev Hamiltonian and write the
full Hamiltonian as

H = H0 + 2Jzχ
†
0,zχ0,z(2f

†
0f0 − 1)

−2h(f†0χ0,z + χ†0,zf0). (6)

Here H0 = −i
∑
〈ij〉α Jαcicj is the ground state Hamil-

tonian of the Kitaev model with u〈ij〉α = −1, i.e.,
nχ〈ij〉α

= 0. We have put back the −iJzc0,Ac0,B term
to H0 after separating the −Jzσz0,Aσz0,B term at r = 0.
The Hamiltonian Eq.(6) describes an interacting reso-
nant level model. The bond fermion χ0,z acts as an im-

purity and f̂r act as itinerant fermions which hybridize
and interact with χ0,z on the site r = 0. The interaction
term vanishes for the ground state of the Kitaev model
and is non-zero only when there is flux excitation in the
system. For convenience, we denote χ0,z as χ0 hereafter.

The eigensectors of the Kitaev Hamiltonian with con-
served u〈ij〉α break the p-h symmetry of the Kitaev model

under p-h transformation χ〈ij〉α → χ†〈ij〉α , fr → f†r spon-

taneously. This can be seen from the ground state Hamil-
tonian Eq.(3). The interaction on the z bond reduces to
a local potential scattering of fr fermions in the ground
state and breaks the p-h symmetry of the normal state
except for Jz = 0.

The p-h asymmetry of the ground state Hamiltonian
H0 is manifested by the occupation number nf0 of the
f0 fermions. For the Kitaev ground state, 〈nf0〉0 =
1
N

∑
q |uq|2 = 1

2 + 1
N

∑
q

ReSq

2|Sq| and depends on the ra-

tio Jz/|Jx,y| as shown in Fig. 1(b). One can see that
〈nf0〉0 = 1/2 for Jz = 0 and becomes greater than 1/2
for Jz > 0 and less than 1/2 for Jz < 0. As |Jz/Jx,y|
increases, the asymmetry increases. The deviation of nf0
from half filling results in an effective positive energy
level for the χ0 fermion that locates in the empty band
of matter fermions and thus there is a gap for the flux
excitation at Jz 6= 0. For the reason, the ground state
has nχ0

= 0 at h = 0 and finite Jz. At the two limiting
cases Jz = ±∞ with h = 0, the ground state has nχ0

= 0
and nf0 = ±1 respectively corresponding to maximum
asymmetry.

At Jz = 0, the Kitaev model reduces to decoupled
one-dimensional chains and its ground state spectrum
ε0(q) = ±2Jx cos qx2 , where qx is the component of q
in x direction shown in Fig. 1(a). The density of states
(DOS) of the matter fermion quasiparticles in this case
is a finite constant at the Fermi level E = 0. The res-
onant level model Eq.(6) is p-h symmetric and can be
mapped to the Toulouse limit of a metallic Kondo prob-
lem [23–25]. At Jz = 0 and h = 0, the ground state of

Eq.(6) is doublet degenerate corresponding to the χ0 level
empty or occupied. These two states can be considered
as the two components of a pseudospin sz = 1/2 − nχ0 .
The hybridization of the χ0 level and f0 fermions by the
magnetic field is relevant with scaling dimension 1/2 at
small h and drives the system to the strong coupling (SC)
fixed point of a metallic AFM kondo problem at some fi-
nite h [21, 23–25]. The SC fixed point is stable in this
case [23] and corresponds to a singlet state with the pseu-
dospin sz fully screened [23, 25].

However, the situation is very different for finite Jz.
For |Jz| > 0, the Hamiltonian Eq.(6) describes a p-h
asymmetric interacting resonant level model of a super-
conductor. Particularly, in the case 0 < |Jz| ≤ 2Jx,y the
spectrum of the ground state Kitaev Hamiltonian H0 is
gapless and the DOS of the matter fermions vanishes lin-
early with energy near the Fermi level [4]. The exact
mapping between the resonant level model and Kondo
model is lost in this case. The dynamics of the former still
resembles that of a Kondo problem, but with one species
instead of two spin components [20]. Such pseudogap
Kondo problems had been extensively studied in previ-
ous works [27–29] and the p-h (a)symmetry was found to
play a critical role in the system.

Due to the linearly vanishing DOS of matter fermions,
the resonant level model Eq.(6) in the Toulouse limit (i.e.,
non-interacting limit) has dramatically different conse-
quences in comparison with the case of Jz = 0. The hy-
bridization between the χ0 level and the matter fermions
is now marginally irrelevant and there is no screening of
the χ0 level in the Toulouse limit in this case [27–29].
Beyond the Toulouse limit, the interaction at finite Jz
drives the χ0 level to positive energy which further in-
creases the p-h asymmetry and decreases the effective
coupling between the χ0 and f0 fermion thus tends to
drive the RG flow near the SC fixed point further away.
The SC fixed point at Jz = 0 and finite h is then unstable
even under the perturbation of a small Jz in Eq.(6).

On the other hand, a high magnetic field tends to
restore the p-h symmetry because the magnetization is
maximum at half filling of f0 and χ0. To have a better
understanding of the competition between the magnetic
field and the asymmetry in the system, we study the re-
sponse of the KSL to the magnetic field in more details
in the following.

III. RESPONSE TO THE MAGENTIC FIELD

The direct response to the magnetic field is the mag-
netization of the spin liquid. The linear response is
related to the dynamic spin-spin correlation function
of the bare Kitaev Hamitonian. For the pure Kitaev
model, the spin-spin correlation function of an eigensec-
tor is nonvanishing only within the bond distance, i.e.,
〈σαi (t)σβj (0)〉 ∼ δαβδ〈ij〉α [8]. This is because σαi flips
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the sign of u〈ik〉α , where α is the bond connecting i and k

site. Unless σαi and σβj flip the sign of u〈ik〉α on the same

bond, they create two orthoganal states and 〈σαi (t)σβj (0)〉
vanishes.

When a local magnetic field is applied to a single z
bond at r = 0, u〈ij〉α is conserved for all the bonds except
the bond with the local magnetic field. For the reason,
the spin correlation function still satisfies 〈σαi (t)σβj (0)〉 ∼
δαβδ〈ij〉α and is non-vanishing only within the bond dis-
tance. Therefore only the spins on the z bond at r = 0
are magnetized.

1. Perturbative response to the local magnetic field

We first study the perturbative response to the mag-
netic field. The linear response to the magnetic field
is directly related to the dynamic spin-spin correlation
function g0

s(t) ≡ 〈0|Tszr=0(t)szr=0(0)|0〉 of the pure Ki-
taev model where szr=0 ≡ sz0,A + sz0,B . This correlation
function was studied in previous works in details [7, 8]
and it was pointed out by Baskaran et al [8] that g0

s(t)
can be treated as an X-ray edge problem. A more de-
tailed study of this X-ray edge problem [7] reveals that
the spectrum of this spin correlation function exhibits a
gap even for the gapless Kitaev spin liquid. This is clear
when one expresses g0

s(t) as [7]

g0
s(t) = −〈M0, nχ〈ij〉a

= 0|eiH0t(χ0f
†
0 + f0χ

†
0)e−iH0t

(χ0f
†
0 + f0χ

†
0)|M0, nχ〈ij〉a

= 0〉

= −〈M0|eiE0tf†0e
−i(H0+V )tf0|M0〉. (7)

Here |0〉0 = |M0, nχ〈ij〉a
= 0〉 is the ground state of the

pure Kitaev model which includes a matter fermion sec-
tor |M0〉 and a bond sector |nχ〈ij〉a

= 0〉. E0 is the
ground state energy of Kitaev model and H0 + V =
H0 + 2iJ0

z c0,Ac0,B differs from the ground state Hamil-
tonian H0 by flipping the bond operator u0,z from −1
to 1. This flipping of u0,z creats a pair of neighboring
fluxes with W = −1 that share the z bond at r = 0. The
correlation function g0

s(t) then describes the propagation

of matter fermion f̂0 with the presence of a pair of fluxes
created at time t = 0 and annihilated at t, and has the
same form as the response function of the X-ray edge
problem [30–32].

The spectrum of g0
s(t) manifests a flux gap even for

the gapless Kitaev spin liquid when expressed in the
Lehmann representation: [7]

g0
s(ω) = −

∑
λ

〈M0|f†0 |λ〉〈λ|f0|M0〉δ[ω − (Eλ − E0)], (8)

where |λ〉 and Eλ are the eigenstates and eigenenergy of
the Hamiltonian H ′ = H0 + V respectively. The gap
of spectrum function g0

s(ω) is then equal to ∆ = Eλ −

E0, i.e., the energy difference of the ground states of the
Kitaev model with and without a flux pair. This gap
corresponds to the threshold energy in the X-ray edge
problems of metals [30–32].

A significant difference here from the conventional X-
ray edge problems in metals is that the spectrum of the
response function here shows no singularity above the
threshold energy (here is the flux gap) [7]. This is because
the linearly vanishing density of states (DOS) of matter
fermions near the Fermi level makes the matter fermion
correlation function decay as 1/t2 on equal site (shown in
Appendix) instead of 1/t as in ordinary metals [33, 34].
For the reason, the zeroth order of the response function
Eq.(7) with respect to V behaves as D0

χ0
(t)G0

f0
(t) ∼ 1/t2,

where D0
χ0

(t) and G0
f0

(t) are the equal site Green’s func-
tion of the χ0 and f0 fermions with respect to the bare
Kitaev Hamiltonian H0 respectively. The spectrum of
this term is then ∼ (ω −∆) ln(ω −∆) above the thresh-
old energy in contrast to ∼ ln(ω − ωth) in a metal [33].
The higher order contributions of V to the X-ray edge
response function can be resummed by the linked cluster
theorem to an exponential of the zeroth order contribu-
tion [33]. For the reason, the spectrum of the response
function Eq.(7) here results in no singularity above the
threshold energy whereas the corresponding X-ray edge
response function in a metal results in a power law sin-
gularity ∼ (ω−∆)−δ, where δ is related to the scattering
phase of the electrons by the hole created by the X-rays
and is positive. The leading order of the spectrum of
Eq.(7) above the flux gap is ∼ (ω − ∆) ln(ω − ∆) and
increases almost linearly with (ω−∆) above the flux gap
for gapless KSL as shown in Ref.[7, 35].

However, the local magnetic field induces a dynamics
to the flux pair which the linear response function does
not capture. It was shown that the dynamics induced by
a uniform magnetic field perpendicular to the honeycomb
lattice plane can close the flux gap in the spectrum of the
dynamical structure factor of a gapless KSL [34]. Here
we show that this result can be generalized to the KSL in
a local magnetic field, i.e., a local magnetic field can close
the flux gap of a gapless KSL locally. This can be seen
by expanding the dynamical spin correlation function up
to second order of the magnetic field

g(2)
s (t) = −h

2

2

∫ ∫
dτ1dτ2〈Tsz0(t)sz0(0)sz0(τ1)sz0(τ2)〉0.

(9)

The correlation function g
(2)
s (t) describes two cycles of

X-ray edge absorption and emission processes in suc-

cession [20, 30]. The asymptotic behavior of g
(2)
s (t) at

large t can be obtained by generalizing the calculation
of Ref. [34] to here. The four operators sz0(τ) in Eq.(9)
flip the sign of u0,z at t = τ with time order respectively
and thus create a piecewise-constant potential function of
time V (2)(τ) with and without the flux pair alternatively
in the system.
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For a typical time order, e.g. t > τ2 > τ1 > 0, g
(2)
s (t) can be expressed as

g(2)
s (t) = −8h2

∫ ∫
dτ1dτ2〈Tf†0 (t)f0(τ2)f†0 (τ1)f0(0)e−i

∫
V (2)(τ)dτ 〉0, (10)

where the potential V (2)(τ) is a piecewise-constant func-
tion of time as follows: V (2)(τ) = V in the interval
(0, τ1) and (τ2, t), and V (2)(τ) = 0 at all the other

time. The diagram expansion of the integrand g̃
(2)
s (t) ≡

〈Tf†0 (t)f0(τ2)f†0 (τ1)f0(0)e−i
∫
V (2)(τ)dτ 〉0 = eC2L2 [33,

34]. Here eC2 = 〈Te−i
∫
V (2)(τ)dτ 〉0 is the closed loop

contribution and L2 is the sum of open line diagrams.
The asymptotic form of eC2 is e−i∆(τ2−t−τ1), where ∆
is the energy difference of the ground states with and
without the flux pair, i.e., the flux gap. The factor eC2

then raplidly oscillates unless near the points τ1 ≈ 0 and
τ2 ≈ t within the time interval ∼ 1/∆.

The open line diagram L2 is given by the following
equation:

L2 = 〈Tf†0 (t)f0(τ2)〉(2)〈Tf†0 (τ1)f0(0)〉(2)

−〈Tf†0 (t)f†0 (τ1)〉(2)〈Tf0(τ2)f0(0)〉(2)

−〈Tf†0 (t)f0(0)〉(2)〈Tf0(τ2)f†0 (τ1)〉(2) (11)

where 〈T...〉(2) stands for 〈T...e−i
∫
V (2)(τ)dτ 〉e−C2 .

Due to the oscillation of the eC2 factor, the main con-

tribution to the integration of g
(2)
s (t) for large t comes

from the regime τ1 ≈ 0 and τ2 ≈ t, i.e., a small neighbor-
hood of the boundary of τ = 0 and τ = t. For such time
arguments, the external potential V (2)(τ) as a function
of τ turns on only for two short intervals of the order ∆−1

while the seperation between the pulses is large. In this
case, the correlator 〈T...〉(2) in Eq.(11) reduces to 〈T...〉0
times a trivial renormalization factor ∼ 1/J [34].

The bare correlation function of f0 fermion for the typ-
ical gapless KSL with Jz 6= 0 is obtained in the Appendix
as 〈Tf†0 (t)f0(0)〉0 ∼ 1/t2 for large t and 〈Tf0(t)f0(0)〉0 =

〈Tf†0 (t)f†0 (0)〉0 = 0. We then get the asymptotic form of

g
(2)
s (t) ∝ A1 +A2

1
t4 at large t, where A1 and A2 are two

constants. The correction to the spectrum of the spin

correlation function due to the irreducible part of g
(2)
s (t),

i.e., the part subtracting the equal time average, is then

g
(2)
s (ω) ∼ ω3 at low energy. We then see that the gap

in the spectrum of the dynamical spin-correlation func-
tion on the bond with local magnetic field is closed even
in a weak local magnetic field. This is in contrast to
conjectures in some previous works that this flux gap of
the dynamical spin correlation function is robust against
weak magnetic field in a gapless KSL [7, 8].

Higher order responses of the Kitaev spin liquid to the
local magnetic field contain a succession of X-ray edge

absorption and emission processes and can be expressed
as a determinant of the bare two point correlation func-
tion G0

f0
(τ1, τ2) of the matter fermion f0 [20, 22]. The full

dynamics of the Kitaev spin liquid in the local magnetic
field resembles that of a Kondo problem [20]. However,
in contrast to the Kondo problem in metals, where this
determinant has the Cauchy form and can be computed
to all orders [20, 22], the G0

f0
(τ1, τ2) for the gapless KSL

is proportional to 1/(τ1− τ2)2 and the corresponding de-
terminant is very difficult to evaluate. For the reason, we
turn to a different approach to study the response to the
magnetic field beyond perturbation regime in the next
section.

2. Phase transition beyond the perturbative regime

In this section, we study the magnetization of the Ki-
taev spin liquid due to the local magnetic field beyond
the perturbative regime.
(a) Jz = 0. The Jz = 0 case reduces to an exactly

solvable one dimensional system with zero flux gap. The
total magnetization on the z bond at r = 0 is

M = 〈(σz0,A + σz0,B)〉 = 〈2(f†0χ0,z + χ†0,zf0)〉
= 4 Re Gχ0 f

†
0

(τ → 0−), (12)

where Gχ0f
†
0
(τ) ≡ −〈Tχ0(τ)f†0 (0)〉. It’s straightforward

to get Gχ0f
†
0
(iωn) from the equation of motion and

Gχ0f
†
0
(τ → 0−) =

1

β

∑
n

2hG0
f (iωn)

iωn − 4h2G0
f (iωn)

, (13)

where G0
f (iωn) = 1

N

∑
q

iωn−2ReSq

(iωn)2−(εq)2 and β = 1/T . At

low energy, the one-dimensional spectrum εq ≈ Jx(qx −
π
2 ) and we get M ∼ h

Jx
ln Λ

h at T = 0 as shown in
the Appendix, where Λ ∼ Jx is the high energy cut-
off. The susceptibility at h→ 0 diverges logarithmically
as ξ = ∂M/∂h ∼ − lnh indicating the relevance of the
hybridization by the magnetic field at Jz = 0 and small
h. This divergent response is also due to the zero flux
gap at Jz = 0 which makes the flux excitation and mag-
netization easy at small h.
(b) Jz 6= 0. For Jz 6= 0, we apply a mean field theory

(MFT) analysis to investigate the Hamiltonian Eq.(6)
supplemented by NRG method. The latter is regarded
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FIG. 2: (a)nf0 , nχ0 ,M and 〈sz0,Asz0,B〉 as a function of the

magnetic field for Jz/Jx = 1 at T/Jx = 10−4. The solid lines
are the results from MFT and the dashed lines with circles
are from NRG. The unit of M is 2µB . (b) The same curves
for Jz/Jx = −1. The legends are the same for the two panels.

as an exact numerical technique. The interaction term
in Eq.(6) is decomposed to the Hartree and Fock part at
the mean field level as

HMF
int = HHart

int +HFock
int , (14)

HHart
int = 4Jznχ0

f†0f0 + 4Jz(nf0 − 1/2)χ†0χ0

−4Jznχ0
nf0 , (15)

HFock
int = −Jzmf†0χ0 − Jzm∗χ†0f0 + Jz|m|2/4,(16)

where nf0 ≡ 〈f
†
0f0〉, nχ0 ≡ 〈χ

†
0χ0〉,m ≡ 4〈χ†0f0〉 are the

mean fields representing the average values of the occupa-
tion number of f0 fermion, χ0 fermion and the magnetiza-
tion respectively, and will be determined self-consistently.
At h = 0, the mean fields m = 0, nχ0

= 0, nf0 > 1/2
for Jz > 0 and nf0 < 1/2 for Jz < 0 at the ground state.
The values of nf0 , nχ0 ,m vary with the increase of h. At
the mean field level, the f0 and χ0 fermions obtain a
chemical potential of −4Jznχ0

and −4Jz(nf0 − 1/2) re-
spectively from the Hartree term. The Fock term results
in an effective magnetic field heff = h + Jzm/2. Since
the magnetization m always has the same direction as
the external magnetic field h, the FM interaction Jz > 0
enhances the effective magnetic field and favors the mag-
netization whereas the AFM interaction Jz < 0 decreases
the effective magnetic field and impedes the magnetiza-
tion. For the reason, the two cases have dramatically
different magnetization processes.

Fig. 2 shows the plots of nf0 , nχ0
, m and spin cor-

relation function 〈sz0,Asz0,B〉 as a function of the mag-
netic field h obtained from the self-consistent MFT for
Jz/Jx,y = ±1 [26]. The difference between the FM and
AFM coupling case is clear from the plots. First, the FM
case magnetizes much faster than the AFM case as ex-
pected since the FM Kitaev coupling enhances the effec-
tive magnetic field. Secondly, the AFM case experiences
a first order phase transition at a critical magnetic field
hcrit with a sharp jump of nf0 , nχ0

, m and 〈sz0,Asz0,B〉 as

shown in Fig. 2(b). At the transition both nf0 and nχ0

jumps from smaller than half filling to greater than half
filling. The spin correlation function on the z bond with
the local magnetic field 〈sz0,Asz0,B〉 jumps from negative to
positive value. This jump of 〈sz0,Asz0,B〉 can be detected
by the EELS experiments as in Ref. [36].

To check the reliability of the MFT, we performed
NRG calculation, which is exact, for the current prob-
lem. We obtained the exact values of nf , nχ andm versus
the applied field h, as well as the local spin-spin correla-
tion function 〈sz0,Asz0,B〉. The NRG results are shown in
Fig. 2 (dashed lines with circles). We see that the results
from MFT and NRG agree with each other very well.
The possible reason is that the two-particle excitations
are gapped in the presence of the applied field, render-
ing quantum fluctuations beyond the MFT insignificant.
However, we find the single-particle excitation spectrum
is quantitatively different, even for h = 0. For exam-
ple, the χ0-fermion excitation gap is roughly Jz in MFT,
while it is reduced to about 0.26Jz in NRG.

From the mean field Hamiltonian, we can see that the
phase transition for the case Jz < 0 is due to the com-
petition between the magnetic Hamiltonian Eq.(5) and
the Hartree and Fock interaction Eq.(14). At h = 0,
nf0 < 1/2 for Jz < 0. To lower the Hartree and Fock in-
teraction, nχ0

= 0,m = 0 in the ground state. With the
increase of h from zero, nχ0 and m both increases due
to the magnetic Hamiltonian. This increases both the
Hartree and Fock interaction for Jz < 0. To minimize
the energy increase of the Hartree term, nf0 increases and
becomes closer and closer to 1/2. At some critical value
of hcrit, this gradual increase of nf0 can no longer com-
pensate the energy increase of the system so nf0 jumps
to a value greater than 1/2. This jump of nf0 makes the
Hartree energy negative and favors flux excitation so nχ0

also jumps from below 1/2 to above 1/2 accompanied
by a transition from AFM spin correlation to FM spin
correlation on the z bond with the magnetic field which
favors the magnetization. As a result, the magnetization
also jumps at the transition as shown in Fig. 2(b).

As a comparison, for the FM case Jz > 0, magnetiza-
tion increases the Hartree energy yet decreases the Fock
energy. The only positive energy is the Hartree energy
now. The equilibrium can always be reached by a con-
tinuous decrease of nf0 when h increases so there is no
phase transition.

We also compared the magnetization curves for differ-
ent values of Jz as shown in Fig. 3. The |Jz| ≤ 2Jx,y cases
correspond to gapless spin liquid and the Jz = ±3Jx,y
cases are gapped spin liquid. We see that at h → 0, the
magnetization curve is sharpest for Jz = 0 with a diver-
gent susceptibility ξ = ∂M/∂h as expected. However,
as h increases, the magnetization curves for Jz = 0 and
Jz > 0 cross and the Jz > 0 cases magnetize faster than
the Jz = 0 case. For large Jz/|Jx| � 0, the magneti-
zation saturates very fast at small h. This is because
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FIG. 3: (a)The magnetization curves for different Jz from
the MFT at T/Jx = 10−4. γ ≡ Jz/Jx. (b)The suscepti-
bility curves for Jz ≥ 0 at small h and T/Jx = 10−5. The
susceptibility diverges for Jz = 0 and is finite for Jz > 0 at
h→ 0.

the FM interaction enhances the effective magnetic field
by Jzm/2 at finite m. The FM coupling system is then
unstable at Jz → +∞ even under a small magnetic field.

The magnetization curves show no qualitative differ-
ence between the gapless and gapped spin liquid for
|Jz| > 0. This is because the p-h asymmetry drives the
χ0 level to the empty band of matter fermions for both
cases and the couplings between the χ0 level and matter
fermions have no qualitative difference for the two cases.

We note that at very high magnetic field, both nf0 and
nχ0

tends to half filling for both Jz > 0 and Jz < 0 in
Fig. 2. The p-h symmetry of the Hamiltonian Eq.(6) is
then nearly restored at high magnetic field and saturated
magnetization.

IV. DISCUSSIONS AND CONCLUSION

We now have a brief discussion of the RG flow of the
Hamiltonian Eq.(6). We note that the parameter Jz en-
ters both the interaction term and the potential scatter-
ing of the bare Kitaev ground state Hamiltonian H0 in
Eq.(6). The two terms have different scaling dimensions
and flow in different ways though they have the same bare
coupling Jz. At the same time, both terms break the p-h

symmetry and generate a finite chemical potential for the
χ0 fermion at finite Jz. This chemical potential also flows
with scaling. The RG flow of the Hamiltonian Eq.(6) is
then described by a high dimensional RG diagram in con-
trast to the two dimensional RG flow diagrams for usual
Kondo problems [23, 27–29, 37]. This complicated RG
analysis will be left for a future study.

In conclusion, we studied the dynamics of KSL under
a local magentic field on a single z bond perperdicular
to the Kitaev honeycomb lattice. The local magnetic
field leads to a dynamic excitation of a flux pair, which
closes the gap locally in the spectrum of the dynamical
spin correlation function of a gapless KSL. The system
is described by a generally p-h asymmetric interacting
resonant level model of spinless superconductors and the
dynamics resembles that of a Kondo problem. The p-h
asymmetry competes with the magnetic field and results
in a rich phase diagram in the system. The magnetic field
breaks the gauge equivalence of the FM and AFM Kitaev
couplings of the ground state and the two cases behave
very differently in the local magnetic field. The ferro-
magnetic KSL magnetizes much faster in the magnetic
field than the anti-ferromagnetic KSL. The AFM case
experiences a first order phase transition during magne-
tization whereas there is no phase transition for the FM
coupling case. This study can be generalized to the KSL
in a uniform magnetic field and help understand issues
in current experiments.
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APPENDIX

Green’s function of the Kitaev model in the ground state

In this section, we compute the matter fermion Green’s function (GF) of the gapless KSL ground state.
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The time-ordered GF of matter fermions in the ground state can be calculated as

G0
f (q, iωn) = − < T̂fq(τ)f†q(0) >iωn ,

= − < T̂ (cos θqaq + i sin θqa
†
−q)(τ)(cos θqa

†
q − i sin θqa−q)(0) >iωn ,

=
1 + cos 2θq

2

1

iωn + εq
+

1− cos 2θq
2

1

iωn − εq
,

=
iωn − 2Re Sq

(iωn)2 − ε2q
, (17)

where εq = −2|Sq|.
The equal site correlation function of f is then

G0
f (iωn;~r, ~r) =

1

N

∑
q

iωn − 2Re Sq

(iωn)2 − ε2q
. (18)

For the gapless KSL with Jz 6= 0, the spectrum is linear at low energy and the density of state ρ(ε) ∼ ε, the GF
G0
f (Z = iωn;~r, ~r) at low energy can be easily worked out to be

G0
f (Z = iωn;~r, ~r) = − Z

4πΛ2
[ln(Λ− Z)− ln(−Z) + ln(Λ + Z)− lnZ] , (19)

where Λ is the high energy cutoff, typically the band width. Analytic continuing to real frequency, we get the time
ordered GF

G0
f [ω + i0+sgn(ω);~r, ~r] = − 1

4πΛ2
[2ω ln |Λ

ω
|+ iπω sgn(ω)]. (20)

The equal site GF in time space for τ � τ0 ≡ 1/Λ is obtained by Fourier transformation:

G0
f (τ ;~r, ~r) =

1

β

∑
n

G0
f (iωn; 0, 0)e−iωnτ , (21)

=

{
1

4πΛ2 (πβ )2 cos(πτ/β)
sin2(πτ/β)

, 0 < τ < β
2 ,

− 1
4πΛ2 (πβ )2 cos(πτ/β)

sin2(πτ/β)
, β

2 < τ < β,
(22)

where β = 1/T . As T → 0, G0
f (τ ;~r, ~r) ∝ 1/τ2 for large τ .

In the case Jz = 0, the DOS of the matter fermion is a finite constant. In this case, the Green’s function of the
matter fermion is the same as that in ordinary metals and

G0
f [Z = iωn; r, r] =

1

Λ
[ln(Λ + Z)− lnZ − ln(Λ− Z) + ln(−Z)] . (23)

Analytic continuing to real frequency, one gets G0
f [ω + i0+rmsgn(ω); r, r] = −iπSgn(ω)/Λ in this case and

G0
ff†(τ ;~r, ~r) ∝ 1/τ at large τ at T → 0 [33].
With the same method, we obtain that the anomalous Green’s functions on equal site vanish in the ground state:

F 0
f (τ ;~r, ~r) ≡ − < T̂f(~r, τ)f(~r, 0) >0= − < T̂f†(~r, τ)f†(~r, 0) >0= 0. (24)

The magnetic susceptibility at Jz = 0

The equal site Green function Gχ0f
†
0
(iωn) (we drop the site index ~r in the following) in the case Jz = 0 is obtained

from the equation of motion as:

Gχ0f
†
0
(iωn) =

2hG0
f (iωn)

iωn − 4h2G0
f (iωn)

. (25)

where G0
f (iωn) is the equal site Green’s function of f of the ground state and has been obtained in the last section.
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The equal time correlation function can be obtained by the Fourier transformation:

Gχ0f
†
0
(τ → 0−) =

1

β

∑
n

Gχ0f
†
0
(iωn) =

1

β

∑
n

2hG0
f (iωn)

iωn − 4h2G0
f (iωn)

. (26)

Since the above expression has branch cut on the real axis in the complex frequency Z space, we transform the sum
over Matsubara frequency to the integral over two half circles C1 and C2 of the upper and lower half plane of complex
frequency space avoiding the real axis of Z as follows:

Gχ0f
†
0
(τ → 0−) =

h

iπ

∫
C1+C2

dz nF (z)
G0
f (z)

z − 4h2G0
f (z)

,

=
2h

π

∫ ∞
−∞

dω nF (ω)Im [
G0
f (ω + i0+)

ω + i0+ − 4h2G0
f (ω + i0+)

],

=
2h

Λ

∫ ∞
−∞

dωnF (ω)
ω

ω2 + Γ2
,

(27)

where nF (z) is the Fermi distribution function and Γ = 4πh2

Λ ,Λ = Jx. At T → 0, Gχ0f
†
0
(τ → 0−) ∝ h

Λ ln(Λ2+Γ2

Γ2 ). The

magnetization is then M = 4Re Gχ0f
†
0
(τ → 0−)t =∼ h

Λ ln(Λ
h ) and the susceptibility ξ = ∂M/∂h ∝ − lnh as h→ 0.

Hysteresis loop of the magnetization curves from the MFT for the anti-ferromagnetic Kitaev couplings

In this section, we have a briefly explanation of the magnetization curves obtained from the MFT for the AFM
couplings shown in Fig. 2(b) and Fig. 3(a) in the main text.

The free energy vs. magnetic field shows discontinuity when the magnetic field h is increased or decreased in one
direction as shown in Fig. 4. This is typical for a first order phase transition. However, the transition points for the
up and down processes are different due to the superheating and supercooling effects. As a result, the magnetization
curves show hysteresis for h going up and down as shown in Fig. 5. The reason for the superheating and supercooling
effects is because the free energy in the MFT is trapped in a local minimum, or metastable state before the transition
in the calculation. The crossing point of the up and down cycle corresponds to the global minimum of the free energy
at the transition and is then the intrinsic MFT phase transition point we presented in the magnetization curves in
Fig.2b and Fig.3a in the main text.

FIG. 4: The free energy vs. magnetic field h for h going up and down at γ ≡ Jz/|Jx| = −1. The level crossing point is the
global minimum energy point at the transition. At this point, the global minimum energy shows discontinuity from the blue
curve to the red dashed curve, which indicates a first-order transition.
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