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Topological superconductors are characterized by topological invariants that describe the number
and nature of their robust boundary modes. These invariants must also have observable consequences
in the bulk of the system, akin to the quantized bulk Hall conductivity in the quantum Hall effect,
but such consequences are made elusive by the spontaneous breaking of U(1) symmetry in the
superconductor. Here we focus on 2+1 dimensional spin-less p-wave superconductors and show that
emergent gravity serves as a natural bulk probe for their topological invariant. This emergent gravity
is due to the same attractive interaction between fermions that leads to superconductivity, and is
therefore built into topological superconductors. The bulk response of a topological superconductor
to the emergent gravitational field is encoded in a gravitational Chern-Simons term, and is related
to the existence of robust boundary modes via energy-momentum conservation, or gravitational
anomaly inflow. The gravitational Chern-Simons term implies a universal relation between variations
in the superconducting order parameter and the energy-momentum currents and densities that they
induce. The spontaneous breaking of U(1) symmetry in the superconductor leads to additional
bulk responses, encoded in a gravitational pseudo Chern-Simons term. Although not of topological
nature, these carry surprising similarities to the topological responses of the gravitational Chern-
Simons term. We show how these two types of responses can be disentangled.
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I. INTRODUCTION

In this paper we study spin-less p-wave superconduc-
tors (SC) in 2+1 dimensions. These are superconductors
that can be thought of as microscopically comprised of
charge 1 spin-less fermions with an attractive two body
interaction. The interaction is such that it can efficiently
be described as an interaction of the fermions with a
charge 2 spin 1 boson, which is the superconducting or-
der parameter, as in BCS theory. This boson represents
a condensate of Cooper pairs, where the fermions in a
pair have relative orbital angular momentum 1, as op-
posed to s-wave SC, where the relative orbital angular
momentum is 0. p-wave pairing has been experimentally
observed in thin films of superfluid He-3 [1], and there are
many solid state candidates [2]. Another notable candi-
date is the 5/2 fractional quantum Hall state which has
been proposed to be a p-wave SC of composite fermions
[3, 4].

Within mean field theory, p-wave SC are known to real-
ize gapped topological phases [4], or symmetry protected
topological phases (SPT) [5]. The most notable known
manifestation of the existence of distinct topological

phases, is the formation of chiral Majorana (Majorana-
Weyl) spinors on spatial domain walls between different
phases, and Majorana bound states, or zero modes, in
the cores of vortices [4]. These Majorana bound states
exhibit non abelian braiding statistics, and may therefore
be used as building blocks for a topological quantum com-
puter [6, 7]. This is the main drive behind the intense
research of p-wave SC in recent years.

The different topological phases of the p-wave SC are
characterized by an integer valued topological invariant,
which is the Chern number ν. An important physical
manifestation of the Chern number is the net chirality C
of the chiral Majorana spinors on the boundary between
a p-wave SC and vacuum. More generally, there are
Majorana spinors with net chirality C = ∆ν on spatial
boundaries between different topological phases, where
the Chern number jumps by ∆ν [4, 8, 9]. The equation
C = ∆ν is referred to as bulk-boundary correspondence.

Although the bulk of a topological superconductor is
expected to manifest the topological invariant, in a way
similar to the quantized Hall conductivity of a quantum
Hall state, the spontaneous breaking of U(1) symmetry
in superconductors makes this manifestation elusive. In
this paper we address two fundamental questions in this
context:

Question 1: What is the physical manifestation of the
Chern number in the bulk, i.e, what is the topological bulk
response?

Question 2: What is the physical principle behind
bulk-boundary correspondence?

Question 1 is of both conceptual and practical impor-
tance. Answering it provides a definition for the Chern
number in terms of physical bulk observables, which may
be used in experiment to probe the topological phase di-
agram of a p-wave SC. Question 2 is of conceptual im-
portance. It asks for the physical obstruction to the ex-
istence of edge states without a topological bulk. As ex-
plained below, the two questions are intimately related.

In order to clarify the above questions, and the type
of answers we are after, it will be useful to briefly review
the closely related integer quantum Hall effect (IQHE),
where the answers to both of our questions are known,
in the language of the anomaly inflow mechanism.

Like the p-wave SC, the IQHE is 2+1 dimensional and
is characterized by the same Chern number ν, despite
the difference in symmetries1. For the IQHE, the answer
to Question 1 is that ν/2π is the quantized Hall con-
ductivity in units of e2/~ [13–17], illustrated in Fig.1(a).
Equivalently, the effective action for a background U (1)
gauge field A contains a U (1) Chern-Simons (CS) term
ν
4π

∫
AdA, where we have set e = 1 = ~. The answer

1 Depending on convention, one either says that the p-wave SC
does not have any symmetries and that the IQHE has U (1)
symmetry [10], or that the p-wave SC has particle-hole sym-
metry (symmetry class D) while the IQHE has no symmetries
(symmetry class A) [11, 12].
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to Question 2 is that charge conservation, or U(1) sym-
metry, is the physical principle behind bulk-boundary
correspondence, as depicted in Fig.1(c). In the IQHE
boundaries carry chiral (Weyl) spinors with net chirality
C = ∆ν, which have a U(1) anomaly [18–22]. A physical
implication of the anomaly is that the expectation value
of the boundary current jα (α = t, x) is not conserved
in the presence of an electric field parallel to the bound-
ary, ∂α 〈jα〉 = C

2πEx
2. A 1+1 dimensional system that

microscopically conserves charge cannot be described by
Weyl spinors with C 6= 0, because the anomaly implies
an unphysical source of charge. In the context of the
IQHE this source of charge is physical, and is due to
the difference of bulk Hall currents 〈Jy〉 = ν

2πEx on the
two sides of the boundary, since C = ∆ν. This is the
anomaly inflow mechanism [23–25]. Running the argu-
ment backwards, bulk-boundary correspondence follows
from bulk+boundary charge conservation in the presence
of an electric field.

The relation between anomaly inflow and topological
phases is much more general. It has been suggested, and
to a large extent shown, that the existence of anomalies
in D−1 dimensions is equivalent to the existence of corre-
sponding topological phases in D dimensions, related by
the anomaly inflow mechanism [26, 27]. Moreover, since
anomalies are known to be robust to weak interactions,
they naturally classify topological phases of weakly in-
teracting fermions [27]. In many instances the anomaly
also suggests a topological bulk response.

We can now go back to the p-wave SC, and sharpen
Questions 1,2 to ”what is the topological bulk response,
and what is the boundary anomaly corresponding to
this response through anomaly inflow?”. In the p-wave
SC, boundaries carry 1+1 dimensional chiral Majorana
spinors, which do not carry U (1) charge. Thus there
is no U (1) anomaly and no corresponding bulk CS
term, or quantized Hall conductivity [4, 8]3. In fact,
the only conserved quantity such a spinor does carry is
energy-momentum, associated with space-time symme-
tries. The only relevant anomaly is therefore the gravi-
tational anomaly, where energy-momentum conservation
is violated. Chiral Majorana spinors in 1+1 dimensions
indeed possess such an anomaly [19, 28, 29]. Just as the
U(1) anomaly is manifested in the presence of a back-
ground electric field, so does the gravitational anomaly
manifests itself in the presence of a background metric
with curvature gradients. Like the U(1) anomaly in-
flow described above, the gravitational anomaly in 1+1
dimensions can be interpreted as the inflow of energy-
momentum from a 2+1 dimensional bulk with an ap-
propriate Chern-Simons term, which is the gravitational
Chern-Simons term (gCS) [30], see section VII B 2 for

2 This is the covariant U(1) anomaly
3 Though there is no quantized Hall conductivity in a p-wave SC,

there is in fact a Hall conductivity, which we discuss in more
detail in our conclusions.

the definition. Based on these facts it was argued that a

gCS term with coefficient α = ν/2
96π ∈ 1

192πZ should arise
when integrating out the bulk fermions in a p-wave SC
[4, 26]. Similar statements were made in [31, 32]. The
gCS term then describes a topological bulk response to
the background metric, from which the Chern number
can in principle be measured, and bulk-boundary corre-
spondence follows from energy-momentum conservation
in the presence of a metric with curvature gradients. One
arrives at the appealing conclusion that a p-wave SC is a
manifestation of the gravitational anomaly inflow mech-
anism, just as the IQHE is a manifestation of the U(1)
anomaly inflow mechanism.

The only problem with the above conclusion is that
the actual gravitational field is negligible in condensed
matter experiments. The actual metric of space-time is,
for all practical purposes, flat. Therefore, in order to find
a physically relevant topological bulk response of the p-
wave SC, one must find some probe that couples to the
fermions as gravity, at least at low energies 4.

What probe, or background field, could play the role
of gravity? One approach is to use real geometry, in-
duced by curving the 2 dimensional sample in 3 dimen-
sional space. This works well for the IQHE and has led
to a remarkable body of work on geometric responses of
quantum Hall states [34–49]. For the p-wave SC, under-
standing the effect of real geometry is more complicated,
and we will come back to this point in the discussion,
section IX.

A second approach introduces effective gravity through
a space dependent temperature [4]. In this approach the
corresponding bulk response was suggested to be a quan-
tized bulk thermal Hall conductivity [26, 31].

The motivation for this suggestion is two fold. First,
there is an argument due to Luttinger that shows that
the thermal conductivity is essentially given by the re-
sponse of a system to a gravitational field [50, 51]. Sec-
ond, there is a well known derivation of the thermal Hall
conductance (as opposed to conductivity) for 2+1 dimen-
sional topological phases with chiral boundaries which
gives κxy = cchiral

πT
6 [52] where T is the (average) tem-

perature and cchiral is the chiral central charge of the
boundary, given by C for the IQHE and by C/2 for the
p-wave SC. Using bulk-boundary correspondence one ob-
tains κxy in terms of the bulk Chern number ν and the
temperature, which is analogous to σxy = ν

2π . This ther-
mal Hall conductance was indeed measured recently in
quantum Hall systems [53–55]. One may then hope to
obtain the same result, now for the bulk thermal con-
ductivity, from the gCS term, by using Luttinger’s argu-
ment. This, however, cannot be the case, because gCS
term is third order in derivatives of the metric, as op-
posed to a single derivative of the temperature required

4 We note that for spin-full p-wave SC with an SU (2) spin rotation
symmetry, there is also a spin Hall effect that can be used to
probe the Chern number [4, 8, 33].
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for a thermal conductivity [30, 56]. Some authors argue
that there is a quantized bulk thermal Hall conductivity,
but relate it to other gravitational terms, which are first
order in derivatives [57–59], and to global gravitational
anomalies [60], which will not be discussed in this paper.
Other authors find that there is no quantized bulk ther-
mal conductivity at all [56, 61]. In any case, the gCS
term and the corresponding gravitational anomaly have
not been interpreted in the context of thermal responses
thus far.

We note that on general grounds, the relation between
thermal conductivity and conductance is more subtle
than the relation between electric conductivity and con-
ductance. First, while there are longitudinal and trans-
verse electric fields, there is no transverse driving force
for heat. Second, if one expects a heat current to require
the presence of entropy, there cannot be a bulk heat cur-
rent as long as the temperature is negligible compared
with the bulk gap.

In this paper we take a third approach, in which we
utilize an additional field which couples to the fermions in
a p-wave SC as gravity. This field, which is built into the
problem, is the order parameter itself, as was discovered
by Volovik (see e.g [9]), and refined by Read and Green
[4]. We refer to the gravitational field described by the
order parameter as emergent gravity, because the order
parameter arises microscopically from a fermionic two-
body interaction. In fact, using this observation, Volovik
suggested early on the existence of a gCS term in a p-
wave SC [62].

To gain some intuition into our approach, note that,
almost by definition, gravity is a field that couples to the
energy-momentum of matter. The p-wave pairing term
ψ†∆j∂jψ

†+h.c shows that the order parameter ∆ couples
to derivatives of the fermion field ψ, related to fermionic
momentum. More accurately, we will see that the oper-
ator ψ†∂jψ

† appears in the energy-momentum tensor of
a p-wave SC. The mapping of the order parameter onto
gravity is the conceptual starting point of our analysis,
which is motivated by the search for edge anomalies and
topological bulk responses of the p-wave SC.

Outline of this paper: Our main results along with
simple examples are given in section II. In section III we
start our analysis with a simple lattice model for a p-
wave SC. We describe the topological phase diagram of
the model and also explain some ingredients of the emer-
gent geometry which are visible at this level. In section
IV we derive a continuum description of the lattice model,
which is an even number of p-wave superfluids (SF).
In the limit where the order parameter is much larger
than the single particle scales, each p-wave SF maps to a
relativistic Majorana spinor coupled to Riemann-Cartan
(RC) geometry, which is a geometry with both curvature
and torsion. We discuss the mapping of fields, actions,
equations of motion, path integrals, symmetries, conser-
vation laws, and observables in sections V and VI, and
in appendices A-F.

The rest of the paper is devoted to the application

of the above mapping to the problems described above:
finding topological bulk responses of the p-wave SC, and
relating them to edge anomalies. In section VII we dis-
cuss bulk responses. We verify that the effective action
obtained by integrating over the bulk fermions contains
a gCS term, with coefficient α = ν

192π ∈ 1
192πZ, and we

obtain the corresponding topological bulk response of the
p-wave SC. We also find closely related terms, which do
not encode topological bulk responses, and are unrelated
to edge anomalies. The first, which we refer to a grav-
itational pseudo Chern-Simons term, is possible due to
the spontaneous breaking of U (1) symmetry, or in other
words, due to the emergent torsion. The second is a
difference of two gCS terms, which appears because the
different low energy Majorana spinors do not experience
the same order parameter, or in other words, the same
gravitational background. The calculation of the effective
action within perturbation theory is done in appendix I.
In section VIII we describe the edge states, focusing on
the physical implication of their gravitational anomaly in
the p-wave SC, and the relation to the topological bulk
response from gCS, via the anomaly inflow mechanism.
We conclude and discuss our results in section IX. Ta-
bles I-III list our notation, and may be useful for the
reader. In particular, Tab.I serves as a quick guide for
the mapping of the p-wave SF to a Majorana spinor in
RC geometry.

II. APPROACH AND MAIN RESULTS

A. Model and approach

As a microscopic starting point, we consider a sim-
ple model for a spin-less p-wave SC on a square lattice,
described in section III. We analyze the model in the
regime where the order parameter is much larger than
the single particle scales, which we refer to as the rela-
tivistic regime. In this regime the model is essentially
a lattice regularization of four, generically massive, rel-
ativistic Majorana spinors, centered at the particle-hole
invariant points k = −k in the Brillouin zone. Around
each of these four points the low energy description is

given by a Hamiltonian HSF = ψ†
(
− δ

ij∂i∂j
2m∗ +m

)
ψ −(

1
2ψ
†∆j∂jψ

† + h.c
)
, which we refer to as a p-wave su-

perfluid (SF) Hamiltonian, with an effective mass m∗5,
chemical potential −m, and order parameter ∆, which
is in the px ± ipy configuration ∆ = (∆x,∆y) =
∆0e

iθ (1,±i), where ∆0 > 0 and θ are constants. In the
relativistic regime the effective mass m∗ is large, and in
the limit m∗ →∞ one obtains a relativistic Hamiltonian,
with mass m. This becomes clear in terms of the Nambu

5 The effective mass tensor is actually different for the different
particle-hole invariant points, but this will not be important in
the following.
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TABLE I. Notation: basic objects in the p-wave superfluid, aligned with the corresponding objects in Riemann-Cartan geometry.
All indices are written explicitly, in their natural placement and type. The indices a, b, · · · ∈ {0, 1, 2} are SO (1, 2) (Lorentz)
indices which we refer to as internal indices, while µ, ν, · · · ∈ {t, x, y} are coordinate indices. We also use i, j, · · · ∈ {x, y} for
spatial coordinate indices. Capital letters A,B, . . . take the values 1,2 in bulk objects, and 0,1 in boundary objects.

p-wave superfluid (SF) Riemann-Cartan (RC) geometry

ψ,Ψ Spin-less fermion, Nambu spinor χ Majorana spinor

ξ̃ boundary chiral Majorana spinor ξ Boundary chiral Majorana spinor

∆i p-wave order parameter e µa Inverse vielbein

∆(i∆j)∗ Higgs part of ∆i gµν Inverse metric

o Orientation of ∆i o Orientation of e µa

Aµ U (1) connection ωabµ Spin connection

Dµ U (1) covariant derivative Dµ Spin covariant derivative

Fµν U (1) curvature, or field strength Rabµν Curvature

tµcov ν

U (1)-covariant canonical

Jµa Energy-momentum tensor
energy-momentum tensor

Jµϕ Angular momentum current

J iE , Pi Energy current, Momentum density

Jµ, ρ = Jt Electric current, charge density Jabµ Spin current

tαe β
Boundary, or edge, canonical

jαA
Boundary energy-momentum

Energy-momentum tensor tensor

Boundary electric current jABα Boundary spin current

−m Chemical potential m Relativistic mass

m∗ Non-relativistic mass

SSF [ψ,∆, A] p-wave SF action
SRC [χ, e, ω]

Action for a Majorana spinor

SrSF [ψ,∆, A] Relativistic limit of p-wave SF action in RC geometry

WSF [∆, A] Effective action for the p-wave SF WRC [e, ω]
Effective Action for a Majorana

spinor in RC geometry

S±e

[
ξ̃,∆

] Action for a boundary, or edge,
S±R [ξ, e]

Action for a boundary

chiral Majorana spinor chiral Majorana spinor

Effective action for a
W±R [e]

Effective action for a

boundary chiral Majorana spinor boundary chiral Majorana spinor

spinor Ψ† =
(
ψ†, ψ

)
, which is a Majorana spinor. We re-

fer to the sign o = ± as the orientation, and we note that
the different Majorana spinors, associated with the four
particle-hole invariant points, have different orientations
on and masses mn, where 1 ≤ n ≤ 4. The nth Majorana
spinor contributes onsgn (mn) /2 to the Chern number,
and summing over n one obtains the Chern number of
the lattice model ν =

∑4
n=1 νn =

∑4
n=1 onsgn (mn) /2,

which gives the topological phase diagram in terms of the
low energy data on,mn.

In order to probe this topological phase diagram, we
perturb the order parameter out of the px ± ipy con-
figuration, and treat ∆ = (∆x,∆y) ∈ C2 as a general
space-time dependent field, close to the px± ipy configu-
ration. This is analogous to applying an electromagnetic
field in order to probe the topological phase diagram of
the IQHE.

Following Volovik [9], and Read and Green [4], we show

that fermionic excitations in each p-wave SF experience
such a general order parameter as a non trivial gravi-
tational background. Some of this gravitational back-
ground is described by the (inverse) metric

gij = −∆(i∆j)∗, (2.1)

where brackets denote the symmetrization, and the sign
is a matter of convention. We refer to gij as the
Higgs part of the order parameter. Parameterizing ∆ =
eiθ
(
|∆x| , eiφ |∆y|

)
with the overall phase θ and relative

phase φ ∈ (−π, π], the metric is independent of θ and
of the orientation o = sgnφ = ±, which splits order
parameters into px + ipy-like and px − ipy-like. Note
that in the px± ipy configuration the metric is euclidian,
gij = −∆2

0δ
ij . For our purposes it is important that the

metric be perturbed out of this form, and in particular
it is not enough to take the px ± ipy configuration with
a space-time dependent phase θ.
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TABLE II. Notation: additional geometric objects.

Additional geometric objects

T aµν , Cabµ Torsion, Contorsion

c Contorsion scalar

clight Speed of light

Γµνρ Affine connection

∇µ Coordinate, or total, covariant derivative

Γ̃µνρ LC affine connection, or Christoffel symbol

∇̃µ LC total covariant derivative

ω̃abµ LC spin connection

D̃µ LC spin covariant derivative

R̃abµν LC curvature, or Riemann tensor

R̃µν , R̃ Ricci tensor, Ricci scalar

C̃µν Cotton tensor

Diff Diffeomorphism group

Diff+ Orientation preserving subgroup of Diff

Diff0 Identity component of Diff

Q3 Chern-Simons local three-form

TABLE III. Notation: Lattice model and multiple low energy
fermions. Geometric objects are written with indices implicit.
The index n ∈ {1, 2, 3, 4} labels the particle-hole invariant
point in the Brillouin zone, and the associated low energy
data. As described in section VII B 3, it is natural to group
the ns into pairs, which we refer to as layers, and use the layer
index l = n mod 2 ∈ {1, 2}.

Lattice model and multiple low energy fermions

δ = (δx, δy) p-wave order parameter on the lattice

t or tx, ty Hopping amplitudes

µ Chemical potential

a Lattice spacing

BZ Brillouin zone

K(n) Particle-hole invariant point in BZ

ψ(n) Low energy fermion around K(n)

ΛUV UV cutoff for the ψ(n)s, of order a−1

∆(n) or e(n) Order parameter, or vielbein, for ψ(n)

on Orientation of ∆(n), or of e(n)

mn Relativistic mass, of ψ(n)

g(n), ω̃(n), R̃(n), . . . Geometric objects constructed from e(n)

Before we turn to describe the conclusions that may be
drawn from this emergent gravity, we find it instructive
to draw analogies to the IQHE.

⌫ = 1 ⌫ = 0

A = (0, Ax (x, t) , 0)

hJi

A = (A0 (y) , 0, 0)

E

E

hJi

Quantum Hall e↵ect
<latexit sha1_base64="hmgbw1Y0ocWwCjr4ZgdXXn7Nbcs=">AAACAnicbVC7SgNBFJ31GeNr1U6bwSBYhY0IahfQImUCxgSSJcxO7iZDZmeXmbtiWAI2/oqNhYqtX2Hn3zh5FJp4YOBwzr3cOSdIpDDoed/O0vLK6tp6biO/ubW9s+vu7d+ZONUc6jyWsW4GzIAUCuooUEIz0cCiQEIjGFyP/cY9aCNidYvDBPyI9ZQIBWdopY572EZ4wKyWMoVpRCtMSgphCBxHHbfgFb0J6CIpzUiBzFDtuF/tbszTCBRyyYxplbwE/YxpFFzCKN9ODSSMD1gPWpYqFoHxs0mGET2xSpeGsbZPIZ2ovzcyFhkzjAI7GTHsm3lvLP7ntVIML/1MqCRFUHx6KEwlxZiOC6FdoW1aObSEcS3sXynvM8042trytoTSfORFUj8rXhW92nmhfDNrI0eOyDE5JSVyQcqkQqqkTjh5JM/klbw5T86L8+58TEeXnNnOAfkD5/MHoROXtg==</latexit><latexit sha1_base64="hmgbw1Y0ocWwCjr4ZgdXXn7Nbcs=">AAACAnicbVC7SgNBFJ31GeNr1U6bwSBYhY0IahfQImUCxgSSJcxO7iZDZmeXmbtiWAI2/oqNhYqtX2Hn3zh5FJp4YOBwzr3cOSdIpDDoed/O0vLK6tp6biO/ubW9s+vu7d+ZONUc6jyWsW4GzIAUCuooUEIz0cCiQEIjGFyP/cY9aCNidYvDBPyI9ZQIBWdopY572EZ4wKyWMoVpRCtMSgphCBxHHbfgFb0J6CIpzUiBzFDtuF/tbszTCBRyyYxplbwE/YxpFFzCKN9ODSSMD1gPWpYqFoHxs0mGET2xSpeGsbZPIZ2ovzcyFhkzjAI7GTHsm3lvLP7ntVIML/1MqCRFUHx6KEwlxZiOC6FdoW1aObSEcS3sXynvM8042trytoTSfORFUj8rXhW92nmhfDNrI0eOyDE5JSVyQcqkQqqkTjh5JM/klbw5T86L8+58TEeXnNnOAfkD5/MHoROXtg==</latexit><latexit sha1_base64="hmgbw1Y0ocWwCjr4ZgdXXn7Nbcs=">AAACAnicbVC7SgNBFJ31GeNr1U6bwSBYhY0IahfQImUCxgSSJcxO7iZDZmeXmbtiWAI2/oqNhYqtX2Hn3zh5FJp4YOBwzr3cOSdIpDDoed/O0vLK6tp6biO/ubW9s+vu7d+ZONUc6jyWsW4GzIAUCuooUEIz0cCiQEIjGFyP/cY9aCNidYvDBPyI9ZQIBWdopY572EZ4wKyWMoVpRCtMSgphCBxHHbfgFb0J6CIpzUiBzFDtuF/tbszTCBRyyYxplbwE/YxpFFzCKN9ODSSMD1gPWpYqFoHxs0mGET2xSpeGsbZPIZ2ovzcyFhkzjAI7GTHsm3lvLP7ntVIML/1MqCRFUHx6KEwlxZiOC6FdoW1aObSEcS3sXynvM8042trytoTSfORFUj8rXhW92nmhfDNrI0eOyDE5JSVyQcqkQqqkTjh5JM/klbw5T86L8+58TEeXnNnOAfkD5/MHoROXtg==</latexit>

� = (�x (y) , i)

rR̃

⌫ = 1 ⌫ = 0

hJEi

� = (�x (x, t) , i)

hJEi

p-wave superconductor
<latexit sha1_base64="qWRGBEXgI0qOPkDji4ML9LSOL+0=">AAACBHicbVA9TwJBEN3DL8Qv1FKLjcTERnIYE7Uj0cISExESIGRvGWDD3u5ldw4lFxob/4qNhRpbf4Sd/8blo1DwJZO8vDeTmXlBJIVF3//2UguLS8sr6dXM2vrG5lZ2e+fO6thwKHMttakGzIIUCsooUEI1MsDCQEIl6F2O/EofjBVa3eIggkbIOkq0BWfopGZ2P6ojPGByfM/6QG0cgeFatWKO2gyb2Zyf98eg86QwJTkyRamZ/aq3NI9DUMgls7ZW8CNsJMyg4BKGmXpsIWK8xzpQc1SxEGwjGX8xpIdOadG2Nq4U0rH6eyJhobWDMHCdIcOunfVG4n9eLcb2eSMRKooRFJ8saseSoqajSGhLGOAoB44wboS7lfIuM4yjCy7jQijMvjxPyif5i7x/c5orXk3TSJM9ckCOSIGckSK5JiVSJpw8kmfySt68J+/Fe/c+Jq0pbzqzS/7A+/wBCcyZIQ==</latexit><latexit sha1_base64="qWRGBEXgI0qOPkDji4ML9LSOL+0=">AAACBHicbVA9TwJBEN3DL8Qv1FKLjcTERnIYE7Uj0cISExESIGRvGWDD3u5ldw4lFxob/4qNhRpbf4Sd/8blo1DwJZO8vDeTmXlBJIVF3//2UguLS8sr6dXM2vrG5lZ2e+fO6thwKHMttakGzIIUCsooUEI1MsDCQEIl6F2O/EofjBVa3eIggkbIOkq0BWfopGZ2P6ojPGByfM/6QG0cgeFatWKO2gyb2Zyf98eg86QwJTkyRamZ/aq3NI9DUMgls7ZW8CNsJMyg4BKGmXpsIWK8xzpQc1SxEGwjGX8xpIdOadG2Nq4U0rH6eyJhobWDMHCdIcOunfVG4n9eLcb2eSMRKooRFJ8saseSoqajSGhLGOAoB44wboS7lfIuM4yjCy7jQijMvjxPyif5i7x/c5orXk3TSJM9ckCOSIGckSK5JiVSJpw8kmfySt68J+/Fe/c+Jq0pbzqzS/7A+/wBCcyZIQ==</latexit><latexit sha1_base64="qWRGBEXgI0qOPkDji4ML9LSOL+0=">AAACBHicbVA9TwJBEN3DL8Qv1FKLjcTERnIYE7Uj0cISExESIGRvGWDD3u5ldw4lFxob/4qNhRpbf4Sd/8blo1DwJZO8vDeTmXlBJIVF3//2UguLS8sr6dXM2vrG5lZ2e+fO6thwKHMttakGzIIUCsooUEI1MsDCQEIl6F2O/EofjBVa3eIggkbIOkq0BWfopGZ2P6ojPGByfM/6QG0cgeFatWKO2gyb2Zyf98eg86QwJTkyRamZ/aq3NI9DUMgls7ZW8CNsJMyg4BKGmXpsIWK8xzpQc1SxEGwjGX8xpIdOadG2Nq4U0rH6eyJhobWDMHCdIcOunfVG4n9eLcb2eSMRKooRFJ8saseSoqajSGhLGOAoB44wboS7lfIuM4yjCy7jQijMvjxPyif5i7x/c5orXk3TSJM9ckCOSIGckSK5JiVSJpw8kmfySt68J+/Fe/c+Jq0pbzqzS/7A+/wBCcyZIQ==</latexit>
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<latexit sha1_base64="srHxx2c7mxKNQYd1GhlHQJxZzgM=">AAAB/XicbVDLSgNBEJyNrxhfq+LJy2AQPIWNCOotogePEYwJJCHMTmaTIfNYZnrVsAT8FS8eVLz6H978GyfJHjSxoKGo6qa7K4wFtxAE315uYXFpeSW/Wlhb39jc8rd37qxODGU1qoU2jZBYJrhiNeAgWCM2jMhQsHo4uBz79XtmLNfqFoYxa0vSUzzilICTOv5eC9gjpBdKSyKGmKtI6IdRxy8GpWACPE/KGSmiDNWO/9XqappIpoAKYm2zHMTQTokBTgUbFVqJZTGhA9JjTUcVkcy208n5I3zolC6OtHGlAE/U3xMpkdYOZeg6JYG+nfXG4n9eM4HorJ1yFSfAFJ0uihKBQeNxFrjLDaPg3u5yQg13t2LaJ4ZQcIkVXAjl2ZfnSe24dF4Kbk6KlassjTzaRwfoCJXRKaqga1RFNURRip7RK3rznrwX7937mLbmvGxmF/2B9/kDUKeV6w==</latexit><latexit sha1_base64="srHxx2c7mxKNQYd1GhlHQJxZzgM=">AAAB/XicbVDLSgNBEJyNrxhfq+LJy2AQPIWNCOotogePEYwJJCHMTmaTIfNYZnrVsAT8FS8eVLz6H978GyfJHjSxoKGo6qa7K4wFtxAE315uYXFpeSW/Wlhb39jc8rd37qxODGU1qoU2jZBYJrhiNeAgWCM2jMhQsHo4uBz79XtmLNfqFoYxa0vSUzzilICTOv5eC9gjpBdKSyKGmKtI6IdRxy8GpWACPE/KGSmiDNWO/9XqappIpoAKYm2zHMTQTokBTgUbFVqJZTGhA9JjTUcVkcy208n5I3zolC6OtHGlAE/U3xMpkdYOZeg6JYG+nfXG4n9eM4HorJ1yFSfAFJ0uihKBQeNxFrjLDaPg3u5yQg13t2LaJ4ZQcIkVXAjl2ZfnSe24dF4Kbk6KlassjTzaRwfoCJXRKaqga1RFNURRip7RK3rznrwX7937mLbmvGxmF/2B9/kDUKeV6w==</latexit><latexit sha1_base64="srHxx2c7mxKNQYd1GhlHQJxZzgM=">AAAB/XicbVDLSgNBEJyNrxhfq+LJy2AQPIWNCOotogePEYwJJCHMTmaTIfNYZnrVsAT8FS8eVLz6H978GyfJHjSxoKGo6qa7K4wFtxAE315uYXFpeSW/Wlhb39jc8rd37qxODGU1qoU2jZBYJrhiNeAgWCM2jMhQsHo4uBz79XtmLNfqFoYxa0vSUzzilICTOv5eC9gjpBdKSyKGmKtI6IdRxy8GpWACPE/KGSmiDNWO/9XqappIpoAKYm2zHMTQTokBTgUbFVqJZTGhA9JjTUcVkcy208n5I3zolC6OtHGlAE/U3xMpkdYOZeg6JYG+nfXG4n9eM4HorJ1yFSfAFJ0uihKBQeNxFrjLDaPg3u5yQg13t2LaJ4ZQcIkVXAjl2ZfnSe24dF4Kbk6KlassjTzaRwfoCJXRKaqga1RFNURRip7RK3rznrwX7937mLbmvGxmF/2B9/kDUKeV6w==</latexit>
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<latexit sha1_base64="WxDBhsHp1/lqUKri0OL9UdgQ1ko=">AAAB/XicbVBNS8NAEN34WetXVDx5WSyCp5KIoN6KevBYwdhCG8pmu2mXbnbD7kQsoeBf8eJBxav/w5v/xm2bg7Y+GHi8N8PMvCgV3IDnfTsLi0vLK6ultfL6xubWtruze29UpikLqBJKNyNimOCSBcBBsGaqGUkiwRrR4GrsNx6YNlzJOximLExIT/KYUwJW6rj7bWCPkF9mYoBBE2lSpWHUcSte1ZsAzxO/IBVUoN5xv9pdRbOESaCCGNPyvRTCnGjgVLBRuZ0ZlhI6ID3WslSShJkwn5w/wkdW6eJYaVsS8ET9PZGTxJhhEtnOhEDfzHpj8T+vlUF8HuZcphkwSaeL4kxgUHicBe5yzSiIoSWEam5vxbRPNKFgEyvbEPzZl+dJcFK9qHq3p5XadZFGCR2gQ3SMfHSGaugG1VGAKMrRM3pFb86T8+K8Ox/T1gWnmNlDf+B8/gB5X5YG</latexit><latexit sha1_base64="WxDBhsHp1/lqUKri0OL9UdgQ1ko=">AAAB/XicbVBNS8NAEN34WetXVDx5WSyCp5KIoN6KevBYwdhCG8pmu2mXbnbD7kQsoeBf8eJBxav/w5v/xm2bg7Y+GHi8N8PMvCgV3IDnfTsLi0vLK6ultfL6xubWtruze29UpikLqBJKNyNimOCSBcBBsGaqGUkiwRrR4GrsNx6YNlzJOximLExIT/KYUwJW6rj7bWCPkF9mYoBBE2lSpWHUcSte1ZsAzxO/IBVUoN5xv9pdRbOESaCCGNPyvRTCnGjgVLBRuZ0ZlhI6ID3WslSShJkwn5w/wkdW6eJYaVsS8ET9PZGTxJhhEtnOhEDfzHpj8T+vlUF8HuZcphkwSaeL4kxgUHicBe5yzSiIoSWEam5vxbRPNKFgEyvbEPzZl+dJcFK9qHq3p5XadZFGCR2gQ3SMfHSGaugG1VGAKMrRM3pFb86T8+K8Ox/T1gWnmNlDf+B8/gB5X5YG</latexit><latexit sha1_base64="WxDBhsHp1/lqUKri0OL9UdgQ1ko=">AAAB/XicbVBNS8NAEN34WetXVDx5WSyCp5KIoN6KevBYwdhCG8pmu2mXbnbD7kQsoeBf8eJBxav/w5v/xm2bg7Y+GHi8N8PMvCgV3IDnfTsLi0vLK6ultfL6xubWtruze29UpikLqBJKNyNimOCSBcBBsGaqGUkiwRrR4GrsNx6YNlzJOximLExIT/KYUwJW6rj7bWCPkF9mYoBBE2lSpWHUcSte1ZsAzxO/IBVUoN5xv9pdRbOESaCCGNPyvRTCnGjgVLBRuZ0ZlhI6ID3WslSShJkwn5w/wkdW6eJYaVsS8ET9PZGTxJhhEtnOhEDfzHpj8T+vlUF8HuZcphkwSaeL4kxgUHicBe5yzSiIoSWEam5vxbRPNKFgEyvbEPzZl+dJcFK9qHq3p5XadZFGCR2gQ3SMfHSGaugG1VGAKMrRM3pFb86T8+K8Ox/T1gWnmNlDf+B8/gB5X5YG</latexit>

y
<latexit sha1_base64="yZuJrFPyIU0aDBUWP2c7ctLMwgM=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6kUKXjy2YGyhDWWznbRrN5uwuxFK6C/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dlZW19Y3Nktb5e2d3b39ysHhg04yxdBniUhUO6QaBZfoG24EtlOFNA4FtsLR7dRvPaHSPJH3ZpxiENOB5BFn1FipOe5Vqm7NnYEsE68gVSjQ6FW+uv2EZTFKwwTVuuO5qQlyqgxnAiflbqYxpWxEB9ixVNIYdZDPDp2QU6v0SZQoW9KQmfp7Iqex1uM4tJ0xNUO96E3F/7xOZqKrIOcyzQxKNl8UZYKYhEy/Jn2ukBkxtoQyxe2thA2poszYbMo2BG/x5WXin9eua27zolq/KdIowTGcwBl4cAl1uIMG+MAA4Rle4c15dF6cd+dj3rriFDNH8AfO5w9UnIzM</latexit><latexit sha1_base64="yZuJrFPyIU0aDBUWP2c7ctLMwgM=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6kUKXjy2YGyhDWWznbRrN5uwuxFK6C/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dlZW19Y3Nktb5e2d3b39ysHhg04yxdBniUhUO6QaBZfoG24EtlOFNA4FtsLR7dRvPaHSPJH3ZpxiENOB5BFn1FipOe5Vqm7NnYEsE68gVSjQ6FW+uv2EZTFKwwTVuuO5qQlyqgxnAiflbqYxpWxEB9ixVNIYdZDPDp2QU6v0SZQoW9KQmfp7Iqex1uM4tJ0xNUO96E3F/7xOZqKrIOcyzQxKNl8UZYKYhEy/Jn2ukBkxtoQyxe2thA2poszYbMo2BG/x5WXin9eua27zolq/KdIowTGcwBl4cAl1uIMG+MAA4Rle4c15dF6cd+dj3rriFDNH8AfO5w9UnIzM</latexit><latexit sha1_base64="yZuJrFPyIU0aDBUWP2c7ctLMwgM=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6kUKXjy2YGyhDWWznbRrN5uwuxFK6C/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dlZW19Y3Nktb5e2d3b39ysHhg04yxdBniUhUO6QaBZfoG24EtlOFNA4FtsLR7dRvPaHSPJH3ZpxiENOB5BFn1FipOe5Vqm7NnYEsE68gVSjQ6FW+uv2EZTFKwwTVuuO5qQlyqgxnAiflbqYxpWxEB9ixVNIYdZDPDp2QU6v0SZQoW9KQmfp7Iqex1uM4tJ0xNUO96E3F/7xOZqKrIOcyzQxKNl8UZYKYhEy/Jn2ukBkxtoQyxe2thA2poszYbMo2BG/x5WXin9eua27zolq/KdIowTGcwBl4cAl1uIMG+MAA4Rle4c15dF6cd+dj3rriFDNH8AfO5w9UnIzM</latexit>

x
<latexit sha1_base64="7LDi7px7cKZMvSFJW9iBK6AMuDE=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUC9S8OKxBWMLbSib7aRdu9mE3Y1YQn+BFw8qXv1L3vw3btsctPXBwOO9GWbmBYng2rjut1NYWV1b3yhulra2d3b3yvsH9zpOFUOPxSJW7YBqFFyiZ7gR2E4U0igQ2ApGN1O/9YhK81jemXGCfkQHkoecUWOl5lOvXHGr7gxkmdRyUoEcjV75q9uPWRqhNExQrTs1NzF+RpXhTOCk1E01JpSN6AA7lkoaofaz2aETcmKVPgljZUsaMlN/T2Q00nocBbYzomaoF72p+J/XSU146WdcJqlByeaLwlQQE5Pp16TPFTIjxpZQpri9lbAhVZQZm03JhlBbfHmZeGfVq6rbPK/Ur/M0inAEx3AKNbiAOtxCAzxggPAMr/DmPDgvzrvzMW8tOPnMIfyB8/kDUxmMyw==</latexit><latexit sha1_base64="7LDi7px7cKZMvSFJW9iBK6AMuDE=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUC9S8OKxBWMLbSib7aRdu9mE3Y1YQn+BFw8qXv1L3vw3btsctPXBwOO9GWbmBYng2rjut1NYWV1b3yhulra2d3b3yvsH9zpOFUOPxSJW7YBqFFyiZ7gR2E4U0igQ2ApGN1O/9YhK81jemXGCfkQHkoecUWOl5lOvXHGr7gxkmdRyUoEcjV75q9uPWRqhNExQrTs1NzF+RpXhTOCk1E01JpSN6AA7lkoaofaz2aETcmKVPgljZUsaMlN/T2Q00nocBbYzomaoF72p+J/XSU146WdcJqlByeaLwlQQE5Pp16TPFTIjxpZQpri9lbAhVZQZm03JhlBbfHmZeGfVq6rbPK/Ur/M0inAEx3AKNbiAOtxCAzxggPAMr/DmPDgvzrvzMW8tOPnMIfyB8/kDUxmMyw==</latexit><latexit sha1_base64="7LDi7px7cKZMvSFJW9iBK6AMuDE=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUC9S8OKxBWMLbSib7aRdu9mE3Y1YQn+BFw8qXv1L3vw3btsctPXBwOO9GWbmBYng2rjut1NYWV1b3yhulra2d3b3yvsH9zpOFUOPxSJW7YBqFFyiZ7gR2E4U0igQ2ApGN1O/9YhK81jemXGCfkQHkoecUWOl5lOvXHGr7gxkmdRyUoEcjV75q9uPWRqhNExQrTs1NzF+RpXhTOCk1E01JpSN6AA7lkoaofaz2aETcmKVPgljZUsaMlN/T2Q00nocBbYzomaoF72p+J/XSU146WdcJqlByeaLwlQQE5Pp16TPFTIjxpZQpri9lbAhVZQZm03JhlBbfHmZeGfVq6rbPK/Ur/M0inAEx3AKNbiAOtxCAzxggPAMr/DmPDgvzrvzMW8tOPnMIfyB8/kDUxmMyw==</latexit>

rR̃

(a)
<latexit sha1_base64="+nWUbaI5Nuu9IVXQ9/ftjgBGg2c=">AAAB8HicbVBNS8NAEN34WetX1aOXxSLUS0lFUC9S8OKxgrHFNpTNdtIu3WzC7kQsof/CiwcVr/4cb/4bt20O2vpg4PHeDDPzgkQKg6777Swtr6yurRc2iptb2zu7pb39exOnmoPHYxnrVsAMSKHAQ4ESWokGFgUSmsHweuI3H0EbEas7HCXgR6yvRCg4Qys9dBCeMKuwk3G3VHar7hR0kdRyUiY5Gt3SV6cX8zQChVwyY9o1N0E/YxoFlzAudlIDCeND1oe2pYpFYPxsevGYHlulR8NY21JIp+rviYxFxoyiwHZGDAdm3puI/3ntFMMLPxMqSREUny0KU0kxppP3aU9o4ChHljCuhb2V8gHTjKMNqWhDqM2/vEi80+pl1b09K9ev8jQK5JAckQqpkXNSJzekQTzCiSLP5JW8OcZ5cd6dj1nrkpPPHJA/cD5/ALgxkHg=</latexit><latexit sha1_base64="+nWUbaI5Nuu9IVXQ9/ftjgBGg2c=">AAAB8HicbVBNS8NAEN34WetX1aOXxSLUS0lFUC9S8OKxgrHFNpTNdtIu3WzC7kQsof/CiwcVr/4cb/4bt20O2vpg4PHeDDPzgkQKg6777Swtr6yurRc2iptb2zu7pb39exOnmoPHYxnrVsAMSKHAQ4ESWokGFgUSmsHweuI3H0EbEas7HCXgR6yvRCg4Qys9dBCeMKuwk3G3VHar7hR0kdRyUiY5Gt3SV6cX8zQChVwyY9o1N0E/YxoFlzAudlIDCeND1oe2pYpFYPxsevGYHlulR8NY21JIp+rviYxFxoyiwHZGDAdm3puI/3ntFMMLPxMqSREUny0KU0kxppP3aU9o4ChHljCuhb2V8gHTjKMNqWhDqM2/vEi80+pl1b09K9ev8jQK5JAckQqpkXNSJzekQTzCiSLP5JW8OcZ5cd6dj1nrkpPPHJA/cD5/ALgxkHg=</latexit><latexit sha1_base64="+nWUbaI5Nuu9IVXQ9/ftjgBGg2c=">AAAB8HicbVBNS8NAEN34WetX1aOXxSLUS0lFUC9S8OKxgrHFNpTNdtIu3WzC7kQsof/CiwcVr/4cb/4bt20O2vpg4PHeDDPzgkQKg6777Swtr6yurRc2iptb2zu7pb39exOnmoPHYxnrVsAMSKHAQ4ESWokGFgUSmsHweuI3H0EbEas7HCXgR6yvRCg4Qys9dBCeMKuwk3G3VHar7hR0kdRyUiY5Gt3SV6cX8zQChVwyY9o1N0E/YxoFlzAudlIDCeND1oe2pYpFYPxsevGYHlulR8NY21JIp+rviYxFxoyiwHZGDAdm3puI/3ntFMMLPxMqSREUny0KU0kxppP3aU9o4ChHljCuhb2V8gHTjKMNqWhDqM2/vEi80+pl1b09K9ev8jQK5JAckQqpkXNSJzekQTzCiSLP5JW8OcZ5cd6dj1nrkpPPHJA/cD5/ALgxkHg=</latexit>

(b)
<latexit sha1_base64="dnsgasIuEu7P4cLE0uwLQNHVEQw=">AAAB8HicbVBNS8NAEN34WetX1aOXxSLUS0lFUC9S8OKxgrHFNpTNdtIu3WzC7kQsof/CiwcVr/4cb/4bt20O2vpg4PHeDDPzgkQKg6777Swtr6yurRc2iptb2zu7pb39exOnmoPHYxnrVsAMSKHAQ4ESWokGFgUSmsHweuI3H0EbEas7HCXgR6yvRCg4Qys9dBCeMKsEJ+NuqexW3SnoIqnlpExyNLqlr04v5mkECrlkxrRrboJ+xjQKLmFc7KQGEsaHrA9tSxWLwPjZ9OIxPbZKj4axtqWQTtXfExmLjBlFge2MGA7MvDcR//PaKYYXfiZUkiIoPlsUppJiTCfv057QwFGOLGFcC3sr5QOmGUcbUtGGUJt/eZF4p9XLqnt7Vq5f5WkUyCE5IhVSI+ekTm5Ig3iEE0WeySt5c4zz4rw7H7PWJSefOSB/4Hz+ALm2kHk=</latexit><latexit sha1_base64="dnsgasIuEu7P4cLE0uwLQNHVEQw=">AAAB8HicbVBNS8NAEN34WetX1aOXxSLUS0lFUC9S8OKxgrHFNpTNdtIu3WzC7kQsof/CiwcVr/4cb/4bt20O2vpg4PHeDDPzgkQKg6777Swtr6yurRc2iptb2zu7pb39exOnmoPHYxnrVsAMSKHAQ4ESWokGFgUSmsHweuI3H0EbEas7HCXgR6yvRCg4Qys9dBCeMKsEJ+NuqexW3SnoIqnlpExyNLqlr04v5mkECrlkxrRrboJ+xjQKLmFc7KQGEsaHrA9tSxWLwPjZ9OIxPbZKj4axtqWQTtXfExmLjBlFge2MGA7MvDcR//PaKYYXfiZUkiIoPlsUppJiTCfv057QwFGOLGFcC3sr5QOmGUcbUtGGUJt/eZF4p9XLqnt7Vq5f5WkUyCE5IhVSI+ekTm5Ig3iEE0WeySt5c4zz4rw7H7PWJSefOSB/4Hz+ALm2kHk=</latexit><latexit sha1_base64="dnsgasIuEu7P4cLE0uwLQNHVEQw=">AAAB8HicbVBNS8NAEN34WetX1aOXxSLUS0lFUC9S8OKxgrHFNpTNdtIu3WzC7kQsof/CiwcVr/4cb/4bt20O2vpg4PHeDDPzgkQKg6777Swtr6yurRc2iptb2zu7pb39exOnmoPHYxnrVsAMSKHAQ4ESWokGFgUSmsHweuI3H0EbEas7HCXgR6yvRCg4Qys9dBCeMKsEJ+NuqexW3SnoIqnlpExyNLqlr04v5mkECrlkxrRrboJ+xjQKLmFc7KQGEsaHrA9tSxWLwPjZ9OIxPbZKj4axtqWQTtXfExmLjBlFge2MGA7MvDcR//PaKYYXfiZUkiIoPlsUppJiTCfv057QwFGOLGFcC3sr5QOmGUcbUtGGUJt/eZF4p9XLqnt7Vq5f5WkUyCE5IhVSI+ekTm5Ig3iEE0WeySt5c4zz4rw7H7PWJSefOSB/4Hz+ALm2kHk=</latexit>

(c)
<latexit sha1_base64="N8FsdS4w4z4iIT+txejgZg2cRNE=">AAAB8HicbVBNS8NAEN34WetX1aOXxSLUS0lFUC9S8OKxgrHFNpTNdtIu3WzC7kQsof/CiwcVr/4cb/4bt20O2vpg4PHeDDPzgkQKg6777Swtr6yurRc2iptb2zu7pb39exOnmoPHYxnrVsAMSKHAQ4ESWokGFgUSmsHweuI3H0EbEas7HCXgR6yvRCg4Qys9dBCeMKvwk3G3VHar7hR0kdRyUiY5Gt3SV6cX8zQChVwyY9o1N0E/YxoFlzAudlIDCeND1oe2pYpFYPxsevGYHlulR8NY21JIp+rviYxFxoyiwHZGDAdm3puI/3ntFMMLPxMqSREUny0KU0kxppP3aU9o4ChHljCuhb2V8gHTjKMNqWhDqM2/vEi80+pl1b09K9ev8jQK5JAckQqpkXNSJzekQTzCiSLP5JW8OcZ5cd6dj1nrkpPPHJA/cD5/ALs7kHo=</latexit><latexit sha1_base64="N8FsdS4w4z4iIT+txejgZg2cRNE=">AAAB8HicbVBNS8NAEN34WetX1aOXxSLUS0lFUC9S8OKxgrHFNpTNdtIu3WzC7kQsof/CiwcVr/4cb/4bt20O2vpg4PHeDDPzgkQKg6777Swtr6yurRc2iptb2zu7pb39exOnmoPHYxnrVsAMSKHAQ4ESWokGFgUSmsHweuI3H0EbEas7HCXgR6yvRCg4Qys9dBCeMKvwk3G3VHar7hR0kdRyUiY5Gt3SV6cX8zQChVwyY9o1N0E/YxoFlzAudlIDCeND1oe2pYpFYPxsevGYHlulR8NY21JIp+rviYxFxoyiwHZGDAdm3puI/3ntFMMLPxMqSREUny0KU0kxppP3aU9o4ChHljCuhb2V8gHTjKMNqWhDqM2/vEi80+pl1b09K9ev8jQK5JAckQqpkXNSJzekQTzCiSLP5JW8OcZ5cd6dj1nrkpPPHJA/cD5/ALs7kHo=</latexit><latexit sha1_base64="N8FsdS4w4z4iIT+txejgZg2cRNE=">AAAB8HicbVBNS8NAEN34WetX1aOXxSLUS0lFUC9S8OKxgrHFNpTNdtIu3WzC7kQsof/CiwcVr/4cb/4bt20O2vpg4PHeDDPzgkQKg6777Swtr6yurRc2iptb2zu7pb39exOnmoPHYxnrVsAMSKHAQ4ESWokGFgUSmsHweuI3H0EbEas7HCXgR6yvRCg4Qys9dBCeMKvwk3G3VHar7hR0kdRyUiY5Gt3SV6cX8zQChVwyY9o1N0E/YxoFlzAudlIDCeND1oe2pYpFYPxsevGYHlulR8NY21JIp+rviYxFxoyiwHZGDAdm3puI/3ntFMMLPxMqSREUny0KU0kxppP3aU9o4ChHljCuhb2V8gHTjKMNqWhDqM2/vEi80+pl1b09K9ev8jQK5JAckQqpkXNSJzekQTzCiSLP5JW8OcZ5cd6dj1nrkpPPHJA/cD5/ALs7kHo=</latexit>

(d)
<latexit sha1_base64="3pdxgcAExnJP8P3JJrg5JZ13/Mo=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBHqpSQiqBcpePFYwdhiG8pms2mXbjZhdyKW0H/hxYOKV3+ON/+N2zYHbX0w8Hhvhpl5QSq4Rsf5tpaWV1bX1ksb5c2t7Z3dyt7+vU4yRZlHE5GodkA0E1wyDzkK1k4VI3EgWCsYXk/81iNTmifyDkcp82PSlzzilKCRHrrInjCvhSfjXqXq1J0p7EXiFqQKBZq9ylc3TGgWM4lUEK07rpOinxOFnAo2LnczzVJCh6TPOoZKEjPt59OLx/axUUI7SpQpifZU/T2Rk1jrURyYzpjgQM97E/E/r5NhdOHnXKYZMklni6JM2JjYk/ftkCtGUYwMIVRxc6tNB0QRiiaksgnBnX95kXin9cu6c3tWbVwVaZTgEI6gBi6cQwNuoAkeUJDwDK/wZmnrxXq3PmatS1YxcwB/YH3+ALzAkHs=</latexit><latexit sha1_base64="3pdxgcAExnJP8P3JJrg5JZ13/Mo=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBHqpSQiqBcpePFYwdhiG8pms2mXbjZhdyKW0H/hxYOKV3+ON/+N2zYHbX0w8Hhvhpl5QSq4Rsf5tpaWV1bX1ksb5c2t7Z3dyt7+vU4yRZlHE5GodkA0E1wyDzkK1k4VI3EgWCsYXk/81iNTmifyDkcp82PSlzzilKCRHrrInjCvhSfjXqXq1J0p7EXiFqQKBZq9ylc3TGgWM4lUEK07rpOinxOFnAo2LnczzVJCh6TPOoZKEjPt59OLx/axUUI7SpQpifZU/T2Rk1jrURyYzpjgQM97E/E/r5NhdOHnXKYZMklni6JM2JjYk/ftkCtGUYwMIVRxc6tNB0QRiiaksgnBnX95kXin9cu6c3tWbVwVaZTgEI6gBi6cQwNuoAkeUJDwDK/wZmnrxXq3PmatS1YxcwB/YH3+ALzAkHs=</latexit><latexit sha1_base64="3pdxgcAExnJP8P3JJrg5JZ13/Mo=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBHqpSQiqBcpePFYwdhiG8pms2mXbjZhdyKW0H/hxYOKV3+ON/+N2zYHbX0w8Hhvhpl5QSq4Rsf5tpaWV1bX1ksb5c2t7Z3dyt7+vU4yRZlHE5GodkA0E1wyDzkK1k4VI3EgWCsYXk/81iNTmifyDkcp82PSlzzilKCRHrrInjCvhSfjXqXq1J0p7EXiFqQKBZq9ylc3TGgWM4lUEK07rpOinxOFnAo2LnczzVJCh6TPOoZKEjPt59OLx/axUUI7SpQpifZU/T2Rk1jrURyYzpjgQM97E/E/r5NhdOHnXKYZMklni6JM2JjYk/ftkCtGUYwMIVRxc6tNB0QRiiaksgnBnX95kXin9cu6c3tWbVwVaZTgEI6gBi6cQwNuoAkeUJDwDK/wZmnrxXq3PmatS1YxcwB/YH3+ALzAkHs=</latexit>

FIG. 1. A comparison of topological electromagnetic effects
in the integer quantum Hall effect (IQHE), and their energy-
momentum analogs in the p-wave superconductor (SC). (a)
In the IQHE there is a perpendicular electric current 〈J〉 in
response to an applied electric field E, with a quantized Hall
conductivity, proportional to the Chern number, as encoded
in a U(1) Chern-Simons term. (b) In the p-wave SC, an en-
ergy current 〈JE〉 flows in response to a space dependent or-
der parameter ∆, as encoded in a gravitational Chern-Simons
term. Derivatives of the curvature R̃ associated with ∆ play
the role of the electric field in the IQHE, and 〈JE〉 is per-

pendicular to the curvature gradient ∇R̃. The ratio between
the magnitudes of 〈JE〉 and ∇R̃ is quantized, and propor-
tional to the Chern number. As described in the text, the
spontaneous breaking of U(1) symmetry in the p-wave SC
allows also a gravitational pseudo Chern-Simons term, which
encodes closely related bulk responses, which are not topolog-
ical in nature. (c) The quantized Hall conductivity implies the
existence of a chiral boundary fermion with a U (1) anomaly,
which can be described as a Weyl fermion at low energy. (d)
The analogous response in the p-wave SC implies the existence
of a boundary chiral Majorana fermion with a gravitational
anomaly, which can be described as a Majorana-Weyl fermion
at low energy.

B. Electromagnetic response in the IQHE and
gravitational response in the p-wave SC - analogies

and differences

It is illuminating to examine the gravitational response
of the p-wave SC that we consider with an eye opened to
the electromagnetic response of the IQHE. The defining
characteristics of the IQHE, the absence of longitudinal
conductivity and the quantization of the Hall conductiv-
ity, imply a coupling of charge density to magnetic field.
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A small local increase of the magnetic field from B0 to
B0 + δB results in a small local increase of density by
〈δρ〉 = ν

2π δB. This density accumulates as δB is turned
on, as a consequence of the Hall current that results from
the electric field generated when the magnetic field varies.
It does not disperse with time, since the bulk is gapped.
Since charge is conserved, the density 〈δρ〉 must be sup-
plied by the edges, which forces a correspondence of the
bulk and edge responses. As explained in the introduc-
tion, this chain of events is encompassed by the bulk U(1)
CS term, and the corresponding edge anomaly.

Roughly speaking, in gravitational response the role of
the magnetic field B is played by the curvature, while
the role of the vector potential is played by the spin con-
nection, which is first order in derivatives of the inverse
metric gij . Thus, the emergent curvature involves two
derivatives of the order parameter (see, e.g., (2.5) below).
The effect of these derivatives becomes evident when con-
sidering the gravitational analog to various electromag-
netic vector potentials. For example, the vector potential
associated with the Aharonov-Bohm effect decays as 1/r,
with r being the distance from the Aharonov-Bohm flux
tube. The analogous spin connection requires the per-
turbation to the order parameter to scale like log r.

The observable that responds to the spin connection
may be the electronic density and current, but it may
also be the density and current of momentum, or en-
ergy. A crucial difference between the IQHE and the
p-wave SC, the absence of fermionic charge conservation
in the latter, leads to profound differences between the
bulk responses of both systems. In the absence of charge
conservation, charge accumulation in the bulk does not
necessarily involve the edges, and thus the way is opened
to bulk Hall-type responses that do not correlate with the
edge, and do not have quantized coefficients. There is a
known example for such a response: when a weak mag-
netic field is introduced into a p-wave SC, the fermionic
density receives a correction 〈δρ〉 ∝ δB [8, 63–68], yet
with a proportionality constant that is not quantized.
In this paper we find an additional example, where the
fermionic density receives a correction proportional to
the emergent curvature. These responses originate from
bulk terms that carry some similarity to Chern-Simons
terms, which we refer to as pseudo Chern-Simons terms,
see (9.1) and (9.3).

C. Bulk responses

1. Topological bulk responses from a gravitational
Chern-Simons term

We find that the effective action obtained by integrat-
ing over the bulk fermions in the presence of a general
order parameter ∆ contains a gCS term, with coefficient

α = ν/2
96π ∈ 1

192πZ. Although we obtain this result in
the limit m∗ → ∞, we expect it to hold throughout the
phase diagram. This is based on known arguments for the

quantization of the coefficient α due to symmetry, and
on the relation with the boundary gravitational anomaly
described below.

The gCS term implies a topological bulk response
(7.26), where energy-momentum currents and densities
appear due to a space-time dependent order parameter.
To gain insight into this result it is best to examine spe-
cial cases. Assume that the order parameter is time inde-
pendent, and that the relative phase is φ = ±π2 , as in the

px ± ipy configuration, so that ∆ = eiθ (|∆x| ,±i |∆y|),
o = ±. Then the metric is time independent, and takes
the simple form

gij = −
(
|∆x|2 0

0 |∆y|2
)
. (2.2)

On this background, we find the following contributions
to the expectation values of the fermionic energy current
J iE , and momentum density Pi

6,

〈
J iE
〉

gCS
= −ν/2

96π

1

~
εij∂jR̃, (2.3)

〈Pi〉gCS = −ν/2
96π

~gikεkj∂jR̃.

Here R̃ is the curvature, or Ricci scalar, of the metric
gij , which is the inverse of gij , and εxy = −εyx = 1.
These are written without setting ~ or an effective speed
of light clight to 1 as we do in the bulk of the paper. The

curvature for the above metric is given explicitly by

R̃ = −2 |∆x| |∆y| (2.4)

×
(
∂y

(
|∆y| ∂y |∆x|
|∆x|2

)
+ ∂x

(
|∆x| ∂x |∆y|
|∆y|2

))
.

It is a nonlinear expression in the order parameter, which
is second order in derivatives. Thus the responses (2.3)
are third order in derivatives, and start at linear order but
include nonlinear contributions as well. The first equa-
tion in (2.3) is analogous to the response

〈
J i
〉

= ν
2π ε

ijEj
of the IQHE. The second equation is analogous to the
dual response 〈ρ〉 = ν

2πB. Unlike the case of charge
density, where the role of the magnetic field is played
by the curvature (see Eq.(2.8) below), for the case of
the momentum density it is played by curvature gra-
dients. Note that the dependence on the sign in ∆ =
eiθ (|∆x| ,±i |∆y|), which is the orientation of ∆, hides
in the Chern number ν which is an odd function of the
orientation. The above responses are odd under time-
reversal, which flips the orientation of the order parame-
ter but leaves the metric intact 7.

6 Px (Py) is the density of the x (y) component of momentum.
7 The correct notion of time reversal for the p-wave SC flips o

but not m, as opposed to the natural time reversal within the
relativistic description. This is discussed in appendix E.
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Since there is no time dependence, energy is strictly
conserved ∂iJ

i
E = 0, and it is meaningful to discuss en-

ergy transport. Integrating over any cross section of the
sample (a spatial curve γ that starts and ends on the
boundary of the sample) we find the net bulk energy
current through the cross section

〈IE〉gCS =

∫
γ

〈
J iE
〉

gCS
dli (2.5)

=
ν/2

96π

1

~

[
R̃ (γ1)− R̃ (γ0)

]
,

where li is a length element perpendicular to the curve,
and γ0, γ1 are its end points.

As an example, consider the order parameter ∆ =
(∆0 + ε cos (y/L) , i∆0) which is a perturbation to the
px+ipy configuration with ε� ∆0. The scalar curvature

for this order parameter is R̃ = 2ε∆0

L2 cos
(
y
L

)
+ O

(
ε2
)

so there will be an energy current in the x direction,

〈JxE〉gCS = ν/2
96π

1
~

2ε∆0

L3 sin (y/L) + O
(
ε2
)
. If we assume

that the system occupies the strip between y = 0 to
y = Lπ

2 , as depicted in Fig.1(b), we get the net bulk
energy current in the x direction,

〈IE〉gCS =
ν/2

96π

1

~
2ε∆0

L2
+O

(
ε2
)
. (2.6)

The factor ν/2
96π

1
~ only depends on the Chern number, and

thus on the topological phase, and 2∆0

L2 is a quantity that
only depends on the order parameter. Note that the non-
linear nature of the curvature leads to a dependence of
the energy current on both the perturbation scale ε and
the magnitude of the unperturbed order parameter ∆0.
The topological invariant ν can then be measured in a
thought experiment where one tunes the order param-
eter as in the example and preforms a measurement of
the above contribution to JE . In this manner a physical
meaning is assigned to ν in the bulk.

2. Additional bulk responses from a gravitational pseudo
Chern-Simons term

Apart from the gCS term, the effective action obtained
by integrating over the bulk fermions also contains an
additional term of interest, which we refer to as a grav-
itational pseudo Chern-Simons term (gpCS). This term
is written explicitly and explained in section VII B 2. To
the best of our knowledge, the gpCS term has not ap-
peared previously in the context of the p-wave SC. It is
possible because U (1) symmetry is spontaneously bro-
ken in the p-wave SC. In the geometric point of view,
this translates to the emergent geometry in the p-wave
SC being not only curved but also torsion-full, see section
V.

The gpCS term produces bulk responses which are
closely related to those of gCS, despite it being fully
gauge invariant. This gauge invariance implies that it
is not associated with a boundary anomaly, nor does its

coefficient β need to be quantized. Hence, gpCS does
not encode topological bulk responses. Remarkably, we
find that β is quantized and identical to the coefficient

α = ν/2
96π of the gCS term in the limit of m∗ → ∞, but

we do not expect this value to hold outside of this limit.
We will put this phenomenon in a broader context in the
discussion, section IX.

Let us now describe the bulk responses from gpCS, set-

ting β = ν/2
96π . First, we find the following contributions

to the fermionic energy current and momentum density,〈
J iE
〉

gpCS
=
ν/2

96π
εij∂jR̃, (2.7)

〈Pi〉gpCS = −ν/2
96π

gikε
kj∂jR̃.

Up to the sign difference in the first equation, these re-
sponses are the same as those from gCS (2.3).

As opposed to gCS, the gpCS term also contributes to
the fermionic charge density ρ = −ψ†ψ. For the bulk re-
sponses we have written thus far, every Majorana spinor
contributed νn = on

2 sgn (mn), and summing over n pro-
duced the Chern number ν. For the density response
this is not the case. Here, the nth Majorana spinor con-
tributes

〈ρ〉gpCS =
onνn/2

24π

√
gR̃, (2.8)

where
√
g =

√
detgij is the emergent volume element.

The orientation on in Eq. (2.8) makes the sum over the
four Majorana spinors different from the Chern number,∑4
n=1 onνn =

∑4
n=1

1
2 sgn (mn) 6= ν. The appearance of

on can be understood by considering the effect of time
reversal. Because both the density ρ and the curvature R̃
are time reversal even, the coefficient in (2.8) must also
be even, and cannot be νn which is odd. The response
(2.8) also holds when the order parameter is time depen-

dent, in which case R̃ will also contain time derivatives.
One then finds a time dependent density, but there is no
corresponding current response, which is due to the non-
conservation of fermionic charge in a superconductor. It
is instructive to compare (2.8) to the response ρ = ν

2πB
of the IQHE. Here B is time reversal odd, which is why
the coefficient can be the Chern number ν, and there is
also the corresponding current

〈
J i
〉

= ν
2π ε

ijEj such that
∂µJ

µ = 0, as opposed to the p-wave SC.
To gain some insight into the expressions we have writ-

ten thus far, we write the operators P, JE more explicitly.
For each Majorana spinor (suppressing the index n),

Pj =
i

2
ψ†
←→
Djψ, (2.9)

JjE = gjkPk +
o

2
∂k

(
1√
g
εjkρ

)
+O

(
1

m∗

)
.

These expressions can be understood from the gravi-
tational description of the p-wave SC, see section VI B.
The momentum density is the familiar expression for free
fermions, but in the energy current we have only written
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explicitly contributions that survive the limit m∗ → ∞.
These contributions are only possible due to the p-wave
pairing, and are of order ∆2.

From the relation (2.9) between JE , P and ρ we can

understand that the equality
〈
JjE

〉
gCS

= gjk 〈Pk〉gCS ex-

pressed in equation (2.3) is a result of the vanishing con-
tribution of gCS to the density ρ. We can also under-
stand the sign difference between the first and second
line of (2.7) as a result of (2.8). The important point
is that a measurement of the charge density ρ can be
used to fix the value of the coefficient β, which is gener-
ically unquantized, and thus separate the contributions
of gpCS to P, JE , from those of gCS. In this manner,
one can overcome the obscuring of gCS by gpCS. A more
detailed analysis is given in section VII D.

D. Bulk-boundary correspondence from
gravitational anomaly

Among the two terms in the bulk effective action which
we described above only gCS is related to the boundary
gravitational anomaly. This relation can be fully ana-
lyzed in the case where ∆ = ∆0e

iθ(t,x) (1 + f (x, t) , i) is
a perturbation of the px+ ipy configuration with small f ,
and there is a domain wall (or boundary) at y = 0 where
the value of ν jumps. For simplicity, assume ν = 1 for
y < 0 and ν = 0 for y > 0. This situation is illustrated
in Fig.1(d). In section VIII we derive the action for the
boundary, or edge mode,

Se =
i

2

∫
dtdxξ̃ (∂t − |∆x (t, x)| ∂x) ξ̃, (2.10)

which describes a chiral D = 1 + 1 Majorana fermion
ξ̃ localized on the boundary, with a space-time depen-
dent velocity |∆x (x, t)| = ∆0 |1 + f (x, t)|. Classically,

the edge fermion ξ̃ conserves energy-momentum in the
following sense,

∂βt
β
e α + ∂αLe = 0. (2.11)

Here te is the canonical energy-momentum tensor for ξ̃,
with indices α, β = t, x, and Le is the edge Lagrangian,
Se =

∫
dtLe, see VI A 2. For α = t (α = x), equa-

tion (2.11) describes the sense in which the edge fermion
conserves energy (momentum) classically. The source
term ∂αLe follows from the space-time dependence of
Le through ∆x. Quantum mechanically, the action Se

is known to have a gravitational anomaly, which means
that energy-momentum is not conserved at the quantum
level [19]. In the context of emergent gravity, this im-
plies that equation (2.11) is violated for the expectation
values,

∂β

〈
tβe α

〉
+ ∂α 〈Le〉 = −ν/2

96π
gαγε

γβy∂βR̃. (2.12)

This equation is written with ~ = 1 and clight = ∆0

~ = 1

for simplicity. Since ∆x depends on time, R̃ is not

the curvature of the spatial metric gij , but of a corre-
sponding space-time metric gµν (5.3), and is given by

R̃ = f̈ − 2ḟ2 +O
(
ff̈ , f ḟ2

)
in this case. Note that time

dependence in this example is crucial. From gCS we
find for ∆ = ∆0e

iθ(t,x) (1 + f (x, t) , i) the bulk energy-
momentum tensor

〈tyα〉gCS = −ν/2
96π

gαγε
γβy∂βR̃, (2.13)

which explains the anomaly as the inflow of energy-
momentum from the bulk to the boundary,

∂β

〈
tβe α

〉
+ ∂α 〈Le〉 = 〈tyα〉gCS . (2.14)

Since ν jumps from 1 to 0 at y = 0 the energy-momentum
current (2.13) stops at the boundary and does not ex-
tend to the y > 0 region. The gravitationally anoma-
lous boundary mode is then essential for the conserva-
tion of total energy-momentum to hold. As this exam-
ple shows, bulk-boundary correspondence follows from
bulk+boundary conservation of energy-momentum in the
presence of a space-time dependent order parameter.

III. LATTICE MODEL

In this section we review and slightly generalize a sim-
ple lattice model for a p-wave SC [69], which will serve
as our microscopic starting point. We describe its band
structure and its symmetry protected topological phases,
and also explain some of the basics of the emergent ge-
ometry which can be seen in this setting.

The hamiltonian is given in real space by

H =− 1

2

∑
l

[
tψ†lψl+x + tψ†lψl+y + µψ†lψl

+ δxψ†lψ
†
l+x + δyψ†lψ

†
l+y + h.c

]
. (3.1)

Here the sum is over all lattice sites l ∈ L of a 2 dimen-
sional square lattice L = aZ × aZ, with a lattice spac-

ing a. ψ†l , ψl are creation and annihilation operators for
spin-less fermions on the lattice, with the canonical anti

commutators
{
ψ†l , ψl′

}
= δll′ . l + x denotes the nearest

neighboring site to l in the x direction. The hopping am-
plitude t is real and µ is the chemical potential. Apart

from the single particle terms tψ†lψl+x + tψ†lψl+y + µ,

there is also the pairing term δxψ†lψ
†
l+x+δyψ†lψ

†
l+y , with

the order parameter δ = (δx, δy) ∈ C2. We think of δ as
resulting from a Hubbard-Stratonovich decoupling of in-
teractions, in which case we refer to it as intrinsic, or
as being induced by proximity to an s-wave SC. In both
cases we treat δ as a bosonic background field that cou-
ples to the fermions.

The generic order parameter is charged under a
few symmetries of the single particle terms. The or-
der parameter has charge 2 under the global U (1)
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group generated by Q = −∑l ψ
†
lψl, in the sense that

e−iαQH
(
e2iαδ

)
eiαQ = H (δ), which physically repre-

sents the electromagnetic charge −2 of Cooper pairs8.
The order parameter is also charged under time rever-
sal T , which is an anti unitary transformation satisfying
T 2 = 1, that acts as the complex conjugation of coef-

ficients in the Fock basis corresponding to ψl, ψ
†
l . The

equation T−1H (δ∗)T = H (δ) shows δ 7→ δ∗ under time
reversal. Finally, δ is also charged under the point group
symmetry of the lattice, which for the square lattice is
the Dihedral group D4. The continuum analog of this
is that the order parameter is charged under spatial ro-
tations and reflections, and more generally, under space-
time transformations (diffeomorphisms), which is due to
the orbital angular momentum 1 of Cooper pairs in a
p-wave SC. This observation will be important for our
analysis, and will be discussed further below.

In an intrinsic px ± ipy SC, the configuration of δ
which minimizes the ground state energy is given by
δ = δ0e

iθ (1,±i), where δ0 > 0 is determined by the min-
imization, but the sign o = ±1 and the phase θ (which
dynamically corresponds to a goldstone mode) are left
undetermined. See [9] for a pedagogical discussion of a
closely related model within mean field theory. A choice
of θ and o corresponds to a spontaneous symmetry break-
ing of the group U (1) o {1, T} including both the U (1)
and time reversal transformations. More accurately, in
the px±ipy SC, the group (U (1) o {1, T})×D4 is sponta-
neously broken down to a certain diagonal subgroup. We
discuss the continuum analog of this and its implications
in section VI A 2.

Crucially, we do not restrict δ to the px ± ipy configu-
ration, and treat it as a general two component complex
vector δ = (δx, δy) ∈ C2. In the following we will take
δ to be space time dependent, δ 7→ δl (t), and show that
this space time dependence can be thought of as a per-
turbation to which there is a topological response, but
for now we assume δ is constant.

A. Band structure and phase diagram

Writing the Hamiltonian (3.1) in Fourier space, and
in the BdG form in terms of the Nambu spinor Ψq =

8 Since δ has charge 2, H commutes with the fermion parity (−1)Q.
The Ground state of H will therefore be labelled by a fermion
parity eigenvalue ±1, in addition to the topological label which
is the Chern number [4, 10]. Fermion parity is a subtle quantity
in the thermodynamic limit, and will not be important in the
following.

(
ψq, ψ

†
−q

)T
we find

H =
1

2

∫
BZ

d2q

(2π)
2 Ψ†q

(
hq δq
δ∗q −hq

)
Ψq + const

=
1

2

∫
BZ

d2q

(2π)
2 Ψ†q (dq · σ) Ψq + const, (3.2)

with hq = −t cos (aqx) − t cos (aqy) − µ real and sym-
metric, and δq = −iδx sin (aqx) − iδy sin (aqy) complex
and anti-symmetric. Here σ = (σx, σy, σz) is the vector
of Pauli matrices and BZ is the Brillouin zone BZ =(
R/ 2π

a Z
)2

. By definition, the Nambu spinor obeys the

reality condition Ψ†q = (σxΨ−q)
T

, and is therefore a Ma-
jorana spinor, see appendix E 1. Accordingly, the BdG
Hamiltonian is particle-hole (or charge conjugation) sym-
metric, σxH (q)

∗
σx = −H (−q), and therefore belongs

to symmetry class D of the Altland-Zirnbauer classifica-
tion of free fermion Hamiltonians [12]. The constant in

(3.2) is 1
2 trh = V

2

∫
d2q

(2π)2
hq where V is the infinite vol-

ume. This operator ordering correction is important as
it contributes to physical quantities such as the energy
density and charge density, but we will mostly keep it im-
plicit in the following. The BdG band structure is given
by Eq,± = ± 1

2Eq where

Eq = |dq| =
√
h2
q + |δq|2. (3.3)

For the px ± ipy configuration |δq|2 =

δ2
0

(
sin2 aqx + sin2 aqy

)
, and therefore Eq can only

vanish at the particle-hole invariant points aK(1) =
(0, 0) , aK(2) = (0, π) , aK(3) = (π, π) , aK(4) = (π, 0),
which happens when µ = −2t, 0, 2t, 0. Represen-
tative band structures are plotted in Fig.2. For
δ0 � t the spectrum takes the form of a gapped
single particle Fermi surface with gap ∼ δ0, while
for δ0 � t one obtains Four regulated relativistic
fermions centered at the points K(n), 1 ≤ n ≤ 4 with
masses mn = −2t − µ,−µ, 2t − µ,−µ, speed of light
clight = aδ0/~, bandwidth ∼ δ0 and momentum cutoff
∼ a−1.

With generic µ, δ0 the spectrum is gapped, and
the Chern number ν labeling the different topological
phases is well defined. It can be calculated by ν =∫
BZ

d2k
2π tr (F) where F is the Berry curvature on the

Brillouin zone BZ [12]. A more general definition is

ν = 1
24π2

∫
R×BZ tr

(
GdG−1

)39, where G (k0, kx, ky) is the

single particle propagator [9], which remains valid in the
presence of weak interactions, as long as the gap does
not close. For two band Hamiltonians such as (3.2), ν

reduces to the homotopy type of the map d̂q = dq/ |dq|

9 More explicitly,
ν = 1

24π2 tr
∫
R×BZ d3kεαβγ

(
G∂αG−1

) (
G∂βG

−1
) (
G∂γG−1

)
.
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(a) (b)

FIG. 2. Generic band structure of the lattice model. (a)
When the order parameter is much smaller than the single
particle bandwidth δ � t, the spectrum takes the form of
a gapped single particle Fermi surface with gap ∼ δ. This
regime describes the onset of superconductivity, and it is ap-
propriate to refer to δ as the “gap function”. (b) When the
order parameter is much larger than the single particle scales
δ � t, µ, the spectrum takes the form of four regulated rela-
tivistic fermions centered at the particle-hole invariant points
(0, 0) , (0, π) , (π, 0) , (π, π), in units of the inverse lattice spac-
ing a−1. We will be working in this regime.

from BZ (which is a flat torus) to the sphere,

ν =
a2

(2π)
2

∫
BZ

d2qd̂k ·
(
∂qy d̂q × ∂qy d̂q

)
∈ Z. (3.4)

One obtains ν = 0 for |µ| > 2t, ν = ±1 for µ ∈ (0, 2t) and
ν = ∓1 for µ ∈ (−2t, 0). The topological phase diagram
is plotted in Fig.3(a).

Away from the px ± ipy configuration, the topological
phase diagram is essentially unchanged. For Im (δx∗δy) 6=
0, gap closings happen at the same points K(n) and the
same values of µ described above. ν takes the same
values, with the orientation o = sgn (Im (δx∗δy)), de-
scribed below, generalizing the sign ±1 that character-
izes the px ± ipy configuration. For Im (δx∗δy) = 0
the spectrum is always gapless. The topological phase
diagram is most easily understood from the formula
ν = 1

2

∑4
n=1 onsgn (mn) where on = ±1 are orienta-

tions associated with the relativistic fermions which we
describe below [70].

It will also be useful consider a slight generalization
of the single particle part of the lattice model, with un-

isotropic hopping txψ†lψl+x+tyψ†lψl+y. This changes the
masses tom1 = − (t1 + t2)−µ,m2 = t1−t2−µ,m3 = t1+
t2−µ,m4 = − (t1 − t2)−µ. In particular, the degeneracy
between the masses m2,m4 breaks, and additional trivial
phases appear around µ = 0. See Fig.3(b).

B. Basics of the emergent geometry

A key insight which we will extensively use, originally
due to Volovik, is that the order parameter is in fact a
vielbein. In the present space-time independent situation,
this vielbein is just a 2× 2 matrix which generically will
be invertible

e j
A =

(
Re(δx) Re(δy)
Im(δx) Im(δy)

)
∈ GL (2) , (3.5)

0

-1

1

(a)

0

-1

1

(b)

FIG. 3. The topological phase diagram of the lattice
model is simplest to understand from the formula ν =
1
2

∑4
n=1 onsgn (mn) for the Chern number in terms of the

masses and orientations of low energy relativistic fermions.
(a) Topological phase diagram for isotropic hopping t. Units
on the vertical axis are arbitrary, the topological phase dia-
gram only depends on the orientation o = sgn (Im (δx∗δy)).
(b) Topological phase diagram for anisotropic hopping tx 6=
ty, additional trivial phases exist around µ = 0. Here
t = tx+ty

2
.

where A = 1, 2, j = x, y. More accurately, e j
A is in-

vertible if det
(
e i
A

)
= Im (δx∗δy) 6= 0. We refer to an

order parameter as singular if Im (δx∗δy) = 0. From the
vielbein one can calculate a metric, which in the present
situation is a general symmetric positive semidefinite ma-
trix

gij = e i
A δ

ABe j
B = δ(iδj)∗ (3.6)

=

(
|δx|2 Re (δxδy∗)

Re (δxδy∗) |δy|2
)
.

Every vielbein determines a metric uniquely, but the con-
verse is not true. Vielbeins e, ẽ that are related by an in-
ternal reflection and rotation e jA = ẽ j

B L
B
A with L ∈ O (2)

give rise to the same metric. By diagonalization, it is
also clear that any metric can be written in terms of a
vielbein. Therefore the set of (constant) metrics can be
parameterized by the coset GL (2) /O (2). To see this ex-
plicitly we parameterize δ = eiθ

(
|δx| , eiφ |δy|

)
with the

overall phase θ and relative phase φ ∈ (−π, π]. Then

gij =

(
|δx|2 |δx| |δy| cosφ

|δx| |δy| cosφ |δy|2
)

(3.7)

is independent of θ which parametrizes SO (2) and sgnφ
which parametrizes O (2) /SO (2). Note that the group
O (2) of internal rotations and reflections is just U (1) o
{1, T} acting on e j

A . In more detail, δ 7→ e2iαδ (or δ 7→
δ∗) corresponds to e i

A 7→ LBAe
i
B with

L =

(
cos 2α sin 2α
− sin 2α cos 2α

)(
or L =

(
1 0
0 −1

))
. (3.8)

The internal reflections, corresponding to a rever-
sal of time, flip the orientation of the vielbein o =
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sgn
(
det
(
e i
A

))
= sgn (Im (δx∗δy)), and therefore every

quantity that depends on o is time reversal odd. We will
also refer to o as the orientation of the order parameter.
An order parameter with a positive (negative) orientation
can be thought of as px + ipy-like (px − ipy-like).

For the px ± ipy configuration, δ = eiθδ0 (1,±i), one
obtains a scalar metric gij = δ0δ

ij , independent of the
phase θ and the orientation o = ±. We see that θ, o
correspond precisely to the O (2) = U (1)o{1, T} degrees
of freedom of the vielbein to which the metric is blind to.
Thus the metric gij corresponds to the Higgs part of the
order parameter, by which we mean the part of the order
parameter on which the ground state energy depends, in
the intrinsic case.

The fact that U (1) transformations map to internal
rotations also appears naturally in the BdG formalism
which we will use in the following. Consider the Nambu

spinor Ψ =
(
ψ,ψ†

)T
. It follows from the U (1) action

ψ 7→ eiαψ that Ψ 7→ eiασ
z

Ψ where σz is the Pauli matrix.
We see that U (1) acts on Ψ as a spin rotation. Moreover,
the fact that δ has charge 2 while ψ has charge 1 implies
e is an SO (2) vector while Ψ is a spinor.

IV. CONTINUUM LIMITS OF THE LATTICE
MODEL

A. The p-wave superfluid

Consider the lattice model (3.1), with a general space
time dependent order parameter δl = (δxl (t) , δyl (t)), and
minimally coupled to electromagnetism,

H =− 1

2

∑
l

[
tψ†l e

iAl,l+xψl+x + (µl +At,l)ψ
†
lψl

+ δxl ψ
†
l e
iAl,l+xψ†l+x + (x↔ y) + h.c

]
. (4.1)

Here Al,l′ , At,l are the components of a U (1) gauge
field describing background electromagnetism, on the dis-
crete space and continuous time. We will work in the
relativistic regime δ0 � t, µ where δ0 is a characteris-
tic scale for δ. To obtain a continuum description, we
split BZ into four quadrants BZ = ∪4

n=1BZ
(n) centered

around the four points K(n), and decompose the fermion

operator ψl as a sum ψl =
∑4
n=1 ψ

(n)
l eiK

(n)·l, where

ψ
(n)
l eiK

(n)·l has non zero Fourier modes only in BZ(n).

Thus the fermions ψ(n) all have non zero Fourier modes

only in BZ(n) − K(n) =
[
− π

2a ,
π
2a

]2
. This restriction

of the quasi momenta provides the fermions ψ(n) with
a physical cutoff ∼ a−1, which will be important when
we compare results from the continuum description to
the lattice model. Assuming µ, δ, A have small deriva-
tives relative to a−1, the inter fermion terms in H can
be neglected and H splits into a sum H ≈ ∑4

n=1H
(n),

with H(n) a Hamiltonian for ψ(n). We then expand the
Hamiltonians H(n) in small ψ(n) derivatives relative to

a−1. The resulting Hamiltonian, focusing on the point
K(1) = (0, 0), is the p-wave superfluid (SF) Hamiltonian

HSF =

∫
d2x

[
ψ†
(
− D2

2m∗
+m−At

)
ψ (4.2)

−
(

1

2
ψ†∆j∂jψ

† + h.c

)]
,

where the fermion field has been redefined such that{
ψ† (x) , ψ (x′)

}
= δ(2) (x− x′). Here Dµ = ∂µ − iAµ

is the U (1)-covariant derivative, with the connection

A = Ajdx
j related to Al,l′ by Al,l′ =

∫ l′

l
A, and D2 =

δijDiDj with i, j = x, y. Note the appearance of the
flat background spatial metric δij . The effective mass is
related to the hopping amplitude 1/m∗ = a2t, and the
order parameter is ∆ = aδ, so it is essentially the lattice
order parameter. The chemical potential for the p-wave
SF is −m. The coupling to A in the pairing term is lost,
since ψ†ψ† = 0. For this reason it is a derivative and not
a covariant derivative that appears in ψ†∆j∂jψ

†, and one
can verify that this term is gauge invariant. Moreover,
due to the anti-commutator

{
ψ† (x) , ψ† (y)

}
= 0 any op-

erator put between two ψ†s is anti-symmetrized, and in
particular ψ†∆j∂jψ

† = ψ† 1
2

{
∆j , ∂j

}
ψ† where

{
∆j , ∂j

}
is the anti-commutator of differential operators. This
Hamiltonian is essentially the one considered in [4] for
the p-wave SF. The corresponding action is the p-wave
SF action

SSF [ψ,∆, A] =

∫
d2+1x

[
ψ†
(
iDt +

D2

2m∗
−m

)
ψ

+

(
1

2
ψ†∆j∂jψ

† + h.c

)]
, (4.3)

in which ψ,ψ† are no longer fermion operators, but inde-
pendent Grassmann valued fields,

{
ψ (x) , ψ† (x′)

}
= 0.

This action comes equipped with a momentum cutoff
ΛUV ∼ a−1 inherited from the lattice model.

For the other points K(2),K(3),K(4) the SF action
obtained is slightly different. The chemical potential for
the nth fermion is −mn.The order parameter for the nth

fermion is ∆x
(n) = aδxeiK

(n)
x , ∆y

(n) = aδyeiK
(n)
y , and

we note that eiK
(n)
j = ±1. The order parameters for

K(1) = (0, 0) , K(3) = (π, π) are related by an overall
sign, which is a U (1) transformation, and so are the or-
der parameters for K(2) = (0, π) ,K(4) = (π, 0). Thus
the order parameters for n = 1, 3 are physically indis-
tinguishable, and so are order parameters for n = 2, 4.
The order parameters for n = 1 and n = 2 are how-
ever physically distinct. First, the orientations on =

sgn
(

Im
(

∆x∗
(n)∆

y
(n)

))
are different, with o1 = −o2. Sec-

ond, the metrics gij(n) = ∆(i∆j)∗ are generically different,

with the same diagonal components, but gxy(1) = −gxy(2).

We note that if the relative phase between δx and δy is
±π/2, as in the px ± ipy configuration, then all metrics

gij(n) are diagonal and therefore equal. These differences
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between the orientations and metrics of the different lat-
tice fermions will be important later on.

Similarly, the effective mass tensor which in (4.2), for

n = 1, is
(
M−1

)ij
= δij

m∗ , has different signatures for
different n, but this will not be important in this paper.
For now we continue working with the action (4.3) for the
n = 1 fermion, keeping the other lattice fermions implicit
until section VII B 3.

B. Relativistic limit of the p-wave superfluid

Since we work in the relativistic regime δ � t, µ we can

treat the term ψ† D
2

2m∗ψ as a perturbation and compute
quantities to zeroth order in 1/m∗. Then SSF reduces to
what we refer to as the relativistic limit of the p-wave SF
action, given in BdG form by

SrSF [ψ,∆, A] (4.4)

=
1

2

∫
d2+1xΨ†

(
i∂t +At −m 1

2

{
∆j , ∂j

}
− 1

2

{
∆∗j , ∂j

}
i∂t −At +m

)
Ψ.

It is well known that when ∆ takes the px ± ipy configu-
ration ∆ = ∆0e

iθ (1,±i) and A = 0 this action is that of
a relativistic Majorana spinor in Minkowski space-time,
with mass m and speed of light clight = ∆0

~ . In the fol-
lowing, we will see that for general ∆ and A, (4.4) is the
action of a relativistic Majorana spinor in curved and
torsion-full space-time. We wil sometimes refer to the
relativistic limit as m∗ → ∞, though this is somewhat
loose, because in the relativistic regime both m∗ is large
and m is small.

Before we go on to analyze the p-wave SF in the rela-
tivistic limit, it is worth considering what of the physics
of the p-wave SF is captured by the relativistic limit,
and what is not. First, the coupling to Ax, Ay is lost, so
the relativistic limit is blind to the magnetic field. Since
superconductors are usually defined by their interaction
with the magnetic field, the relativistic limit is actually
insufficient to describe the properties of the p-wave SF
as a superconductor. Of course, a treatment of super-
conductivity also requires the dynamics of ∆. Likewise,
the term 1

2m∗ψ
†D2ψ = 1

2m∗ψ
†δijDiDjψ seems to be the

only term in SSF that includes the flat background met-
ric δij , describing the real geometry of space. It appears
that the relativistic limit is insufficient to describe the
response of the system to a change in the real geometry
of space10. Nevertheless, as is well known, the relativistic
limit does suffice to determine the topological phases of
the p-wave SC as a free (and weakly interacting) fermion
system. Indeed, the Chern number labeling the differ-
ent topological phases can be calculated by the formula
ν = 1

2

∑4
n=1 onsgn (mn), which only uses data from the

10 In fact, some of the response to the real geometry can be ob-
tained, see our discussion, section IX.

relativistic limit. Here the sum is over the four particle-
hole invariant points of the lattice model, with orien-
tations on and masses mn. This suggests that at least
some physical properties characterizing the different free
fermion topological phases can be obtained from the rel-
ativistic limit. Indeed, in the following we will see how a
topological bulk response and a corresponding boundary
anomaly can be obtained within the relativistic limit.

V. EMERGENT RIEMANN-CARTAN
GEOMETRY

We argue that (4.4) is precisely the action which de-
scribes a relativistic massive Majorana spinor in a curved
and torsion-full background known as Riemann-Cartan
(RC) geometry, with a particular form of background
fields. We refer the reader to [71] parts I.1 and I.4.4, for
a review of RC geometry and the coupling of fermions to
it, and provide only the necessary details here, focusing
on the implications for the p-wave SF. For simplicity we
work locally and in coordinates, and we differ the treat-
ment of global aspects to appendix F.

The action describing the dynamics of a Majorana
spinor on RC background in 2+1 dimensional space-time
can be written as

SRC [χ, e, ω] (5.1)

=
1

2

∫
d2+1x |e|χ

[
i
2e

µ
a

(
γaDµ −

←−
Dµγ

a
)
−m

]
χ.

Here χ is a Majorana spinor with mass m obeying, as
a field operator, the canonical anti-commutation relation

{χ (x) , χ (y)} = δ(2)(x−y)
|e(x)| , where we suppressed spinor in-

dices. As a Grassmann field {χ (x) , χ (y)} = 0. The field
e µa is an inverse vielbein which is an invertible matrix at
each point in space-time. The indices a, b, · · · ∈ {0, 1, 2}
are SO (1, 2) (Lorentz) indices which we refer to as in-
ternal indices, while µ, ν, · · · ∈ {t, x, y} are coordinate
indices.

We will also use A,B, · · · ∈ {1, 2} for spatial internal
indices and i, j, · · · ∈ {x, y} for spatial coordinate indices

The vielbein eaµ, is the inverse of e µa , such that eaµe
ν
a =

δνµ, eaµe
µ
b = δab . It is often useful to view the viel-

bein as a set of linearly independent (local) one-forms
ea = eaµdxµ. The metric corresponding to the vielbein is

gµν = eaµηabe
b
ν and the inverse metric is gµν = e µa η

abe νb ,

where ηab = ηab = diag [1,−1,−1] is the flat Minkowski
metric. Internal indices are raised and lowered using η,
while coordinate indices are raised and lowered using g
and its inverse. Using e one can replace internal indices
with coordinate indices and vice versa, e.g va = eaµv

µ.

The volume element is defined by |e| =
∣∣deteaµ

∣∣ =
√
g.

{γa}2a=0 are gamma matrices obeying
{
γa, γb

}
= 2ηab,

and we will work with γ0 = σz, γ1 = −iσx, γ2 = iσy11.

11 The gamma matrices form a basis for the Clifford algebra associ-
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The covariant derivativeDµ = ∂µ+ωµ
12 contains the spin

connection ωµ = 1
2ωabµΣab, where Σab = 1

4

[
γa, γb

]
gen-

erate the spin group Spin (1, 2) which is the double cover
of the Lorentz group SO (1, 2). Note that ωabµ = −ωbaµ
and therefore ωabµ is an SO (1, 2) connection. It follows
that ω is metric compatible, Dµηab = 0. It is often useful
to work (locally) with a connection one-form ω = ωµdxµ.
χ is the Dirac conjugate defined as in Minkowski space-

time χ = χ†γ0. The derivative
←−
Dµ acts only on χ and is

explicitly given by χ
←−
Dµ = ∂µχ− χωµ.

Our statement is that SRC [χ, e, ω] evaluated on the
fields

χ = |e|−1/2
Ψ, (5.2)

e µa =
1

∆0

 ∆0 0 0
0 Re(∆x) Re(∆y)
0 Im(∆x) Im(∆y)

 , ωµ = −2AµΣ12,

reduces precisely to SrSF [ψ,∆, A] of equation (4.4),
where one must keep in mind that SRC is written in rela-
tivistic units where ~ = 1 and clight = ∆0

~ = 1, which we
will use in the following. Moreover, the functional inte-
gral over χ is equal to the functional integral over Ψ. This
is a slight refinement of the original statement by Volovik
and subsequent work by Read and Green [4]. We defer
the proof to appendices A and C, where we also address
certain subtleties that arise. Here we describe the partic-
ular RC geometry that follows from (5.2), and attempt to
provide some intuition for this geometric description of
the p-wave SF. Starting with the vielbein, note that the
only nontrivial part of e µa is the spatial part e jA, which
is just the order parameter ∆, as in (3.5). The inverse
metric we obtain from our vielbein is

gµν = e µa η
abe νb (5.3)

=
1

∆2
0

 ∆2
0 0 0

0 − |∆x|2 −Re (∆x∆∗y)

0 −Re (∆x∆∗y) − |∆y|2

 ,

where the spatial part gij = − 1
∆2

0
∆(i∆j)∗ is the Higgs

part of the order parameter, as in (3.6). For the px± ipy
configuration the metric reduces to the Minkowski met-
ric. If ∆ is time independent gµν describes a Riemannian
geometry which is trivial in the time direction, but we al-
low for a time dependent ∆. A metric of the form (5.3)
is said to be in gaussian normal coordinates with respect
to space [72].

The U (1) connection Aµ maps to a Spin (2) connec-
tion ωµ = −2AµΣ12 = −iAµσz which corresponds to
spatial spin rotations. This is a special case of the gen-
eral Spin (1, 2) connection which appears in RC geome-
try. The fact that U (1) transformations map to spin ro-
tations when acting on the Nambu spinor Ψ is a general

ated with η. The above choice of basis is a matter of convention.
12 We use the notation D for spin, Lorentz, and U (1) covariant

derivatives in any representation, and the exact meaning should
be clear from the field D acts on.

feature of the BdG formalism as was already discussed
in section III B. From the spin connection ω it is natu-
ral to construct a curvature, which is a matrix valued
two-form defined by Rab = dωab +ωac ∧ωcb. In local coor-
dinates xµ it can be written as Rab = 1

2R
a
bµνdxµ ∧ dxν ,

where the components are given explicitly by Rabµν =
∂µω

a
bν − ∂νω

a
bµ + ωacµω

c
bν − ωacνω

c
bµ. It follows from

(5.2) that in our case the only non zero components are

R12 = −R21 = −2F, (5.4)

where the two form F = dA is the U (1) field strength, or
curvature, comprised of the electric and magnetic fields.

A. Torsion and additional geometric quantities

Since we treat A and ∆ as independent background
fields, so are the spin connection ω and vielbein e. This
situation is referred to as the first order vielbein formal-
ism for gravity [71]. Apart from the metric g and the
curvature R which we already described, there are a few
more geometric quantities which can be constructed from
e, ω, and that will be used in this paper. These additional
quantities revolve around the notion of torsion.

The torsion tensor T is an important geometrical quan-
tity, but a pragmatic way to view it is as a useful param-
eterization for the set of all spin connections ω, for a
fixed vielbein e. Thus one can work with the variables
e, T instead of e, ω. We will see later on that the bulk re-
sponses in the p-wave SC are easier to describe using e, T .
This is analogous to, and as we will see, generalizes, the
situation in s-wave SC, where the independent degrees
of freedom are A and ∆ = |∆| eiθ, but it is natural to
change variables and work with ∆ and Dµθ = ∂µθ−2Aµ
instead. We now provide the details.

The torsion tensor, or two-form, is defined in terms
of e, ω as T a = Dea, or in coordinates T aµν = 2D[µe

a
ν].

Since our temporal vielbein e0 = dt is trivial and the
connection ω is only an SO (2) connection, T 0 = 0 for
all A and ∆. All other components of the torsion are
in general non trivial, and are given by TAij = Die

A
j −

Dje
A
i , T

A
ti = −TAit = Dte

A
i . This describes the simple

change of variables from ω to T .
Going from T back to ω is slightly more complicated,

and is done as follows. One starts by finding the ω that
corresponds to T = 0. The solution is the unique tor-
sion free spin connection ω̃ = ω̃ (e) which we refer to as
the Levi Civita (LC) spin connection13. This connection
is given explicitly by ω̃abc = 1

2 (ξabc + ξbca − ξcab) where
ξabc = 2e µb e

ν
c ∂[µe

a
ν]. Now, for a general ω the difference

Cabµ = ωabµ− ω̃abµ is referred to as the contorsion tensor,

13 The unique torsion free spin connection ω̃ is also referred to as
the Cartan connection is the literature.
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or one-form. It carries the same information as T and
the two are related by T a = Cab ∧ eb (T aµν = 2Cab[µe

b
ν])

and Cµαν = 1
2 (Tαµν + Tµνα − Tναµ). One can then re-

construct ω from e, T as ω = ω̃ (e) + C (e, T ). Note that
ω, ω̃ are both connections, but C, T are tensors.

For the px ± ipy configuration ∆ = ∆0e
iθ (1,±i) one

finds ω̃12µ = −ω̃21µ = −∂µθ (with all other components
vanishing), and it follows that C12µ = Dµθ. These are fa-
miliar quantities in the theory of superconductivity, and
one can view ω̃ and C as generalizations of these. General
formulas are given in appendix D.

Using ω̃ one can define a covariant derivative D̃ and
curvature R̃ just as D and R are constructed from ω. The
quantity R̃µνρσ is the usual Riemann tensor of Rieman-

nian geometry and general relativity. Note that R̃µνρσ
depends solely on g which is the Higgs part of the order
parameter ∆. Since g is flat in the px ± ipy configu-
ration, we conclude that a non vanishing Riemann ten-
sor requires a deviation of the Higgs part of ∆ from the
px ± ipy configuration. As in Riemannian geometry we

can define the Ricci tensor R̃νσ = R̃µνµσ and Ricci scalar

R̃ = R̃νν . Examples for the calculation of R̃ in terms of
∆ where given in section II.

Another important quantity which can be con-
structed from e, ω is the affine connection Γαβµ =

e αa

(
∂µe

a
β + ωabµe

b
β

)
= e αa Dµe

a
β , or affine connection

(local) one-form Γαβ = Γαβµdxµ. It is not difficult to
see that T is the anti symmetric part of Γ, T ρµν =
Γρµν − Γρνµ, and it follows that the LC affine connec-

tion Γ̃αβµ = e αa D̃µe
a
β , for which T = 0, is symmet-

ric in its the two lower indices. This is the usual
metric compatible and torsion free connection of Rie-
mannian geometry, given by the Christoffel symbol
Γ̃αβµ = 1

2 (∂µgβα + ∂βgαµ − ∂αgµβ). Γ appears in co-
variant derivatives of tensors with coordinate indices, for
example ∇µvα = ∂µv

α+ Γαβµv
β , ∇µvα = ∂µvα− vβΓβαµ,

and so on. We also denote by ∇ the total covariant
derivative of tensors with both coordinate and internal
indices, which includes both ω and Γ. Thus, for exam-
ple, ∇µvaν = ∂µv

a
ν +ωabµv

b
ν −vaνΓνµα = Dµv

a
ν −vaνΓνµα.

The most important occurrence of ∇ is in the identity
∇νeaµ = 0, which follows from the definition of Γ in this
formalism, and is sometimes called the first vielbein pos-
tulate. It means that the covariant derivative ∇ com-
mutes with index manipulation preformed using e, η and
g. To obtain more intuition for what Γ is from the p-wave
SC point of view, we can write it as Γαaµ = −Dµe

α
a . Then

it is clear that the non vanishing components of Γαaµ are

given by Γj1µ + iΓj2µ = −Dµ∆j .

VI. SYMMETRIES, CURRENTS, AND
CONSERVATION LAWS

In order to map fermionic observables in the p-wave SF
to those of a Majorana fermion in RC space-time, it is

usefull is to map the symmetries and the corresponding
conservation laws between the two. We start with SSF,
and then review the analysis of SRC and show how it
maps to that of SSF, in the relativistic limit. The bottom
line is that there is a sense in which electric charge and
energy-momentum are conserved in a p-wave SC, and this
maps to the sense in which spin and energy-momentum
are conserved for a Majorana spinor in RC space-time.

A. Symmetries, currents, and conservation laws of
the p-wave superfluid action

1. Electric charge

U (1) gauge transformations act on ψ,∆, A by

ψ 7→ eiαψ, ∆ 7→ e2iα∆, Aµ 7→ Aµ + ∂µα. (6.1)

This symmetry of SSF [ψ,∆, A] implies a conservation
law for electric charge,

∂µJ
µ = −iψ†∆j∂jψ

† + h.c, (6.2)

where Jµ = − δS
δAµ

is the fermion electric current. Since

Aµ does not enter the pairing term, Jµ is the same as in
the normal state where ∆ = 0,

J t = −ψ†ψ, Jj = −δ
jk

m∗
i

2
ψ†
←→
Dkψ. (6.3)

Here ψ†
←→
Dkψ = ψ†Dkψ −

(
Dkψ

†)ψ. The conservation
law (6.2) shows that the fermionic charge alone is not
conserved due to the exchange of charge between the
fermions ψ and Cooper pairs ∆. If one adds a (U (1)
gauge invariant) term S′ [∆, A] to the action and con-
siders ∆ as a dynamical field, then it is possible to use

the equation of motion
δ(S′+S)
δ∆ = 0 for ∆ and the def-

inition Jµ∆ = − δS′

δAµ
of the Cooper pair current in order

to rewrite (6.2) as ∂µ (Jµ + Jµ∆) = 0. This expresses the
conservation of total charge in the p-wave SC.

2. Energy-momentum

Energy and momentum are at the heart of this paper,
and obtaining the correct expressions for these quantities,
as well as interpreting correctly the conservation laws
they satisfy, will be crucial.

In flat space, one usually starts with the canonical
energy-momentum tensor. For a Lagrangian L (φ, ∂φ, x),
where φ is any fermionic of bosonic field, it is given by

tµν =
∂L
∂∂µφ

∂νφ− δµνL, (6.4)

and satisfies, on the equation of motion for φ,

∂µt
µ
ν = −∂νL, (6.5)
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which can be obtained from Noether’s first theorem for
space-time translations. Thus tµν is conserved if and only
if the Lagrangian is independent of the coordinate xν .
This motivates the identification of tµt as the energy cur-
rent, and of tµj as the current of the jth component of

momentum (j-momentum). ttt is just the Hamiltonian
density, or energy density, and ttj is the j-momentum
density.

It is well known however, that the canonical energy-
momentum tensor may fail to be gauge invariant, sym-
metric in its indices, or traceless, in situations where
these properties are physically required, and it is also
sensitive to the addition of total derivatives to the La-
grangian. To obtain the physical energy-momentum ten-
sor one can either “improve“ tµν or appeal to a geomet-
ric (gravitational) definition which directly provides the
physical energy-momentum tensor [71, 73].

We will comment on the coupling of the p-wave SF to a
real background geometry our discussion, section IX, but
here we fix the background geometry to be flat, and in-
stead continue by introducing the U (1)-covariant canon-
ical energy-momentum tensor. It can be shown to coin-
cide with the physical energy-momentum tensor obtained
by coupling the p-wave SF to a real background geome-
try. Since we work with a fixed flat background geometry
in this section, we will only consider space-time transfor-
mations which are symmetries of this background, and it
will suffice to consider space-time translations and spatial
rotations.

The U (1)-covariant canonical energy-momentum ten-
sor is relevant in the following situation. Assume that the
x dependence in L is only through a U (1) gauge field to
which φ is minimally coupled, L (φ, ∂φ, x) = L (φ,Dφ).
Then, tµν is not gauge invariant, and therefore physically
ambiguous. This is reflected in the conservation law (6.5)
which takes the non covariant form

∂µt
µ
ν = Jµ∂νAµ, (6.6)

where Jµ = − ∂L
∂Aµ

is the U (1) current. This lack of

gauge invariance is to be expected, as this conservation
law follows from translational symmetry, and translations
do not commute with gauge transformations. Instead,
one should use U (1)-covariant space-time translations,
which are translations from x to x + a followed by a
U (1) parallel transport from x + a back to x, φ (x) 7→
eiq

∫ x
x−a Aφ (x− a) where φ 7→ eiqαφ under U (1) and the

integral is over the straight line from x− a to a. This is

still a symmetry because the additional eiq
∫ x
x−a A is just a

gauge transformation. The conservation law that follows
from this modified action of translations is

∂µt
µ
cov ν = FνµJ

µ, (6.7)

where Fµν = ∂µAν − ∂νAµ is the electromagnetic field
strength, and

tµcov ν =
∂L
∂Dµφ

Dνφ− δµνL = tµν − JµAν (6.8)

is the U (1)-covariant version of tµν , which we refer to as
the U (1)-covariant canonical energy-momentum tensor.
The right hand side of (6.7) is just the usual Lorentz
force, which acts as a source of U (1)-covariant energy-
momentum. We stress that the covariant and non covari-
ant conservation laws are equivalent, as can be verified
by using the fact that ∂µJ

µ = 0 in this case. Both hold in
any gauge, but in (6.7) all quantities are gauge invariant.

For the p-wave SF one obtains the U (1)-covariant
energy-momentum tensor

ttcov t =
i

2
ψ†
←→
Dtψ − L (6.9)

=
δijDiψ

†Djψ

2m∗
+mψ†ψ −

(
1

2
ψ†∆j∂jψ

† + h.c

)
,

ttcov j =
i

2
ψ†
←→
Djψ,

ticov t = −δ
ik (Dkψ)

†
Dtψ

2m∗
+

1

2
ψ†∆i∂tψ

† + h.c,

ticov j = −δ
ik (Dkψ)

†
Djψ

2m∗
+

1

2
ψ†∆i∂jψ

† + h.c− δijL.

The U (1)-covariant conservation law is slightly more
complicated than (6.7) due the additional background
field ∆,

∂µt
µ
cov ν =

1

2
ψ†∂jψ

†Dν∆j + h.c+ FνµJ
µ, (6.10)

where we have used the U (1) conservation law (6.2), and
Dµ∆j = (∂µ − 2iAµ) ∆j . This conservation law shows
that (U (1)-covariant) fermionic energy-momentum is not
conserved due to the exchange of energy-momentum with
the background fields A,∆. Apart from the Lorentz force
there is an additional source term due to the space-time
dependence of ∆.

As in the case of the electric charge, if one considers
∆ as a dynamical field and uses its equation of motion,
(6.10) can be written as14

∂µ (tµcov ν + tµ∆ cov ν) = Fνµ (Jµ + Jµ∆) , (6.11)

which is of the general form (6.7).
Note that the spatial part ticov j is not symmetric,

txcov y − tycov x =
1

2
ψ† (∆x∂y −∆y∂x)ψ† + h.c, (6.12)

which physically represents an exchange of angular mo-
mentum between ∆ and ψ, possible because of the in-
trinsic angular momentum of Cooper pairs in a p-wave

14 tµ∆ cov ν is the U (1)-covariant energy-momentum tensor of
Cooper pairs. It is defined by (6.8) with φ = ∆ and L =
L′ (∆,∆∗, D∆, D∆∗) being the (gauge invariant) term added to
the p-wave SF Lagrangian. Here it is important that the cou-
pling of ∆ to ψ in (4.3) can be written without derivatives of
∆.
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SC. Explicitly, the (U (1)-covariant) angular momen-
tum current is given by Jµϕ = tµcov ϕ = tµcov νζ

ν where
ζ = x∂y − y∂x = ∂ϕ is the generator of spatial rotations
around x = y = 0, and ϕ is the polar angle. From (6.10)
and (6.12) we find its conservation law

∂µJ
µ
ϕ =

(
1

2
ψ†∂jψ

†Dϕ∆j + h.c+ FϕµJ
µ

)
(6.13)

+
1

2
ψ† (∆x∂y −∆y∂x)ψ† + h.c,

which shows that even when the Lorentz force in the ϕ
direction vanishes and ∆ is (U (1)-covariantly) constant
in the ϕ direction, ∆ still acts a source for fermionic
angular momentum, due to the last term.

Even though fermionic angular momentum is never
strictly conserved in a p-wave SF, it is well known that
a certain combination of fermionic charge and fermionic
angular momentum can be strictly conserved [74–77]. In-
deed, using (6.13) and (6.2),

∂µ

(
Jµϕ ∓

1

2
Jµ
)

=

(
1

2
ψ†∂jψ

†Dϕ∆j + h.c+ FϕµJ
µ

)
± i

2
ψ† (∆x ± i∆y) (∂x ∓ i∂y)ψ† + h.c. (6.14)

We see that when Fϕµ = 0, Dϕ∆ = 0 and ∆y = ±i∆x,
the above current is strictly conserved

∂µ

(
Jµϕ ∓

1

2
Jµ
)

= 0, (6.15)

which occurs in the generalized px ± ipy configuration

∆ = eiθ(r,t)∆0 (r, t) (1,±i), written in the gauge Aϕ = 0,

and where r =
√
x2 + y2. This conservation law follows

from the symmetry of the generalized px ± ipy configu-
ration under the combination of a spatial rotation by an
angle α and a U (1) transformation by a phase ∓α/2.

B. Symmetries, currents, and conservation laws in
the geometric description

The symmetries and conservation laws for Dirac
fermions have been described recently in [78]. Here we
review the essential details (for Majorana fermions) and
focus on the mapping to the symmetries and conservation
laws of the p-wave SF action (4.4), which were described
in section VI A.

1. Currents in the geometric description

The natural currents in the geometric description are
defined by the functional derivatives of the action SRC

with respect to the background fields e, ω,

Jµa =
1

|e|
δSRC

δeaµ
, Jabµ =

1

|e|
δSRC

δωabµ
. (6.16)

Jµa is the energy momentum (energy-momentum) tensor
and Jabµ is the spin current. Note that we use J as op-
posed to J to distinguish the geometric currents from
the p-wave SF currents described in the previous section,
though the two are related as shown below.

Calculating the geometric currents for the action (5.1)
one obtains

2Jµa = LRCe
µ
a −

i

2
χ
(
γµDa −

←−
Daγ

µ
)
χ, (6.17)

2Jabµ = −1

4
χχe µc ε

abc,

where LRC = χ
[
i
2e

µ
a

(
γaDµ −

←−
Dµγ

a
)
−m

]
χ is (twice)

the Lagrangian, which vanishes on the χ equation of mo-
tion. We see that Jµa is essentially the SO (1, 2)-covariant
version of the canonical energy-momentum tensor of the
spinor χ. We also see that the spin current Jabµ has a
particularly simple form in D = 2 + 1, it is just the spin
density 1

2χχ times a tensor − 1
2e

µ
c ε

abc that only depends
on the background field e. Using the expressions (5.2)
for the geometric fields we find that Jµa, J

abµ are related
simply to the electric current and the (U (1)-covariant)
canonical energy-momentum tensor described in section
VI A, in the limit m∗ →∞,

Jµ = 4 |e| J12µ = −ψ†ψδµt , (6.18)

tµcov ν = − |e| Jµν =

{
i
2ψ
†←→Dνψ µ = t

1
2ψ
†∆j∂νψ

† + h.c µ = j
.

Here we have simplified tcov using the equation of mo-
tion for ψ, and one can also use the equation of mo-
tion to remove time derivatives and obtain Schrodinger

picture operators. For example, ttcov t = i
2ψ
†←→Dtψ =

mψ†ψ−
(

1
2ψ
†∆j∂jψ

† + h.c
)

is just the (U (1)-covariant)
Hamiltonian density in the relativistic limit. The expres-
sion for the energy current ticov t is more complicated, and
it is convenient to write it using some of the geometric
quantities introduced above

tjcov t = gjk
i

2
ψ†
←→
Dkψ−

o

2
∂k

(
1

|e|ε
jkψ†ψ

)
(6.19)

−
(
ψ†ψ

)
gjkC12k.

This is an expression for the energy current in terms of
the momentum and charge densities, and it will be ob-
tained below as a consequence of Lorentz symmetry in
the relativistic limit. We now describe the symmetries of
the action (5.1) and the conservation laws they imply for
these currents. As expected, these conservation laws turn
out to be essentially the ones derived in section (VI A),
in the relativistic limit.

2. Spin

The Lorentz Lie algebra so (1, 2) is comprised of ma-
trices θ ∈ R3×3 with entries θab such that θab = −θba.
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These can be spanned as θ = 1
2θabL

ab where the gen-

erators Lab = −Lba are defined such that ηLab is the
antisymmetric matrix with 1 (−1) at position a, b (b, a)
and zero elsewhere. The spinor representation of θ is

θ̂ =
1

2
θabΣ

ab, Σab =
1

4

[
γa, γb

]
. (6.20)

Local Lorentz transformations act on χ, e, ω by

χ 7→ e−θ̂χ, e µa 7→ e µb
(
eθ
)b
a
,

ωµ 7→ e−θ̂ (∂µ + ωµ) eθ̂. (6.21)

The subgroup of SO (1, 2) that is physical in the p-wave
SC is SO (2) generated by L12. Using the relations (5.2)
between the p-wave SC fields and the geometric fields,
and choosing θ = θ12L

12 = −2αL12, the transformation
law (6.21) reduces to the U (1) transformation (6.1),

ψ 7→ eiαψ, ∆ 7→ e2iα∆, Aµ 7→ Aµ + ∂µα. (6.22)

The factor of 2 in θ12 = −2α shows that U(1) actually
maps to Spin(2), the double cover of SO(2). Moreover,
the fact that ∆ has U (1) charge 2 while ψ has U (1)
charge 1 corresponds to e µa being an SO (1, 2) vector
while χ is an SO (1, 2) spinor. The Lie algebra version of
(6.21) is

δχ = −1

2
θabΣ

abχ, δeaµ = −θabebµ, δωabµ = Dµθ
a
b.

(6.23)

Invariance of SRC under this variation implies the con-
servation law

∇µJabµ − JabρTµµρ = J[ab], (6.24)

valid on the equations of motion for χ [56, 78]. This
conservation law relates the anti symmetric part of the
energy-momentum tensor to the divergence of spin cur-
rent. Essentially, the energy-momentum tensor isn’t
symmetric due to the presence of the background field ω
which transforms under SO (1, 2). From a different point
of view, the vielbein e acts as a source for the fermionic
spin current since it is charged under SO (1, 2). Inserting
the expressions (5.2) into the (a, b) = (1, 2) component
of (6.24) we obtain (6.2),

∂µJ
µ = −iψ†∆j∂jψ

† + h.c. (6.25)

The other components of (6.24) follow from the symme-
try under local boosts, which is only a symmetry of SSF

when m∗ →∞. These can be used to obtain the formula
(6.19) for the energy current of the p-wave SF, in the
limit m∗ → ∞, in terms of the momentum and charge
densities.

3. Energy-momentum

A diffeomorphism is a smooth invertible map be-
tween manifolds. We consider only diffeomorphisms from

space-time to itself and denote the group of such maps
by Diff . Since the flat background metric δij decouples
in the relativistic limit, it makes sense to consider all dif-
feomorphisms, and not restrict to symmetries of δij as
we did in section VI A 2.

Locally, diffeomorphisms can be described by coordi-
nate transformations x 7→ x′ = f (x). The lie algebra is
that of vector fields ζν (x), which means diffeomorphisms
in the connected component of the identity Diff0 can
be written as f (x) = f1 (x) where fε (x) = expx (εζ) =
x+ εζ (x) +O

(
ε2
)

is the flow of ζ [79]. Diff acts on the
geometric fields by the pullback

χ (x) 7→ χ (f (x)) , eaµ (x) 7→ ∂µf
νeaν (f (x)) ,

ωµ (x) 7→ ∂µf
νων (f (x)) . (6.26)

The action of Diff on the p-wave SF fields is similar,
and follows from (6.26) supplemented by the dictionary
(5.2). For f ∈ Diff0 generated by ζ, the Lie algebra
version of (6.26) is given by the Lie derivative,

δχ = Lζχ = ζµ∂µχ, (6.27)

δeaµ = Lζeaµ = ∂µζ
νeaν + ζν∂νe

a
µ,

δωµ = Lζωµ = ∂µζ
νων + ζν∂νωµ.

Since these variations are not Lorentz covariant, they will
give rise to a conservation law which is not Lorentz covari-
ant. This follows from the fact that the naive Diff ac-
tion (6.26) does not commute with Lorentz gauge trans-
formations, as was described for the simpler case of trans-
lations and U (1) gauge transformations in section VI A 2.
Instead, one should use the Lorentz-covariant Diff ac-
tion, which is the pull back from f (x) to x followed by
a Lorentz parallel transport from f (x) to x along the
integral curve γx,ζ (ε) = expx (εζ) = fε (x),

χ (x) 7→ Pχ (f (x)) , (6.28)

eaµ (x) 7→ P ab∂µf
νebν (f (x)) ,

ωµ (x) 7→ P [∂µf
νωµ (f (x)) + ∂µ]P−1,

where P = 1
2PabΣ

ab and P = P exp
(
−
∫
γx,ζ

ω
)

is the

spin parallel transport given by the path ordered expo-
nential. At the Lie algebra level, this modification of
(6.26) amounts to an infinitesimal Lorentz gauge trans-
formation generated by θab = −ζρωabρ, which modifies
(6.27) to the covariant expressions

δχ = ζµ∇µχ, (6.29)

δeaµ = ∇µζa − T aµνζν ,
δωµ = ζνRabνµ.

Since the usual Diff and Lorentz actions on the fields
are both symmetries of SRC, so is the Lorenz-covariant
Diff action. This leads directly to the conservation law

∇µJµν − JρνT
µ
µρ = T bνµJ

µ
b +RbcνµJ

bcµ, (6.30)

valid on the equations of motion for χ [56, 78]. We find it
useful to rewrite (6.30) in a way which isolates the effect
of torsion,

∇̃µJµν = CabνJ
[ab] +RabνµJ

abµ, (6.31)
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where we note that the curvature also depends on the
torsion, R = R̃+ D̃C +C ∧C. Equation (6.30) can also
be massaged to the non-covariant form

∂µ (|e| Jµν) =
(
e ρa Dνe

a
µ

)
|e| Jµρ +Rνµab |e| Jabµ. (6.32)

Using the dictionary (5.2) and the subsequent paragraph,
and (6.18), this reduces to

∂µt
µ
cov ν =

(
Dν∆j

) 1

2
ψ†∂jψ

† + h.c+ FνµJ
µ, (6.33)

which is just the energy-momentum conservation law
(6.10) for the p-wave SF (with m∗ →∞).

Writing the conservation law in the form (6.32) may
not seem natural from the geometric point of view be-
cause it uses the partial derivative as opposed to a co-
variant derivative. It is however natural from the p-wave
SC point of view, where space-time is actually flat and e
is viewed as a bosonic field with no geometric role, which
is the order parameter ∆. This point will be important
when we discuss the gravitational anomaly in the p-wave
SC, in section VIII B.

Similar statements hold for other mechanisms for emer-
gent/analogue gravity, see section I.6 of [9] and [80], and
were also made in the gravitational context without ref-
erence to emergent phenomena [81].

VII. BULK RESPONSE

A. Currents from effective action

The effective action for the background fields is ob-
tained by integrating over the spin-less fermion ψ,

eiWSF[∆,A] =

∫
Dψ†DψeiSSF[ψ,ψ†,∆,A]. (7.1)

The integral is a fermionic coherent state functional
integral, over the Grassmann valued fields ψ,ψ†, and the
action SSF is given in (4.3).

As described in section V, in the relativistic limit WSF

is equal to the effective action obtained by integrating
over a Majorana fermion coupled to RC geometry,

eiWSF[∆,A] = eiWRC[e,ω] (7.2)

=

∫
D
(
|e|1/2 χ

)
eiSRC[χ,e,ω],

where e, ω are given in terms of ∆, A by (5.2).
It follows from the definition (6.16) of the spin current

Jabµ and the energy-momentum tensor Jµa as functional
derivatives of SRC that their ground state expectation
values are given by

〈Jµa〉 =
1

|e|
δWRC

δeaµ
,
〈
Jabµ

〉
=

1

|e|
δWRC

δωabµ
. (7.3)

Using the mapping (6.18) between Jµa, Jabµ and
tµcov ν , J

µ we see that

〈Jµ〉 = 4 |e|
〈
J12µ

〉
= 4

δWRC [e, ω]

δω12µ
, (7.4)

〈tµcov ν〉 = − |e| eaν 〈Jµa〉 = −eaν
δWRC [e, ω]

δeaµ
.

This is the recipe we will use to obtain the expectation
values 〈Jµ〉 , 〈tµcov ν〉 from the effective action WRC for a
Majorana spinor in RC space-time.

Note that in (7.4) there are derivatives with respect to
all components of the vielbein, not just the spatial ones
which we can physically obtain from ∆. For this rea-
son, to get all components of 〈tµcov ν〉, we should obtain
WRC for general e, take the functional derivative in (7.4),
and only then set e to the configuration obtained from
∆ according to (5.2). From the p-wave SF point of view,
this corresponds to the introduction of a fictitious back-
ground field e µ0 which enters SSF by generalizing ψ†iDtψ

to ψ† i2e
µ

0

←→
Dµψ, and setting e µ0 = δµt at the end of the cal-

culation, as in [56].
Before we move on, we offer some intuition for the ex-

pressions (7.4). The first equation in (7.4) follows from
the definition Jµ = − δSSF

δAµ
of the electric current and

the simple relation ω12µ = −ω21µ = −2Aµ between the
spin connection and the U (1) connection. The second
equation in (7.4) is slightly trickier. It implies that the
(relativistic part of the) energy-momentum tensor tµcov ν

is given by a functional derivative with respect to the or-
der parameter ∆, because ∆ is essentially the vielbein e.
This may seem strange, and it is certainly not the case

in an s-wave SC, where δH
δ∆ ∼ ψ†↑ψ

†
↓ has nothing to do

with energy-momentum. In a p-wave SC, the operator
δH
δ∆j ∼ ψ†∂jψ

† contains a spatial derivative which hints
that it is related to fermionic momentum. More accu-
rately, we see from (6.9) that the operator ψ†∂jψ

† enters
the energy-momentum tensor in a p-wave SC.

B. Effective action from perturbation theory

1. Setup and generalities

We consider the effective action for a p-wave SF on
the plane R2, with the corresponding space-time mani-
fold M3 = Rt×R2, by using perturbation theory around
the px ± ipy configuration ∆ = ∆0e

iθ (1,±i) with no
electromagnetic fields ∂µθ − 2Aµ = 0. After U (1) gauge
fixing θ = 015, we obtain ∆ = ∆0 (1,±i) , A = 0. Let us
start with the px + ipy configuration, which has a posi-
tive orientation, in which case the corresponding (gauge
fixed) vielbein and spin connection are just e µa = δµa and
ωabµ = 0. A perturbation of the px + ipy configuration

15 In doing so we are ignoring the possibility of vortices, see [68].
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corresponds to e µa = δµa + h µa with a small h and to a
small spin connection ωabµ. In other words, a perturba-
tion of the px+ipy configuration without electromagnetic
fields corresponds to a perturbation of flat and torsion-
less space-time.

The effective action for a Dirac spinor in a back-
ground RC geometry was recently calculated perturba-
tively around flat and torsionless space-time, with a pos-
itive orientation, in the context of geometric responses of
Chern insulators [78, 82]. This is equal to 2WRC where
WRC is the effective action for a Majorana spinor in RC
geometry.

At this point is seems that we can apply these results
in order to obtain the effective action for the p-wave SC,
in the relativistic limit. There is however, an additional
ingredient in the perturbative calculation of the effective
action which we did not yet discuss, which is the renor-
malization scheme used to handle diverging integrals. We
refer to terms in the effective action that involve diverg-
ing integrals as UV sensitive. The values one obtains for
such terms depend on the details of the renormalization
scheme, or in other words, on microscopic details that
are not included in the continuum action.

For us, the continuum description is simply an approx-
imation to the lattice model, where space is a lattice but
time is continuous. This implies a physical cutoff ΛUV
for wave-vectors, but not for frequencies. In particular,
such a scheme is not Lorentz invariant, even though the
action in the relativistic limit is. Lorentz symmetry is in
any case broken down to spatial SO (2) for finite m∗. For
these reasons, UV sensitive terms in the effective action
WRC for the p-wave SC will be assigned different val-
ues than those obtained before, using a fully relativistic
scheme.

The perturbative calculation within the renormaliza-
tion scheme outlined above is described in appendix I,
where we also demonstrate that it produces physical
quantities that approximate those of the lattice model,
and compare to the fully relativistic schemes used in pre-
vious works. In the following we will focus on the UV
insensitive part of the effective action, and in doing so
we will obtain results which are essentially16 independent
of microscopic details that do not appear in the contin-
uum action. We start by quoting the fully relativistic
results of [78, 82], and then restrict our attention to the
UV insensitive part of the effective action, and describe
the physics of the p-wave SC it encodes.

16 See the discussion of O
(

m
ΛUV

)
corrections below.

2. Effective action for a single Majorana spinor

The results of [78, 82] can be written as

2WRC [e, ω] =
κH
2

∫
M3

Q3 (ω̃) (7.5)

+
ζH
2

∫
M3

eaDea −
κH
2

∫
M3

R̃eaDea

+
1

2κN

∫
M3

(
R̃ − 2Λ +

3

2
c2
)
|e|d3x+ · · ·

where

Q3 (ω̃) = tr

(
ω̃dω̃ +

2

3
ω̃3

)
(7.6)

is the Chern-Simons (local) 3-form, c = Cabcε
abc is the

totally antisymmetric piece of the contorsion tensor, and
κH , ζH , 1/κN ,Λ/κN are coefficients that will be discussed
further below. The first two lines of (7.5) are written in
terms of differential forms, and the third line is written
in terms of scalars. By scalars we mean Diff invariant
objects. In the differential forms the wedge product is
implicit, as it will be from now on, so ω̃ ∧ dω̃ is written
as ω̃dω̃ and so on. The integrals over differential forms
can be written as integrals over pseudo-scalars,

eaDea =

(
eaαDβe

b
γ

1

|e|ε
αβγ

)
|e|d3x = −oc |e|d3x, (7.7)

Q3 (ω̃) =

(
ω̃abα∂βω̃

b
aγ +

2

3
ω̃abγω̃

b
cβω̃

c
aγ

)
1

|e|ε
αβγ |e|d3x,

which are only invariant under the orientation preserving
subgroup of Diff which we denote Diff+. Here o =
sgn (det (e)) is the orientation of e. These expressions are
odd under orientation reversing diffeomorphisms because
so are o and the pseudo-tensor 1

|e|ε
αβγ 17.

Equation (7.5) can be expanded in the perturbations
h µa and ωabµ to reveal the order in perturbation theory
at which the different terms arise, see appendix I. Addi-
tionally, at every order in the perturbations the effective
action can be expanded in powers of derivatives of the
perturbations over the mass m. The terms written ex-
plicitly above show up at first and second order in h, ω
and at up to third order in their derivatives. They also
include higher order corrections that make them Diff+

and Lorentz gauge invariant, or invariant up to total
derivatives.

All other contributions denoted by + · · · are at least
third order in the perturbations or fourth order in deriva-
tives. Such a splitting is not unique [78], but the form

17 In this paper ε always stands for the usual totally anti symmet-
ric symbol, normalized to 1. Thus ε123 = εxyt = εxyt = 1.
Note that εabc is an SO (1, 2) tensor, and an O (1, 2) pseudo-
tensor, while εµνρ = det (e) e µa e

ν
b e

ρ
c ε

abc is a (coordinate) ten-

sor density, 1
det(e)

εµνρ is a tensor and 1
|e| ε

µνρ = 1
|det(e)| ε

µνρ is

a pseudo-tensor.
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(7.5) has been chosen because it is well suited for the
study of the bulk responses.

Let us now describe the different terms in (7.5). The
first term is the gravitational Chern-Simons (gCS) term.
It has a similar structure to the more familiar U (1) CS
term

∫
AdA, and is in fact an SO (1, 2) CS term, but note

that the LC spin connection ω̃ is a functional of the viel-
bein e. It is important that the spin connection in gCS
is not ω, since through ωµ = −2AµΣ12 this would im-
ply a quantized Hall conductivity in a p-wave SC, which
does not exist [4, 8]. As it is written in (7.5), gCS is in-
variant under Diff+, but not under SO (1, 2) if M3 has
a boundary. This is the boundary SO (1, 2) anomaly,
which is discussed further in section VII C. Using the re-

lation Γ̃αβµ = e αa

(
δab ∂µ + ω̃abµ

)
ebβ between Γ̃ and ω̃, one

can derive an important formula,

Q3

(
Γ̃
)
−Q3 (ω̃) = tr

[
1

3

(
ede−1

)3
+ d

(
de−1eΓ̃

)]
,

(7.8)

where unusually, e =
(
eaµ
)

is treated in this expression
as a matrix valued function [30, 83]. The variation with
respect to e of the two terms on the right hand side is
a total derivative, which means that they are irrelevant
for the purpose of calculating bulk responses. One can

therefore use Q3

(
Γ̃
)

, which only depends on the metric

gµν , instead of Q3 (ω̃). The form
∫
M3

Q3

(
Γ̃
)

of gCS is in-

variant under SO (1, 2) but not under Diff+, as opposed
to
∫
M3

Q3 (ω̃). Thus the right hand side of (7.8) has the

effect of shifting the boundary anomaly from SO (1, 2) to
Diff .

The second term in (7.5) has a structure similar to a CS
term with ea playing the role of a connection, and indeed
some authors refer to it as such [84]. Nevertheless, it is
SO (1, 2) and Diff+ invariant, as can be seen from (7.7).
This term was related to the torsional Hall viscosity in
[78], where it was discussed extensively. The third term
in (7.5) is also SO (1, 2) and Diff+ invariant. We refer to
this term as gravitational pseudo Chern-Simons (gpCS),
to indicate its similarity to gCS, and the fact that it is
not a Chern-Simons term. The similarity between gCS
and gpCS is demonstrated and put in a broader context
in the discussion, section IX. In section VII D we will see
that gCS and gpCS produce similar contributions to bulk
responses. For now, we simply note that both terms are
second order in h and third order in derivatives of h.

The third line in (7.5) contains the Einstein-Hilbert ac-
tion with a cosmological constant Λ familiar from general
relativity, and an additional torsional contribution ∝ c2.
The coefficient 1/κN of the Einstein-Hilbert term is usu-
ally related to a Newton’s constant GN = κN/8π. Note
that in Riemannian geometry, where torsion vanishes and
ω = ω̃, only the gCS term, the Einstein-Hilbert term, and
the cosmological constant survive.

The coefficients κH , ζH , 1/κN ,Λ/κN are given by fre-
quency and wave-vector integrals that arise within the

perturbative calculation, and are described in appendix
I. In particular ζH , 1/κN ,Λ/κN are dimension-full, with
mass dimensions 2, 1, 3, and naively diverge. In other
words, they are UV sensitive. On the other hand, κH is
dimensionless and UV insensitive. With no regulariza-
tion, one finds

κH =
1

48π

sgn (m) o

2
. (7.9)

Thus, the effective action for a single Majorana spinor
can be written as

WRC [e, ω] =
1/2

96π

sgn (m) o

2
W [e, ω] + · · · (7.10)

where

W [e, ω] =

∫
M3

Q3 (ω̃)−
∫
M3

R̃eaDea (7.11)

is the sum of gCS and gpCS, and the dots include UV
sensitive terms, or terms of a higher order in derivatives
or perturbations, as described above.

Since the lattice model implies a finite physical cutoff
ΛUV for wave-vectors, (7.10) is exact only for m/ΛUV →
0. For non-zero m there are small O (m/ΛUV ) correc-
tions18 to (7.10). We will keep these corrections implicit
for now, and come back to them in section VII C.

3. Summing over Majorana spinors

As discussed in sections III and IV, the continuum de-
scription of the p-wave SC includes four Majorana spinors
labeled by 1 ≤ n ≤ 4, with masses mn, which are cou-
pled to vielbeins e(n). Let us repeat the necessary de-
tails. The vielbein e(1) is associated with the order pa-
rameter δ of the underlying lattice model, as in (5.2),
up to an unimportant rescaling by the lattice spacing
a. For this reason we treat it as a fundamental vielbein
and write e = e(1) in some expressions. The other viel-

beins
(
e(n)

) µ
a

are obtained from e by multiplying one of
the columns µ = x, y or both by −1. This implies that
o = o1 = o3 = −o2 = −o4, and that the metrics gµν(n) are

identical apart from gxy = gxy(1) = gxy(3) = −gxy(2) = −gxy(4).

With this in mind, we can sum over the four Majorana
spinors and obtain and effective action for the p-wave SC,

WSC [e, ω] =

4∑
n=1

WRC

[
e(n), ω

]
(7.12)

=
1/2

96π

4∑
n=1

sgn (mn) on
2

W
[
e(n), ω

]
+ · · ·

18 All expressions here are with ~ = clight = 1. Restoring units one

finds m
ΛUV

∼ max(t,µ)
δ

and so m
ΛUV

� 1 in the relativistic regime.
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Note that the Chern number of the lattice model is given
by ν =

∑4
n=1 sgn (mn) on/2, but sinceW also depends on

the different vielbeins e(n), (7.12) does not only depend
on ν in the general case.

Some simplification is possible however. Since e(1) =
e(3) and e(2) = e(4) up to a space-time independent
SO (2) (U (1)) transformation,

WSC [e, ω] =

2∑
l=1

νl/2

96π
W
[
e(l), ω

]
+ · · · (7.13)

=

2∑
l=1

νl/2

96π

∫
M3

Q3

(
ω̃(l)

)
+ · · ·

where in the second line, we have only written
explicitly gCS terms. Here we defined ν1 =
o1
2 (sgn (m1) + sgn (m3)) , ν2 = o2

2 (sgn (m2) + sgn (m4))
which are both integers ν1, ν2 ∈ Z. The Chern number
of the lattice model is given by the sum ν = ν1 + ν2.
Thus the lattice model seems to behave like a bi-layer,
with layer index l = 1, 2. In the topological phases of the
model ν1 = 0, ν = ν2 = ±1, and so

WSC [e, ω] =
ν/2

96π
W
[
e(2), ω

]
+ · · · (7.14)

=
ν/2

96π

∫
M3

Q3

(
ω̃(2)

)
+ · · ·

where again, in the second line we have only written ex-
plicitly the gCS term. This result is close to what one
may have guessed. In the topological phases with Chern
number ν 6= 0, the effective action contains a single gCS

term, with coefficient ν/2
96π . A result of this form has

been anticipated in [4, 26, 31, 32, 62], but there are a
few details which are important to note. First, apart
from gCS, W also contains the a gpCS term of the form∫
M3
R̃eaDea, which is possible due to the emergent tor-

sion. Second, the connection that appears in the CS form
Q3 is a LC connection, and not the torsion-full connection
ω. Moreover, this LC connection is not ω̃, but a modi-
fication of it ω̃(2), where the subscript (2) indicates the
effect of the multiple Majorana spinors in the continuum
description of the lattice model. Third, the geometric
fields e, ω are given by ∆, A.

In the trivial phases ν1 = −ν2 ∈ {−1, 0, 1}, ν = 0, and
we find

WSC [e, ω] =
ν1/2

96π

[
W
[
e(1), ω

]
−W

[
e(2), ω

]]
+ · · · (7.15)

=
ν1/2

96π

[∫
M3

Q3

(
ω̃(1)

)
−
∫
M3

Q3

(
ω̃(2)

)]
+ · · ·

This result is quite surprising. Instead of containing no
gCS terms, some trivial phases contain the difference of
two such terms, with slightly different spin connections.
One may wonder if these trivial phases are really trivial
after all. This is part of a larger issue which we now
address.

C. Symmetries of the effective action

By considering the gauge symmetry of the effective ac-
tion we can reconstruct the topological phase diagram
appearing in Fig.3 from (7.13). This will also help us un-
derstand which of our results are special to the relativis-
tic limit, and which should hold throughout the phase
diagram. By gauge symmetry we refer in this section
to the SO (2) subgroup of SO (1, 2), which corresponds
to the physical U (1) symmetry of the p-wave SC. Equa-
tion (7.8) shows that we can equivalently consider Diff
symmetry. The physical reason for this equivalence is
that the p-wave order parameter is charged under both
symmetries, and therefore maps them to one another.

The effective action was calculated within perturbation
theory on the space-time manifold M3 = Rt×R2, but for
this discussion, we use its locality to assume it remains
locally valid on more general M3, which may be closed
(compact and without a boundary) or have a boundary.
A closed space-time is most simply obtained by working
on M3 = Rt ×M2 with M2 closed, and with background
fields ∆, A which are periodic in time, such that Rt can
be compactified to a circle.

As described in appendix F, a non singular order pa-
rameter endows M3 with an orientation and a spin struc-
ture, and in particular requires that M2 be orientable
[85], which we assume. Thus, for example, we exclude
the possibility of M2 being the Mobius strip. Moreover,
a non singular order parameter on a closed M2 requires
that M2 contain (g − 1) o magnetic monopoles [4], where
g is the genus of M2, and we assume that this condition is
satisfied. For example, if M2 is the sphere then it must
contain a single monopole or anti-monopole depending
on the orientation o [86, 87].

1. Quantization of coefficients

The first fact about the gCS term that we will need,
is that gauge symmetry of α

∫
M3

Q3 (ω̃) for all closed

M3 requires that α be quantized such that α ∈ 1
192πZ,

see equation (2.27) of [88]. In order to understand how
generic is our result (7.13), we will check what quantiza-
tion condition on α1, α2 is required for gauge symmetry of
α1

∫
M3

Q3

(
ω̃(1)

)
+α2

∫
M3

Q3

(
ω̃(2)

)
on all closed M3. Fol-

lowing the arguments of [88] we find that α1+α2 ∈ 1
192πZ,

but α1, α2 ∈ R are not separately restricted, see appendix
G. It is therefore natural to define α = α1+α2 and rewrite

α1

∫
M3

Q3

(
ω̃(1)

)
+ α2

∫
M3

Q3

(
ω̃(2)

)
(7.16)

= α

∫
M3

Q3

(
ω̃(2)

)
+ α1

∫
M3

[
Q3

(
ω̃(1)

)
−Q3

(
ω̃(2)

)]
,

where α ∈ 1
192πZ but α1 ∈ R. Comparing with the

result (7.13), we identify α = ν/2
96π , α1 = ν1/2

96π , and
we conclude that ν must be precisely an integer and
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equal to the Chern number, while ν1 need not be quan-
tized. We therefore interpret the O (m/ΛUV) corrections

to α = ν/2
96π produced in our computation as artifacts of

our approximations19, which must vanish due to gauge
invariance. On the other hand, we interpret the quanti-

zation α1 = ν1/2
96π as a special property of the relativistic

limit with both m∗ → ∞ and m → 0, which should not
hold throughout the phase diagram.

So far we have only considered gCS terms. As already
explained, the gpCS term is gauge invariant on any M3,
and we therefore see no reason for the quantization of its
coefficient. Explicitly, −β

∫
M3
R̃eaDea is gauge invari-

ant for all β ∈ R. Thus we interpret the approximate
quantization of the coefficients of gpCS terms as a spe-
cial property of the relativistic limit, which should not
hold throughout the phase diagram. We note that even
for a relativistic spinor any β ∈ R can be obtained, by
adding a non minimal coupling to torsion [78].

In light of the above, it is natural to interpret (7.13)
as a special case of

WSC [e, ω] =
ν/2

96π

∫
M3

Q3

(
ω̃(2)

)
(7.17)

+α1

∫
M3

[
Q3

(
ω̃(1)

)
−Q3

(
ω̃(2)

)]
−β1

∫
M3

R̃(1)e
a
(1)De(1)a − β2

∫
M3

R̃ea(2)De(2)a + · · ·

where ν ∈ Z is the Chern number and α1, β1, β2 are ad-
ditional, non quantized, yet dimensionless, response co-
efficients. In the relativistic limit α1, β1, β2 happen to
be quantized, but this is not generic. Only the first gCS
term encodes topological bulk responses, proportional to
the Chern number ν, and below we will see that only this
term is related to an edge anomaly. We can also write
(7.17) more symmetrically,

WSC [e, ω] (7.18)

=

2∑
l=1

[
αl

∫
M3

Q3

(
ω̃(l)

)
− βl

∫
M3

R̃(l)e
a
(l)De(l)a

]
+ · · ·

but here we must keep in mind the quantization condition

α1 + α2 = ν/2
96π ∈ 1

192πZ.
This equation should be compared with the result in

the relativistic limit (7.13), where αl, βl are all quan-
tized, and αl = βl. We note that the quantization of

19 Specifically, in obtaining the relativistic continuum approxi-
mation we split the Brillouin zone BZ into four quadrants
and linearized the lattice Hamiltonian (3.2) in every quad-
rant. Applying any integral formula for the Chern number
to the approximate Hamiltonian will give a result νapprx =
1
2

∑4
n=1 onsgn (mn) + O (m/ΛUV) which is only approximately

quantized in the relativistic regime, simply because the approx-
imate Hamiltonian is discontinuous on BZ. Nevertheless, the
known quantization ν ∈ Z and the fact that νapprx ≈ ν are

enough to obtain the exact result ν = 1
2

∑4
n=1 onsgn (mn).

αl, βl in the relativistic limit can be understood on di-
mensional grounds: in this limit there are simply not
enough dimension-full quantities which can be used to
construct dimensionless quantities, beyond sgn (mn) and
on. Of course, this does not explain why αl = βl in the
relativistic limit.

2. Boundary anomalies

We can strengthen the above conclusions by consider-
ing space-times M3 with a boundary. The second fact
about the gCS term that we will need is that it is not
gauge invariant when M3 has a boundary, even with a
properly quantized coefficient. In more detail, the SO (2)
variation of gCS is given by

δθ

∫
M3

Q3 (ω̃) = −tr

∫
∂M3

dθω̃. (7.19)

Up to normalization, the boundary term above is called
the consistent Lorentz anomaly, which is one of the forms
in which the gravitational anomaly manifests itself [19]20.
The anomaly tr

∫
∂M3

dθω̃ is a local functional that can

either be written as the gauge variation of a local bulk
functional, as it is written above, or as the gauge varia-
tion of a nonlocal boundary functional F [ω̃], such that
δθF [ω̃] =

∫
∂M3

dθω̃, but cannot be written as the gauge

variation of a local boundary functional [18]. The differ-
ence of two gCS terms is also not gauge invariant,

δθ

[∫
M3

Q3

(
ω̃(1)

)
−
∫
M3

Q3

(
ω̃(2)

)]
(7.20)

= −tr

∫
∂M3

dθ
(
ω̃(1) − ω̃(2)

)
,

but here there is a local boundary term that can produce
the same variation, given by tr

(
ω̃(1)ω̃(2)

)
.

The physical interpretation is as follows. Since F [ω̃] is
non local it can be interpreted as the effective action ob-
tained by integrating over a gapless, or massless, bound-
ary field coupled to e. These are the boundary chiral Ma-
jorana fermions of the p-wave SC. The statement that F
cannot be local implies that this boundary field cannot
be gapped. In this manner the existence of the gCS term
in the bulk effective action, with a coefficient that is fixed
within a topological phase, implies the existence of gap-
less degrees of freedom that cannot be gapped within a
topological phase. We will study this bulk-boundary cor-
respondence in more detail in section VIII. Naively, the
difference of two gCS terms implies the existence of two
boundary fermions with opposite chiralities, one of which

20 Generally speaking, consistent anomalies are given by symmetry
variations of functionals. We will also discuss below the more
physical covariant anomalies, which correspond to the actual
inflow of some charge from bulk to boundary
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is coupled to e(1) and the other coupled to e(2). The

boundary term
∫
∂M3

tr
(
ω̃(1)ω̃(2)

)
can only be generated

if the two counter propagating fermions are coupled, and
its locality indicates that this coupling can open a gap.
Thus the term

∫
∂M3

tr
(
ω̃(1)ω̃(2)

)
represents the effect of

a generic interaction between two counter propagating
chiral Majorana fermions.

Again, as opposed to the gCS term, the gpCS term is
gauge invariant on any M3, and is therefore unrelated to
edge anomalies. Thus, in the effective action (7.17), only
the first gCS term is related to an edge anomaly.

3. Time reversal and reflection symmetry of the effective
action

Time reversal T and reflection R are discussed in ap-
pendices E 2 and E 3. The orientation o of the order
parameter is odd under both T,R, and it follows that
so are the coefficients νl. Therefore νl are T,R-odd re-
sponse coefficients. More generally, αl, βl in (7.18) are
T,R-odd response coefficients. As described in section
VII B 2, integrals over differential forms are also odd un-
der the orientation reversing diffeomorphisms T,R, and
therefore WSC is invariant under T,R.

D. Calculation of currents

To derive the currents we start with the expression

α1

∫
M3

Q3 (ω̃)− β1

∫
M3

R̃eaDea + · · · (7.21)

which is the effective action for the layer l = 1. We then
sum the results over l = 1, 2, as in (7.18), to get the full
low energy response of the lattice model, keeping in mind

that α1 + α2 = ν/2
96π ∈ 1

192πZ.

1. Bulk response from gravitational Chern-Simons terms

For the purpose of calculating the contribution of gCS
to the bulk energy-momentum tensor it is easier to use

Q3

(
Γ̃
)

instead of Q3 (ω̃). The result is [30, 90, 91]

〈Jµa〉gCS =
1

|e|
δ

δeaµ

[
α1

∫
M3

Q3

(
Γ̃
)]

= 4α1C̃
µ
a, (7.22)

where C̃ is the Cotton tensor, which can be written as

C̃µν = − 1√
g
ερσ(µ∇̃ρR̃ν)

σ . (7.23)

Relevant properties of the Cotton tensor are ∇̃µC̃µν = 0,

C̃µµ = 0, and C [µν] = 0. It follows from (7.22) that

〈tµcov ν〉gCS = − |e| 〈Jµν〉gCS = −4α1 |e| C̃µν . (7.24)

For order parameters of the form

∆ = eiθ (|∆x| ,±i |∆y|) (7.25)

the metrics for both layers l = 1, 2 are identical. Since C̃
only depends on the metric it follows that for such order
parameters the summation over l = 1, 2 gives

〈tµcov ν〉gCS = − |e| 〈Jµν〉gCS = −ν/2
96π

4 |e| C̃µν . (7.26)

Put differently, the difference of gCS terms in (7.18), with
coefficient α1, does not produce a bulk response for such
order parameters. This provides a simple way to separate
the topological invariant ν from the non quantized α1.

The Cotton tensor takes a simpler form if the geometry
is a product geometry, where the metric is of the form
ds2 = gαβ (xα) dxαdxβ +σdz2. Here σ = ±1 depends on
whether z is a space-like or time-like coordinate, and we
will use both in the following. The two coordinates xα

are space-like if z is time-like and mixed if z is space-like.
In this case the curvature is determined by the curvature
scalar, which corresponds to the curvature scalar of the
two dimensional metric gαβ . In particular Rαβ = 1

2Rδαβ
and the other components of Rµν vanish. Then

〈Jαz〉gCS = 〈Jzα〉gCS = α1
1

|e|ε
zαβ∂βR̃, (7.27)

and the other components vanish. In terms of tµcov ν ,

〈tαcov z〉gCS = −α1σε
zαβ∂βR̃, (7.28)

〈tzcov α〉gCS = −α1gαβε
zβγ∂γR̃.

Taking z = t is natural in the context of the p-wave
SC, since the emergent metric (5.3) is always a product
metric if ∆ is time independent. Then, with a general
time independent order parameter,〈

J iE
〉

gCS
=
〈
ticov t

〉
gCS

= −α1ε
ij∂jR̃, (7.29)

〈Pi〉gCS =
〈
ttcov i

〉
gCS

= −α1gikε
kj∂jR̃,

where R̃ is the curvature associated with the spatial met-
ric gij = −∆(i∆j)∗. Again, for order parameters of the
form (7.25) the metrics for both layers l = 1, 2 are iden-
tical, and the summation over l = 1, 2 produces〈

J iE
〉

gCS
= −ν/2

96π
εij∂jR̃, (7.30)

〈Pi〉gCS = −ν/2
96π

gikε
kj∂jR̃.

These are the topological bulk responses described in sec-
tion II C 1. It is also usefull to consider order parameters
of the form

∆ = ∆0e
iθ
(
1, eiφ

)
, (7.31)

where φ is space dependent. Here the metrics satisfy
gxy = gxy(1) = −gxy(2) = ∆2

0 cosφ, with the other compo-

nents constant, and therefore the Ricci scalars satisfy
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R = R(1) = −R(2). The summation over l = 1, 2 for
such order parameters then gives〈

J iE
〉

gCS
= − (α1 − α2) εij∂jR̃. (7.32)

Unlike the sum α1 + α2 = ν/2
96π , the difference α1 − α2 =

2α1− ν/2
96π is not quantized. The response (7.32) is there-

fore not a topological bulk response. Measuring 〈JE〉 for
an order parameter such that R = R(1) = R(2), and then
for an order parameter such that R = R(1) = −R(2), al-
lows one to fix both α1, α2, or both ν and α1.

To demonstrate how closely (7.32) can resemble a topo-
logical bulk response, we go back to the lattice model. In
the relativistic limit we found that some trivial phases,

where ν = 0, have α1 = ν1/2
192π 6= 0. It follows that these

trivial phases have in the relativistic limit a quantized
response〈

J iE
〉

gCS
= −2α1ε

ij∂jR̃ = − ν1

96π
εij∂jR̃, (7.33)

for order parameters ∆ = ∆0e
iθ
(
1, eiφ

)
.

Another case of interest is when z is a spatial coordi-
nate. As an example, we take z = y. This decompo-
sition is less natural in the p-wave SC, as can be seen
from (5.3). It allows for time dependence, but restricts
the configuration the order parameter can take at any
given time. A simple example for an order parameter
that gives rise to a product metric with respect to y is
∆ = ∆0e

iθ(t,x) (1 + f (t, x) ,±i), which is a perturbation
of the px ± ipy configuration with a small real function
f . Then

〈tycov α〉gCS = −ν/2
96π

gαβε
βγy∂γR̃, (7.34)

where we have summed over l = 1, 2. This an interest-
ing contribution to the x-momentum current and energy
current in the y direction. If we consider, as in Fig.1, a
boundary or domain wall at y = 0, between a topological
phase and a trivial phase where ν = 0, we see that there is
an inflow of energy and x-momentum into the boundary
from the topological phase. This shows that energy and
x-momentum are accumulated on the boundary, at least
locally, which corresponds to the boundary gravitational
anomaly. We complete the analysis of this situation from
the boundary point of view in section VIII C.

2. Bulk response from the gravitational pseudo
Chern-Simons term

The gpCS term −β1

∫
M3
R̃eaDea contributes to the

energy-momentum tensor, and also provides a contribu-
tion to the spin density,

〈Jµν〉gpCS =β1

{
1

|e|ε
µνρ∂ρR̃ −

1

|e|ε
µρσR̃T νρσ (7.35)

+ 2o
[(
∇̃µ∇̃ν − gµν∇̃2

)
− R̃µν

]
c

}
.〈

Jabµ
〉

gpCS
=β1oR̃εabce µc

These are calculated in appendix H.
Using (7.4), the above contribution to the spin density

corresponds to a contribution to the charge density,〈
J t
〉

gpCS
= 4β1o |e| R̃. (7.36)

The most notable feature of this density is that it is not
accompanied by a current, even for time dependent back-
ground fields, where ∂µ 〈Jµ〉 = ∂t 〈J t〉 6= 0. This repre-
sents the non conservation of fermionic charge in a p-wave
SC (6.2). The appearance of o can be understood from
(7.7). One can also understand the appearance of o based

on time reversal symmetry. Since both J t and R̃ are time
reversal even, the coefficient of the above response cannot
be β1, which is time reversal odd.

We now discuss the energy-momentum contributions
〈Jµν〉gpCS in (7.35), with the purpose of comparing them

to the gCS contributions 〈Jµν〉gCS. To do this in the
simplest setting, we restrict to a product geometry with
respect to the coordinate z as described in the previous
section. We will also assume for simplicity that torsion
vanishes, and generalize to non-zero torsion in appendix
H. For a torsion-less product geometry 〈Jµν〉gpCS reduces
to

−〈Jαz〉gpCS = 〈Jzα〉gpCS = β1
1

|e|ε
zαβ∂βR̃. (7.37)

Note that while the gpCS term vanishes in a torsion-less
geometry, the currents it produces, given by its functional
derivatives, do not. Comparing with (7.27), we see that
〈Jzα〉gpCS ∝ 〈Jzα〉gCS, while 〈Jαz〉gpCS ∝ −〈Jαz〉gCS,

with the proportionality constant α1/β1, that goes to 1
in the relativistic limit. This demonstrates the similarity
between the gpCS and gCS terms.

In particular, we find in a time independent situation
the following contributions to the energy current and mo-
mentum density,〈

J iE
〉

gpCS
=
〈
ticov t

〉
gpCS

= β1ε
ij∂jR̃, (7.38)

〈Pi〉gpCS =
〈
ttcov i

〉
gpCS

= −β1gikε
kj∂jR̃.

Comparing with (7.29), we see that 〈Pi〉gpCS ∝ 〈Pi〉gCS,

while
〈
J iE
〉

gpCS
∝ −

〈
J iE
〉

gCS
. This sign difference can

be understood from the density response (7.36), and the
relation (6.19) between the operators JE and P , in the
relativistic limit. With vanishing torsion it reduces to

JjE − gjkPk =
o

2
εjk∂k

(
1

|e|J
t

)
. (7.39)

Thus the gCS contributions (7.29) satisfy
〈
JjE

〉
gCS
−

gjk 〈Pk〉gCS = 0 because gCS does not contribute to the
density. On the other hand, the gpCS does contribute to

the density, which is why
〈
JjE

〉
gpCS

− gjk 〈Pk〉gpCS 6= 0.

This conclusion holds regardless of the value of the coeffi-
cient β1 of gpCS. One can therefore fix the value of β1 by
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a measurement of the density, and thus separate the topo-
logical bulk responses (gCS) from the non-topological
bulk responses (gpCS).

More accurately, we have seen that the lattice model
behaves as a bi-layer with layer index l = 1, 2, and there
are actually two coefficients β1, β2. As in the previous
section, one can extract both β1, β2 by first considering
an order parameter (7.25) such that R = R(1) = R(2),
and then considering an order parameter (7.31) such that
R = R(1) = −R(2).

Another case of interest is when z is a spatial coor-
dinate, and as in the previous section we take z = y,
∆ = ∆0e

iθ(t,x) (1 + f (t, x) ,±i). We then find from

(7.37), 〈Jyα〉gpCS = β1
1
|e|ε

zαβ∂βR̃, or

〈tycov α〉gpCS = −β1gαβε
βγy∂γR̃. (7.40)

In the presence of a boundary (or domain wall) at y =
0, this describes an inflow of energy and x-momentum
from the bulk to the boundary, such that 〈tycov α〉gpCS ∝
〈tycov α〉gCS. After summing over l = 1, 2 one finds the

proportionality constant α1+α2

β1+β2
, that goes to 1 in the rel-

ativistic limit. Nevertheless, we argue that 〈tycov α〉gCS
corresponds to a boundary gravitational anomaly while
〈tycov α〉gpCS does not, in accordance with section VII C 2.
The relation between gCS and the boundary gravita-
tional anomaly is well known within the gravitational
description, and will be described from the p-wave SC
point of view in section VIII C. The fact that 〈tycov α〉gpCS
is unrelated to any boundary anomaly follows from the
fact that it is SO (1, 2) and Diff invariant. Due to this
invariance the bulk gpCS term produces not only the
bulk currents (7.35), but also boundary currents, such
that bulk+boundary energy-momentum is conserved. In
a product geometry with z = y we find the boundary
currents

〈
jαβ
〉

gpCS
=− β1

1

|e|ε
αβyR̃, (7.41)〈

jabµ
〉

gpCS
=0,

which are calculated in appendix H. We see that

∇̃α
〈
jαβ
〉

gpCS
=
〈
Jyβ
〉

gpCS
. (7.42)

This conservation law is the statement of bulk+boundary
conservation of energy-momentum within the gravita-
tional description. It can be understood from (6.31), by
noting that the source terms in (6.31) vanish because〈
jabµ

〉
gpCS

= 0, and because we assumed torsion van-

ishes. The additional source term
〈
Jyβ
〉

gpCS
, absent in

(6.31), represents the inflow from the bulk. In section
VIII C we translate (7.42) to the language of the p-wave
SC.

VIII. BOUNDARY FERMIONS AND
GRAVITATIONAL ANOMALY

It is well known that the p-wave SC has localized de-
grees of freedom on curves in space where the Chern num-
ber ν jumps, due to boundaries, or domain walls in ∆ or
µ, which at low energies are D = 1 + 1 chiral Majo-
rana spinors [4]. In this section we derive the action for
the boundary spinor in the presence of a space-time de-
pendent order parameter, and describe its gravitational
anomaly and corresponding anomaly inflow.

We start by deriving the boundary action in the geo-
metric description in section VIII A, then review the rele-
vant facts regarding the boundary gravitational anomaly
within the gravitational description in section VIII B, and
finally translate the results back to the p-wave SC lan-
guage in section VIII C.

The form of the boundary action in both the geometric
description (8.8) and in the p-wave SC language (8.17)
is not surprising, and within the geometric description
the gravitational anomaly and anomaly inflow are well
known. It is the implication of gravitational anomaly and
anomaly inflow for the p-wave SC, through the emergent
geometry described in sections V and VI, which is the
result of this section.

A. Boundary fermions in a product geometry

We take the space time manifold to be R × R2, and
assume that the vielbein has a product form with respect
to the spatial coordinate y,

eA = eAα (xα) dxα, ey = ody, (8.1)

where α, β, · · · ∈ {t, x} and A,B, · · · ∈ {0, 1} (unlike the
notation of section V where A,B, · · · ∈ {1, 2}). To ac-
count for the orientation o = sgn

(
deteaµ

)
of the viel-

bein explicitly, we assumed eAα has a positive orientation,
and wrote ey = ody. To be concrete we take o = 1 for
now. It follows that the metric also has the product form
ds2 = gαβ (xα) dxαdxβ − dy2 where gαβ = eAαηABe

B
β .

The form of the vielbein implies that the LC spin con-
nection only has the nonzero components ω̃ABα, which
only depend on t, x. We also assume that the spin con-
nection only has nonzero components ωABα and depends
only on t, x. Under these assumptions c = Cabcε

abc = 0,
and therefore torsion simply drops out from the action,
as can be seen from the form (A8). This is a result of the
low dimensionality of the problem. We further assume
that the mass has the form of a flat domain wall in the
y direction. By this we mean m = m (y) with boundary
conditions m → ±m0 as y → ±∞, and m0 6= 0, which
corresponds to an interface between two distinct phases.
To be concrete we take m0 > 0 for now. SRC then takes
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the form

SRC =
1

2

∫
d3x |e|χ

[
ie αA γ

AD̃α + iγ2∂y −m (y)
]
χ.

(8.2)

This separable form implies the decomposition described
in [22, 92], which we now apply to the present situation.
Defining a = ∂y − m (y) , a† = −∂y − m (y) , P± =
1
2

(
1± iγ2

)
, the action takes the form

SRC =
1

2

∫
d3x |e|χ

[
ie αA γ

AD̃α + aP+ + a†P−

]
χ.

(8.3)

The operators h+ = a†a and h− = aa† are hermitian
and non negative. The positive parts of their spectrum
coincide. We denote the positive eigenvalues by λ2 > 0,
including both the discrete and continuous parts of the
spectrum, with the corresponding eigenfunctions φλ,±
satisfying h±φλ,± = λ2φλ,±. These eigenfunctions of h±
are related by φλ,+ = 1

λa
†φλ,−, φλ,− = 1

λaφλ,+, where
the sign chosen for λ is arbitrary, and for concreteness we
take λ > 0. Each set of eigenfunctions can be assumed
to be orthonormal

∫∞
−∞ dyφ∗λ,±φλ′,± = δλλ′ . Apart from

the positive part of the spectrum, there can also be a
unique eigenfunction with eigenvalue zero, a zero mode,
for h+ or h− but not both. The only candidates are

φ0,± (y) ∝ e±
∫ y
0
m(s)ds, and a zero mode exists when one

of these functions is normalizable. With our choice of
boundary conditions for m, only φ0,− is normalizable.
In terms of these eigenfunctions, the natural orthogonal
decomposition of the spinor χ is

χ (x, y, t) =P+χ (x, y, t) + P−χ (x, y, t)

=
∑
λ>0 [χλ,+ (x, t)φλ,+ (y) + χλ,− (x, t)φλ,− (y)]

+ χ0,− (x, t)φ0,− (y) , (8.4)

where χλ,± are spinors of definite chirality, P±χλ,± =
χλ,±. Inserting this decomposition into (8.3) we obtain

SRC =
1

2

∫
d2x |e|χ0,−ie

α
A γ

AD̃αχ0,− (8.5)

+
∑
λ>0

1

2

∫
d2x |e|χλ

[
ie αA γ

AD̃α + λ
]
χλ,

where χλ = χλ,− + χλ,+. Thus the action splits into an
infinite sum of actions for independent D = 1+1 spinors,
coupled to RC geometry, which in the D = 1 + 1 case is
the same as the coupling to Riemannian geometry. The
spinor corresponding to the zero mode is chiral, massless,
and exponentially localized on the domain wall as can be
seen from the expression φ0,− (y) ∝ e−

∫ y
0
m(s)ds. It repre-

sents the robust boundary state that exists between two
distinct topological phases. The chiral boundary spinor
exhibits a gravitational anomaly, which we describe in
the following.

All other spinors are non chiral and massive with
masses λ 6= 0. It is useful to think of the eigenvalue

problems h±φλ,± =
(
−∂2

y +m2 (y)±m′ (y)
)
φλ,± as one

dimensional time independent Schrodinger problems to
understand the eigenvalues λ and eigenfunctions φλ,±
[22, 92]. Almost all of the massive spinors correspond
to delocalized bulk degrees of freedom, with the func-
tions φλ,± (y) corresponding to “scattering states” of the
“Hamiltonians” h±. Additionally, there can be a finite
number of “bound states” φλ,±, in which case χλ corre-
sponds to an additional non-chiral boundary state, which
is not robust, and can always be removed by making the
domain wall narrower, or the bulk masses ±m0 smaller.

Since the action splits into a sum of D = 1+1 fermionic
actions and the decomposition (8.4) is orthogonal, the
effective action also splits into a sum

WRC [e, ω] = W−R [e] +
∑
λ>0

WR [e;λ] , (8.6)

where WR [e;λ] is the effective action obtained by inte-
grating over a D = 1 + 1 Majorana spinor with mass
λ 6= 0 coupled to Riemannian geometry, and W±R [e]
is the effective action obtained by integrating over a
D = 1 + 1 massless chiral Majorana spinor coupled to
Riemannian geometry, with chirality ±. Above we as-
sumed m (±∞) = ±m0 with m0 > 0 and o = 1. Gener-
alizing slightly, the net chirality of the boundary spinors
is given by

C =
o

2
sgn (m (∞))− o

2
sgn (m (−∞)) . (8.7)

The action S±R = 1
2

∫
d2x |e|χ0,±ie

α
A γ

AD̃αχ0,± for a
single chiral Majorana spinor coupled to Riemannian ge-
ometry can be simplified by using a Majorana represen-
tation for the Clifford algebra, as described in appendix
E 1. In the Majorana representation χ0,± = ξv± where
ξ is a single-component real Grassmann field and v± are
the normalized eigenvectors of iγ2,

(
iγ2
)
v± = ±v±. The

action S±R then reduces to

S±R =
i

2

∫
d2x |e| ξe α∓ ∂αξ, (8.8)

where e α∓ = e α0 ∓ e α1 .

B. Boundary gravitational anomaly and anomaly
inflow

The chiral boundary spinor does not couple to the spin
connection ω, and therefore does not distinguish the RC
background from a Riemannian background described by
the vielbein. This can be seen by examining the 1 + 1
dimensional version of the conservation laws described
in section VI B for the energy-momentum tensor jαA =
1
|e|

δS±R
δeAα

and spin current jABα = 1
|e|

δS±R
δωABα

of the boundary

spinor. As in section VI B, these follow from the Diff
and Lorentz gauge symmetries of the “classical” action
S±R . Since the boundary fermion does not couple to ω, its
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spin current vanishes, jABα = 0. Therefore (6.24) takes
the form

j[AB] = 0, (8.9)

expressing the symmetry of the boundary energy-
momentum tensor, as in Riemannian geometry. The
energy-momentum conservation law (6.30) then takes the
form ∇αjαβ − jαβT

γ
γα = TAβαj

α
A, which reduces to

∇̃αjαβ = C β
AB j[AB] = 0, (8.10)

where ∇̃ is the LC covariant derivative. This is the
energy-momentum conservation law in a background Rie-
mannian geometry. The energy-momentum tensor is
given explicitly by

jαβ = − i
2
e α∓ ξ∂βξ, (8.11)

up to a term that vanishes on the equation of motion for
ξ, ie α∓ ∂αξ + i

2ξ |e|
−1
∂α
(
|e| e α∓

)
= 0, which can also be

written in a manifestly covariant form. One can verify
that jαβ is conserved, symmetric, and traceless on the
equation of motion.

Chiral Majorana fermions in D = 1 + 1 coupled to
Riemannian geometry exhibit a gravitational anomaly,
which implies that while the “classical” action S±R is in-
variant under both Diff and Lorentz gauge transforma-
tions, the corresponding effective action W±R is not 21.
A physical manifestation of this phenomena is that the
“classical” conservation law ∇̃αjαβ = 0 is violated quan-

tum mechanically, ∇̃α
〈
jαβ

〉
6= 0. The anomaly can be

calculated by various techniques [19, 29], the simplest of
which is the calculation of a single Feynman graph, as
was originally done in [28] for the two dimensional Weyl
spinor, and is reviewed in [29] part 5.1.2 for the case of a
Majorana-Weyl spinor relevant for this paper. The grav-
itational anomaly22 is given by [19]

∇̃α
〈
jαβ
〉

=
ν/2

96π

1

|e|ε
yβα∂αR̃. (8.12)

21 W±R is an example for the nonlocal boundary functional F dis-
cussed in section VII C.

22 There are a few ambiguities in describing what the gravitational
anomaly is from an intrinsic boundary point of view. First, there
is the issue of covariant versus consistent anomalies which also
exists in gauge anomalies [19]. See also [30] and part 2 of [93] for
a short review. Then, for the consistent gravitational anomaly,
there is the issue of Lorentz anomalies versus Einstein (Diff)
anomalies where one can obtain an effective boundary action
that is invariant under local Lorentz transformations but not
under Diff , or vice versa [19]. It is also useful to discuss linear
combinations of the Einstein and Lorentz anomalies, related to
the symmetry of the effective action under the Lorentz-covariant
Diff action (6.28), see part 6.3 of [29]. All of these ambiguities
are resolved when calculating the boundary energy-momentum
tensor within the anomaly inflow mechanism: the bulk gCS term
contributes to the boundary energy-momentum tensor, assuring
it is symmetric and covariant, so that the physically relevant
gravitational anomaly is the covariant Einstein anomaly [30],
which is what we refer to here as “the gravitational anomaly”.

The physical interpretation of the anomaly, within the
gravitational theory, is obtained by identifying the right
hand side with the energy-momentum inflow from the
bulk, (7.27). Then (8.12) can be written as

∇̃α
〈
jαβ
〉

=
〈
Jyβ
〉
, (8.13)

which, together with the bulk conservation equation
(6.30), is just the statement of energy-momentum conser-
vation for a system with a boundary. This is the anomaly
inflow mechanism, recasting what appears to be energy-
momentum non-conservation in a D = 1 + 1 system, as
energy-momentum conservation in a D = 2 + 1 system
with a boundary.

C. Implication for the p-wave SC

Let us now apply the above to the p-wave SC with a
flat domain wall in the chemical potential, µ (y), which
physically represents a fixed chemical potential and an
additional y-dependent electric potential. To obtain an
emergent geometry which is a product geometry, we take
the order parameter to be of the form ∆ = (∆x,∆y) =
∆0e

iθ(t,x) (1 + f (t, x) ,±i) 23 with ∆0 > 0 and small f .
We also assume that Ay = 0 and At, Ax are functions of
t, x. This corresponds to a perturbation of the px ± ipy
configuration. Note that assuming Ay = 0 involves a par-
tial U (1) gauge fixing, leaving only y independent gauge
transformations α (t, x). These are the U (1) gauge trans-
formations that will be considered in this subsection. Af-
ter further U (1) gauge fixing such that θ 7→ 0, using a
gauge transformation α (t, x) = −θ (t, x) /2 24, the in-
verse vielbein will be of the form

e µa =

 1 0 0
0 1 + f (t, x) 0
0 0 ±1

 , (8.14)

so the vielbein is of the product form (8.1) with o = ±1.
The corresponding inverse metric is given by

gµν =

 1 0 0

0 − (1 + f (t, x))
2

0
0 0 −1

 . (8.15)

We will also need the Ricci scalar for this metric,

R̃ =
2
(

(1 + f) ∂2
t f − 2 (∂tf)

2
)

(1 + f)
2 . (8.16)

23 Assuming that µ depends on y but ∆ is independent of y may not
be self consistent. Nevertheless, it is a simple ansatz that allows
for a description of the boundary fermion and its anomaly, which
is fixed within a topological phase [4].

24 Here we are explicitly assuming that there are no vortices, such
that α = −θ/2 is a gauge transformation.
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Recalling that µ determines the bulk masses mn, we can
use the formula ν = 1

2

∑4
n=1 onsgn (mn) for the Chern

number in terms of the low energy data, and (8.7),
to express the net chirality of the boundary spinors as
C =

∑4
n=1 Cn = ∆ν, where Cn = on

2 sgn (mn (y =∞))−
on
2 sgn (m (y = −∞)) and ∆ν = ν (y =∞)−ν (y = −∞).

This relation between the boundary net chirality C and
the Chern number difference ∆ν is the well known bulk-
boundary correspondence. It can be derived from index
theorems as described in [9], but in the following we will
place it on a more physical footing by describing it as
a consequence of energy-momentum conservation. Let
us now rewrite the action (8.8) in terms of the p-wave
SC quantities and in physical units (without setting the
emergent speed of light ∆0 to 1, but with ~ = 1),

S±e =
i

2

∫
dtdxξ̃ (∂t ∓ |∆x (t, x)| ∂x) ξ̃. (8.17)

Here |∆x| = ∆0 (1 + f) and ξ̃ = |e|1/2 ξ is a chiral
Majorana spinor density from the geometric point of
view, but a chiral Majorana spinor from the physical
flat space point of view. As an operator ξ̃ satisfies{
ξ̃ (x1) , ξ̃ (x2)

}
= δ (x1 − x2). We see that |∆x| acts as a

space-time dependent velocity for the boundary fermions,
which reduces to a constant ∆0 in the px± ipy configura-

tion. Note that both fields |∆x| , ξ̃ are uncharged under
U (1). This is clear for |∆x|, and to see this explicitly for

ξ̃ we relate it to the original spin-less fermion ψ and the
(phase of the) order parameter ∆,

ψ (t, x, y) ∝ ξ̃ (t, x) eiθ(t,x)/2φ0,± (y) + · · · (8.18)

where φ0,± (y) ∝ e±
∫ y
0
m(s)ds was defined in section

VIII A and the dots represent the massive bulk modes
and additional non robust massive boundary modes.
From this expression it is clear that ξ̃ is uncharged even
though ψ is.

Let us now consider the energy-momentum conserva-

tion law for the boundary. The expression ∇̃α
〈
jαβ

〉
= 0

involves the covariant derivative, and is therefore inap-
propriate from the p-wave SC point of view, where space-
time is flat and e is just the order parameter and has
no geometric role. We already described how to inter-
pret covariant energy-momentum conservation laws from
the flat space-time point of view in section VI A 2, where
we studied the bulk conservation laws. Here we sim-
ply repeat the procedure. We first relate the energy-
momentum tensor jαβ to the canonical boundary (or edge)

energy-momentum tensor tαe β , and write it in terms of ξ̃

tαe β = − |e| jαβ =
i

2
e α∓ ξ̃∂β ξ̃

=

{
i
2 ξ̃∂β ξ̃ α = t

∓ i
2 |∆x (t, x)| ξ̃∂β ξ̃ α = x

. (8.19)

This is the correct notion of energy and momentum from
the physical flat space-time point of view. Note that

the relation between tαe β and jαβ is the same as for the

bulk quantities (6.18), and that since ξ̃ is uncharged
the canonical energy-momentum tensor tαe β is automati-

cally U (1)-covariant. We then write the conservation law

∇̃α
〈
jαβ

〉
= 0 in terms of tαe β and using partial derivatives

as ∂αt
α
e β + i

2 ξ̃∂αξ̃∂βe
α
∓ = 0, or more explicitly,

∂αt
α
e β ∓

i

2
ξ̃∂xξ̃∂β |∆x| = 0. (8.20)

This is just a special case of the usual conservation law
(6.5) for the canonical energy-momentum tensor. As
usual, it describes the space-time dependence of the back-
ground field |∆x| as a source of energy-momentum for

the boundary fermion ξ̃. This is the “classical” analy-
sis of energy momentum-conservation for the boundary
fermion. Quantum mechanically, this equation acquires
a correction due to the anomaly and the presence of the
bulk. Translating the anomaly equation (8.12) to the flat
space-time point of view, we obtain

∂α
〈
tαe β
〉
∓ i

2

〈
ξ̃∂xξ̃

〉
∂β |∆x| = − ν

192π
gβγε

yγα∂αR̃.
(8.21)

As in the gravitational point of view, the right hand
side is actually the inflow of energy-momentum from the
bulk (7.34),

∂α
〈
tαe β
〉
∓ i

2

〈
ξ̃∂xξ̃

〉
∂β |∆x| =

〈
tycov β

〉
. (8.22)

This equation expresses the conservation of energy
(β = t) and x-momentum (β = x) on the domain
wall. Along with the bulk conservation equation (6.10),
∂µ 〈tµcov ν〉 = 1

2

〈
ψ†∂jψ

†〉Dν∆j + h.c+Fνµ 〈Jµ〉 25, it ex-
presses the sense in which energy-momentum is conserved
in a p-wave SC in the presence of a boundary, or domain
wall.

We thus obtain the equation ∆ν = C, usually referred
to as bulk boundary correspondence, as a direct conse-
quence of bulk+boundary energy-momentum conserva-
tion in the presence of a space-time dependent order pa-
rameter.

IX. CONCLUSION AND DISCUSSION

A. Chern-Simons terms and pseudo Chern-Simons
terms

In this paper we have shown that there is a topological
bulk response of the p-wave SC to a perturbation of its

25 We note that the domain wall acts as a source for y-momentum,
which is included in the term Fνµ 〈Jµ〉 since µ (y) is part of the
electric potential At.
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order parameter, which follows from a gCS term, and we
have described a corresponding gravitational anomaly of
the edge states. The coefficient of gCS was found to be

α = ν/2
96π where ν is the Chern number, as anticipated in

previous work. These results are based on a mapping of
the p-wave SC, in the regime where the order parameter
is very large, to a relativistic Majorana spinor in a curved
and torsion-full space-time. We provided arguments for
the validity of these results beyond the relativistic limit in
which they were computed, but it is of interest to preform
explicit computations beyond the relativistic limit.

The appearance of torsion in the emergent geometry
brought about a surprise: we found an additional term,
closely related but distinct from gCS, which we referred
to as gravitational pseudo Chern-Simons (gpCS), with a

dimensionless coefficient β = ν/2
96π = α. The gpCS term

is fully invariant under the symmetries we considered,
and is therefore unrelated to edge anomalies and does
not have to have a quantized coefficient. Therefore, the
quantization of β seems to be a property of the relativis-
tic limit, which will not hold throughout the phase di-
agram (this can be understood on dimensional grounds,
as explained below (7.18)). Computations beyond the
relativistic limit are required to test this expectation.

To put the gpCS term in a broader context, we would
like to draw an analogy to the behavior of the Hall con-
ductivity of the p-wave SC. There is theoretical work that
predicts a Hall conductivity in the p-wave SC, which, as
opposed to the IQHE, is not quantized [8, 63–68, 94, 95].
This Hall conductivity can be traced back to the follow-
ing term in the effective action for a p-wave SC, obtained
by integrating over the bulk fermions in the presence of
∆ = ∆0e

iθ (1,±i) and A,

−β′
∫

d3xDtθε
ij∂iAj = 2β′

∫
d3xAtB − β′

∫
d3x∂tθB,

(9.1)

where β′ is a coefficient to be discussed below. We will
refer to this term as a U (1) pseudo Chern-Simons (pCS)
term, though it has been referred to as Chern-Simons-
like, Chern-Simons-type, and also partial Chern-Simons
in previous work. This terminology reflects the similarity
to the U (1) CS term, which occurs in the IQHE but not
in a p-wave SC,

α′
∫
AdA = 2α′

∫
d3xAtB − α′

∫
d3xεijAi∂tAj . (9.2)

The U (1) pCS term was not obtained in this paper be-
cause, as explained in section IV B, in the relativistic
limit the coupling to the magnetic field is lost. This
term is fully gauge invariant, owing to the presence of
the phase of the charged order parameter in Eq. (9.2).
Thus, it is unrelated to edge anomalies, and β′ need not
be quantized. Explicit computation yields an unquan-

tized β′ that reduces to ν/2
4π in the limit ∆0 → 0 [65, 68],

which may be partially understood by dimensional anal-
ysis, as explained above for β. In contrast, the behavior

of U (1) CS under gauge transformations implies that it is
related to a boundary U (1) anomaly, and that α′ ∈ 1

4πZ.
The integer is the Chern number ν.

Let us now see how this is related to our results. We
found two terms in the effective action for a p-wave SC
that have dimensionless and UV insensitive coefficients.
The first is gpCS, which for vielbeins of the form (5.2),
and to first order in time derivatives (see appendix D),
can be written as

2oβ

∫
d3x |e| (−ω̃12t − 2At) R̃(2) (9.3)

=− 2oβ

∫
d3x |e| ω̃12tR̃(2) − 4oβ

∫
d3x |e|AtR̃(2),

where R̃(2) = 2o
|e|ε

ij∂iω̃12j , the curvature of a spatial slice,

is the geometric analog of B = εij∂iAj . The second term,
gCS, can be written as

−2α

∫
ω̃12dω̃12 (9.4)

=− 2oα

∫
d3x |e| ω̃12tR̃(2) + 2α

∫
d3xεijω̃12i∂tω̃12j ,

under the same assumptions. The similarity between the
two gravitational terms (9.3)-(9.4), as well as the analogy
with the two U (1) terms (9.1)-(9.2) is now manifest. The
gCS coefficient α must be quantized such that α ∈ 1

192πZ,

and is given by the Chern number α = ν/2
96π , while β need

not be quantized, but takes the value β = ν/2
96π = α in

the relativistic limit. With a properly quantized α and
away from boundaries, gCS is gauge invariant. In this
sense both gravitational terms are gauge invariant. For
the purpose of computing the bulk response, gCS only
depends on the metric (see equation (7.8)), which is the
uncharged Higgs part of the order parameter. On the
other hand, gpCS depends also on the charged phase θ.

The main point is that both U (1) and gravitational
pseudo Chern-Simons terms are possible due to the spon-
taneous breaking of U (1) symmetry in the p-wave SC.
They encode interesting bulk responses, which are closely
related but distinct from topological bulk responses. We
expect similar phenomena to occur in other topological
phases of matter with a spontaneously broken symmetry,
and a more general study awaits future work.

B. Real background geometry and manipulation of
the order parameter

In this paper we have considered the p-wave SC in flat
space, and focused on the emergent geometry described
by a general p-wave order parameter. It is also natu-
ral to consider the effect of a real background geometry,
obtained by deforming the 2-dimensional sample in 3-
dimensional space, possibly in a time dependent manner.
Treating this at the level of the lattice model is beyond
the scope of this paper, but we can take the p-wave SF
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as a starting point. On a deformed sample the p-wave
SF action (4.3) generalizes to

S
[
ψ̃; ∆, A,G

]
=

∫
d2+1x

√
G

[
ψ̃†
i

2

←→
Dtψ̃ (9.5)

− 1

2m∗
GijDiψ̃

†Djψ̃ −mψ̃†ψ̃ +

(
1

2
∆jψ̃†∂jψ̃

† + h.c

)]
,

which now depends on three background fields: the
order parameter ∆, the U (1) connection A, and the
real background metric G, coming from the embed-
ding of the 2-dimensional sample in 3-dimensional space.
This action is written for the fermion ψ̃, which satis-

fies
{
ψ̃† (x) , ψ̃ (y)

}
= δ(2) (x− y) /

√
G (x) as an opera-

tor. In this problem there are two (inverse) metrics, the
real Gij and emergent gij = ∆(i∆j)∗, and it is inter-
esting to study their interplay. In our analysis we have
focused on the relativistic limit, where m∗ →∞. In this
limit the metric G completely decouples from the action,
when written in terms of the fundamental fermion den-
sity ψ = G1/4ψ̃, see appendix C. Thus, results obtained
within the relativistic limit, are essentially unaffected by
the background metric G. This conclusion is appropriate
as long as the order parameter is treated as an indepen-
dent background field, which is always suitable for the
purpose of integrating out the gapped fermion density ψ.
One then obtains the bulk currents and densities that we
have described, which depend on the configuration of ∆,
and the question that remains is what this configuration
physically is. Two scenarios are of importance.

The first is when the order parameter is induced by
proximity to a 3-dimensional s-wave SC. In this case both
G and g are background metrics, a scenario similar to the
bi-metric description of anisotropic quantum Hall states
[96]. In this case the magnitude of the order parameter
depends on the distance between the sample and the s-
wave SC, so if the position of the s-wave SC is fixed but
the sample is deformed, a space-time dependent order
parameter is obtained. Of course, one can also obtain
the same effect by considering a flat sample and an s-
wave SC with a non flat surface. This provides one route
to a manipulation of the order parameter that will result
in the bulk effects we have described. Since vanishing
torsion, in the setting of this paper, is a compatibility
condition on A and ∆, and in this setup ∆ and A are
independent, the emergent geometry will in general be
torsion-full. For example, one may set A = 0 and ma-
nipulate ∆ as described above to obtain any emergent
torsion tensor. This provides a rather flexible setup in
which torsion-full geometries can be realized, compared
to the more standard approach in which the torsion de-
scribes lattice dislocations [78].

The second important scenario is that of an intrinsic
order parameter, in which case it is a dynamical field.
The order parameter naturally splits into a massive Higgs
part, which is precisely the emergent metric gij , and a
massless Goldstone part which is the overall phase θ.
The quantum theory of the emergent metric gij is on

its own an interesting problem, which should be similar
to theories of massive gravity [97], and to a recent bi-
metric theory of quantum Hall states with a gapped col-
lective excitation [98]. Nevertheless, as long as the probes
A,G are slow compared to the Higgs gap, gij can be
treated as fixed to its instantaneous ground state config-
uration, and it remains to find this configuration, which
in general will depend on the details of the microscopic
fermionic interaction. A common assumption in the liter-
ature is that, for an interaction that depends only on the
geodesic distance, the long wavelength ground state con-
figuration will be the curved space px±ipy configuration,

where the pairing term is 1
2∆0e

iθψ†
(
E j

1 ∂j ± iE j
2 ∂j

)
ψ†

[4, 67, 85, 87, 99, 100]. Here ∆0 is a constant, θ is the
Goldstone phase, and E is a vielbein for the real metric
G, such that Gij = E i

Aδ
ABE j

B , which is a fixed back-
ground field26. What this means, in the language of this
paper, is that the emergent metric is proportional to the
real metric, gij = ∆2

0G
ij . It follows that the responses

to the emergent metric g that we have described, are in
this case, and under the above assumption, responses to
the real metric G. This suggests a second route to a ma-
nipulation of the order parameter that will result in the
bulk effects we have described.

Of course, in the intrinsic case one cannot ignore the
dynamics of the Goldstone phase θ, which will be gap-
less as long as A is treated as a background field. When
θ is a dynamical field, charge conservation is restored.
One may then inquire what is the fate of the U(1) pCS
and gpCS responses, which we explained as originating
from non-conserved quantities. The answer to this ques-
tion is known for the U(1) pCS contribution to the Hall
conductivity. The gaplessness of θ makes the Hall con-
ductivity sensitive to the order of limits between the wave
vector q and the frequency ω [64, 66, 67, 95]. While the
Hall conductivity goes to the constant −2β′ as ω → 0
before q, it vanishes in the opposite limit, insuring that
the total charge is magnetic field independent. Thus,
anomalous edge states are not required for charge con-
servation. We expect a similar state of affairs to oc-
cur also for the gpCS responses. This will be discussed
elsewhere. Would the emergent torsion vanish in this
case? To answer this question we use our expressions
(D3) and (D4) for the emergent LC spin connection
and contorsion tensors, and insert gij = ∆2

0G
ij . We

find C12µ = ∂µθ − 2Aµ − oω̃
(E)
12µ, where ω̃

(E)
12µ is a LC

spin connection constructed from E. Taking the exte-
rior derivative we find 1√

G
εij∂iCj = v − 2B − o

2R(G)

where v = 1√
G
εij∂i∂jθ is the vorticity and R(G) is the

background Ricci scalar. Comparing with the Goldstone
action of [67] we conclude that torsion should dynami-
cally vanish due to the formation of vortices such that

26 The SO (2) ambiguity in choosing E is incorporated into θ, which
has SO (2) charge 1 and U (1) charge 2.
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v = 2B + o
2R(G). If A is also treated as dynamical, we

expect the torsion to vanish due to the formation of vor-
tices or magnetic flux such that v − 2B = o

2R(G) [100].

C. Towards experimental observation

There are a few basic questions that arise when trying
to make contact between the phenomena described in this
paper and a possible experimental observation. Here we
take as granted that one has at one’s disposal either a
p-wave SC, or a candidate material. The first question is
how to manipulate the Higgs part of the order parameter,
which is the emergent metric, and was discussed above.

The second natural question is how to measure energy
currents and momentum densities. Also relevant, though
not accentuated in this paper, is a measurement of the
stress tensor, comprised of the spatial components of the
energy-momentum tensor. One possible approach, which
provides both a means to manipulate the order param-
eter, and a measurement of energy-momentum-stress is
a measurement of the phonon spectrum a la [101–103].
For the gpCS term, apart from energy-momentum-stress,
there is also the density response (2.8), which is a sim-
pler quantity for measurement, though not a topological
bulk response. A possible way to avoid the need to mea-
sure energy-momentum-stress is possible in a Galilean
invariant system, where electric current and momentum
density are closely related. The simplest scenario is that
of the p-wave SF on a curved sample (9.5), where one as-
sumes that the emergent metric follows the real metric,
gij = ∆2

0G
ij . Here the electric current is related to the

momentum density by

J i = −G
ij

m∗
Pj . (9.6)

Our result (2.3) then implies that the expectation value〈
J i
〉

has a contribution related to the gCS term,

〈
J i
〉

gCS
= −G

ij

m∗
〈Pj〉gCS =

1

m∗
ν/2

96π
~εij∂jR̃. (9.7)

This is not a topological bulk response due to the appear-
ance of m∗, but if m∗ is known, then the Chern number
ν can be extracted from a measurement of the electric
current, which may be simpler to measure than energy-
momentum-stress. It should be noted that there will be
additional contributions, similar to (9.7), from the gpCS
term, which can be distinguished from (9.7) by the corre-
sponding density response to curvature. There will also
be contributions similar to (9.7) that originate from in-
tegrating out the Goldstone phase, which depend on the
combination B+ o

2R̃ [67], and can therefore be separated
from (9.7) by a measurement of the current in response
to a magnetic field.

D. Implications for related phases of matter

The integer quantum Hall effect is the basis for our
understanding of the closely related time reversal invari-
ant topological insulators in 2 and 3 dimensions, and the
fractional quantum Hall effect. In the same manner, one
may hope to utilize the understanding of the p-wave SC
gained in this paper in order to better understand the
physics of time reversal invariant topological supercon-
ductors in 2 and 3 dimensions, and of recently proposed
fractional topological superconductors [104, 105]. It is
also of interest to study the implications for the ν = 5/2
fractional quantum Hall state. We hope to address these
issues in future work.
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Appendix A: Equivalent forms of SRC and equality
to SrSF

It is useful to write the action SRC in a few equivalent
forms [19, 78]. To pass between these equivalent forms
one only needs the identity

∂ν (|e| e νa ) = |e| ω̃bab (A1)

relating e to the LC spin connection, and the following
identity, which holds for any spin connection ω but relies
on the property γaγbγc = iεabc of γ matrices in 2+1
dimensions,

ie µa γ
aωµ =

1

4
ie µa ωbcµ

{
γa,Σbc

}
+

1

4
ie µa ωbcµ

[
γa,Σbc

]
=− 1

4
ωabcε

abc +
1

2
iωbabγ

a. (A2)

The most explicit form of the action is

SRC =
1

2

∫
d2+1x |e|χ

[
1

2
ie µa γ

a←→∂µ −
1

4
ωabcε

abc −m
]
χ,

(A3)
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where the derivatives act only on the spinors. Here we see
that in 2+1 dimensions the spin connection only enters
through the scalar ωabcε

abc as a correction to the mass.
It also makes it rather simple to see why SRC is equal to
SrSF from (4.4),

SRC =
1

2

∫
d2+1x |e|χ

[
1

2
ie µa γ

a←→∂µ −
1

4
ωabcε

abc −m
]
χ

=
1

2

∫
d2+1xΨ†γ0

[
1

2
ie µa γ

a←→∂µ −
1

4
ωabcε

abc −m
]

Ψ

=
1

2

∫
d2+1xΨ†γ0

[
i

2
γ0←→∂t +

1

2
ie jAγ

A←→∂j +At −m
]

Ψ

=
1

2

∫
d2+1xΨ†

(
i
2

←→
∂t +At −m 1

2∆j←→∂j
− 1

2∆j∗←→∂j i
2

←→
∂t −At +m

)
Ψ

=
1

2

∫
d2+1xΨ†

(
i∂t −m+At

1
2

{
∆j , ∂j

}
− 1

2

{
∆j∗, ∂j

}
i∂t +m−At

)
Ψ

= SrSF, (A4)

where we have used the dictionary (5.2), and also inte-
grated by parts. In going from the third to the fourth line
we have reinstated the emergent speed of light clight =
∆0

~ , but kept ~ = 1. This completes that proof of the
equality SrSF = SRC, which was stated and explained in
section V.

Before we move on, an important comment is in order.
Since Aj does not appear in SrSF, it is clear that for
the above equality of actions only the identification ωt =
−2AtΣ

12 is required, rather than the full ωµ = −2AµΣ12

of (9.4). Accordingly, ωj does not appear in SRC when
ω, e are both spatial (ω0Aµ = 0, e µ0 = δµt ), because then

ωabcε
abc = 2eµ0ω12µ = 2ω12t. (A5)

Thus, for the equality of actions SrSF = SRC it is not
required that ωj = −2AjΣ

12. Nevertheless, in this work
we are actually identifying two QFTs as equal, and there
is more to a QFT than its classical action. One must
also compare symmetries, observables, and path integral
measures (that latter is discussed in appendix C). The
mapping of symmetries and observables is the subject of
section VI, and only holds if the full identification ωµ =
−2AµΣ12 is made:

In section VI B 2, we identify the physical U (1) sym-
metry group with the Spin (2) subgroup of Spin (1, 2) in
Riemann-Cartan geometry. For this reason Aµ, which is
U (1) connection, really maps to a Spin (2) connection in
the geometric point of view, even if certain components
of it do not appear in the action SrSF.

In section VI B 1 we discuss the mapping of observ-
ables. In particular, even though Aj disappears from the
action in the relativistic limit, it does not disappear from
the energy-momentum tensor (see (6.18), (6.19), where
the derivative Dµ contains Aµ). Moreover, as explained
below (7.4), even though the order parameter ∆ corre-
sponds to the spatial vielbein in (5.2), in order to obtain
the expectation value of full energy-momentum tensor we

must take derivatives of the effective action with respect
to all components of the vielbein, not only the spatial
ones obtained from ∆. This corresponds to adding to
SrSF a fictitious background field e µ0 which is set to zero
after the expectation value is computed. In the presence
of e µ0 the potential At generalizes to e µ0 Aµ, and so Aj
does appear in SrSF. Accordingly, with a general e µ0 we
see from (A5) that ω12j appears in SRC. The equality
SRC = SrSF in the presence of e µ0 is then obtained only
if ωj = −2AjΣ

12.
To close this discussion, we note that the identification

of ∆j as a spatial vielbein and Aµ as a Spin (2) connec-
tion actually holds beyond the relativistic limit, though
this is not discussed in this paper. Beyond the relativistic
limit Aj will appear in both the action and observables,
and identifying the full ω12µ with Aµ will be crucial also
at the level of the fermionic action.

Going back to equivalent forms of SRC, if we wish to
isolate the effect of torsion, we can also write

SRC =
1

2

∫
d2+1x |e|χ

[
1

2
ie µa γ

a←→∂µ −
1

4
ω̃abcε

abc (A6)

−1

4
Cabcε

abc −m
]
χ,

or

SRC =
1

2

∫
d2+1x |e|χ

[
1

2
ie µa

(
γaD̃µ −

←−̃
Dµγ

a

)
(A7)

−
(
m+

1

4
c

)]
χ,

where we see that in 2+1 dimensions torsion enters only
trough the scalar c = Cabcε

abc as a correction to the mass.
One can also integrate by parts in order to obtain a form
from which it is simple to derive the equation of motion,

SRC =
1

2

∫
d2+1x |e|χ

[
ie µa γ

aD̃µ −
1

4
Cabcε

abc −m
]
χ

=
1

2

∫
d2+1x |e|χ

[
ie µa γ

aDµ −
1

2
iCbabγ

a −m
]
χ.

(A8)

The form in the first equation is special to 2+1 dimen-
sions, but the form in the second equation holds in any
dimension.

Appendix B: Dirac and BdG equations

Since the p-wave SF action is equal to SRC in the rela-
tivistic limit, and the fermions χ and Ψ are related sim-
ply, the equation of motion for χ, which is the Dirac
equation in RC background, maps to the equation of mo-
tion for Ψ, which is the BdG equation (in the relativistic
limit).

The equation of motion for the Majorana spinor χ
needs to be derived carefully, because χ is Grassmann
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valued and χ = χT γ0 cannot be treated as independent
of χ. Nevertheless, if the operator between χT and χ is
particle-hole symmetric, the equations of motion are the
same as those of a Dirac spinor, which are easy to read
from (A8),

0 =

[
ie µa γ

aDµ −
1

2
iCbabγ

a −m
]
χ. (B1)

This is the Dirac equation in RC background. When

inserting χ = |e|−1/2
Ψ and using the identity

∂µ |e| = |e|Γρµρ = |e| Γ̃ρµρ, (B2)

we obtain

0 =

[
iγµ

(
Dµ −

1

2
Γρµρ

)
− 1

2
iCbabγ

a −m
]

Ψ. (B3)

The expression in brackets is the appropriate covariant
derivative for a spinor density of weight 1/2 [71], which

is what Ψ = |e|1/2 χ is from the geometric point if view.
Simplifying this equation using (A1) and (B2), we arrive
at

0 =

[
1

2
iγa {e µa , ∂µ} −

1

4
ωabcε

abc −m
]

Ψ. (B4)

By using the dictionary (5.2) and multiplying by γ0 = σz

this reduces to

0 =

(
i∂t +At −m 1

2

{
∆j , ∂j

}
− 1

2

{
∆j∗, ∂j

}
i∂t −At +m

)
Ψ, (B5)

which is the BdG equation in the relativistic limit. Thus
the BdG equation in the relativistic limit is not quite the
Dirac equation, because Ψ is a spinor density, though it
is the Dirac equation for the spinor χ.

Appendix C: Equality of path integrals

In appendix A we showed that the action for the p-
wave SF in the relativistic limit, is equal to the action
for a Majorana fermion coupled to RC geometry. To

conclude that the corresponding fermionic path integrals
are equal, we also need to verify that the path integral
measure for the p-wave SF is equal to that of the Ma-
jorana fermion in RC background. For the p-wave SF
(4.3), the path integral measure is written formally as
Dψ†Dψ =

∏
x dψ† (x) dψ (x) where x runs over all points

in space time. In the BdG formalism we work with the

Nambu (or Majorana) spinor Ψ =
(
ψ,ψ†

)T
, in terms

of which the measure takes the form Dψ†Dψ = DΨ.
As described in section V and appendix B, from the
geometric point of view Ψ is a Majorana spinor den-

sity of weight 1/2, and χ = |e|−1/2
Ψ is a Majorana

spinor. In terms of the spinor χ, the measure takes the

form DΨ = D
(
|e|1/2 χ

)
, which is the correct measure

for a matter field in curved background [35, 106, 107].
With this measure, the path integral over the Majo-
rana spinor χ formally computes functional pfaffians as

in flat space, eiWM [A] =
∫

D
(
|e|1/2 χ

)
e
i
2

∫
ddx|e|χTAχ =

Pf (iA) =
√

DetiA, where A is an antisymmetric hermi-
tian operator with respect to the inner product 〈f, g〉 =∫

ddx |e| f†Ag, and the determinant Det is defined by the
product of eigenvalues. For a Dirac spinor χ the fermionic
path integral formally computes functional determinants,

eiWD[D] =
∫

D
(
|e|1/2 χ†

)
D
(
|e|1/2 χ

)
ei

∫
ddx|e|χ†Dχ =

Det (iD), where D is hermitian. In particular, the effec-
tive action for a Majorana spinor is half that of a Dirac
spinor with the same operator, WM [A] = 1

2WD [A].

Appendix D: Explicit formulas for certain geometric
quantities

Using ω̃abµ = eaα

(
∂µe

α
b + Γ̃αβµe

β
b

)
we can calculate

the LC spin connection for a vielbein of the form

e µa =
1

∆0

 ∆0 0 0
0 Re(∆x) Re(∆y)
0 Im(∆x) Im(∆y)

 =

(
1

e jA

)
(D1)

that occurs in the p-wave SC,

ω̃A0t =0, (D2)

ω̃A0j =e iA
1

2
∂tgij ,

ω̃12t =
1

2
εABeAi∂te

i
B = −1

2

1

det (e)
εijeAi∂te

A
j ,

ω̃12j =
1

2

(
εABeAi∂je

i
B −

1

det (e)
εkl∂kglj

)
= −1

2

1

det (e)
εkl
(
eAk∂je

A
l + ∂kglj

)
.

In terms of the parameterization ∆ = eiθ
(
|∆x| , eiφ |∆y|

)
, as in section III B, the SO (2) part can be written as
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ω̃12t = o

[
1

2
cot |φ| ∂t log

|∆y|
|∆x| −

1

2
∂t |φ|

]
− ∂tθ, (D3)

ω̃12x = o

[ |∆y|
|∆x|

cot |φ|
sin |φ| ∂y |φ|+

(
1

sin2 |φ| − 1

)
∂x |φ|+ cot |φ| ∂x log |∆y|+ 1

sin |φ|
|∆y|
|∆x|∂y log |∆x|

]
− ∂xθ,

ω̃12y = o

[
−|∆

x|
|∆y|

cot |φ|
sin |φ| ∂x |φ| −

(
1

sin2 |φ|

)
∂y |φ| − cot |φ| ∂y log |∆x| − 1

sin |φ|
|∆x|
|∆y|∂x log |∆y|

]
− ∂yθ,

where o = sgnφ is the orientation. Note that the
terms in square brackets only depend on the metric de-
grees of freedom |φ| , |∆x| , |∆y|, and that this reduces
to ω̃12µ = −∂µθ in the px ± ipy configuration. We can
then obtain explicit formulas for the contorsion using
ωabµ = −2Aµ

(
δ1
aδ

2
b − δ1

b δ
2
a

)
and Cabµ = ωabµ − ω̃abµ,

C12µ = −2Aµ − ω̃12µ, (D4)

CA0j = −e iA
1

2
∂tgij .

We also consider the quantity c = εabcCabc which ap-
pears in certain forms of the action SRC (5.1), and of the
effective action (7.7). Evaluated in terms of ∆ and A we
find

1

2
c =C12t (D5)

=∂tθ − 2At − o
[

1

2
cot |φ| ∂t log

|∆y|
|∆x| −

1

2
∂t |φ|

]
,

which reduces to 1
2c = Dtθ = ∂tθ − 2At in the px ± ipy

configuration.

Appendix E: Discrete symmetries

1. Charge conjugation and particle-hole

Our conventions for gamma matrices and spinors fol-
low appendix B of [71]. In three dimensions, if the ma-
trices γa define a representation of the Clifford algebra

then − (γa)
T

define an equivalent representation. The

matrix C relating the two representations by − (γa)
T

=
Cabγb = CγaC−1 is called charge conjugation. In our rep-
resentation γ0 = σz, γ1 = −iσx, γ2 = iσy, one finds
that C = σy up to a phase and Cab = diag [−1,−1, 1], so
we see that C is unitary and C2 = 1. Likewise, the ma-

trices (γa)
†

also define an equivalent representation, and

are therefore related by (γa)
†

= Dabγb = DγaD−1 where
D is the Dirac conjugation. In any unitary representa-
tion D = iγ0 up to a phase and Dab = diag [1,−1,−1].

Using D we define the conjugate spinor iΨ = Ψ†D. We
also note that − (γa)

∗
= Babγb = BγaB−1 with B = DC,

which will also show up in our discussion of time reversal.
In our representation, B = σx and Bab = diag [−1, 1− 1].

A spinor Ψ is called a Majorana spinor if it satisfies the
reality condition iΨ = ΨTC, which can also be written
as Ψ†B = ΨT . In our representation this condition reads

Ψ† = ΨTσx, which is the reality condition satisfied by

the Nambu spinor Ψ =
(
ψ,ψ†

)T
. We see that the Nambu

spinor is a Majorana spinor. The reality condition can
also be written as Ψ = PΨ where P = σxK and K is
the complex conjugation. P is usually referred to as a
particle-hole symmetry [12], and it is anti-unitary and
P 2 = 1. Eventually, the particle-hole symmetry of the
p-wave SC maps to the charge conjugation symmetry of
the relativistic Majorana fermion, with the differences
between the two being a matter of convention.

For any Hamiltonian H = 1
2

∫
d2xΨ† (x)HBdGΨ (x),

the BdG Hamiltonian HBdG can be assumed to satisfy a
reality condition, {HBdG, P} = 0. An example is given
by (4.4). To make a similar statement for actions, where
ψ,ψ† are Grassmann valued, we need to clarify how the
conjugation K acts on the Grassmann algebra generated
ψ,ψ†. This is defined by Kψ = ψ†, Kψ† = ψ, anti-
linearity, and a reversal of the ordering of Grassmann
numbers. For example, K

(
ψψ†

)
= Kψ†Kψ = ψψ†,

K (iψ) = −iψ†. It is under this complex conjuga-
tion that a fermionic action, such as (4.3), is “real”,
K
(
SSF

[
ψ,ψ†,∆, A

])
= SSF

[
ψ,ψ†,∆, A

]
, and it is due

to this reality of SSF that we expect to obtain a real effec-
tive action after integrating out the fermions [108]. Then,
for any action S = 1

2

∫
d2+1xΨ† (x)SBdGΨ (x), the oper-

ator SBdG can then be assumed to satisfy {SBdG, P} = 0,
and an example is given by the Dirac operator in (A8).

When working with Majorana fermions it is useful
to use gamma matrices γa that form a Majorana rep-
resentation [71], which means that γa are all imagi-
nary . In a Majorana representation Ψ†B = ΨT sim-
plifies to Ψ† = ΨT , so a Majorana spinor in a Ma-
jorana representation has real components. To obtain
a Majorana representation from our representation we
change basis in the space of spinors using the unitary

matrix U = 1√
2

(
1 1
−i i

)
. Then γa 7→ γ̃a = UγaU† and

Ψ 7→ Ψ̃ = UΨ. Explicitly, γ̃0 = −σy, γ̃1 = −iσz, γ̃2 =

−iσx, and the Nambu spinor Ψ =
(
ψ,ψ†

)T
maps to

Ψ̃ =

(
Ψ̃1

Ψ̃2

)
= 1√

2

(
ψ + ψ†

1
i

(
ψ − ψ†

)), where Ψ̃1, Ψ̃2 are both

real as Grassmann valued fields. As operators Ψ̃1, Ψ̃2

are hermitian and
{

Ψ̃i, Ψ̃j

}
= δij , so they are Majorana

operators in the sense of [10]. In the Majorana represen-
tation HBdG is imaginary and antisymmetric, and so is
SBdG.
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2. Spatial reflection and time reversal in the
p-wave superfluid

In section VI A we discussed the sense in which en-
ergy, momentum, and angular momentum are conserved
in a p-wave SF, which followed from the symmetry of the
p-wave SF action under space-time translations and spa-
tial rotations. There are also discrete (or large) space-
time transformations which are of interest. Spatial re-
flections reverse the orientation of space, and are gener-
ated by a single arbitrary reflection, which we take to
be R : y 7→ −y, followed by the spatial rotations and
translations described previously. R acts naturally on
the fields ψ,∆, A:

ψ (y) 7→ψ (−y) , (E1)

(∆x,∆y) (y) 7→ (∆x,−∆y) (−y) ,

(At, Ax, Ay) (y) 7→ (At, Ax,−Ay) (−y) ,

where we suppressed the dependence on the coordinated
t, x which do not transform. One can verify that R is
a symmetry of the p-wave SF action (4.3). The best
way to understand these transformations is to identify
the fields as space-time tensors: ψ is a scalar, ∆j∂j is
a vector field, and Aµdxµ is a differential 1-form. The
above transformation laws are then a special case of how
space-time transformations act on space-time tensors, by
the pullback/push forward.

Time reversal transformations reverse the orientation
of time, and are generated by a single arbitrary time
reversal, which we take to be T : t 7→ −t, followed
by the time translations described previously. The ac-
tion of T on the fields includes the transformation laws
analogous to (E1), but additionally involves a complex
conjugation, as follows from the Schrodinger equation in
the Fock space i∂t |Ω (t)〉 = H (t;A,∆) |Ω (t)〉. In our
case H (t;A,∆) is the p-wave SF Hamiltonian (4.2), in
a notation that stresses the time dependence through
the background fields. On the Fock space the complex
conjugation is the usual complex conjugation of coeffi-
cients in the position basis, defined by Kψ (x, y)K−1 =
ψ (x, y) , Kψ† (x, y)K−1 = ψ† (x, y) , K |0〉 = |0〉 and
anti-linearity. Acting with it on the p-wave SF Hamilto-
nian (4.2) we find that the action of T on the background
fields ∆, A is

(∆x,∆y) (t) 7→∆T (t) = (∆x,∆y)
∗

(−t) , (E2)

(At, Ax, Ay) (t) 7→AT (t) = − (−At, Ax, Ay) (−t) ,
where we suppressed the dependence on the coordi-
nates x, y which do not transform. If |Ω (t)〉 satisfies
the Schrodinger equation with Hamiltonian H (t;A,∆)
and initial condition |Ω〉 then K |Ω (−t)〉 satisfies the
Schrodinger equation with time reversed Hamiltonian
KH (−t;A,∆)K−1 = H

(
t;AT ,∆T

)
and time reversed

initial state K |Ω〉. As a result one obtains the following
relation between expectation values of operators,

〈Ω|OA,∆ (−t) |Ω〉 = 〈KΩ| (KOK)AT ,∆T (t) |KΩ〉 . (E3)

Here O is a Schrodinger operator considered as an opera-
tor at time t = 0, and OA,∆ (t) is its time evolution using
H (t;A,∆). |KΩ〉 = K |Ω〉 is the time reversed state, and
KOK is the time reversed Schrodinger operator.

To describe how time reversal acts on the action, we
need to use the complex conjugation K on the Grass-
mann algebra, described in E 1. We then define the ac-
tion of time reversal on the Grassmann fields ψ,ψ† as the
analog of (E1), but with an additional conjugation by K,

ψ (t, x, y) 7→ψT (t, x, y) = ψ† (−t, x, y) , (E4)

ψ† (t, x, y) 7→
(
ψ†
)T

(t, x, y) = ψ (−t, x, y) .

Using the transformations (E2),(E4) and the “reality” of
the action (4.3) one finds

SSF

[
ψT ,

(
ψ†
)T
,∆T , AT

]
=−K

(
SSF

[
ψ,ψ†,∆, A

])
=− SSF

[
ψ,ψ†,∆, A

]
, (E5)

so that up to a sign, time reversal is a symmetry of the
action. It was shown in [108] that, at least formally, this
sign does not effect the value of the fermionic functional
integral, and can therefore be ignored. Then time rever-
sal symmetry defined by (E2), (E4) can be regraded as a
symmetry of the action in the usual sense, and one can
use this fact to derive (E3) using functional integrals.

3. Spatial reflection and time reversal in the
geometric description

In this section we map and slightly generalize R, T , as
defined in appendix E 2, to the geometric description of
the p-wave SC in terms of a Majorana spinor in RC space,
given in section V. We will see that there is a difference
between the standard notion of R, T for a spinor in 2 + 1
dimensions [27] and the notion of R, T for the p-wave SC,
described in appendix E 2. The reason is that our map-
ping of the p-wave SC to a Majorana spinor maps charge
to spin, and charge is R, T -even, while spin is R, T -odd.
This is a general property of the BdG formalism. The
main point is that the physical R, T , coming from the
p-wave SC, leave the mass m invariant and flip the ori-
entation o, as opposed to the standard R, T for a spinor
in 2 + 1 dimensions, which map m 7→ −m and leave o
invariant. Thus, the contribution 1

2o · sgn (m) of a single
Majorana spinor to the Chern number is R, T -odd under
both notions of R, T , but for different reasons.

First, by spatial reflection we mean an element of the
Diffeomorphism group that reverses the orientation of
space but not of time, and not to an internal Lorentz
transformation. Since the composition of any spatial re-
flection with Diff0 is again a spatial reflection, it suffices
to consider a single spatial reflection R. Since spatial re-
flections are just diffeomorphisms, their action on the
fields is already defined by (6.26), which is just the pull-
back

χ 7→ R∗χ, ea 7→ R∗ea, ω 7→ R∗ω, (E6)
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and is a symmetry of the action SRC. If space-time is
Rt × R2 it suffices to consider R : y 7→ −y, as was done
in appendix E 2. Then (E6) takes the explicit form

χ (y) 7→χ (−y) , (E7)(
eat, e

a
x, e

a
y

)
(y) 7→

(
eat, e

a
x,−eay

)
(−y) ,

(ωt, ωx, ωy) (y) 7→ (ωt, ωx,−ωy) (−y) ,

which maps to the transformation laws (E1) of the p-
wave SF. The orientation of space-time o = sgn (dete) is
odd under spatial reflections, like the orientation of space.
Note that even the flat vielbein eaµ = δaµ transforms under
R, which corresponds to the mapping of a px + ipy order
parameter to a px − ipy order parameter by R.

A time reversal is any diffeomorphism that reverses
the orientation of time but not of space. It suffices to
consider a single representative, and since we work with
space-times of the form Rt×M2 we may take τ : t 7→ −t.
Apart from the pullback by τ analogous to (E7), T
also includes additional “external” transformations of the
fields, which all trace back to the complex conjugation
included in the time reversal operation in quantum me-
chanics, as in appendix E 2. As reviewed in appendix
E 1, a complex conjugation of the gamma matrices is im-
plemented by − (γa)

∗
= BγaB−1 = Babγb where B = σx,

Bab = diag [−1, 1− 1] in our representation. We then de-
fine the action of T on the fields by

χ 7→ K (τ∗χ) , ea 7→ Babτ∗eb, ω 7→ B (τ∗ω)B−1, (E8)

where τ∗ is the pullback by τ , and K is the complex con-
jugation of the Grassmann algebra defined in appendix
E 1. One can check that this is a symmetry of the action
SRC up to an irrelevant sign already explained in ap-
pendix E 2, and that this action of T reduces to the trans-
formation laws (E2) and (E4) of the p-wave SF fields.

The standard time reversal for spinors in 2+1 dimen-
sions is given by Ts = iσyK, where the phase i is a matter
of convention. It is anti-unitary and T 2

s = −1. This is re-
lated to T through the charge conjugation matrix defined
in E 1,

Ts = iCT or T = −iCTs. (E9)

This relates the time reversal T that is natural in this
paper, to the standard time reversal Ts and standard
charge conjugation C.

Appendix F: Global structures and obstructions

We already described the emergent geometry in a p-
wave SC locally in section V. Here we complete the de-
scription by considering global aspects. We use some ele-
ments from the theory of fiber bundles and characteristic
classes, which are reviewed in [79, 109] for example.

We work with space-time manifolds of the form M3 =
Rt × M2, which represent the world volume of the p-
wave SF. M2 is the sample, the two dimensional spatial

surface occupied by the p-wave SF, and Rt is the real
line parameterizing time. Because the order parameter
is locally a vector ∆j with U (1) charge 2, at any time
t ∈ Rt it is globally a map between vector bundles ∆ :
T ∗M2 → E2, that acts by vj 7→ ∆jvj

27. Here T ∗M2 is
the co-tangent bundle of the sample M2 and E2 is the
square of the electromagnetic U (1) vector bundle. E has
fibers C and U (1)-valued transition functions, and its
topology is labeled by the monopole number (first Chern
number) Φ = 1

2π

∫
M2

F ∈ Z if M2 has no boundary, and

it is otherwise trivial. E2 is obtained from E by replacing
every transition function by its square, and therefore the
topology of E2 is labeled by 2Φ ∈ 2Z. If M2 has no
boundary, the topology of the tangent bundle TM2 (and
that of T ∗M2) is labeled by the Euler characteristic χ =
2 (1− g) ∈ 2Z where g is the genus of M2.

As a map ∆ : T ∗M2 → E2, if ∆ is non singular in
the sense of section III B (dete 6= 0), it defines three
geometric structures on M2: a metric, which is gij , an
orientation, o = sgn (dete), and a spin structure, which
follows from the fact that ∆ has charge 2.

To see this, we can think of E2 as an SO (2) vector
bundle, with fibers R2 and SO (2) valued transition func-
tions. The map ∆ then gives a reduction of the structure
group of T ∗M2 from GL (2) to SO (2), thus defining a
metric and an orientation. Since the transition functions
of E2 are obtained by squaring the transition functions
of E, it is natural to think of E as a Spin (2) vector bun-
dle28. E2 therefore naturally carries a spin structure [79],
and the mapping ∆ : T ∗M2 → E2 then endows M2 with
a spin structure.

The different possible spin structures correspond to an
assignment of signs ±1 to non contractible loops in M2,
or more precisely to elements of H1 (M2,Z2). Generally,
this identification of spin structures with H1 (M2,Z2) is
not canonical, which means that there is no natural way
to declare one of the spin structures as “trivial”.

In the simple case where TM2 is trivial as in the
case of the torus M2 = R2/Z2, spin structures corre-
spond canonically to elements of H1 (M2,Z2), which in
turn correspond to a choice of periodic or anti-periodic
boundary conditions for spinors around the non con-
tractible loops. The boundary condition for the BdG

spinor Ψ =
(
ψ,ψ†

)T
follows from that of the micro-

scopic spin-less fermion ψ, for which it is natural to take
fully periodic boundary conditions, which is the “trivial”
spin structure. Other boundary conditions have been
discussed in [4, 110].

A non singular ∆ is not always possible. First, it re-
quires that M2 be orientable. If M2 is not orientable ∆
would have singularities sing (∆) such that M2−sing (∆)
is orientable. p-wave SF on non orientable surfaces

27 Equivalently, ∆ is globally a section of TM2 ⊗ E2.
28 Both Spin (2) and SO (2) are isomorphic as Lie groups to U (1),

but are related by the double cover Spin (2) 3 eiα 7→ e2iα ∈
SO (2).
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were considered in [85]. The other obstruction is a mis-
match in the topology of E2 and TM2, and is given by
2Φ + oχ, or Φ− (g − 1) o [4]. If the topological invariant
2Φ + oχ does not vanish then ∆ must have singulari-
ties. A simple way to obtain this condition is to assume
ω̃12µ = ω12µ = −2Aµ, which implies 1

2o
√
gR̃d2x = R̃12 =

dω̃12 = −2dA = −2F , and use the Gauss-Bonet formula
χ = 2 (1− g) = 1

4π

∫
M2
R̃√gd2x for the Euler charac-

teristic. The simplest example is M2 = S2 the sphere,
where there must be a monopole Φ = o = ±1 for a non
singular order parameter with orientation o. Possible sin-
gularities of the order parameter on the sphere without
a monopole have been studied in [87]. There are no ob-
structions to the existence of a metric and (in the two
dimensional case) of a spin structure.

A simple way to handle singularities of ∆ is to exclude
them by working with M2−sing (∆) instead of M2. Then
∆ defines on M2− sing (∆) and orientation, metric, and
spin structure.

The emergent geometry of space-time follows from that
of space due to the simple product structure M3 =
Rt ×M2. Thus the order parameter corresponds to the
(inverse) space-time vielbein (5.2), which is globally a
map T ∗M3 → E2, vµ 7→ e µa vµ where E2 is now viewed
as an SO (1, 2) vector bundle. In other words, e is glob-
ally a Solder form.

Appendix G: Quantization of coefficients for a sum
of gravitational Chern-Simons terms

As stated in section VII C 1, gauge invariance of

K = α1

∫
M3

Q3

(
ω̃(1)

)
+ α2

∫
M3

Q3

(
ω̃(2)

)
(G1)

for all closed M3 implies α1+α2 ∈ 1
192πZ. Here we sketch

the derivation, following [88] (section 2.1 and the discus-
sion leading to equation (2.27)). First, only the gauge
invariance of eiK is required, because K is a contribution
to the effective action, obtained by taking the logarithm
of the fermionic path integral, which is a gauge invariant
object. Second, the gCS term on a general M3 is only
locally given by α

∫
Q3 (ω̃), not globally. It is convenient

to globally define gCS on a given M3 as α
∫
M4

tr
(
R̃2
)

,

where M4 is some four manifold with M3 as a boundary,
∂M4 = M3. This is based on the fact that locally on

M4 we have dQ3 (ω̃) = tr
(
R̃2
)

. With this definition, we

have

eiKM4 = e
i
[
α1

∫
M4

tr(R̃2
(1))+α2

∫
M4

tr(R̃2
(2))

]
, (G2)

which is clearly gauge invariant, but we must ensure that
it is also independent of the arbitrary choice of M4. In
fact, changing M4 corresponds precisely to performing a
large gauge transformation on M3, see [89] for a more
direct approach. For M4 6= M ′4 such that ∂M4 = M3 =

∂M ′4, we have

eiKM4 /e
iKM′4 = e

i
[
α1

∫
X4

tr(R̃2
(1))+α2

∫
X4

tr(R̃2
(2))

]
, (G3)

where X4 is a closed manifold obtained by gluing M4,M
′
4

along their shared boundary, after reversing the orienta-
tion on M ′4. Since we start with a spin manifold M3, we
assume that M4,M

′
4 are also spin manifolds, and there-

fore so is X4. On the closed spin manifold X4, the Atiah-
Singer index theorem implies∫

X4

tr
(
R̃2

(1)

)
=

∫
X4

tr
(
R̃2

(2)

)
∈ 2π × 192πZ. (G4)

In particular, one can choose M ′4 such that the integer
on the right hand side is 1, in which case

eiKM4 /e
iKM′4 = e2πi(α1+α2)192π. (G5)

An M4-independent eiKM4 = eiK then requires α1 +α2 ∈
1

192πZ.

Appendix H: Calculation of gravitational pseudo
Chern-Simons currents

Here we derive the contributions (7.35) to the bulk cur-

rents, which come from the gpCS term −β1

∫
M3
R̃eaDea

in the effective action. We write

δ

∫
M3

R̃eaDea =

∫
M3

(eaDea) δR̃+

∫
M3

R̃δ (eaDea) .

(H1)

It’s convenient to calculate the first contribution in terms
of scalars using eaDea = −oc |e|d3x. We need the for-

mula δR̃ = −δgµνR̃µν +
(
∇µ∇ν − gµν∇2

)
δgµν relat-

ing the curvature variation to the metric variation, and
δgµν = 2ea(νδe

a
µ) relating the metric variation to the

vielbein variation. We find∫
M3

(eaDea) δR̃ (H2)

=− 2o

∫
M3

|e|
[(
∇̃µ∇̃ν − gµν∇̃2

)
c− R̃µνc

]
eaνδe

a
µ.

The second contribution in (H1) is simpler to calculate
in terms of differential forms [78],

δ

∫
R̃eaDea (H3)

=

∫
M

R̃
(
δeaTa + eadδea + eaδωabe

b + eaωabδe
b
)

=

∫
M

(
R̃2δeaT

a − R̃δωabeaeb − δeaeadR̃
)

+

∫
∂M

δeaR̃ea,
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which implies

∗Ja = −β1

(
2R̃T a − eadR̃

)
, ∗Jab = −β1

(
−R̃eaeb

)
,

∗ja = −β1R̃ea, ∗jab = 0. (H4)

Here we kept track of boundary terms and calculated the
contributions to boundary currents ja = j aµ dxµ, jab =

jabµdxµ, which are relevant for our discussion in section
VII D 2. Collecting all of the bulk contributions one finds
(7.35).

In section VII D 2 we wrote down (7.35) for a product
geometry with respect to the coordinate z, and assumed
torsion vanishes. Here we generalize to non-zero torsion.
With non zero torsion, (7.37) generalizes to

〈Jαz〉gpCS =− β1
1

|e|ε
zαβ∂βR̃, (H5)

〈Jzα〉gpCS =β1

[
1

|e|ε
zαβ∂βR̃+

1

|e|ε
zβγC α

βγ R̃
]
.

For z = t, which describes a time independent situation,
we find〈

J iE
〉

gpCS
=β1ε

ij∂jR̃, (H6)

〈Pi〉gpCS =− β1

[
gikε

kj∂jR̃+ 2o |e| R̃C12i

]
,

which generalizes (7.38). Explicit expressions for the con-
torsion C12i are given in appendix D. Equation (H6) is
compatible with the operator equation (6.19), and the
density response (7.36).

In the case z = y, the inflow (7.40) generalizes to

〈tycov α〉gpCS = − |e| 〈Jyα〉gpCS (H7)

= −β1

[
gαβε

βγy∂γR̃+ 2o |e|C01αR̃
]
.

For the order parameter ∆ = ∆0e
iθ(t,x) (1 + f (t, x) ,±i)

that we consider in this case, we find using appendix D
that C01t = 0, C01x = e i1

1
2∂tgij . The boundary current

(7.41) is unchanged, but the bulk+boundary conserva-
tion equation (7.42) is generalized to

∇̃α
〈
jαβ
〉

gpCS
− Cabβ

〈
j[ab]
〉

gpCS
=
〈
Jyβ
〉

gpCS
, (H8)

so that bulk+boundary conservation still holds for the
current from gpCS, in the presence of torsion.

Appendix I: Perturbative calculation of the effective
action

Here we present a perturbative calculation of the ef-
fective action for the RC background fields e, ω induced
by a Majorana spinor in 2+1 dimensions. A perturbative
calculation requires three types of input: free propaga-
tors, interaction vertices, and a renormalization scheme
to handle UV divergences. In our case the propagator

and vertices are standard in the context of the coupling
of relativistic fermions to gravity, but the renormalization
scheme will not be standard in this context.

The standard renormalization schemes used in the lit-
erature are aimed at preserving Lorentz symmetry, ob-
taining properly quantized coefficients for CS terms, and
obtaining finite results that do not depend on a regula-
tor [78, 82]. This is usually done as follows. First, one
introduces a Lorentz invariant regulator, such as a fre-
quency and wave-vector cutoff Λrel, then one introduces
Pauli-Villars regulators, and tunes their masses such that
the limit Λrel → ∞ produces finite results and properly
quantized CS coefficients.

In contrast, we take the lattice model (3.1) as a micro-
scopic description of the p-wave SC, and the relativistic
continuum limit as an approximation of it. As we ob-
tained naturally in sections III A and IV A, this means
that there are four Majorana spinors, with different orien-
tations and masses, and a wave-vector cutoff ΛUV ∼ 1/a,
but no frequency cutoff, as dictated by the lattice model.
Note that these multiple Majorana spinors are not Pauli-
Villars regulators, simply because they are all fermions.
None of them has the “wrong statistics”. The cutoff ΛUV
is a physical parameter of the model and we do not wish
to take it to infinity. Thus wave-vector integrals cannot
diverge. In contrast, since time is continuous, there is no
physical frequency cutoff, and divergences in frequency
integrals do appear. These divergences are unphysical,
and can be viewed as a byproduct of the construction
of the path integral by time discretization. These diver-
gences need to be renormalized in the usual sense, and
we do this by minimal subtraction.

To set up the perturbative calculation, we write the

action SRC in terms of the spinor densities Ψ = |e|1/2 χ,
and using the explicit form (A3),

SRC =
1

2

∫
d3xΨ

[
1

2
ie µa γ

a←→∂µ −
1

4
ωabcε

abc −m
]

Ψ

=
1

2

∫
d3xΨ

[
ie µa γ

a∂µ +
i

2
(∂µe

µ
a ) γa

−1

4
ωabcε

abc −m
]

Ψ. (I1)

Assuming for now that the vielbein has a positive orien-
tation, we insert e µa = δµa + h µa with small h, and split
the action into an inverse propagator G−1 and vertices
V ,

SRC =
1

2

∫
d3xΨ†γ0

[
G−1 + V

]
Ψ, (I2)

G−1 =iδ µa γ
a∂µ −m, V = V1 + V2,

V1 =iγah µa ∂µ +
i

2
γa (∂µh

µ
a ) , V2 = −1

4
ωabcε

abc.

The vertex V1 is first order in the perturbation h. The
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vertex V2 is given explicitly by

V2 = −1

4
ωabµe

µ
c ε

abc = −1

4
ωabµδ

µ
c ε
abc − 1

4
ωabµh

µ
c ε

abc,

(I3)

and therefore contains a term of order ω and a term
quadratic in the perturbations, of order hω. Terms in
vertices which are nonlinear in perturbations are some-
times called contact terms, and the above contribution
to V2 is the only contact term in our scheme. Note that
there is no vertex related to the volume element |e|, be-
cause the fundamental fermionic degree of freedom is the
spinor density Ψ, see appendix C. In expressions written
in terms of h µa we use ηµν to raise and lower coordinate
indices and δµa to map internal indices to coordinate in-
dices, so in practice there is no difference between these
indices in such expressions.

The perturbative expansion of the effective action is
given by

2WRC =− 2i log Pf
(
iγ0
(
G−1 + V

))
(I4)

=− iTr
(
log iγ0G−1

)
− iTr (GV ) +

i

2
Tr (GV )

2
+O

(
V 3
)
,

which, apart from the first term, is a sum over Feynman
diagrams with a fermion loop and any number of vertices
V . We will be interested in WRC to second order in the
perturbations h and ω and up to third order in deriva-
tives. Terms of first oder in h, ω correspond to properties
of the unperturbed ground state, or vacuum, while terms
of second order correspond to linear response coefficients.
The first term is independent of h, ω and corresponds to
the ground state energy of the unperturbed system. This
information can also be obtained from the term linear in
h, and we therefore ignore Tr log iγ0G−1 in the following.
Expanding the vertices,

2WRC =− iTr (GV1)− iTr (GV2) +
i

2
Tr (GV1)

2
(I5)

+
i

2
Tr (GV2)

2
+ iTr (GV1GV2) +O

(
V 3
)
.

These functional traces can now be written as integrals
over Fourier components and traces over spinor indices,

Tr (GV1) =− h µa (p = 0)

∫
q

qµtr (γaGq) , (I6)

Tr (GV2) =ω (p = 0)

∫
q

tr (Gq) ,

Tr (GV1)
2

=

∫
p

h µa (p)h νb (−p)
∫
q

(
q +

1

2
p

)
µ

(
q +

1

2
p

)
ν

tr
(
γaGqγ

bGp+q
)
,

Tr (GV2)
2

=

∫
p

ω (p)ω (−p)
∫
q

tr (GqGp+q) ,

Tr (GV1GV2) =−
∫
p

h µa (p)ω (−p)
∫
q

(
q +

1

2
p

)
µ

tr (γaGqGp+q) ,

where ω = − 1
4ωabµe

µ
c ε

abc, and
∫
p

=
∫

d3p
(2π)3

. Our con-

ventions for the Fourier transform of a function f is
f (x) =

∫
q
eiqµx

µ

f (q). The Fourier transform of the

Greens function is then Gq = − 1
6 q+m = − 6 q−mq2−m2 . The

spinor traces are evaluated using the usual identities for
gamma matrices in 2+1 dimensions,

tr (γa) = 0, tr
(
γaγb

)
= 2ηab, tr

(
γaγbγc

)
= ±2iεabc,

tr
(
γaγbγcγd

)
= 2

(
ηabηcd − ηacηbd + ηadηbc

)
. (I7)

The sign ± distinguishes the two inequivalent represen-
tations of gamma matrices in 2+1 dimensions, and with
our chosen representation, tr

(
γaγbγc

)
= 2iεabc. Using

these identities yields for the single vertex diagrams

Tr (GV1) = 2ηabh µa (p = 0)

∫
q

qµqb
q2 −m2

, (I8)

Tr (GV2) = 2mω (p = 0)

∫
q

1

q2 −m2
.

The expressions for the diagrams with two vertices are
more complicated, so let us start by analyzing the sin-
gle vertex diagrams. This will suffice to demonstrate our
renormalization scheme and compare it to direct calcu-
lations within the lattice model and to renormalizations
which are more natural in the context of relativistic QFT.
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1. Single vertex diagrams

From (I5) and (I8) it follows that

WRC = Λaµ

∫
d3xh µa + s

∫
d3xω +O

(
V 2
)
, (I9)

where

Λaµ = −iηab
∫

d3q

(2π)
3

qµqb
q2 −m2

, s = −i
∫

d3q

(2π)
3

m

q2 −m2
,

(I10)

can now be recognized as the energy-momentum tensor
and spin density of the unperturbed ground state,〈

Jaµ
〉

=− Λaµ, (I11)〈
Jabµ

〉
=− 1

4

1

2
〈χχ〉 δµc εabc = −1

4
sδµc ε

abc.

Preforming a Wick rotation q0 7→ iq0,

Λaµ = δab
∫

d3q

(2π)
3

qµqb

|q|2 +m2
, s = −

∫
d3q

(2π)
3

m

|q|2 +m2
,

(I12)

where |·| is the euclidian norm. We start by calculating s
in our lattice motivated renormalization scheme. In this
scheme the integral reads

s = −
∫
|q|<ΛUV

d2q

(2π)
2

∫ ∞
−∞

dq0

2π

m

q2
0 + |q|2 +m2

, (I13)

where ΛUV is a physical cutoff related to the lattice spac-
ing by ΛUV ∼ a−1. The q0 integral converges, and does
not require renormalization. It yields the result within
the lattice motivated scheme,

s = −1

2

∫
|q|<ΛUV

d2q

(2π)
2

m√
|q|2 +m2

, (I14)

and adding the operator ordering correction gives the
ground state charge density

ρ =
〈
J t
〉

= −1

2

∫
|q|<ΛUV

d2q

(2π)
2

1− m√
|q|2 +m2

 .

(I15)

After summing over low energy Majorana spinors and
restoring units, this coincides with the relativistic limit
of the exact ground state charge density of the lattice
model [4],

ρ = −1

2

∫
BZ

d2q

(2π)
2

1− hq√
|∆q|2 + h2

q

 , (I16)

where hq,∆q were defined in section III A.

For comparison we calculate the s integral in a stan-
dard renormalization scheme of relativistic QFT. In this
approach the integral does not converge. We introduce
a frequency and wave-vector cutoff Λrel, and restrict the
integration to |q| < Λrel. This yields

s =−
∫
|q|<Λrel

d3q

(2π)
3

m

|q|2 +m2
(I17)

=− Λrelm

2π2
+
m2sgnm

4π
+O

(
m

Λrel

)
.

A simple way to proceed is to preform minimal subtrac-
tion, which means we remove the diverging piece, and
take Λrel/m→∞. This gives the fully relativistic result

s =
m2sgnm

4π
. (I18)

Comparing with (7.5) we find ζH = s = m2sgnm
4π for a

positive orientation which is essentially the torsional Hall
viscosity of [78]29. The relativistic result can also be
obtained by expanding the lattice result (I14) in ΛUV
and keeping the O (1) piece. This is a general feature,
the O (1) piece of any coefficient in the effective action is
always relativistic.

Let us now turn to the calculation of the ground state
energy-momentum tensor Λaµ. With a relativistic regu-
lator Λaµ is O (3) invariant and must therefore be pro-
portional to the identity,

Λaµ = δab
∫
|q|<Λrel

d3q

(2π)
3

qµqb

|q|2 +m2
= δaµ

Λ

2κN
, (I19)

with the cosmological constant

Λ

2κN
=

1

3

∫
|q|<Λrel

d3q

(2π)
3

|q|2

|q|2 +m2
(I20)

=
1

3

[
Λ3

rel

6π2
− Λrelm

2

2π2
+
|m|3
4π

+O

(
m

Λrel

)]
.

Keeping the O (1) piece we find the relativistic expression

Λaµ = δaµ
Λ

2κN
= δaµ

|m|3
6π

, (I21)

which again, is essentially the result of [78]. With the
lattice motivated renormalization scheme,

Λaµ = δab
∫
|q|<ΛUV

d2q

(2π)
2

∫ ∞
−∞

dq0

2π

qµqb

q2
0 + |q|2 +m2

.

(I22)

29 It is not exactly the same result because we did not use the same
relativistic renormalization scheme.



42

Here the q0 integral for Λ0
t does not converge, and needs

to be regularized. We do this by introducing a frequency
cutoff Λ0,

Λaµ = δab
∫
|q|<ΛUV

d2q

(2π)
2

∫ Λ0

−Λ0

dq0

2π

qµqb

q2
0 + |q|2 +m2

.

(I23)

Unlike ΛUV which is a physical parameter of the model,
Λ0 is a fictitious cutoff which we take to infinity at the
end of the calculation. The q0 divergence can be inter-
preted as an artifact of time discretization [111]. At this
point the domain of integration is not a ball in Euclidian
Fourier space but a cylinder, so it is not invariant un-
der O (3), only under O (2)30 and the reflection q 7→ −q.
This implies that the tensor Λaµ takes the form

Λ0
t =

∫
|q|<ΛUV

d2q

(2π)
2

∫ Λ0

−Λ0

dq0

2π

q2
0

q2
0 + |q|2 +m2

, (I24)

ΛAj =
1

2
δAj

∫
|q|<ΛUV

d2q

(2π)
2

∫ Λ0

−Λ0

dq0

2π

|q|2

q2
0 + |q|2 +m2

,

with all other components vanishing. The q0 integral for
the energy density Λ0

t gives

Λ0
t =

1

2

∫
|q|<ΛUV

d2q

(2π)
2

[
2Λ0

π
−
√
|q|2 +m2 +O

(
m

Λ0

)]
.

(I25)

Keeping the O (1) piece we find, within the lattice moti-
vated scheme,

Λ0
t = −1

2

∫
|q|<ΛUV

d2q

(2π)
2

√
|q|2 +m2, (I26)

which is the familiar expression for the ground state en-
ergy of a single Majorana fermion, which is half the en-
ergy of a filled Dirac sea. The q0 integral for ΛAj converges

and gives the pressure

ΛAj =
1

2
δAj

1

2

∫
|q|<ΛUV

d2q

(2π)
2

|q|2√
|q|2 +m2

. (I27)

We see that the ground state energy density and pres-
sure are no longer equal. In other words the ground state
energy-momentum tensor is not Lorentz invariant, due to
the lattice renormalization scheme. It may be surprising
that the expression (I26) for the energy density is part
of an energy momentum tensor which is not Lorentz in-
variant. This has been discussed in the literature in the
context of the cosmological constant problem [112–114].

Let us now compare the above with the lattice model.
For the energy density we need to add the operator or-
dering correction,

ε =
〈
ttcov t

〉
=

1

2

∫
|q|<ΛUV

d2q

(2π)
2

(
m−

√
|q|2 +m2

)
.

(I28)

Restoring units and summing over Dirac points, we rec-
ognize the above as the relativistic approximation of the
ground state energy density of the lattice model [9],

ε =
1

2

∫
BZ

d2q

(2π)
2 (hq − Eq) . (I29)

The above calculations of simple ground state proper-
ties serve as consistency checks. We have seen explicitly
that these quantities are UV sensitive. With the lat-
tice motivated renormalization scheme the effective ac-
tion produces physical quantities that approximate those
of the lattice model, which are distinct from those ob-
tained with a relativistic scheme. In the following we
will focus on UV insensitive terms. In doing so we will
also ignore operator ordering corrections, because these

always contain δ2 (0) ∼
∫
|q|<ΛUV

d2q
(2π)2

∼ Λ2
UV and are

therefore UV sensitive.

2. Two vertex diagrams

Let us now turn to the calculation of the more inter-
esting second order terms, which correspond to linear
responses. After preforming the traces over gamma ma-
trices one finds

30 More accurately, the domain of integration for each lat-
tice fermion is not the disk {|q| < ΛUV } but the square
[−ΛUV /2,ΛUV /2]2 with ΛUV = π/a, which is a quarter of the

Brillouin zone BZ, see section IV A. The symmetry group of this
domain is not O (2) but the point group symmetry of the lattice
D4 ⊂ O (2). This subtlety has no effect on the following.
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Tr (GV1)
2

=− 2imεabc
∫
p

h µa (p)h νb (−p) pc
∫
q

(
q + 1

2p
)
µ

(
q + 1

2p
)
ν

(q2 −m2)
(

(p+ q)
2 −m2

) (I30)

+ 2m2ηab
∫
p

h µa (p)h νb (−p)
∫
q

(
q + 1

2p
)
µ

(
q + 1

2p
)
ν

(q2 −m2)
(

(p+ q)
2 −m2

)
+ 2

(
ηacηbd − ηabηcd + ηadηcb

) ∫
p

h µa (p)h νb (−p)
∫
q

(
q + 1

2p
)
µ

(
q + 1

2p
)
ν
qc (p+ q)d

(q2 −m2)
(

(p+ q)
2 −m2

) ,

Tr (GV2)
2

=

∫
p

ω (p)ω (−p)
∫
q

2ηabqa (p+ q)b + 2m2

(q2 −m2)
(

(p+ q)
2 −m2

) , (I31)

Tr (GV1GV2) =− 2iεabc
∫
p

h µa (p)ω (−p) pc
∫
q

(
q + 1

2p
)
µ
qb

(q2 −m2)
(

(p+ q)
2 −m2

) (I32)

+ 2mηab
∫
p

h µa (p)ω (−p)
∫
q

(
q + 1

2p
)
µ

(2q + p)b

(q2 −m2)
(

(p+ q)
2 −m2

) .

One is then left with the calculation of the integrals over
the loop momenta q in the above equations. The first
step in doing so is Wick rotating to euclidian signature
by changing q0 7→ iq0, p0 7→ ip0 in the q integrals.

At this point one can use Feynman parameters to sim-

plify the form of the integrands, but since we are only in-
terested in the effective action to low orders in derivatives
of the background fields, we find it simpler to expand the
integrands in powers of p/m.

We start with the first integral in (I30), which contains
the gCS term. Expanding the integrand in p/m we find

(
q + 1

2p
)
µ

(
q + 1

2p
)
ν

(q2 +m2)
(

(p+ q)
2

+m2
) =

qµqν

(m2 + q2)
2 +

[
p(µqν)

(m2 + q2)
2 − 2

qµqνp · q
(m2 + q2)

3

]
(I33)

+

[
pµpν

4 (m2 + q2)
2 −

p2qµqν

(m2 + q2)
3 −

2p(µqν)p · q
(m2 + q2)

3 +
4qµqν (p · q)2

(m2 + q2)
4

]
+O

(
p3
)

where terms are grouped according to their order in
p/m.The q integral over the O (1) terms diverges, and
therefore produces a UV sensitive term in the effective
action. With a relativistic renormalization we find

2WRC =
m2sgn (m)

4π

∫
d3xh µa ηµνε

abc∂bh
ν
c + · · · (I34)

Comparing with (7.5) and using eaDe
a =

εabchaν∂bh
ν
c d3x + · · · we find again the torsional

Hall viscosity ζH = m2sgn(m)
4π , for positive orientation.

With the lattice renormalization the ηµν in the above is
replaced by a non Lorentz invariant tensor, but in this
work we are only interested in UV insensitive responses
and we will not discuss it further.

The q integral over the O (p/m) terms vanishes because
it is odd under the reflection q 7→ −q.

The O
(
p2/m2

)
contributions are most interesting for

us. The q integral over these converges, and therefore
produces UV insensitive terms in the effective action. In-
stead of calculating the integral with the finite physical
ΛUV , we can calculate it with ΛUV /m = ∞ at the ex-
pense of producing small O (m/ΛUV ) corrections. Then
the calculation reduces to a standard calculation within
relativistic QFT which has appeared a few times in the
literature with slightly different conventions [115–118],
and which is done below for completeness. See also [119]
for a recent heat kernel calculation and review of the
literature, and [120] for similar computations in 4+1 di-
mensions. With ΛUV /m = ∞ the integral is Lorentz
invariant and this implies the standard reductions to ra-
dial functions such as qµqν 7→ 1

3ηµνq
2. The O

(
p2/m2

)
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contributions in (I33) then reduce to

1

4

pµpν

(m2 + q2)
2 −

1

3

p2ηµνq
2

(m2 + q2)
3 −

2

3

pµpνq
2

(m2 + q2)
3

+
4

15

p2ηµν + 2pµpν

(m2 + q2)
4 q4, (I35)

and preforming the q integral yields

1

96π |m|
(
pµpν − p2ηµν

)
. (I36)

This corresponds to the following term in the effective
action

2WRC =
sgn (m)

2

1

96π
2

∫
d3xh µa ε

abc∂c
(
∂µ∂ν − ∂2ηµν

)
h νb

+ · · · (I37)

To identify this term it is easiest to fix a Lorentz gauge
where h[µν] = 0. In terms of the p-wave SC this cor-
responds to U (1) gauge fixing the phase θ of the order
parameter to 0, along with an additional boost which
is only a symmetry in the relativistic limit. Then h
corresponds also to the first order metric perturbation,
gµν = ηµν − 2h(µν) = ηµν − 2hµν , and the above corre-
sponds to the expansion of the gCS term

2WRC =
sgn (m)

2

1

96π

∫
Q3

(
Γ̃
)

+ · · · (I38)

to second order in h. In preforming such expansions we
found the Mathematica package xAct very useful [121,

122]. Equation (I38) corresponds to κH = 1
48π

sgn(m)
2 .

We note that within the perturbative calculation there is

no difference between
∫
Q3

(
Γ̃
)

and
∫
Q3 (ω̃), see (7.8).

The above result is valid for a vielbein e µa = δµa + h µa
which has a positive orientation. A vielbein with a neg-
ative orientation can be written as e µa = Lba (δµb + h µb )
where L is a Lorentz transformation with detL = −1.
We can deal with such vielbeins by absorbing L into the
gamma matrices, γa 7→ Lbaγ

a. The only effect that this
change has on the traces (I7) is changing tr

(
γaγbγc

)
=

2iεabc to tr
(
γaγbγc

)
= −2iεabc. The metric is indepen-

dent of the orientation and so is Γ̃, so the result valid for
both orientations is

2WRC =
sgn (m) o

2

1

96π

∫
Q3

(
Γ̃
)

+ · · · (I39)

where o = sgn (dete) is the orientation. The second and
third lines in (I30) correspond, with a relativistic regula-
tor, to O

(
h2
)

contributions to the cosmological constant
and E-H term which are UV sensitive.

One can compute the other traces in the same manner.
The only additional UV insensitive contribution comes
from the second integral in (I32). It is given by

2WRC =
sgn (m)

2

1

96π

∫
d3x4ω

(
∂µ∂ν − ∂2ηµν

)
2hµν

+ · · · (I40)

This corresponds to the expansion of the gpCS term to
second order in the vertices,

2WRC =
sgn (m)

2

1

96π

∫
d3x |e| R̃c+ · · · (I41)

where we have used (7.7), the expansion of the curva-

ture R̃ = −2
(
∂a∂b − ∂2ηab

)
hab + O

(
h2
)
, the definition

c = εabc (ωabc − ω̃abc), and the expansion ω̃abcε
abc =

−εabc∂ahbc + O
(
h2
)

of the LC spin connection. Note

that in the Lorentz gauge h[ab] = 0, ω̃abcε
abc vanishes

to first order. This completes the calculation of the UV
insensitive terms in the effective action which we have
studied in this paper.
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[73] M. Forger and H. Römer, Annals of Physics 309, 306
(2004).

[74] A. Shitade and T. Kimura, Physical Review B 90,
134510 (2014).

[75] Y. Tada, W. Nie, and M. Oshikawa, Physical review
letters 114, 195301 (2015).

[76] G. E. Volovik, JETP letters 100, 742 (2015).
[77] A. Shitade and Y. Nagai, Physical Review B 92, 024502

(2015).
[78] T. L. Hughes, R. G. Leigh, and O. Parrikar, Physical

Review D 88, 025040 (2013).
[79] M. Nakahara, Geometry, topology and physics (CRC

Press, 2003).
[80] A. C. Keser and V. Galitski, arXiv preprint

arXiv:1612.08980 (2016).
[81] M. Leclerc, International Journal of Modern Physics D

15, 959 (2006).
[82] O. Parrikar, T. L. Hughes, and R. G. Leigh, Physical

Review D 90, 105004 (2014).
[83] P. Kraus and F. Larsen, Journal of High Energy Physics

2006, 022 (2006).
[84] J. Zanelli, Classical and Quantum Gravity 29, 133001

(2012).
[85] A. Quelle, C. M. Smith, T. Kvorning, and T. H. Hans-



46

son, Physical Review B 94, 125137 (2016).
[86] Y. E. Kraus, A. Auerbach, H. Fertig, and S. H. Simon,

Physical Review B 79, 134515 (2009).
[87] S. Moroz, C. Hoyos, and L. Radzihovsky, Physical Re-

view B 93, 024521 (2016).
[88] E. Witten, arXiv preprint arXiv:0706.3359 (2007).
[89] S. Deser, L. Griguolo, and D. Seminara, Communica-

tions in mathematical physics 197, 443 (1998).
[90] R. Jackiw and S.-Y. Pi, Physical Review D 68, 104012

(2003).
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