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We present an analytical theory to describe three-dimensional magnetic textures in perpendicu-
larly magnetized magnetic multilayers that arise in the presence of magnetostatic interactions and
the Dzyaloshinskii-Moriya interaction (DMI). We demonstrate that domain walls in multilayers de-
velop a complex twisted structure, which persists even for films with strong DMI. The origin of
this twist is surface-volume stray field interactions that manifest as a depth-dependent effective
field whose form mimics the DMI effective field. We find that the wall twist has a minor impact
on the equilibrium skyrmion or domain size, but can significantly affect current-driven dynamics.
Our conclusions are based on the derived analytical expressions for the magnetostatic energy and
confirmed by micromagnetic simulations.

I. INTRODUCTION

Magnetic thin films with chiral exchange interactions
can host a variety of topological spin textures such
as homochiral domain walls (DWs) [1–3] and magnetic
skyrmions [4–6] with rich fundamental behaviors. Al-
though usually considered as two-dimensional (2D) sys-
tems, thin films with competing surface and volume in-
teractions can exhibit more complex three-dimensional
(3D) textures, as recently realized in the case of cubic
helimagnets [7–12] with bulk Dzyaloshinskii-Moriya in-
teraction (DMI). In the case of heavy-metal/ferromagnet
bilayers with perpendicular magnetic anisotropy (PMA)
and interfacial DMI, the ferromagnet thickness is typi-
cally much less than the exchange length so the spin tex-
tures are truly 2D [13–15]. However, recent efforts to sta-
bilize such textures at room temperature have employed
multilayers in which the 2D textures are coupled from
layer to layer by dipolar fields [15–20]. Such composite
spin textures are usually treated two-dimensionally with
magnetic properties scaled using an effective medium ap-
proach [17, 21, 22] and with the assumption of a layer-
independent magnetization profile (the 2D model). How-
ever, recently [23, 24], it has been argued that the actual
magnetic configuration of multilayers is rather different,
and that the equilibrium DW width ∆ and angle ψ vary
from one layer to another. Previously, such an idea of
twisted DWs has already been explored theoretically by
Schlömann [25, 26], who found a similar magnetization
distribution in thick magnetic single layer films (T > lex).

In this article, we show DW twists (see Fig. 1a) emerge
as general feature in magnetic thin film multilayers due
to chiral stray field interactions. We solve the multilayer
stray field integrals analytically and find that the twist is
caused by the previously ignored mutual surface-volume
stray field interactions, which mathematically resemble a
layer-dependent interfacial Dzyaloshinskii-Moriya inter-
action (DMI). We develop an analytical 3D model to ac-
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curately predict the equilibrium structure of domains and
skyrmions, as well as to describe current-driven skyrmion
dynamics.

II. TWISTED STRAIGHT DOMAIN WALL

First, consider an isolated straight DW in a multi-
layer film comprised of magnetic and nonmagnetic lay-
ers, where T is the magnetic layer thickness, P is the
multilayer period, and N is the number of multilayer
repeats. Micromagnetic simulations for a representa-
tive Co-based multilayer [15–20], (saturation magneti-
zation Ms = 1.4× 106 A/m, exchange stiffness A =
1.0× 10−11 J/m, quality factor Q = 2Ku/(µ0M

2
s ) = 1.4

and with N = 15, T = 1 nm and, P = 6 nm), summa-
rized in Figs. 1a-d, reveal that both ∆i and the DW angle
ψi varies from layer. When the DMI constant D = 0, the
DWs in the top and the bottom layers have Néel profile
with opposite chiralities and ∆. In contrast, the middle
layers exhibit Bloch DWs with smaller ∆. Increasing the
DMI shifts the position of the Bloch layer towards one
surface, and at very high DMI all the layers saturate to
a homochiral Néel state.

Figure 2a shows schematically the stray fields around
the Bloch layer (iBloch), explaining the origin of the wall
twist. In the adjacent top and bottom nonmagnetic lay-
ers, the surface stray fields of the neighboring domains
are antiparallel. The energy of the system is minimized
if these fields are co-aligned with the stray fields from the
neighboring layers, giving rise to domain coupling. This
tendency also favors the creation of corresponding vol-
ume charges ρv = −∇ ·M (shown in blue), which results
in the observed DW twist. The stray fields tend to in-
crease (decrease) ∆ when they are parallel (antiparallel)
to the DW magnetization, hence leading to the observed
thickness-dependent ∆.

To quantify these effects, one must calculate the cor-
responding surface-volume stray field integral [27]

σ1,N
d,sv =

µ0

4πNPLy

∫∫
d3rd3r′ρs(r)

1

|r− r′|
ρv(r

′) (1)
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Figure 1. DW twist. (a) Schematic plot of the (↓ | ↑) twisted
DW. (b) ψi and (c) ∆i as a function of the layer number and
interfacial DMI for a film with Q = 1.4. Points represent
the simulated results, continuous lines show the numerical
solution of the proposed twisted wall theory. (d) ∆max/∆min

ratio as a function of Q and a scaling factor f = T /P.

We assume that the DW in each layer i can be described
by its wall angle ψi and polar angle through θi(x) =
arctan{exp[∓(x − q)/∆i]}[28], where upper (lower) sign
stands for ↓ | ↑ (↑ | ↓) DW state. Micromagnetic sim-
ulations indicate that the wall angle ψi also varies as a
function of coordinate [29], ψi = ψi(x) (see Supplemen-
tal Information [30]). However, this effect occurs domi-
nantly in the tails of the DW, and we therefore neglect it
in our analytical model. For the purpose of comparison
between micromagnetics simulations and our analytical
model, we fitted all the simulation data with this simpli-
fied DW profile, in which case the fitted ψi are dominated
by the region near the DW center.

As shown in the Supplemental Material [30], Eq. (1)
for an infinitely extended film (Lx, Ly →∞) reduces to

σ1,N
d,sv = ∓πf

N

N−1∑
i=0

sin(ψi)Dsv,i(∆0, ...,∆N−1) (2)

with f = T /P being a scaling factor. A key result is
that this expression follows the exact functional form
of a (layer-dependent) interfacial DMI. That is, surface-
volume stray fields manifest as a chiral magnetostatic in-
teraction that promotes homochiral textures within each
individual layer, even in the absence of DMI. The twist
develops as a consequence of the fact that Dsv,i is an
asymmetric function with respect to i, ranging from zero
at the middle layer to its maximum magnitude at the
top and the bottom layers (with the opposite signs, as
depicted in Fig. 2b). Adding interfacial DMI simply off-
sets Dsv,i by D in every layer, which leads to a net shift
of the Bloch layer away from the center.

Since the Dsv,i each depend on every ∆j , the cou-
pled magnetostatic integrals in Eq. (2) involve 2N in-
dependent variables, ∆i, ψi, leading to analytically in-
tractable magnetostatic integrals (See Eq. (A1)). How-
ever, micromagnetic simulations (Fig. 1 d) reveal that
∆max/∆min differs significantly from 1 only for relatively
low Q. We henceforth treat ∆ as constant across the
layers, which allows for analytical solutions for the ψi
to be obtained. The total magnetostatic energy of the
isolated DW (including volume-volume, surface-surface,
and surface-volume components) can then be reduced to

σ1,N
d (∆, ψi) =

N−1∑
i=0

N−1∑
j=0

{sin(ψi) sin(ψj)Fv,ij(∆)

+Fs,ij(∆)± sin(ψi)sgn(i− j)Fsv,ij(∆)} (3)

with functions Fα,ij derived in the Supplemental Mate-
rial [30] and defined analytically in Eq. (A2). Here, we
treat the layered structure explicitly rather than through
the effective medium approximation [17, 21], as we find
that the intrinsic error of that approach affects the pre-
diction accuracy of ∆, ψi (and more importantly, the sizes
of domains and skyrmions [22]). The total micromagnetic
energy σ1,N

tot (∆, ψi) then reads

σ1,N
tot = σ1,N

d +
2A

∆
f + 2Ku∆f ∓ πDf

N

N−1∑
i=0

sin(ψi). (4)

The equilibrium profile is obtained by setting ∂σ1,N
tot

∂∆ = 0,
∂σ1,N

tot

∂ψi
= 0 for i = 0, ... N − 1, which after introducing

the matrix formalism (shown in the Supplemental Mate-
rial [30]) reduces to

2A

∆2
f − 2Kuf = ∓πf

N

N−1∑
i=0

sin(ψi)
∂Dsv,i

∂∆

+

N−1∑
i=0

N−1∑
j=0

{
∂Fs,ij
∂∆

+ sin(ψi) sin(ψj)
∂Fv,ij
∂∆

}
, (5)

sin(ψi) = ±f̃
(
πf

N
κ̂−1
v · [ ~Dsv +~1D]

)
i

, (6)

where we introduced a helper function f̃(x) that becomes
x, when |x| ≤ 1 and sgn(x) otherwise, and defined the
matrix κ̂v and vector ~Dsv as:

κv,ij = (1 + δij)Fv,ij(∆) (7)

Dsv,i = −N
πf

N−1∑
j=0

Fsv,ij(∆)sgn(i− j). (8)

Equations (5) and (6) constitute an implicit relation
for the equilibrium ∆, which can be disentangled from
sin(ψi) through separation of variables. The equilibrium
ψi can then be found by plugging the obtained ∆ directly
into Eq. (6). The resulting analytical solutions of ∆, ψi
for films with variousD are plotted in Figs. 1b, c. We find
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Figure 2. DW twist. (a) The schematic distribution of the surface (volume) charges depicted with red (blue) signs in the
layers surrounding the Bloch layer. (b) The surface-volume stray field interaction term Dsv as a function of the layer number,
f , and Q for (↓ | ↑) twisted DW. (c) The fraction of layers with sin(ψi) = +1 as a function of DMI, N , f , and Q.

that ∆ in our model correctly predicts the average DW
width

∑N−1
0 ∆i/N , and our constant ∆ approximation

permits quite accurate prediction of the layer-dependent
ψi (even when ∆max/∆min ∼ 4 as shown for a film with
Q = 1.01, f = 1/6 in Supplemental Fig. 1 [30]).

We find that the values of Dsv in typical multilayers
are comparable to values of interfacial DMI found ex-
perimentally, as shown in Fig. 2b, where energies on the
order of 1 mJ/m2 are seen. Its magnitude increases with
increasing f and decreasing Q. Figure 2c shows that as a
result, much larger values of DMI are required to saturate
domain walls in a purely Néel state as would be expected
from a 2D treatment. There, we analyze multilayers with
various Q and f and plot the fraction of layers with right-
handed Néel walls (here, sin(ψi) = +1) as a function of
DMI and N . We find that films with the smallest f and
Q are easier to saturate to the complete Néel state. We
also find that the value of D2D

thr., at which the wall in
every layer becomes completely Néel, is underestimated
by the 2D theory [22, 31] applied to multilayers using an
effective medium approach (Eq. (A8)), corresponding to
the dashed curve in Fig. 2c). In the Supplemental Mate-
rial [30] we derive a more precise numerical relation for
D3D

thr. (Eqs. (A6), (A7)), plotted as continuous curves in
Fig. 2c. Notably, we find that the critical DMI strength
required to ensure uniform Néel character is more than
a factor of 2 greater than would be estimated from a 2D
treatment.

We note that an analytical treatment to determine the
threshold for the onset of a twist was presented recently
in Ref. 29. That work omitted surface-volume stray field
interactions and considered only volume-volume stray
fields. One can see from the form of Eq. (6) that volume-
volume stray fields, accounted for by κ̂−1

v , indeed influ-
ence the layer dependent ψi. However, ifDsv is neglected,
the volume-volume interactions alone would predict a
twist only in the case of nonzero DMI and that twist
would be symmetric, since the matrix κ̂−1

v is centrosym-
metric (see Supplemental Information [30]). It is, in fact,
the neglected surface-volume stray fields that lead to the

experimentally observed asymmetric twist, since the vec-
tor Dsv in Eq. (6) is antisymmetric. While the authors
of Ref. 29 calculated the magnitude of the volume stray
field interaction, its symmetry was not considered. This
led to the erroneous assumption that it was responsible
for the experimentally observed twist.

III. EQUILIBRIUM DOMAIN SIZE

We now consider a multidomain state with twisted
DWs, with domain period λ and minority domain width
W . One can anticipate that shifting from the (homochi-
ral) 2D model to the 3D model should result in first-order
corrections to the intra- and inter-wall energetics of the
system, which would lead to more accurate predictions
of W [17, 22]. To evaluate the impact of this effect, we
first identified the ground state for multilayer films with
low DMI using micromagnetic simulations with various
densities of stripes. After performing a relaxation pro-
cedure [22], we find that the state with minimum total
energy is the one in which the intra-layer DW chirality
is conserved. This effect is also induced by the surface-
volume stray field interactions as depicted in Fig. 2a.

Based on this ground state, we derive in the Supple-
mental Material [30] the exact magnetostatic energy of
the magnetized multidomain phase with a wall twist,
σ∞,Nd (λ,W,∆, ψi) (Eq. (B1)). We then derive expres-
sions for the equilibrium domain parameters by minimiz-
ing the total energy E∞,Ntot with respect to λ,W,∆, ψi (see
Eqs. (B6)-Eq. (B10)). In Fig. 3a we plot W as a func-
tion of D for the demagnetized state (λ = 2W ). We find
that the full 3D treatment closely matches the 2D the-
ory [22]. The largest deviation occurs for films with high
Q and weak DMI and is caused by two effects: (i) surface-
volume interactions, which are inherently ignored in the
effective medium approach, and (ii) the intrinsic error of
the effective medium approach [22], both of which have a
comparable first-order effect on W . Note that the slope
of the W = W (D) curve approaches zero in the region of
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Initial states for
dynamics simulations

Figure 3. Magnetic domains and skyrmions with twisted walls. (a) Equilibrium domain width as a function of interfacial
DMI, Q and f . (b) Ri as a function of the layer number. (c) Average skyrmion radius

∑N−1
0 Ri/N as a function of applied

field, Q and D for films with f = 1/6. DMI constants D are in units of mJ/m2. Solid (dashed) lines represent the numerical
solution for 3D (2D [22, 32]) theory, dots represent multilayer simulations, with explicit spacer layers

small DMI, which means that using domain width mea-
surements for the extraction of small values of DMI is
impractical.

IV. TWISTED SKYRMIONS

We next treat isolated skyrmions analytically using the
wall-energy model [33], incorporating the twisted DW
energy density derived above. Micromagnetic simula-
tions reveal a layer-dependent radius Ri, which we plot
in Fig. 3b, for the case f = 1/6 with several values of Q
and D (with fields Bz applied to yield similar radii). The
skyrmion radius reaches a minimum at the top and the
bottom layers, and maximum closer to the middle layer.
This effect, similarly to the DW twist, is also caused by
stray field interactions.

Since the interlayer variation of Ri and ∆i is difficult to
evaluate analytically, we approximate them as constant
through the thickness (equal to R and ∆, respectively).
Assuming that the DW energy is independent of R (valid
for skyrmions with R > O(∆)), we can express its total
energy Esk,N

tot (R,∆, ψi, Bz) analogously to the 2D expres-
sion derived in Ref 32, where the 3D twist is incorporated
in the DW energy term:

Esk,N
tot = 2πdRσ1,N

tot + aR− bR ln (R/d) + cBzR
2, (9)

where σ1,N
tot (∆, ψi) is taken from Eq. (4), and constants

are defined in Eqs. (C1)-(C4). The equilibrium R can
be determined by simply plugging the equilibrium pa-
rameters ∆, ψi found from the straight DW theory
(Eqs. (5), (6)) into Eq. (9) and minimizing the result-
ing expression with respect to R. Note that skyrmions
with topological charge N = 1 (N = −1) correspond
to the lower (upper) sign in Eqs. (6). We find that R
predicted by our analytical theory is very close to the av-
erage R obtained from the explicit multilayer simulations
(Figs. 3 b, c). For comparison, the prediction of the 2D

model derived in Ref. 32 (Fig. 3c applied by treating the
multilayer using effective medium scaling, is seen to be
quantitatively inaccurate due to the intrinsic error of the
effective medium approach [17, 22])

Finally, we examine current-induced dynamics of
twisted skyrmions analytically and through micromag-
netic simulations. For simplicity we consider only
damping-like spin-orbit torque (SOT). Treating the
skyrmion as a rigid texture whose static configuration
is preserved while moving, we use the Thiele equa-
tion [34] to derive analytical expressions for the steady
state skyrmion velocity v and Hall angle ξ′, similarly to
the approach in Ref. [32]. By summing up the forces
acting on each individual skyrmion in the multilayer, we
arrive at (see Supplemental Material [30] and Eqs. (C5)-
(C8)):

|v| = j
π~γ∆θSHID(ρ)

2eMsT
√
G̃2 + D̃2α2

f̃ (10)

ξ′ = atan2(G̃, D̃α)− (ψ̃ − π/2) + πΘ(θSHN). (11)

The constants f̃ , ψ̃ capture the influence of the DW twist:

f̃ =
1

N

√√√√(N−1∑
i=0

cos(ψi)

)2

+

(N−1∑
i=0

sin(ψi)

)2

(12)

ψ̃ = atan2

(N−1∑
i=0

sin(ψi),

N−1∑
i=0

cos(ψi)

)
(13)

For the 2D model, these constants become f̃ = 1 and
ψ̃ = ψ2D [32]. Hence, even if the 2D model could predict
the equilibrium R exactly, its predictions of skyrmion dy-
namics would still deviate from our multilayer treatment
as v3D/v2D = f̃ and ξ′3D − ξ′2D ≡ ψ̃ − ψ2D.

Figures 4a, b, compare the values of v, ξ′ predicted
by these two theories, with the ones extracted from the
explicit multilayer simulations for films with f = 1/6,
Q = 2.0, Bz = 59 mT, D = 0.5 mJ/m

2. Both theories
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Figure 4. Dynamics of skyrmions with twisted walls
(a) Skyrmion velocity v and (b) skyrmion hall angle ξ′ as a
function of current density j for films with D = 0.5 mJ/m2

with gray continuous lines representing guides to the eye. (c)
v and (d) ξ′ as a function of DMI. Continuous (dotted) lines
depict 3D (2D [32]) model. (e), (f) — 3D cuts of multilayer
skyrmions at j = 1.0× 1011 A/m2 and j = 1.0× 1012 A/m2

for films with D = 0.5 mJ/m2 (at t = 9 ns). Simulation
parameters are Q = 2.0, f = 1/6 (i.e. D3D

thr = 1.47 mJ/m2),
θSH = 0.1, α = 0.3.

provide a reasonable estimate of the skyrmion Hall angle,
however the velocity predictions in our 3D model are in
much better agreement with the explicit multilayer sim-
ulations than with the 2D model [32], especially in the
low current regime. The low-j deviations of ξ′ in the 3D
model are attributed to the slight underestimation of the
ψi predicted by our model.

Micromagnetic simulations show that for small j,
the skyrmion profile preserves its static configuration
(Fig. 4e). By contrast, at higher j, for some layers, ψi be-
comes non-uniform across the perimeter of the skyrmion,
which leads to a reduced net force acting on the skyrmion
tube. We generally find that the closer the static config-
uration in a layer is to being Bloch, the higher likelihood
that at high j the skyrmion in that layer accumulates
pairs of Bloch lines (as depicted in Fig. 4f) and exhibits
nonuniform precession and oscillations during current in-

jection (as demonstrated for D = 0.5 mJ/m
2 in the

Supplemental Videos [30]). Both velocity and skyrmion
hall angle, particularly at high currents, are many times
smaller than they would be in the absence of these fac-
tors, i.e for the 2D model, or even for our (rigid) twisted
wall-energy model (Fig. 4a, b). These high-j phenomena
affect the resulting dynamics of multilayer skyrmions, es-
pecially at low DMI. There, only a fraction of skyrmions
contribute to the net force, since skyrmions in the up-
per and lower layers have opposite chiralities so that the
forces tend to cancel. What is left are the transient and
Bloch skyrmions that contribute only weakly due to the
development of Bloch lines or wall angle oscillations [35],
leading to significantly lower velocities. Such defects or
oscillations are absent in layers with Néel walls, which is
why our high-DMI predictions of v are always accurate
(Figs. 4c, d). Finally, we find that high currents also lead
to distorted skyrmions shapes, as well as to their slight
magnetostatic decoupling along the film. Such high-SOT
effects may also contribute to the observed deviations of
our 3D dynamics model.

V. SUMMARY

We have explicitly demonstrated that DWs and
skyrmions in magnetic multilayers generally form a
twisted structure with varying ψi ∆i and Ri due to the
mutual surface-volume stray field interactions. We have
calculated the wall twist analytically, assuming a varying
ψi, but a fixed ∆i = ∆ across the layers. We have found
that 2D treatments, in addition to completely ignoring
the wall twist, yield quantitative errors in domain spac-
ing and isolated skyrmion sizes, though in most cases
the error is relatively modest. However, these twisted
states, and the variation strength of stabilization of DW
angle through the thickness, leads to markedly differ-
ent dynamics from what 2D treatments would predict.
We derived analytical expressions for skyrmion velocity
and Hall angle accounting for the twisted states, which
works well at low current but fails at higher currents
due to complex dynamical changes in the spin textures
that cannot be captured by rigid models. Our work pro-
vides key insights into the novel static and dynamic layer-
dependent phenomena in PMA multilayers.
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Appendix A: Twisted straight domain wall

Films with layer dependent ∆i, ψi develop the effective DMI, which stems from the surface-volume stray fields, and
looks as follows (see Eq. S67 in the Supplemental Information [30])

Dsv,i = −2µ0M
2
s∆i

T

N−1∑
j=0

∆jsgn(i− j)
∫ ∞

0

dk
1

k

e−k|(i−j)P+T | + e−k|(i−j)P−T | − 2e−kP|i−j|

4 sinh
(
π∆jk

2

)
cosh

(
π∆ik

2

) , (A1)

which after a constant ∆ assumption reduces to Eq. (8).
The generic function Fα,ij used in the expression for the total magnetostatic energy of the isolated domain wall

σ1,N
d (Eq. (3)) is derived in Supplemental Information [30] (Eqs. S35, S52, S69). It can be summarized as

Fα,ij(T ,P,∆) =
πµ0M

2
s∆2

NP

[
Gα

(
|(i− j)P + T |

2π∆

)
+Gα

(
|(i− j)P − T |

2π∆

)
− 2Gα

(
|(i− j)P|

2π∆

)]
(A2)

with functions Gα(x) defined analytically as follows (for Gv(x)):

Gv(x) = −2

{
Ψ−2(x+ 1)−Ψ−2

(
x+

1

2

)
− x ln(Γ(x+ 1)) + x ln

[
Γ

(
x+

1

2

)]
−Ψ−2(1) + Ψ−2

(
1

2

)}
(A3)

Gs(x) = −
{

Ψ(−2)(2x) + x2(2 log(x) + log(4)− 1)− x(1 + 2 ln[Γ(2x)])
}

(A4)

Gsv(x) = 2 ln

[
Γ

(
x+

1

2

)]
, (A5)

where the volume-volume stray field component Gv(x) has been originally derived for homochiral multilayers in
Ref. 36. The value of DMI at which all the layers are saturated to the homochiral Néel state (Dthr [22]) can be
derived from the following equations (with ∆thr and D3D

thr being the unknown variables).

2Kuf −
2A

∆2
thr
f +

N−1∑
i=0

N−1∑
j=0

[
∂Fs,ij
∂∆thr

+
∂Fv,ij
∂∆thr

± sgn(i− j)∂Fsv,ij
∂∆thr

]
= 0, (A6)

N−1∑
j=0

[(1 + δij)Fv,ij(∆thr)]
−1 ·

[
πD3D

thrf

N
1j −

N−1∑
k=0

Fsv,jk(∆thr)sgn(j − k)

]
N−1

− 1 = 0, (A7)

where the sign “−1” represents the matrix inversion operation. This value can be compared with the value given by
the 2D-model [22], extending it to multilayers via the effective medium approach [17, 21, 22]:

D2D
thr =

2µ0M
2
s f

π2

PN ln(2) + π

√
Ku−

µ0M
2
s

2 +µ0M2
s f

A

. (A8)

Appendix B: Equilibrium domain size

The total magnetostatic energy of magnetized multidomain multilayers is derived in Supplemental Information [30]
(Eqs. S101, S118, S130) and can be expressed as

σ∞,Nd =
λ

4
µ0M

2
s

(
2W

λ
− 1

)2 T
P

+

N−1∑
i=0

N−1∑
j=0

F̃s,ij(T ,P,∆, λ,W )

+

N−1∑
i=0

N−1∑
j=0

{
sin(ψi) sin(ψj)F̃v,ij(T ,P,∆, λ,W ) + sin(ψi)sgn(i− j)F̃sv,ij(T ,P,∆, λ,W )

}
(B1)
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with a generic function F̃α,ij and its dependencies defined as follows

F̃α,ij =
πµ0M

2
s∆2

NP

∞∑
n=1

sin2
(
πnW
λ

)
n

G̃α,ijn(T ,P,∆, λ), (B2)

G̃v,ijn =
2 sinh2(πnTλ )e−

2πnP|i−j|
λ δi−j,0 + (e−

2πnT
λ + 2πnT

λ − 1)(1− δi−j,0)

cosh2
(
π2n∆
λ

) (B3)

G̃s,ijn =
2e−

2π|(i−j)P|n
λ − e−

2π|T −(i−j)P|n
λ − e−

2π|T+(i−j)P|n
λ

2 sinh2
(
π2n∆
λ

) (B4)

G̃sv,ijn =
8 sinh2(πnTλ )e−

2πnP|i−j|
λ

sinh
(

2π2n∆
λ

) (B5)

Assuming the magnetic field applied in z direction (in the absence of currents), the total volumetric energy per
single domain wall per layer therefore can be expressed as:

E∞,Ntot (λ,W,∆, ψi) =
2

λ

[
2A

∆
f + 2Ku∆f −Ms

(
1− 2W

λ

)
Bz + σ∞,Nd (λ,W,∆, ψi)−

πDf

N

N−1∑
i=0

sin(ψi)

]
(B6)

By performing the energy minimization (as shown in Supplemental Information [30]), we will have the system of
four equations that define the equilibrium λ,W,∆, ψ:

N−1∑
i=0

N−1∑
j=0

{[
F̃s,ij − λ

∂F̃s,ij
∂λ

]
+ sin(ψi) sin(ψj)

[
F̃v,ij − λ

∂F̃v,ij
∂λ

]
+ sin(ψi)sgn(i− j)

[
F̃sv,ij − λ

∂F̃sv,ij
∂λ

]}

+

[
2A

∆
f + 2Ku∆f − πDf

N

N−1∑
i=0

sin(ψi) +
λ

4
µ0M

2
s

(
2W

λ
− 1

)2

f +WMsBzf + µ0M
2
sWf

(
2W

λ
− 1

)]
= 0 (B7)

Msf

[
Bz + µ0Ms

(
2W

λ
− 1

)]
+

N−1∑
i=0

N−1∑
j=0

{
∂F̃s,ij
∂W

+ sin(ψi) sin(ψj)
∂F̃v,ij
∂W

+ sin(ψi)sgn(i− j)∂F̃sv,ij
∂W

}
= 0 (B8)

−2A

∆2
f + 2Kuf +

N−1∑
i=0

N−1∑
j=0

∂F̃s,ij
∂∆

+

N−1∑
i=0

N−1∑
j=0

sin(ψi) sin(ψj)
∂F̃v,ij
∂∆

+

N−1∑
i=0

N−1∑
j=0

sin(ψi)sgn(i− j)∂F̃sv,ij
∂∆

= 0 (B9)

sin(ψi) = f̃

N−1∑
j=0

[(1 + δij) F̃v,ij(∆,W )]−1

[
πDf

N
1j −

N−1∑
k=0

F̃sv,jk(∆,W )sgn(j − k)

] , (B10)

where the sign “−1” represents the matrix inversion operation.

Appendix C: Twisted skyrmions

For the skyrmion statics expressions (Eq. (9) and Eq. (S150)), we have used the constants defined in Supplemental
Information [30] and Ref. 32 as:

a = −µ0M
2
s (PN )2[6 ln(2)− 1] (C1)

b = 2µ0M
2
s (PN )2 (C2)

c = −2πPNMs (C3)
d = PN (C4)
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Similarly, the constants for the skyrmion dynamics (Eqs. (10), (11)) are [32]

G̃ = −4πN (C5)

D̃ = πIA(R/∆) (C6)

IA(ρ) = 2ρ+
2

ρ
+ 1.93(ρ− 0.65) exp[−1.48(ρ− 0.65)] (C7)

ID(ρ) = πρ+
1

2
exp(−ρ) (C8)

Appendix D: Methods

For simulating magnetic textures (isolated domain walls, perpendicular stripes, and skyrmions), the micromagnetic
MuMax3 solver [37] was used with the magnetic parameters given in the manuscript. The cell size is 1 nm×1 nm×1 nm
and the simulation size is 1 µm×1 µm×NP. For skyrmion dynamics simulations, Zhang-Li torque has been disabled,
and the modified Slonczewski-like torque module has been used (with the enabled damping-like torque and disabled
field-like torque). Spin hall angle is ΘSH = 0.1, damping constant α = 0.3, fixed layer polarization is along -y direction.
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