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We develop a model for the angle-dependent magnetoresistance of HgBa2CuO4+δ in the under-
doped regime where the Fermi surface is thought to be reconstructed by an ordered state such as a
charge density wave. We show that such measurements can be employed to unambiguously distin-
guish the form of the Fermi surface’s interlayer warping, placing severe contraints on the symmetry
and nature of the reconstructing order. We describe experimentally accessible conditions in which
our calculations can be put to the test.

I. INTRODUCTION

Characterizing the Fermi surface of the underdoped
cuprates is a major challenge in understanding their
strange metal properties. Quantum oscillations in
YBa2Cu3O6+δ (YBCO) first revealed that these mate-
rials have a coherent and measurable Fermi surface at
magnetic fields above Hc2

1. Since this initial study, quan-
tum oscillations have now also been observed in under-
doped YBa2Cu4O8 and HgBa2CuO4+δ (Hg1201); these
measurements all indicated the presence of small Fermi
surface pocket(s), presumably arising from Fermi surface
reconstruction due to electronic order1–5. Charge density
wave (CDW) correlations have been directly observed
in both YBCO and Hg1201 through x-ray scattering6–8,
making this an attractive candidate for the origin of the
reconstruction. However, the details of the symmetry
and shape of these small pockets, which is a major de-
termining factor of normal state properties, remains un-
known. In this study, we propose that angle-dependent
magnetoresistance (ADMR) can reveal clear signatures
of the morphology of the Fermi surface, and we propose
straightforward experiments that can be performed in
available magnetic fields.

The layered structure of the cuprate superconduc-
tors leads to a quasi-two-dimensional Fermi surface in
the form of a warped cylinder. For a full understand-
ing of these materials’ properties and the order that
drives their reconstruction, it is necessary to character-
ize not only the cross-sectional shape of the Fermi sur-
face but also its interlayer warping. Sebastian et al. per-
formed detailed studies of Shubnikov-de Haas oscillations
in YBa2Cu3O6.67 and found that their data were consis-
tent with a staggered twofold warping along kz (Fig. 1B)
rather than a simple cosine warping (Fig. 1A)9. Their
analysis suggested this could be caused by CDW order
with q ∼(h, k, 1/2), but recent scattering studies suggest
that the ordering wavevector for the three-dimensional
CDW is q ∼(h, k, 1) 10. Furthermore, the quantum os-
cillation data can alternatively be explained without a
twofold warping, and even without a three-dimensional
Fermi surface11,12. This is thought to be possible be-
cause the mirror symmetry between the bilayer planes of

(a) (b)

FIG. 1. (Color online) A quasi-two-dimensional Fermi sur-
face with a) simple cosine interlayer warping and b) staggered
twofold interlayer warping. In both cases, the in-plane Fermi
surface is circular before interlayer warping is imposed, and
two periods of the interlayer warping are shown for clarity.
The arrows extending from each figure indicate the direction
of the Fermi velocity for those points on the Fermi surface.

YBCO is broken by CDW order13. The ambiguity in in-
terpreting the quantum oscillation results highlights the
need for a new symmetry-sensitive probe of the three-
dimensional Fermi surface.

ADMR is a rich source of information about a mate-
rial’s Fermi surface geometry. Under the influence of the
Lorentz force, quasiparticles will trace out orbits on the
Fermi surface that are perpendicular to the applied mag-
netic field. As the angle of the applied field is varied, the
quasiparticles sample different values of the Fermi veloc-
ity that vary in relation with the Fermi surface morphol-
ogy, changing the observed resistance. Unlike quantum
oscillations, ADMR is measured at a fixed field strength,
meaning that it may even be used to probe field-induced
changes in the Fermi surface. Moreover, for quasi-two-
dimensional systems such as the cuprates, ADMR is cal-
culated in the same manner regardless of whether the
system has a coherent three-dimensional Fermi surface
or incoherent interlayer transport (coherence is defined
here as the requirement that the interlayer transfer inte-
gral t⊥ is much greater than the scattering rate ~/τ) 14.15

Therefore, ADMR can yield useful symmetry information
in either case; the only difference is the interpretation of
t⊥. For the remainder of this paper we will refer to the
geometry of interlayer Fermi surface warping, but it is
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to be understood that we could alternatively be referring
to the variation of interlayer hopping about the Fermi
surface.

In this work, we will show that interlayer (ρzz) ADMR
measurements of Hg1201 can be a powerful tool for char-
acterizing the interlayer warping as well as the symmetry
of the reconstructed Fermi surface. Hg1201 has the high-
est transition temperature of the monolayer cuprates, has
a simple tetragonal structure, and has relatively little dis-
order or buckling in the CuO2 planes compared to other
cuprate high-temperature superconductors16. Interlayer
ADMR measurements of YBCO have been used to deter-
mine that its in-plane Fermi surface shape is most likely
a square or diamond, which is consistent with a CDW
reconstruction.17 However, the bilayer splitting in YBCO
made it difficult to pinpoint the interlayer warping of the
Fermi surfaces in that study. Since Hg1201 only has a
single copper-oxygen plane per unit cell, it avoids this
complication. In addition, the copper-oxygen chains in
the YBCO structure, which are known to affect transport
properties at higher temperatures, are absent in Hg1201.
All of these characteristics make Hg1201 an ideal model
material for investigation with ADMR.

Using semi-classical calculations, we will show that a
measurement of interlayer ADMR in Hg1201 at a sin-
gle azimuthal angle can be used to clearly distinguish
between the two types of interlayer warping shown in
Fig. 1. From measurements at multiple azimuthal an-
gles, even more symmetry information can be revealed.
With strong enough magnetic fields, ADMR may also
provide information about the periodicity of the inter-
layer warping and the shape of the in-plane Fermi surface.
In Section II we describe the constraints placed on our
model of Hg1201 from quantum oscillation experiments
and we introduce the various Fermi surface geometries
that we consider. In Section III we outline the mathemat-
ical details of our model, deriving a general form for the
interlayer conductivity of a quasi-two-dimensional metal
under the constraints outlined in Section II. We calcu-
late the expected interlayer ADMR in Section IV, illus-
trating qualitative distinctions that arise from different
Fermi surface geometries and particularly from different
interlayer warpings. Finally, in Section V we discuss the
application of our ADMR results to actual measurements
and define an experimentally accessible range of temper-
atures and magnetic fields in which our results can be
applied.

II. EXPERIMENTAL CONSTRAINTS AND
MODEL PARAMETERS

Since Hg1201 is a layered, quasi-two-dimensional sys-
tem, its Fermi surface must be in the form of a warped
cylinder. Quantum oscillation measurements in under-
doped samples of Hg1201 have found a single frequency
for each sample, in the range of 840-900 T for different
dopings4,5, which corresponds to roughly 3% of the Bril-
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FIG. 2. (Color online) The various in-plane Fermi surface
shapes considered in this paper. The left column shows el-
lipses with increasing eccentricity (ε) from top to bottom. The
right column shows diamond-shaped pockets with increasing
concavity from top to bottom; α is the angle that must be
subtended on a circle to create each arc that makes up the
pocket. Note that the area enclosed by all of these shapes is
the same; we constrain the cross-sectional area to be consis-
tent with quantum oscillation measurements, as described in
the text.

louin zone area. These measurements were taken with
the magnetic field in the interlayer direction; that is, they
measured the in-plane Fermi surface cross-section. The
results indicate that the Fermi surface consists of a sin-
gle pocket (or multiple pockets of the same size). The
existence of a single quantum oscillation frequency also
indicates that the interlayer warping cannot be large; in
fact, an upper limit of t⊥ < 0.35 meV was determined,
which is three orders of magnitude smaller than the in-
tralayer nearest-neighbor hopping5.

The main result of our work is that the ADMR of
Hg1201 can clearly distinguish cosine vs. staggered
twofold interlayer warping. We want to show that this
is a qualitative distinction that can be made regardless
of the details of the in-plane Fermi surface shape. To
that end, we produce simulations for a variety of in-plane
Fermi surface shapes. We consider a circular Fermi sur-
face, the simplest option; various elliptical Fermi sur-
faces; and diamond-shaped pockets, ranging from square
to concave circular arcs. The choice to consider diamond-
shaped pockets is motivated by the hypothesis that the
small Fermi surface pocket in Hg1201 is due to a CDW
reconstruction, as described in Ref. 5. The full range of
in-plane Fermi surface shapes we consider is illustrated
in Fig. 2. As we vary the in-plane Fermi surface shape,
we constrain its cross-sectional area such that it always
corresponds to quantum oscillations of frequency 893 T,
as reported for an underdoped sample with Tc of 74 K5.

In addition to the Fermi surface geometry, ADMR is
also affected by ω, the angular frequency of a quasiparti-
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cle about the Fermi surface, and τ , the quasiparticle scat-
tering time. For a perfectly cylindrical Fermi surface, the
angular frequency is given by ω = ω0 cos(θ), where θ is
the angle of the applied magnetic field from the interlayer
direction and ω0 is a constant. Specifically, ω0 = eB/m∗,
with m∗ being the quasiparticle effective mass (not the
cyclotron mass). The interlayer warping of our system
is small, so it would still be appropriate to use this form
of ω when considering a Fermi surface with a circular
cross-section. However, for the variety of in-plane Fermi
surfaces we are considering, we must use a more general
expression for ω. In a quasi-two-dimensional material
with small interplane warping (t⊥ � EF ), we find

ω ≈ ω0 cos(θ) cos(γ(ϕ)), (1)

where γ(ϕ) is the angle between the Fermi velocity and
the Fermi momentum, which varies about the Fermi sur-
face and is entirely determined by the Fermi surface ge-
ometry; see Appendix D for the derivation of ω. For the
purposes of our calculations, we do not care about ω0

or τ individually, but only ω0τ . For Hg1201, we expect
ω0τ ≈ 0.35 at 45 T and at a temperature of a few degrees
Kelvin5. We perform calculations with ω0τ = 0.1, 1, and
10 to show how ADMR results can be expected to vary
with changing magnetic fields and temperatures.

III. CALCULATING INTERLAYER ADMR

We consider an applied magnetic field of strength B
whose direction is specified by a polar angle (θ) with re-
spect to kz and an azimuthal angle (φ) with respect to
kx. In the presence of such a field, quasiparticles in a
quasi-two-dimensional material will trace out orbits on
the cylindrical Fermi surface that are perpendicular to
the field direction. The quasiparticle position can there-
fore be specified by two coordinates: ϕ, which gives its
azimuthal position, and k0

z , which specifies the kz posi-
tion of the center of the orbital plane; see Fig. 3.

The conductivity of a quasi-two-dimensional material
can be calculated semi-classically using the Shockley-
Chambers tube integral form of the Boltzmann transport
equation. For a system with ω in the form of Eq. 1, this
equation can be written as follows18,19:

σαβ =
e3B cos(θ)

4π3~2

∫
dk0
z

∫ 2π

0

dϕ0
vβ(ϕ0, k

0
z)

ω(ϕ0)
×∫ ∞

ϕ0

dϕ
vα(ϕ, k0

z)

ω(ϕ)
exp

(
−
∫ ϕ

ϕ0

dϕ′

ω(ϕ′)τ

)
,

(2)

where all velocities are taken to be at the Fermi sur-
face. See Appendix E for a derivation of this form of the
equation. We assume that the scattering rate, τ , in the
equation above is constant; the effects of an anisotropic
scattering rate are explored in Appendix C but do not
affect the conclusions of this paper.

kz
0

kz

kx

B
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FIG. 3. The position of a quasiparticle, represented in this
figure by an open circle, can be specified by the central height
of the orbit it is tracing (k0z) and its azimuthal position (ϕ).
Note that ϕ is defined with respect to kx, as is φ, the az-
imuthal angle of the applied magnetic field. The polar angle
of the applied field, θ, is defined with respect to kz.

The Fermi surface of a quasi-two-dimensional material
can be described by the tight-binding form

EF (kz, ϕ) =
~2k2

F (ϕ)

2m∗
− 2t⊥(ϕ) cos(ckz), (3)

where kF (ϕ) parameterizes the in-plane Fermi surface,
t⊥(ϕ) is the interlayer hopping integral, and c is the in-
terlayer lattice parameter.20

Using vz = 1
~
dE(k)
dkz

, we find the interlayer velocity to
be

vz(k, ϕ) =
2ct⊥(ϕ)

~
sin(ckz). (4)

Therefore,

σzz =
c2e3B cos(θ)

π3~4

∫
dk0
z

∫ 2π

0

dϕ0
t⊥(ϕ0) sin(ckz)

ω(ϕ0)
×∫ ∞

ϕ0

dϕ
t⊥(ϕ) sin(ckz)

ω(ϕ)
exp

(
−
∫ ϕ

ϕ0

dϕ′

ω(ϕ′)τ

)
.

(5)

The value kz should be more accurately written as
kz(k

0
z , ϕ): a quasiparticle’s position in k-space depends

on the orbit it is following, as well as its azimuthal po-
sition on that orbit. It turns out that the expression for
kz also depends on whether the Fermi surface intersects
the Brillouin zone.

If a Fermi surface is entirely contained within a Bril-
louin zone, each quasiparticle will stay on a single orbit
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FIG. 4. An illustration of the effect of Bragg diffraction on
quasiparticle motion, including a) a top-down and b) an an-
gled view. In this example, the original Fermi surface is
cylindrical while the reconstructed Brillouin zone is rectan-
gular. The dotted lines indicate quasiparticle orbits around
the unreconstructed Fermi surface, while the solid arcs show
a new quasiparticle orbit about the reconstructed Fermi sur-
face. The solid gray line indicates the Bragg diffraction vector.
As illustrated by the figure above, the value of kz will be the
same before and after Bragg diffraction; however, the value of
k0z will change by ∆kz as the quasiparticle moves to a differ-
ent orbit about the Fermi surface. The value of ∆kz depends
on the geometry of the Fermi surface and the Brillouin zone,
as well as the quasiparticle’s azimuthal position on the Fermi
surface when it undergoes Bragg diffraction.

through its lifetime and we can see from simple geometric
considerations that

kz = k0
z − kF (ϕ) tan(θ) cos(ϕ− φ). (6)

However, if the Fermi surface intersects the Brillouin
zone boundary then quasiparticles will Bragg diffract at
the zone boundary and will have a momentum change
equal to a reciprocal lattice vector. In this case, the value
of kz will not change, but the value of k0

z will: the quasi-
particle will jump to a different orbit about the Fermi
surface, as illustrated in Fig. 4. The amount by which
k0
z changes will depend on the details of the Fermi sur-

face and Brillouin zone geometries; it will also depend on
the quasiparticle’s azimuthal position when it undergoes
Bragg diffraction.

As a further complication, each time a quasiparticle
reaches the Brillouin zone boundary it has a non-zero
probability, p, to avoid Bragg diffraction and effectively
tunnel through the gap in k-space to stay on its original
orbit21. This is a phenomenon known as magnetic break-
down; its probability in a quasi-two-dimensional material

is given by p = e−B0/B cos(θ), where B0 is a material-
specific parameter that is related to the size of the en-
ergy gap at the Brillouin zone boundary22. Because the
quasiparticle can either Bragg diffract or undergo mag-
netic breakdown at each intersection of the Fermi surface
and the Brilloun zone, these intersections are known as
“MB junctions.”

Taking all of this into account, we can write

kz = k0
z −kF (ϕ) tan(θ) cos(ϕ−φ) +

∑
j

nj(ϕ)∆k(j)
z , (7)

where j indexes all of the MB junctions, nj indicates the
number of times the quasiparticle has Bragg diffracted at

the jth MB junction, and ∆k
(j)
z is the amount by which

k0
z changes when undergoing Bragg diffraction at the jth

MB junction; ∆k
(j)
z can be found through simple geomet-

ric means, as described in Ref. 23. We set nj(ϕ0) = 0.
Note that in Eq. 6 and Eq. 7 we neglect the effects of
interlayer warping, which should be small (see App. D).

We can substitute this expression for kz into Eq. 5 and
integrate over k0

z from 0 to 2π
c , the Brillouin zone height

of Hg1201. We then have

σzz =
ce3B cos(θ)

π2~4

∫ 2π

0

dϕ0
t⊥(ϕ0)

ω(ϕ0)

∫ ∞
ϕ0

dϕ
t⊥(ϕ)

ω(ϕ)

× cos

(
−G(ϕ) + c

∑
j

nj(ϕ)∆k(j)
z +G(ϕ0)

)

× exp

(
−
∫ ϕ

ϕ0

dϕ′

ω(ϕ′)τ

)
,

(8)

where we have defined G(ϕ) ≡ ckF (ϕ) tan(θ) cos(ϕ− φ).
We can write t⊥(ϕ) = t0⊥f(ϕ). If we also insert Eq. 1,

then for ease we can write our conductivity in units of
ce3B(t0⊥)2/π2~4ω2

0 so that it is dimensionless:

σzz =
1

cos(θ)
Re

[ ∫ 2π

0

dϕ0
f(ϕ0)

cos(γ(ϕ0))

∫ ∞
ϕ0

dϕ
f(ϕ)

cos(γ(ϕ))

× exp

(
i[G(ϕ)−G(ϕ0)]− ic

∑
nj(ϕ)∆k(j)

z

− 1

ω0τ cos(θ)

∫ ϕ

ϕ0

dϕ′

cos(γ(ϕ′))

)]
.

(9)

It is important to make use of the above equation,
which allows for Bragg diffraction and magnetic break-
down, when considering the hypothesis that the small
Fermi surface pockets in Hg1201 are the result of a biax-
ial CDW reconstruction5,8. If this is the case, there will
be four diamond-shaped Fermi surface pockets in the cor-
ners of the reconstructed Brillouin zone24, as illustrated
in Fig. 5. Quasiparticles are expected to Bragg diffract
when they reach a Brillouin zone boundary, as shown in
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(a) (b)

FIG. 5. (Color online) Concave diamond-shaped pockets at
the corners of a Brillouin zone, as predicted for a biaxial
CDW reconstruction. The dotted line marks the Brillouin
zone boundary. Panel a) shows the path of a quasiparticle
that undergoes Bragg diffraction, while panel b) shows the
path of a quasiparticle that undergoes magnetic breakdown.
The shaded pocket in each panel is meant to emphasize the
fact that even when considering magnetic breakdown effects,
the area we fix to match quantum oscillation measurements
is that of the diamond-shaped pockets.

Fig. 5(a). If Bragg diffraction always occurs, then the
quasiparticles simply trace out the concave electron-like
Fermi surface pockets. But if a quasiparticle undergoes
magnetic breakdown at the Brillouin zone boundary, it
will instead traverse the larger hole-like Fermi surface, as
shown in Fig. 5(b).

In the simpler case of a Fermi surface that does not
intersect the Brillouin zone boundary, we have

σzz =
1

cos(θ)
Re

[ ∫ 2π

0

dϕ0
f(ϕ0)

cos(γ(ϕ0))

∫ ∞
ϕ0

dϕ
f(ϕ)

cos(γ(ϕ))

× exp

(
i[G(ϕ)−G(ϕ0)]

− 1

ω0τ cos(θ)

∫ ϕ

ϕ0

dϕ′

cos(γ(ϕ′))

)]
.

(10)

The two situations require different methods of calcu-
lation, as described in the following sections.

A. Fermi surface in a single Brillouin zone

Taking advantage of the periodic nature of f(ϕ), γ(ϕ),
and G(ϕ), we can rewrite Eq. 10 as19,42

σzz =
1

1− P (0, 2π)

1

cos(θ)
Re

[ ∫ 2π

0

dϕ0
f(ϕ0)

cos(γ(ϕ0))

×
∫ ϕ0+2π

ϕ0

dϕ
f(ϕ)

cos(γ(ϕ))
exp

(
i[G(ϕ)−G(ϕ0)]

)
P (ϕ0, ϕ)

]
,

(11)

where

P (ϕ1, ϕ2) ≡ exp

(
− 1

ω0τ cos(θ)

∫ ϕ2

ϕ1

dϕ′

cos(γ(ϕ′))

)
. (12)

The equation above can be integrated numerically;
when possible, the integral in P should first be solved
analytically to make numerical integration more efficient.

B. Fermi surface across the Brillouin zone
boundary

When the Fermi surface intersects the Brillouin zone
boundary, the full version of Eq. 9 is needed. As noted
above, the term nj in this equation is a count of the
number of times a quasiparticle has Bragg diffracted at
an MB junction, where the different MB junctions are
labeled by the index j. Keeping track of the evolution of
these nj is non-trivial, making it a challenge to evaluate
Eq. 9. Building on Falicov and Sievert’s treatment of
magnetic breakdown for in-plane conductivity25, Nowo-
jewski et al. showed that this issue can be solved by
writing a self-consistent, vectorized form of the Shockley-
Chambers tube integral26,27. This method has previously
been used to study systems wherein ω does not vary with
ϕ23,28. For this work, we extend this method to account
for the variation of ω about the Fermi surface; see App.
F for details. We write the (dimensionless) conductivity
in the following form:

σzz =
1

cos(θ)
Re
[
λϕ0
· (λinit + Γ(I − Γ)−1λϕ)

]
. (13)

The dot product with λϕ0
sums up all of the quasiparti-

cle’s possible initial positions. The vector λinit accounts
for contributions to conductivity from the time the quasi-
particle is created until it reaches an MB junction, while
λϕ gives the contribution when the quasiparticle is be-
tween MB junctions. The matrix Γ describes the connec-
tions between orbit segments through both Bragg diffrac-
tion and magnetic breakdown, as well as accounting for
the exponential damping of the integrand upon travers-
ing a segment of Fermi surface.

If there are N distinct MB junctions, then λ are all
length-N vectors, Γ is an N × N matrix, and I is the
N × N identity matrix. The elements of the λ vectors
are defined as follows:
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λϕ0 [j] ≡
∫ Mj+1

Mj

dϕ0
f(ϕ0)e−iG(ϕ0)

cos(γ(ϕ0))
exp

(
−1

ω0τ cos(θ)

∫ Mj

ϕ0

dϕ′

cos(γ(ϕ′))

)
,

λϕ[j] ≡
∫ Mj+1

Mj

dϕ
f(ϕ)eiG(ϕ)

cos(γ(ϕ))
exp

(
−1

ω0τ cos(θ)

∫ ϕ

Mj

dϕ′

cos(γ(ϕ′))

)
,

λinit[j] ≡
∫ Mj+1

ϕ0

dϕ
f(ϕ)eiG(ϕ)

cos(γ(ϕ))
exp

(
−1

ω0τ cos(θ)

∫ ϕ

Mj

dϕ′

cos(γ(ϕ′))

)
,

(14)

where M is a vector listing the azimuthal position of all
the MB junctions plus a final element that is the first
element plus 2π. It is worth noting that the dot product
λϕ0 ·λinit in Eq. 13 yields a double integral over ϕ0 and
ϕ.

Each row (column) of the matrix Γ corresponds to a
segment of the Fermi surface between MB junctions. The
first row (column) corresponds to the segment between
the first two MB junctions, and so on. Mathematically,
this means that the index i corresponds to the segment
between Mi and Mi+1. Using this correspondence, we
can determine all of the elements of Γ as follows:

Γij =



0, if section i has no connection to section j;

Dip, if section i is connected to section j through
magnetic breakdown;

Di(1− p) exp
(
−ic∆k(i+1→j)

z

)
,

if section i is connected to section j through
Bragg diffraction.

(15)
In the above, p is the probability of magnetic breakdown
at a single junction and Di is the exponential damping
of the integrand across segment i, given by

Di = exp

(
−1

ω0τ cos(θ)

∫ Mi+1

Mi

dϕ′

cos(γ(ϕ′))

)
. (16)

The quantity ∆k
(i+1→j)
z is the amount by which k0

z

changes when undergoing Bragg diffraction from the
(i+ 1)th MB junction to the jth MB junction.

IV. RESULTS

We now apply the equations developed in the pre-
vious section to underdoped Hg1201. We consider a
simple cosine warping, corresponding to f(ϕ) = 1, as
well as a staggered twofold warping, corresponding to
f(ϕ) = sin(2ϕ). We consider all of the in-plane Fermi
surface shapes described in Section II, with their cross-
sectional areas fixed to match quantum oscillation mea-
surements4,5. Each in-plane Fermi surface shape gives us
γ(ϕ) directly (see Appendix G). In addition to the in-
plane shape, G(ϕ) is determined by the direction of the

magnetic field (θ and φ) as well as the value of c, the in-
terlayer lattice constant. We use c = 9.517 Å, the value
of the interlayer lattice parameter in as-grown Hg1201
with Tc ≈ 80 K29.30

We take ρzz = 1
σzz

, which is justified for a material

such as Hg1201 that has vz � vx, vy
31. Since we are

only calculating σzz up to a constant of proportionality,
we plot all of our results as ρzz/ρzz(θ = 0).

The main result of this paper is summarized in Fig.
6, which shows the expected ADMR for all of the in-
plane Fermi surfaces considered (Fig. 2) with φ = 0
and ω0τ = 1 and with the Fermi surface contained in
a single Brillouin zone. There are quantitative distinc-
tions between the ADMR for different diamond-like and
ellipsoidal in-plane Fermi surfaces, but the most notable
result is that there is a clear qualitative difference be-
tween the two interlayer warpings, even given highly dif-
ferent in-plane Fermi surface geometries: the simple co-
sine warping causes a dip in resistance at θ = 0 (i.e., with
the magnetic field in the interlayer direction), while the
staggered twofold warping yields a hump. This qualita-
tive distinction is not affected by varying φ, as shown
in Appendix A, nor does it depend on the value of
ω0τ . As shown in Fig. 7, varying ω0τ from 0.1 to 10
yields the same qualitative difference, and though the dis-
tinction becomes less pronounced as ω0τ decreases and
α → π/2, it is always present. This result demonstrates
that ADMR can be used to unambiguously reveal the in-
terlayer warping for a wide range of scattering times and
magnetic fields, in a way that is independent of the in-
plane shape. At higher ω0τ (i.e., at higher magnetic fields
and lower temperatures) angle-dependendent magnetore-
sistance oscillations are apparent, which can be used to
discern the in-plane Fermi surface.

A full study of the ADMR of Hg1201 as a function of
φ can be used to gain additional information about the
Fermi surface geometry. As demonstrated in Appendix
A, the symmetry of a Fermi surface will be reflected in the
symmetry of the ADMR. The φ-dependence of ADMR is
a vital source of information; we do not focus on it in
this work simply because its usefuless and interpretation
are already well understood17,32,33.

For all of the above, we employ Eq. 11 to calculate
the ADMR of the circular and elliptical in-plane Fermi
surfaces, as well as the diamond-shaped pocket with α =
0. The calculation for concave diamond-like pockets (α >
0) takes an excessively long time to execute, most likely
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FIG. 6. (Color online) Calculated ADMR of Hg1201 with ω0τ = 1 and φ = 0 for various combinations of in-plane shape and
interlayer warping. The top panels show ADMR for a simple cosine interlayer warping with a) elliptical and b) diamond-shaped
in-plane Fermi surfaces. The bottom panels show ADMR for a staggered twofold interlayer warping with c) elliptical and d)
diamond-shaped in-plane Fermi surfaces. While the different in-plane Fermi surfaces cause some variation, there is a clear
qualitative distinction between the two interlayer warpings regardless of the in-plane shape.

FIG. 7. (Color online) Calculated ADMR of Hg1201 for select in-plane Fermi surface shapes, with φ = 0 and with (a,d)
ω0τ = 0.1, (b,e) ω0τ = 1, and (c,f) ω0τ = 10. Plots in the top row show ADMR calculated with a simple cosine interlayer
warping, while those in the bottom row show ADMR calculated with a staggered twofold interlayer warping.

due to the fact that the integrand in Eq. 12 is quite
complicated and cannot be solved analytically. So for
these in-plane Fermi surface shapes, we instead use the
vectorized form of the Shockley tube integral (Eq. 13)
and, for the purposes of considering a Fermi surface in a
single Brillouin zone, we set B0/B = 10000. In this limit,
the probability of breakdown approaches 0 and therefore
the quasiparticles always trace out the concave diamond-
shaped pockets, as shown in Fig. 5(a); this is physically
equivalent to the Fermi surface being contained in a single

Brillouin zone.

Using Eq. 13 with differing values of B0/B allows us
to explore the effect of magnetic breakdown on these
systems. As noted previously, magnetic breakdown ef-
fects may be relevant when considering the possibility of
diamond-shaped pockets being formed by CDW recon-
struction. Therefore, we have calculated the ADMR of
the diamond-shaped Fermi surfaces using Eq. 13 with
three different values of B0/B, still setting ω0τ = 1 and
φ = 0. See Appendix H for the mathematical details of
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these calculations. The results are shown in Fig. 8; note
that with B0/B = 0.0001 there will be near total mag-
netic breakdown, while B0/B = 10000 leads to effectively
zero magnetic breakdown, the same result shown in Fig.
6. Quantum oscillation measurements of Hg1201 have set
a lower bound of B0 & 200 T5. Given this, and the fact
that B0/B = 1 and B0/B = 10000 produce remarkably
similar results, we conclude that magnetic breakdown ef-
fects can safely be neglected for this scenario.

We also investigate how the ADMR of Hg1201 would
be affected by different periodicities of the interlayer
warping. We repeat our calculations for a circular in-
plane Fermi surface but with the interlayer lattice pa-
rameter, c, reduced by half. This is equivalent to con-
sidering a warping with periodicity 4π

c rather than 2π
c .

The results of these calculations are shown in Appendix
B. While a change in periodicity will indeed affect the
ADMR, it will only be possible to easily distinguish dif-
ferent periodicities at fairly high magnetic fields, such
that ω0τ � 1.

V. DISCUSSION

For a crystal with tetragonal structure such as Hg1201,
the ADMR must be symmetric about θ = 0, meaning
that either a minimum or maximum in resistivity will oc-
cur when the field is in the interlayer direction. However,
whether it will be a minimum or a maximum for a given
Fermi surface geometry, as well as whether this distinc-
tion will be significant enough to easily measure, cannot
be determined by symmetry constraints alone. For Fermi
surfaces that have a constant kF (ϕ) like those in Fig. 1,
we can solve Eq. 11 analytically and prove that a simple
cosine warping will lead to a local minimum of resistivity
at θ = 0, while staggered twofold warping leads to a lo-
cal maximum. Through numerical calculations, we have
shown that this effect is robust to the various in-plane
Fermi surface geometries we consider and to magnetic
breakdown effects. We have also shown that the con-
cavity of the ADMR will be broad enough in θ and the
associated change in resistivity will be large enough to
measure in experimentally achievable temperatures and
magnetic fields.

It is worth noting that while this effect on the resistiv-
ity decreases as ω0τ → 0, it should always be evident in
a sufficiently accurate experiment. Assuming ω0τ = 0.1
is enough to resolve the effect, we can estimate the tem-
perature and field ranges at which the ADMR should be
measured. Fig. 9 shows a schematic diagram of where
ADMR measurements are feasible for a sample of Hg1201
with Tc = 71K. At 45 T and a few Kelvin, Hg1201 has
ωcτ ≈ 0.35 with the magnetic field perpendicular to the
layers (θ = 0), where ωc is the cyclotron frequency5.34

This gives a bound of ω0τ ≥ 0.35 for those conditions,
since ωc is the average of angular velocity ω about an
orbit and therefore ωc ≤ ω0 (see Eq. 1). We estimate
that ω0τ = 0.35 at 45 T and 3 K (since Ref. 5 does

not specify the temperature but includes measurements
between 1.8 K and 4 K). The dashed line demarcating
ω0τ = 0.1 and the gradient representing ω0τ in Fig. 9
are based on this estimate and on the approximation that
τ decreases linearly with temperature. The supercon-
ducting dome is drawn by estimating the upper critical
field to be Hc2 = 40 T at low temperatures5 and using
a shape inspired by the upper critical field evolution of
cuprate superconductors in Ref. 35. For a quasi-two-
dimensional material, Hc2(θ) is highly anisotropic36–38,
but it will only increase by at most a few percent in the
range −15◦ < θ < 15◦. This angular range should be
adequate to resolve staggered or simple cosine warping
in the ADMR.

One interesting possibility is that the Fermi surface
of Hg1201 may change as a function of temperature or
magnetic field due to reconstruction. This could be a
change not only in geometry but also in size. We find that
the distinction of a local minimum or local maximum in
ADMR for the two interlayer warpings will not be af-
fected by a change in the Fermi surface’s cross-sectional
area, even if it is a factor of 10 larger or smaller than the
Fermi surface area we have used throughout this paper.
However, the fractional change of the resistivity as a func-
tion of field angle will be considerably greater for a larger
Fermi surface and the general shape of the ADMR may
be affected as well. Therefore, a change in the Fermi sur-
face size will be easily discerned if very distinct ADMR
results are seen with small changes of temperature or
magnetic field.

A caveat in this discussion is that we have assumed
the Fermi surface of Hg1201 to be a single quasi-two-
dimensional pocket. Quantum oscillation measurements
only detect one Fermi surface pocket in Hg1201, but this
does not preclude the existence of additional open Fermi
surface sheets. If such sheets are present, they would
also contribute to interlayer magnetoresistance, making
the interpretation of ADMR measurements more compli-
cated. While quasi-one-dimensional Fermi surface sheets
are difficult to detect directly, open orbits should lead to
Lebed minima in the ADMR39; if these minima are not
observed at high ω0τ , this would be evidence that such
sheets do not exist or contribute to the magnetoresis-
tance. The density of states associated with such sheets
can also be estimated through careful analysis of the wave
form of quantum oscillations40. Such an analysis could
be used to determine how important a role, if any, quasi-
one-dimensional sheets play in this material.

VI. CONCLUSION

We have calculated the expected interlayer ADMR for
underdoped Hg1201 using several possible Fermi sur-
face geometries. We have shown that the simple co-
sine and staggered twofold interlayer warpings will have
two clearly distinct experimental signatures regardless of
whether the in-plane Fermi surface is circular, elliptical,
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FIG. 8. (Color online) Calculated ADMR of Hg1201 for diamond-shaped in-plane Fermi surfaces with φ = 0 and ω0τ = 1 and
with various degrees of magnetic breakdown: (a,d) B0/B = 0.0001, (b,e) B0/B = 1, and (c,f) B0/B = 10000. Plots in the top
row show ADMR calculated with a simple cosine interlayer warping, while those in the bottom row show ADMR calculated
with a staggered twofold interlayer warping.
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FIG. 9. (Color online) A schematic diagram of where the
ADMR measurements described in this paper would be feasi-
ble, based on the data and assumptions described in the text.
The dome on the left labeled “SC” is the superconducting re-
gion, based on an estimate of Hc2 with the magnetic field in
the interlayer direction. Outside the superconducting region,
the color gradient represents the value of ω0τ , with darker
color denoting a larger value. The dashed line indicates an
estimated cutoff for the criterion ω0τ ≥ 0.1; the region below
the dashed line is where the distinction between interlayer
warpings could most clearly be distinguished by ADMR mea-
surements.

or diamond-shaped. We have also shown that magnetic
breakdown between Fermi surface pockets should not af-
fect these results. Since ADMR, unlike quantum oscil-
lations, is measured at a fixed field strength, it could
be used to study the Fermi surface geometry of Hg1201

at various temperatures and magnetic fields, as illus-
trated in Fig. 9. Such information on the field- and
temperature-dependence of the Fermi surface would be
complementary to other experiments that can probe how
the ordered states in Hg1201 evolve. If changes in the
Fermi surface geometry can be connected to the evolution
of CDW order, or some other ordered state, it would help
conclusively answer the question of what drives Fermi
surface reconstruction in the underdoped cuprates.
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Appendix A: ADMR for different values of φ

ADMR as a function of φ, the azimuthal angle of the
applied field, can provide valuable insights regarding a
material’s Fermi surface geometry. We show some exam-
ples of ADMR with varying φ in Fig. 10 to emphasize
two points: first, that the symmetry of the Fermi surface
determines the symmetry of the ADMR; second, that the
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FIG. 10. (Color online) Calculated ADMR of Hg1201 with a simple cosine interlayer warping (top row) or a staggered twofold
interlayer warping (bottom row) for 8 different values of φ as indicated in the legend. Results are shown for four different
in-plane Fermi surfaces: (a,e) circular, (b,f) elliptical, (c,g) square diamond, and (d,h) concave diamond.

qualitative distinction between the two types of interlayer
warping considered here is present regardless of the value
of φ.

To produce Fig. 10 we consider four different in-plane
Fermi surfaces and two different interlayer warpings. For
each combination of these, we calculate ADMR with val-
ues of φ ranging from 0° to 360° in 15° increments. The
results are only shown up to 90° because beyond that,
all of the results would lie over curves that are already
plotted. Indeed, for most of the Fermi surfaces consid-
ered there is already considerable degeneracy below 90°:
for example, for the diamond-shaped pockets there is a
mirror symmetry about 45°, and for the circular Fermi
surface with simple cosine warping there is complete ro-
tational symmetry. The symmetry of each Fermi surface
is reflected in the φ-dependence of its ADMR, as it must
be.

Note that regardless of φ, a Fermi surface with simple
cosine warping yields a local minimum of the resistivity
at θ = 0, while a Fermi surface with staggered twofold
warping yields the opposite.

Appendix B: ADMR for different periodicities of
the interlayer warping

Sebastian et al. showed that their quantum oscillation
data for YBCO could be explained by a CDW ordering
with l = 1/2 that yields an interlayer warping of period-
icity 2π

c . However, x-ray scattering measurements of the
same compound found a three-dimensional CDW order
with l ∼ 110. If we assume the same type of reconstruc-
tion that Sebastian et al. suggested, this should lead to
an interlayer warping of period 4π

c . Doubling the peri-

odicity is mathematically equivalent to reducing c, the
interlayer lattice parameter, by half.

We repeat our calculations for a circular in-plane Fermi
surface, but now using c = 4.7585 Å rather than the ac-
tual interlayer lattice parameter of c = 9.517 Å. The
results are shown in Fig. 11. Clearly, changing the inter-
layer lattice parameter produces a quantitative change
in the ADMR of Hg1201. However, given the many un-
known parameters with regards to this Fermi surface,
such a change may be difficult to distinguish at ω0τ = 1;
for example, with a simple cosine interlayer warping,
halving c produces roughly the same change as increas-
ing the eccentricity of the in-plane Fermi surface (cf. Fig.
6). On the other hand, with ω0τ = 10 the ADMR results
have more structure, as angle-dependent magnetoresis-
tance oscillations are evident. Thus it may be possible to
use ADMR to determine the periodicity of the interlayer
warping, but only if measurements can be taken at very
low temperatures and high magnetic fields.

Appendix C: ADMR with non-constant scattering
rate

The assumption of a constant scattering rate, τ , is
not necessarily justified for this system. For instance, if
the Fermi surface is diamond-shaped due to CDW recon-
struction then the density of states should be enhanced at
the tips of the diamonds where a gap is opened, leading
to an increase in τ at those points. In order to determine
whether such a variation in τ would affect the results
of this paper, we calculate the ADMR of a square dia-
mond pocket (α = 0) with a scattering rate τ that varies
as τ(ϕ) = τ0/(1 − 0.5 cos(4ϕ)). This particular form is
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FIG. 11. (Color online) Calculated ADMR of Hg1201 with two different interlayer lattice parameters. Results are shown for
a circular in-plane Fermi surface with a simple cosine interlayer warping (top row) or a staggered twofold interlayer warping
(bottom row). (a,c) ω0τ = 1, (b,d) ω0τ = 10.

chosen so that the integral in Eq. 12 can be solved ana-
lytically; it results in a scattering rate that is greatest at
the tips of the diamond and that varies by a factor of 3
about the Fermi surface. We also calculate the ADMR of
an elliptical Fermi surface with a non-constant scattering
rate. In this case it is less clear how the scattering rate
should be expected to vary; however, it is reasonable to
assume that it will respect the twofold rotational symme-
try of the Fermi surface. To that end, we calculate the
ADMR of an elliptical Fermi surface (ε = 0.7) with two
different variations of the scattering rate: one for which τ
is greatest along the major axis of the ellipse, and one for
which it is greatest along the minor axis. From the results
shown in Fig. 12, it is clear that a non-constant scatter-
ing rate will have some impact on the magnetoresistance
of Hg1201 but will not affect the qualitative distinction
that is the main result of this paper. The results shown
in Fig. 12 are for ω0τ0 = 1 and φ = 0.

Appendix D: Derivation of ω

We define ω = dϕ
dt , where ϕ is the azimuthal position of

a quasiparticle in the kx-ky plane. A quasiparticle orbit-
ing around the Fermi surface will have periodic motion in
both kz and ϕ. In the case we are considering, of small in-
terlayer warping, a change in kz will have a limited effect
on the quasiparticle’s in-plane motion. We can calculate
the size of this effect, given the values of kF (ϕ) for all of
the Fermi surfaces we consider and the limit of t⊥ < 0.35
meV from quantum oscillation measurements5. For a
circular Fermi surface, we find that the maximum possi-
ble change of a quasiparticle’s in-plane Fermi momentum
due to interlayer motion will be less than 1%, indepen-
dent of the quasiparticle’s azimuthal position. For every

other Fermi surface we consider, the maximum possible
change will vary based on kF (ϕ) but will be at most 2.1%
(along the minor axes of the ellipse with ε = 0.9) and typ-
ically closer to 1%. Due to the small size of this effect,
the motion in kz and in ϕ can be considered separable,
and we can base our calculation of ω on the motion of
the quasiparticle about the in-plane Fermi surface. This
motion will be driven by the component of the magnetic
field in the interlayer direction, B cos(θ). If we define k‖
to be the component of momentum along the circumfer-
ence of the in-plane orbit, then the quasiparticle equation
of motion can be written as follows:

dk‖

dt
=
eB cos(θ)

~
vF (ϕ), (D1)

where vF (ϕ) is the in-plane Fermi velocity. We find

vF (ϕ) = ~kF (ϕ)
m∗ from the dispersion relation given in Eq.

3, so

dk‖

dt
=
eB cos(θ)

m∗
kF (ϕ). (D2)

We want dϕ
dt , so we must now find the relationship be-

tween k‖ and ϕ. This turns out to simply be the equation
for an arc-length in polar coordinates. Noting that dk‖
is the differential displacement along the orbit and the
radius of the in-plane orbit is given by kF (ϕ), we have

dk‖

dϕ
=

√
kF (ϕ)2 +

(
dkF (ϕ)

dϕ

)2

. (D3)
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FIG. 12. (Color online) Calculated ADMR of Hg1201 with various scattering rates, where g(ϕ) parameterizes the variation of
the scattering rate, τ , about the Fermi surface. Results are shown for Fermi surfaces with a simple cosine interlayer warping
(top row) or a staggered twofold interlayer warping (bottom row). Results are shown for two different in-plane Fermi surfaces:
(a,c) elliptical with ε = 0.7 and (b,d) square diamond with α = 0.

Putting everything together, this yields

ω =
dϕ

dt
=

dϕ

dk‖

dk‖

dt
=
eB cos(θ)

m∗
kF (ϕ)√

kF (ϕ)2 +
(
dkF (ϕ)
dϕ

)2
.

(D4)
We can simplify the above expression by noting that

cos(γ(ϕ)) =
kF (ϕ)√

kF (ϕ)2 +
(
dkF (ϕ)
dϕ

)2
, (D5)

where γ(ϕ) is the angle between vF (ϕ) and kF (ϕ)41.
Then we arrive at the form we use in the paper:

ω =
eB cos(θ)

m∗
cos(γ(ϕ)). (D6)

Appendix E: The form of the Shockley-Chambers
tube integral

When kBT � EF , the Shockley-Chambers tube inte-
gral generally appears in the form18,42

σαβ =
e2

4π3~2

∫
dkH

mc

ωc

∫ 2π

0

dψ′
∫ ∞

0

dψ

vα(ψ′, kH)vβ(ψ′ − ψ, kH)e−ψ/ωcτ ,

(E1)

where all velocities are taken to be at the Fermi energy
and the quantity kH is the component of momentum par-

allel to the magnetic field. With a slight change of vari-
ables, this becomes

σαβ =
e2

4π3~2

∫
dkH

mc

ωc

∫ 2π

0

dψ′
∫ ψ′

−∞
dψ′′

vα(ψ′, kH)vβ(ψ′′, kH)e(ψ′′−ψ′)/ωcτ .

(E2)

It can be shown that, as long as vα and vβ are periodic
about the Fermi surface (which they must be), this is
equivalent to

σαβ =
e2

4π3~2

∫
dkH

mc

ωc

∫ 2π

0

dψ′
∫ ∞
ψ′

dψ′′

vβ(ψ′, kH)vα(ψ′′, kH)e(ψ′−ψ′′)/ωcτ .

(E3)

In the above equation, ωc is not the rate of change of
the quasiparticle’s azimuthal position. Rather, it is the
cyclotron frequency, defined as ωc ≡ 2π/T with T being
the period of a quasiparticle orbit. By this definition, ωc
depends on the Fermi surface geometry and the angle of
the applied field, but it is constant for a given orbit about
the Fermi surface. The cyclotron mass mc is defined as
mc ≡ eB/ωc; it is not the same as the quasiparticle’s
effective mass.

The phase variable ψ′ in equation E3 is defined by
dψ′ = ωcdt; by construction, this quantity increases at a
constant rate. If the Fermi surface in question is a per-
fect cylinder (or sphere), then ψ′ is simply the azimuthal
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position of the quasiparticle. But in general, a quasi-
particle’s azimuthal position, which we will call ϕ′, will
not change at a constant rate about an orbit so ϕ′ and
ψ′ are distinct. The quasiparticle velocity as a function
of ϕ′ is simple to obtain geometrically; not so with ψ′.
Therefore, we want to rewrite our equation in terms of
ϕ′ rather than ψ′.

The relationship between the two quantities is given
by

dψ′

dϕ′
=
dψ′/dt

dϕ′/dt
=

ωc
ω(ϕ′)

, (E4)

where ω is the azimuthal angular velocity and depends
on ϕ′. Note that ψ′, just like ϕ′, is 0 at the beginning
of an orbit and 2π after completing an orbit; thus, our
limits of integration do not have to change.

Since ψ′′ varies from ψ′ to ∞, we can define ψ′′ =
ψ′ + ωct, where t varies from 0 to ∞. Now we have

σαβ =
e2

4π3~2

∫
dkH

mc

ωc

∫ 2π

0

dϕ′
ωc

ω(ϕ′)

∫ ∞
0

dt ωc

vβ(ϕ′, kH)vα(t, kH)e−t/τ .

(E5)

We can define a variable ϕ′′ such that dϕ′′

dt = ω(ϕ′′) and
ϕ′′(t = 0) = ϕ′, yielding

σαβ =
e2

4π3~2

∫
dkH

mc

ωc

∫ 2π

0

dϕ′
ωc

ω(ϕ′)

∫ ∞
ϕ′

dϕ′′
ωc

ω(ϕ′′)

vβ(ϕ′, kH)vα(ϕ′′, kH) exp

(
−
∫ ϕ′′

ϕ′

dϕ′′′

ω(ϕ′′′)τ

)
.

(E6)

As illustrated in Ref. 23, we can substitute kH =
k0
z cos(θ). We can also substitute mc = eB/ωc and sim-

plify to obtain

σαβ =
e3B cos(θ)

4π3~2

∫
dk0
z

∫ 2π

0

dϕ′
vβ(ϕ′, k0

z)

ω(ϕ′)∫ ∞
ϕ′

dϕ′′
vα(ϕ′′, k0

z)

ω(ϕ′′)
exp

(
−
∫ ϕ′′

ϕ′

dϕ′′′

ω(ϕ′′′)τ

)
.

(E7)

With the exception of the variable names, this is iden-
tical to Eq. 2.

Appendix F: The vectorized form of the
Shockley-Chambers tube integral

When Bragg diffraction is involved, we use Eq. 13
because we cannot actually evaluate the expression in
Eq. 9. Recall that nj in Eq. 9 denotes the number of
times a quasiparticle has Bragg diffracted from the jth

MB junction. It is a function of ϕ because each time the
quasiparticle arrives at an MB junction, it has the oppor-
tunity to Bragg diffract. If the probability of magnetic
breakdown were p = 1, then quasiparticles would never
Bragg diffract and we would have nj(ϕ) = 0 for all j and
all ϕ. On the other hand, if the probability of magnetic
breakdown were p = 0, then quasiparticles would Bragg
diffract every time they reached an MB junction and we

could write nj(ϕ) =
⌊
ϕ−Mj

2π

⌋
+ bMj − ϕ0c, where Mj

denotes the azimuthal position of the jth MB junction;
in other words, nj(ϕ) would just count the number of
times the quasiparticle had reached the MB junction in
question. But in the more interesting case of 0 < p < 1, it
is impossible to write a closed-form expression for nj(ϕ),
as the path of the quasiparticle will be non-deterministic.
It is for this reason that we need to use the vectorized
form of the Boltzmann transport equation, as derived in
Ref. 26.

Our vectorized equation varies from that in Ref. 26 in
two significant ways.

First, they consider a circular in-plane Fermi surface,
with the result that ω has no azimuthal dependence.
Therefore, they can simplify the integral in the expo-
nential in Eq. 9:

∫ ϕ

ϕ0

dϕ′

ωτ
=
ϕ− ϕ0

ωτ
(F1)

whereas we must keep the integral in its unsolved form.
The authors of Ref. 26 define

λ+[j] ≡
∫ Mj+1

Mj

dϕ0 exp[ikF tan(θ) cos(ϕ0 − φ+ π/2− ξ)]e(ϕ0−Mj)/ωτ ,

λ−[j] ≡
∫ Mj+1

Mj

dϕ0 exp[−ikF tan(θ) cos(ϕ0 − φ+ π/2− ξ)]e(Mj−ϕ0)/ωτ ,

λinit[j] ≡
∫ Mj+1

ϕ0

dϕ exp[−ikF tan(θ) cos(ϕ− φ+ π/2− ξ)]e(Mj−ϕ)/ωτ .

(F2)

Given the difference described above, we have defined
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λϕ0 [j] ≡
∫ Mj+1

Mj

dϕ0
f(ϕ0)e−iG(ϕ0)

cos(γ(ϕ0))
exp

(
−1

ω0τ cos(θ)

∫ Mj

ϕ0

dϕ′

cos(γ(ϕ′))

)
,

λϕ[j] ≡
∫ Mj+1

Mj

dϕ
f(ϕ)eiG(ϕ)

cos(γ(ϕ))
exp

(
−1

ω0τ cos(θ)

∫ ϕ

Mj

dϕ′

cos(γ(ϕ′))

)
,

λinit[j] ≡
∫ Mj+1

ϕ0

dϕ
f(ϕ)eiG(ϕ)

cos(γ(ϕ))
exp

(
−1

ω0τ cos(θ)

∫ ϕ

Mj

dϕ′

cos(γ(ϕ′))

)
.

(F3)

Note that the authors of Ref. 26 have defined ω such
that it includes a factor of cos(θ). The integrands of

Eq. F2 do not include the terms f(ϕ)
cos(γ(ϕ)) because these

terms are equal to unity for the Fermi surface in Ref.
26: f(ϕ) = 1 because the Fermi surface has a simple
cosine interlayer warping and cos(γ(ϕ)) = 1 because the
in-plane Fermi surface is circular. Beyond that, there
are several cosmetic differences between the definitions
in Eq. F2 and Eq. F3. In Eq. F3 we have used G(ϕ) ≡
ckF (ϕ) tan(θ) cos(ϕ−φ), where c is the interlayer lattice
spacing. The term in the exponentials of Eq. F2 appears
slightly different: the authors have written kF in units of
c−1 and they have some additional terms in the argument
of the cosine due to the coordinate systems they use to
define ϕ or ϕ0 (the quasiparticle’s azimuthal position) vs.
φ (the azimuthal direction of the applied magnetic field).
The signs of G(ϕ) and G(ϕ0) are also reversed in Eq.
F2 vs. Eq. F3; since we end up taking the real part of
our result in Eq. 13, this is inconsequential. Finally, we
have chosen to integrate with respect to ϕ rather than
ϕ0 for the integral in λϕ because we believe this more
accurately depicts the role it plays as compared to the
original integral in Eq. 9. Since λϕ is only evaluated on
its own and not as part of any double integration, this
makes no difference to the mathematical result and is
purely cosmetic.

The second major difference between our vectorized
equation and that of Nowojewski et al. is that they con-
sider a specific case: a system with four MB junctions
for which the change in k0

z through Bragg diffraction can
only take two values, which they call ±∆kz. We have
written an equation that allows for an arbitrary number
of MB junctions for which the change of k0

z at the jth MB

junction is denoted ∆k
(j)
z and may be a different value

for each MB junction (see App. H for information on cal-

culting each ∆k
(j)
z ). This affects how the vector called

x in Ref. 26 must be defined. Nowojewski et al. have
defined

xn[j] ≡ λ−[j]e−in∆kz + dj(pxn[j∗] + qxn±1[j′]) (F4)

where Dj ≡ e−(Mj+1−Mj)/ωτ represents the exponential
damping as a quasiparticle travels across the segment of
the Fermi surface in question and q = 1−p. Whereas the
authors of Ref. 26 write out every term of xn[j] explic-
itly, we’ve used j∗ and j′ to indicate the MB junctions
at which the quasiparticle arrives if it undergoes mag-
netic breakdown or Bragg diffraction, respectively, after
traversing the section from Mj to Mj+1.

Whether the final term in Eq. F4 is xn+1[j′] or
xn−1[j′] depends on whether the value of k0

z changes by
+∆kz or −∆kz when the quasiparticle Bragg diffracts
from junction Mj+1. The authors of Ref. 26 only need
one value of n to track these changes to k0

z . We consider

the general case of arbitrary and independent ∆k
(j)
z , each

of which is tracked by nj , the number of times the quasi-
particle has Bragg diffracted from the jth MB junction.
Therefore, we define x as follows:

x{ni}[j] ≡ λϕ[j]e−ic
∑
ni∆k

(i)
z +Dj(px{ni}[j

∗]+qx{n′i}[j
′])

(F5)

where Dj ≡ exp
(

−1
ωτ cos(θ)

∫Mj+1

Mj

dϕ′

cos(γ(ϕ′))

)
represents

the exponential damping as a quasiparticle travels across
the segment of the Fermi surface in question. We use
{ni} to refer to the set of n for all MB junctions and we
use {n′i} to refer to the set {ni} that has had the element
nj+1 increased by 1. If the quasiparticle Bragg diffracts
after traversing the section between Mj and Mj+1, then
we need to increment nj+1, which counts the number of
times Bragg diffraction has occured from junction Mj+1.

From this point on, the derivation follows the same
steps as Ref. 26 to arrive at Eq. 13.

Note that in Eq. 13, the term λϕ0
· λinit is actually

a double integral with respect to ϕ0 and ϕ and can be
rewritten as

λϕ0 · λinit =
∑
j

[∫ Mj+1

Mj

dϕ0

∫ Mj+1

ϕ0

dϕ
f(ϕ0)f(ϕ)ei[G(ϕ)−G(ϕ0)]

cos(γ(ϕ0)) cos(γ(ϕ))
exp

(
−1

ω0τ cos(θ)

∫ ϕ

ϕ0

dϕ′

cos(γ(ϕ′))

)]
. (F6)

On the other hand, the remainder of the expression in Eq. 13 involves self-contained terms (λϕ0 , λϕ, Γ and
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I) that can each be evaluated independently once the
form of the Fermi surface, location of the MB junctions,
and scattering rate are known. So the second part of
Eq. 13 involves nothing more than vector and matrix
multiplication.

See App. H for an example of the definitions of M
and Γ for a specific case.

Appendix G: Mathematical descriptions of the
in-plane Fermi surfaces

In this paper, we consider 8 different in-plane Fermi
surfaces: 5 ellipses of various eccentricity and 3 different
diamond-shaped pockets. We need a function kF (ϕ) that
describes each of these Fermi surfaces; this will give us
γ(ϕ) (through use of Eq. D5) and G(ϕ).

The ellipses are defined as follows:

kF (ϕ) =
1√

(cos(ϕ)/a)2 + (sin(ϕ)/b)2
, (G1)

where a and b are the major and minor axes of the ellipse,
respectively. The area of an ellipse is given by A = πab,
and the eccentricity is defined as ε =

√
1− (b/a)2. In

our calculations, we use the cross-sectional Fermi sur-
face area that has been determined by quantum oscilla-
tion measurements; therefore, for every ε we consider it
is straightforward to calculate the appropriate a and b.
Note that Eq. G1 describes an ellipse that is centered at
the origin, which is necessary for the interlayer warping
to be properly imposed on the in-plane Fermi surface.

The diamond-shaped pockets have a more complicated
definition, given as follows:

kF (ϕ) =
R

2 sin(β)

(
(cos(β) + sin(β))(|cos(ϕ)|+ |sin(ϕ)|)

−
√

2 + (2 cos(β) sin(β) + 1)(2|sin(ϕ) cos(ϕ)| − 1)
)
.

(G2)

In the above equation, β ≡ α/2, where α is the angle
that must be subtended on a circle to make each arc
that forms the diamond-shaped pocket; in this study we
consider α = 0, π/4, and π/2. The constant R is the
distance from the center of the pocket to the tip of each
arc. In order to constrain the Fermi surface area to be a
certain AFS , we must set R as follows:

R =

√√√√√ 2AFS sin2(β)∫ π/2
0

(
(cos(β) + sin(β))(cos(ϕ) + sin(ϕ))−

√
2 + (2 cos(β) sin(β) + 1)(2 sin(ϕ) cos(ϕ)− 1)

)2

dϕ
. (G3)

We use a different equation for the diamond-shaped
pockets when considering magnetic breakdown effects
(that is, when using the vectorized form of the Shockley
tube integral). As shown in Fig. 5, in this scenario the
origin (the center of the Brillouin zone) is in the middle
of the 4 pockets, so that the arcs appear convex instead
of concave. In this case, R is still defined by Eq. G3
(since it is still the area of the concave pockets that is
constrained), but we use

kF (ϕ) =
R

2 sin(β)

(
(− cos(β) + sin(β))(|cos(ϕ)|+ |sin(ϕ)|)

+
√

2 + (1− 2 cos(β) sin(β))(2|sin(ϕ) cos(ϕ)| − 1)
)
.

(G4)

Equations G2 and G4 actually diverge for α = 0; that
is, for a square pocket. For that case, we use the simpler
equation

kF (ϕ) =

√
AFS/2

|cos(ϕ)|+ |sin(ϕ)|
. (G5)

This equation is valid both for a Fermi surface con-
tained within the Brillouin zone or for pockets in the

four corners of the Brillouin zone, since tiling four tilted
squares in the corners produces a square of the same size
in the center.

The diamond-shaped pockets we consider all have their
tips pointing along kx and ky, which is the orientation we
would expect if they arise from a CDW reconstruction5.
The orientation of the staggered twofold warping with
respect to the diamonds is based on the results of Ref. 9.

The ellipses we consider all have their major axes along
kx and minor axes along ky. But if the Fermi surface
pockets are elliptical, they could very well be tilted off-
axis; this is illustrated, for instance, in Ref. 1. For the
simple cosine warping, tilting the ellipses in the kx − ky
plane is simply a matter of rotating the whole Fermi sur-
face, since the interlayer warping has no azimuthal depen-
dence. But for the staggered twofold warping, the align-
ment between the in-plane shape and interlayer warping
could affect the magnetoresistance in a non-trivial way.
To verify that this will not affect our general conclusions,
we calculate ADMR for an ellipse with its major axes
tilted away from kx by some amount ϕtilt. We use an
ellipse with ε = 0.9 and fix the azimuthal angle of the
magnetic field to φ = 0. The results are shown in Fig.
13. With the simple cosine warping, changing the ori-
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FIG. 13. (Color online) Calculated ADMR of Hg1201 for
an elliptical Fermi surface with various orientations. The in-
plane Fermi surface is an ellipse with ε = 0.9. The variable
ϕtilt indicates the angle between kx and the major axis of the
ellipse. The magnetic field is fixed at φ = 0 for all calculations.
a) Results for a simple cosine interlayer warping. b) Results
for a staggered twofold interlayer warping.

entation of the in-plane ellipse simply rotates the entire
Fermi surface. Therefore, it is equivalent to rotating the
applied magnetic field to a different value of φ; this can
be seen by comparing Fig. 13(a) to Fig. 10(b). For the
staggered twofold warping, changing the orientation of
the in-plane ellipse does modify the overall magnetore-
sistance beyond a simple rotation; however, a compari-
son between Fig. 13(b) and Fig. 10(f) reveals that the
change is minimal and does not alter the conclusions of
this paper.

Appendix H: Explicit forms of M , Γ, and ∆kz for
diamond pocket magnetic breakdown calculations

The definitions of M , Γ, and ∆kz all depend on the
direction of quasiparticle motion. In this work, we always

consider quasiparticles that are moving counterclockwise
about the Fermi surface.

In the case of Fermi surface pockets in the four corners
of the Brillouin zone, as shown in Fig. 5, the vector M
of MB junctions will be

M =

[
0,
π

2
, π,

3π

2
, 2π

]
. (H1)

For a quasiparticle that is traveling counterclockwise
on the Fermi surface, the matrix Γ will be as follows:

Γ ≡ D


0 p 0 qe−ic∆k

(2→4)
z

qe−ic∆k
(3→1)
z 0 p 0

0 qe−ic∆k
(4→2)
z 0 p

p 0 qe−ic∆k
(5→3)
z 0

 ,

(H2)
where p = e−B0/B cos(θ) is the magnetic breakdown prob-
ability, we have defined q = 1 − p, and we have defined

D ≡ exp
(
−
∫ π/2

0
dϕ′

ω(ϕ′)τ

)
. We are able to use a single

prefactor of D rather than including Di in the matrix

elements (as in Eq. 15) because in this case
∫Mi+1

Mi

dϕ′

ω(ϕ′)τ

is the same for all i. This is due to the 4-fold symmetry
of the in-plane Fermi surface and magnetic breakdown
junctions.

In the matrix above, ∆k
(i+1→j)
z is the amount by which

k0
z changes when a quasiparticle undergoes Bragg diffrac-

tion from junction i+ 1 to junction j. This can be found
geometrically as explained in Ref. 23:

∆k(i+1→j)
z = tan(θ)[kF (ϕj) cos(ϕj − φ)−

kF (ϕi+1) cos(ϕi+1 − φ)],
(H3)

where ϕj = M [j] and ϕi+1 = M [i + 1]. Note that in
writing ∆kz in Eq. H2 we have used 1-indexing for M ,
e.g. M [1] = 0, M [2] = π
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