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Abstract 

We investigate the electronic origin of the zero Hall conductivity or the axion phase of a Cr-

doped Sb2Te3 film by analyzing the evolution of its band structure upon the magnetic field 

sweep. By applying a small electric field or using asymmetric doping, we differentiate the 

coercivities of the two surfaces, so they can form either ferromagnetic (FM) or 

antiferromagnetic (AFM) alignment. Through the surface-resolved Berry curvature 

calculations, we demonstrate that the system manifests robust zero Hall plateaus when the 

two surfaces remain topologically nontrivial and enter a magnetic state which has intra-

surface FM and inter-surface AFM orderings. Our results provide insights for the 

understanding of the uncharted issues of axion insulators, complementary to the exciting 

experimental progresses in this realm. 
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Topological classification of matters has become a new way to comprehend emergent 

quantum phenomena in condensed matter physics ever since the discovery of the quantum 

Hall effect [1-3]. Three dimensional topological insulators (TIs), characterized by the 

coexistence of metallic helical surface states and insulating bulk states, are widely used for 

explorations of innovative quantum phenomena such as the quantum anomalous Hall (QAH) 

effect [4-12], large spin-orbit torque [13, 14], Majorana fermion [15-17], giant exchange 

interaction [18, 19], the topological magnetoelectric (TME) effect [20-24], and the quantized 

magneto-optical effect [24-29]. Although tremendous progress has been made for the 

realization of copious theoretical predictions in this realm, a clear demonstration of the TME 

effect is still in its formative stage due to the difficulty of finding a suitable axion insulator, in 

which the electric (magnetic) polarization is controlled by magnetic (electric) field owing to 

the topological θ term in the axion electrodynamics [22-24]. Therefore, searching for a stable 

axion insulator is an imperative multidisciplinary research task in order to exploit the 

fascinating TME responses of TIs in applications.  

 Recent studies showed that an axion insulator can be realized in Cr (or V)-doped (Sb, 

Bi)2Te3 [30-32], in which the asymmetric magnetic doping gives rise to different coercivities 

at the two surfaces. At the stage when the two magnetic layers align antiparallelly across the 

TI film, the sample simultaneously exhibits a zero Hall conductivity (σxy) and a vanishing 

longitudinal conductivity (σxx) [30]. The presence of the zero Hall plateau (ZHP) in a wide 

range of external magnetic field is a strong indication of an axion insulator [31, 32]. To 

eventually develop new axion insulators for technological innovations, it is crucial to explore 

1) how the magnetic order and the band topology are intertwined; 2) what the electronic 

origin of ZHP is; and 3) how to control the magnetic anisotropy and magnetic orderings of 

TIs to expand the range of ZHP.   
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 In this Letter, we discuss the physical mechanism of the zero Hall conductivity 

through the first-principles study of Cr-doped Sb2Te3. By constructing various magnetic 

configurations, the evolution of the band topology in response to the magnetic field sweep is 

systematically investigated. We show that the two surfaces have opposite Chern numbers 

when they form an antiferromagnetic order and remain topologically nontrivial, which leads 

to the formation of robust ZHP even in a thin TI film. We also find that a new type of the 

QAH effect driven by an asymmetric potential can be realized in two-dimensional limit. Our 

results unravel the mystery of the ZHP induced by magnetic modulation doping and provide a 

foundation for the development of axion insulators.  

Our density functional theory calculations were carried out with the projected 

augmented plane-wave method [33, 34] as implemented in the Vienna ab initio simulation 

package (VASP) [35]. We constructed a slab model that is expanded to a (2×2) supercell in 

the lateral plane and has four quintuple layers (QLs) of Sb2Te3 and a 15 Å vacuum along the 

surface normal. We used the generalized gradient approximation for the description of 

exchange-correlation interaction among electrons [36], together with the van der Waals 

correction for a more accurate description of the long-range dispersion forces [37]. Spin-orbit 

coupling was included in the self-consistent calculations. The energy cutoff for the plane-

wave expansion was chosen to be 300 eV. We adopted a 7×7×1 k-point grid to sample the 

Brillouin zone. Atomic relaxation was carried out until the change of total energy became less 

than 0.01 meV. The Chern numbers were evaluated from the Berry curvature [2, 38] 

   (1) 

where n is the band index, fn is the Fermi-Dirac distribution function, vx(y) is the velocity 

operator, and are the Bloch wave-function and eigenenergy of the n-th band at a k-
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point, respectively. The Berry curvature is estimated from the maximally-localized Wannier 

function using the WANNIER90 package [39, 40]. 

  

Figure 1. (a) Atomic structure of four-QL Cr-doped (6.25 %) Sb2Te3. Blue spheres, Sb; yellow 

spheres, Te; black spheres, Cr. (b) Energy variation of the ferromagnetic phase upon the 

magnetism direction. (c) Energy variation of Cr-doped Sb2Te3 upon the magnetic 

configuration (α, β, and γ1 phases). (b), (c) The total energy of the surface normal magnetism 

(α phase) is set to zero. (d) Schematic Hall conductivity (σxy) and (e) various magnetic 

configurations (α, β, γ1, and γ2 phases) of a symmetric Cr-doped TI thin film upon varying 

the magnetic field. (f) Calculated band structures and anomalous Hall conductivities (σxy) of 

four-QL Cr-doped (12.5 %) Sb2Te3 for the α, β, and γ1 phases. Spin-up (spin-down) states are 

marked by the red (blue) dots. 

 We first elucidate the dependence of electronic and topological properties of a 

symmetrically Cr-doped (12.5 % in a QL) TI film on the magnetic field sweep. As shown in 

Fig. 1a, Cr dopants are placed in the two outermost QLs to maximize the interaction between 
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the topological surface state and magnetic impurities [41]. We note Cr atoms are way from 

the surface in experiment by ~1nm (1 QL) [42], which leads to the maximal exchange 

splitting [43]. According to the scanning SQUID measurement and magnetic force 

microscopy image [32, 44], a homogenous ferromagnetic order of dopants leads to the QAH 

state (Chern number = 1) whereas a superparamagnetic order gives the trivial state (Chern 

number = 0). Here, we mimic the change of magnetic structure with three different magnetic 

configurations (α, β, and γ1 as sketched in Fig. 1e) based on experimental findings and 

calculate their total energies. The ferromagnetic α state, with an easy axis along the surface-

normal [Fig. 1b], is more stable than other mixed magnetic states [Fig. 1c]. As illustrated in 

Fig. 1d, the QAH effect was characterized by a quantized Hall conductivity along with a clear 

ferromagnetic hysteresis loop. To see the variation of the electronic structure of the QAH 

state upon the magnetic field sweep, we calculate their surface band structures and anomalous 

Hall conductivities for three different phases [Fig. 1f]. The signature of the QAH effect, i.e. 

the presence of Dirac surface states with both band inversion and spin splitting at the Fermi 

level, is reproduced in our calculations for the α phase. Furthermore, an integer value of the 

Hall conductivity near the Fermi level is obtained. When the ferromagnetic order in the 

bottom surface is destroyed (the β phase), the Dirac cone of the bottom surface is shifted 

down by -30 meV and its gap is also significantly reduced. In contrast, the Dirac cone of the 

top layer remains almost intact except the slight upshift to above the Fermi level. 

Interestingly, the Hall conductivity of the β phase becomes almost zero at the Fermi level and 

approaches a half integer in the band gap of the top surface (~0.05 eV). When the 

ferromagnetic order in both surfaces is destroyed as we further increase the magnetic field to 

the γ1 phase in Fig. 1d, the anomalous Hall conductivity of the system completely disappears.  
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Figure 2. (a) Schematic Hall conductivity (σxy) of an asymmetric Cr-doped TI thin film upon 

varying magnetic fields. (b) The stability of the γ2 phases in comparison to the ferromagnetic 

state (α phase) and the intermixed artificial state (δ phase). The total energy of the surface 

normal magnetism (α phase) is set to zero. The inset is the schematic drawing for the δ phase 

(c) The variation of anomalous Hall conductivity (σxy) of the ferromagnetic α phase as a 

function of the electric field strength. (d) Calculated band structures and anomalous Hall 

conductivities (σxy) of four-QL Cr-doped Sb2Te3 for various magnetic configurations (α, β, 

and γ2 phases) when subjected to an electric field (2 mV/Å). Spin-up (spin-down) states are 

marked by the red (blue) dots. 

From what we discussed above, it is obvious that one needs to break the inversion 

symmetry between the two surfaces to attain the ZHP. Here we apply an electric field along 

the perpendicular axis to produce such an asymmetry, by shifting states in the top and bottom 

surfaces oppositely with respect to the Fermi level. This may change the magnetic 

anisotropies of the two surfaces and hence they may have different coercivities. As we sweep 

the magnetic field, we now reach three magnetic configurations marked as α, β, and γ2 in Fig. 

2a. Here, the γ2 phase has ferromagnetic orders at both surfaces but they are antiparallel to 

each other (cf. Fig. 1e), similar to what was obtained by the modulation doping in 

experiments [30]. We also examine the stability of the γ2 phase [Fig. 2b]. The γ2 phase is 
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energetically as stable as the α phase, which shows the validity of our magnetic model. Fig. 

2c shows that the anomalous Hall conductivity of the α phase is quantized until the electric 

field reaches up to 2 mV/Å and the nontrivial topology is destroyed if the electric field further 

increases. Under this critical electric field (2 mV/Å), the overall electronic structures of the α 

and β phases are very similar to those without the electric field displayed in Fig. 1. The γ2 

phase indeed has the zero-Hall state at the Fermi level, as shown in Figs. 2d and Fig. S1 [45]. 

However, the Hall conductivity quickly becomes nonzero away from the Fermi level and spin 

splittings can be found in the band structure, sharply different from the γ1 phase. Since the 

Fermi level lies right in the band gap, the longitudinal conductivity (σxx) should also vanish, 

fulfilling the requirements for the axion state. One thing interesting is if the asymmetric 

potential surpasses the weak perturbation regime ( field > 2 mV/Å), the ZHP disappears but a 

new QAH state may emerge (Figs. S2 and S3) [45] in the four-QL Cr-doped Sb2Te3 film. The 

robust QAH state is driven by the quantum confinement effect without the band inversion of 

topological surface states [4, 46-48]. Consequently, the asymmetric QAH effect, irrelevant to 

the topological surface states, is likely to persist in higher temperature since the small 

exchange splitting of topological surface states is identified as the main reason for the 

extremely low characteristic temperature of the QAH effect [47]. 

 

Figure 3. (a) Site-projected band structures (top and bottom QLs) and (b) the Berry curvature 
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of states near the Fermi level. Spin-up (spin-down) states are marked by the red (blue) dots. 

VB (CB) stands for valence(conduction) band.  

To better understand the ZHP, we resolve electronic bands of the γ2 phase to the top 

and bottom surfaces. The relative energy shift of states in the top and bottom surfaces caused 

by the electric field is clearly shown in Fig. 3a and, their spin components are opposite. The 

finite Hall conductivity near the Fermi level can be attributed to the non-zero Berry curvature 

of conduction and valence bands around the Γ point [Fig. 3b]. Interestingly, the conduction 

band minima (CB1, in the top surface) and the valence band maxima (VB1, in the bottom 

surface) have the same spin component and Berry curvature (Fig. 3b), implying that the γ2 

phase is robust against external perturbation on the electronic structure near the Fermi level. 

Although the Chern numbers of the two surfaces are exactly canceled out in the γ2 phase, the 

Berry curvatures of both VB1 and VB2 are nonzero (Fig. 3b). We also explicitly confirm the 

opposite half-Chern numbers using a simple model Hamiltonian [45]. Therefore, we have the 

half-integer quantum Hall effect on each surface as deduced from the flow diagram of (σxx, 

σxy) in experiment [12, 32]. Obviously, the key ingredients for magnetic TIs to enter the state 

of an axion insulator are (1) preserving the topological nature of two surfaces and (2) having 

the magnetic configuration as depicted in Fig. 1e for the γ2 phase.  

To test if the zero-Hall state is robust against the presence of an external magnetic 

field which is needed to set the system to the γ2 phase, we added a Zeeman field in our 

calculations while the antiparallel magnetic order is kept between the two surfaces. The 

Zeeman field was set to 10 meV, which is excessively large but is needed to reproduce the 

perturbation which severely changes the electronic structure. As shown in Fig. 4a, the zero-

Hall effect of the γ2 phase is well protected even in this strong magnetic field. In contrast, the 

γ1 phase shows nonzero Hall conductivity in Fig. 4b, and its sign flips with the direction 



9 

 

switch of the magnetic field as expected for ordinary materials.    

 

Figure 4. The variation of anomalous Hall conductivity (σxy) of (a)the γ2 and (b) γ1 phases 

upon the Zeeman splitting (Δ) from -10 meV to 10meV. 

We find that the ZHP can also be obtained by adjusting the depth of Cr dopants in 

Sb2Te3 thin film. Obviously, magnetic properties of Cr dopants should depend on their 

vertical position. In Fig. 5, we see that magnetic anisotropy energy (MAE, defined as the 

energy difference as the magnetization switches from the in-plane to the surface-normal 

direction) changes in a rather large range as Cr atoms are moved to different locations. 

Magnetic impurities in the outermost QL experience lower symmetry and an additional spin-

orbit coupling carried by the topological surface states, both lead to the enhancement of the 

MAE at the surface [19]. The strong MAE~z dependence allows that local spins of magnetic 

impurities in two surfaces are flipped separately to enter the γ2 phase, depending on their 

depths in implementation for the top and bottom surfaces [30]. 

 

Figure 5. Calculated magnetic anisotropy energy (MAE) of five-QL Cr-doped Sb2Te3 for 
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varying the Cr position from outside to inside. The position of the outermost Te layers is set to 

0.  

Up to now, it is believed that a thick spacer (~5 QLs) is required to decouple the two 

surfaces for making axion insulators. According to our calculations (Figs. 1 and S4), the 

inter-surface exchange energy is less than 0.1 meV, which indicates the two-QL thickness of 

Sb2Te3 is enough to cut off the exchange interaction. Based on this work, we see that two 

different ways may produce the ZHP even in very thin films by changing the inter-surface 

exchange interaction. In the two-dimensional limit (or very thin limit), the mass gap of Dirac 

cones becomes larger due to their inter-surface coupling and consequently the ZHP might be 

observable via gate voltage tuning at higher temperature. Another advantage of thin thickness 

is that the insulating nature is more easily attained by avoiding the band crossing through 

inter-surface coupling. As discussed above, the ZHP is a rather robust feature in a thin film if 

two surfaces have different MAEs. Therefore, we may introduce a ferromagnetic or 

antiferromagnetic insulator on top of one of the surfaces to change the MAE of Cr dopants. 

To this end, extensive studies have already been done, using EuS [18], yttrium iron garnet 

[49], and MnSe [50]. The unwanted damage of topological surface states due to the 

interfacial hybridization can be remediated by inserting Te capping layers on TIs [32]. 

Recently discovered two-dimensional van der Waals ferromagnet CrI3 monolayer are also 

promising [51].  

Another key aspect for entering the γ2 phase is the reduction of exchange interaction 

between top and bottom surfaces. Even if we use different magnetic dopants such as Cr and V 

to produce different coercive fields, the exchange interaction between two surfaces may 

nullify their distinction or reduce the length of the plateau. One may insert a buffer layer in 

TIs to reduce the magnetic exchange interaction between the two surfaces. For example, 
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Sb2Se3 shares the similar atomic and electronic structure with Sb2Te3, but the exchange 

interaction becomes weaker by using smaller anion atoms that mediate the exchange 

interaction in magnetic TIs (Fig. S4) [45-47]. Using the state-of-art molecular beam epitaxy 

technique, these fine structure engineering should be doable [12, 30, 32]. With this insertion, 

the zero-Hall state is stable in a wider range of magnetic field in the two-dimensional limit 

(Fig. S4) [45].  

  To summarize, we showed that the antiparallel magnetic order between the surfaces 

of a Sb2Te3 film can be created by differentiating the coercivities of Cr dopants. The exotic 

zero-Hall phase, a strong signature of axion insulator, is developed by a small electric field or 

modulation doping as well as the QAH phase. We demonstrated that the robust ZHP 

originates from the nontrivial band topology through the surface-resolved Berry curvature 

calculations. We also proposed some possible ways to attain the ZHP, with a stacked 

magnetic insulator or an inserted buffer layer, in thin TI films. Our results for a real material 

system fill the gap between model analyses and the experimental observation and the new 

physical insights should be very useful for guiding the design of axion insulators.  

This work was support by DOE-BES (Grant No. DE-FG02-05ER46237). 

Calculations were performed on parallel computers at NERSC supercomputer centers. JK and 

NP acknowledge the support from BRL (NRF-2017R1A4A101532). 
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