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We analyze 2 + 1d and 3 + 1d Bosonic Symmetry Protected Topological (SPT) phases of matter
protected by onsite symmetry group G by using dual bulk and boundary approaches. In the bulk
we study an effective field theory which upon coupling to a background flat G gauge field furnishes
a purely topological response theory. The response action evaluated on certain manifolds, with
appropriate choice of background gauge field, defines a set of SPT topological invariants. Further,
SPTs can be gauged by summing over all isomorphism classes of flat G gauge fields to obtain
Dijkgraaf-Witten topological G gauge theories. These topological gauge theories can be ungauged
by first introducing and then proliferating defects that spoil the gauge symmetry. This mechanism
is related to anyon condensation in 2 + 1d and condensing bosonic gauge charges in 3 + 1d. In
the dual boundary approach, we study 1 + 1d and 2 + 1d quantum field theories that have G ’t-
Hooft anomalies that can be precisely cancelled by (the response theory of) the corresponding bulk
SPT. We show how to construct/compute topological invariants for the bulk SPTs directly from the
boundary theories. Further we sum over boundary partition functions with different background
gauge fields to construct G-characters that generate topological data for the bulk topological gauge

theory. Finally, we study a 2 + 1d quantum field theory with a mixed ZT/R
2 × U(1) anomaly where

ZT/R
2 is time-reversal/reflection symmetry, and the U(1) could be a 0-form or 1-form symmetry

depending on the choice of time reversal/reflection action. We briefly discuss the bulk effective
action and topological response for a theory in 3 + 1d that cancels this anomaly. This signals the
existence of SPTs in 3 + 1d protected by 0,1-form U(1)× ZT,R

2 .
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I. INTRODUCTION

Over the last several years the classification and char-
acterization of gapped quantum phases of matter have
become an important pursuit in the field of condensed
matter physics. The rather vast landscape of gapped
phases of matter can be organized according to (i) the
type of microscopic matter, i.e., fermionic or bosonic; (ii)
global symmetries which could act onsite or on spacetime
indices or on both; (iii) gauge symmetries, i.e., manifesta-
tion of constraints or conserved charges; (iv) global sym-
metries (v) entanglement patterns, i.e., broadly speaking
short-ranged or long-range entangled matter.1–4

A sub-class of the above gapped quantum phases that
have gained importance due to both theoretical and
experimental reasons in the recent years are short-
range entangled phases of matter with global symme-
tries, also known as symmetry protected topological
phases of matter or SPTs.5,6 Such phases of matter
cannot be connected to the trivial product state (triv-
ial insulator) (or to one another) by a symmetric adia-
batic deformation that preserves the gap. Equivalence
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classes of Bosonic SPTs have been classified using group
cohomology7 and the equivariant cobordism group8,9.
Non-interacting fermionic phases of matter have been
classified using tools in homotopy theory10,11. Interact-
ing fermionic phases have been studied using super group
cohomology12 and spin cobordism13,14 (see also15–19) re-
spectively.

a. Bulk response theories, etc. For this work we
limit ourselves to bosonic SPT phases. Except for Sec. V,
we only consider the simplest case of phases protected by
discrete abelian global symmetry G. In d+1 dimensions,
such phases of matter are classified by group cohomology.
Each distinct phase can be labelled by a group cocycle7

ω ∈ Hd+1
group(G,U(1)). (1)

It is expected that the low-energy and long-wavelength
physics of each phase may be captured by an invertible
topological quantum field theory (TQFT)8,14 whose Eu-
clidean partition function we will denote by Zq[N ] where
q is representative of ω and N is a compact and oriented
d + 1-dimensional manifold. A device one uses in these
classification approaches is to probe the phase of matter
by coupling it to a background flat G gauge field. In the
presence of background G field A, the partition function
takes the form

Zq[N,A] = eiI
q [N,A]. (2)

When G is a discrete group as the case will be for much of
this work, and we are working with a triangulated man-
ifold, a background G field is described by a 1-cocycle
on N valued in G i.e a coloring of 1-simplices of a given
triangulation of N that satisfies a cocycle condition im-
posing that the group elements compose to the identity
along any contractible 1-cycle. When G = Zn this may
be equivalently modeled as a flat U(1) gauge field whose
holonomies along non-contractible cycles are restricted to
be valued in 2πZ/n.

When the correlation length of the system is much
shorter than the system size, Iq[N,A] is expected to be
almost insensitive to smooth deformations of the back-
ground configuration A and manifold N . In fact in the
zero correlation length limit we expect Iq[N,A] to be
a topological term. Dijkgraaf and Witten in their sem-
inal paper20 classified topological actions built for dis-
crete gauge fields and showed that distinct topological
actions are labelled by group cocycles . More recently
it was shown in the context of SPTs8 that the response
theory Iq[N,A] only depends on the cobordism class of
[N,A] ∈ ΩSOd+1(BG), where ΩSOd+1(BG) is the oriented
cobordism group. More precisely, (N1, A1) and (N2, A2)
are said to be cobordant if there exists an oriented d+ 2
manifoldX with aG-bundle that can interpolate between
(N1, A1) and (N2, A2). This provides an equivalence re-
lation on the set of tuples {(N,A)}, equivalence classes of
which can be given the structure of an abelian group. The
group operation is simply disjoint union. If we restrict

to N being an oriented d+ 1-manifold and A a principle-
G-bundle, then this group is ΩSOd+1(BG). For purposes of
classification, one is interested in only the torsion sub-
group of ΩSOd+1(BG). This is finitely generated. Let the
generators be labelled [Ni, Ai] where i ∈ I, a finite index
set. Since SPT phases are short-range entangled they
have a unique ground state. Consequently, the modulus
of the partition function is unity i.e Zq[N,A] ∈ U(1).
The topological invariants for SPTs are provided by the
set {Zq[Ni, Ai]}i∈I8,9,21–23.

In addition to probing an SPT phase with a background
G gauge field, one could further sum over all flat G-fields
which is known as ‘orbifolding’ or gauging -G24,25. Upon
gauging, different SPTs map to distinct topological gauge
theories known as Dijkgraaf-Witten theories20 or their
spin analogues15,19. The partition function can be com-
puted as

ZqDW[N ] ∝
∑

A∈H1(N,G)

eiI
q [N,A]. (3)

Clearly, different d+1-cocycles furnish distinct Dijkgraaf-
Witten theories. These can be distinguished by the par-
tition functions they furnish on topologically non-trivial
manifolds. For example the manifolds generating the
cobordism group described above could be used as theo-
retical devices to distinguish different theories. Alterna-
tively, it is useful to consider Dijkgraaf-Witten theory in
the presence of background defects/sources such as

ZqDW[N, Jqp] ∝
∑

A∈H1(N,G)

eiI
q [N,A]+

∫
N
Jqp∪A (4)

where the quasiparticle current Jqp is a d-cochain valued

in Ĝ ' hom(G,R/2πZ). Further we may also introduce
quasivortices ‘Jqv’ that introduce non-contractible cycles
in N and impose constraints on the holonomy of A along
those cycles. Distinct Dijkgraaf-Witten theories assign
different topological invariants to linked configurations
of multiple quasi-vortices. Hence after gauging, these
topological invariants may also be used to distinguish
the parent SPT phases.26–30

The G-symmetry can be ‘ungauged’ within Dijkgraaf-

Witten theory by gauging a dual symmetry Ĝ which
is generated by the quasiparticle configurations. Physi-
cally this implies proliferating worldlines of quasiparticles
and destroying the gauge symmetry. Practically ungaug-
ing involves summing over different configurations of Jqp
with an appropriate weight. As the name suggests, un-
gauging G gets us back to what we had before gauging
G which was a G-SPT labelled by ‘q’:17,31–33

∑
Jqp

ZqDW[N, Jqp]e
−i

∫
N
Jqp∪A ∝ eiI

q [N,A]. (5)



3

b. Anomalous boundary theories Besides being dis-
tinguished by bulk response to flat G-bundles, SPTs have
interesting boundary (surface) theories. It is known that
d-dimensional surfaces of d + 1-dimensional SPTs pro-
tected by G symmetry support a quantum field theory
with a G-’t-Hooft anomaly,8,34–39 i.e., a quantum field
theory with a global G symmetry that cannot be pro-
moted to a gauge symmetry at the quantum level40 on
an intrinsically d-dimensional manifold. More precisely,
let M be a d-manifold and A a flat G-bundle, then the
partition function of a theory with a possible ’t-Hooft
anomaly is non gauge-invariant

Zq[M,A] 6= Zq[M,A+ ∆A]. (6)

Here, ∆A is a gauge transformation of A. Usually the
strategy when confronted with such ambiguities in quan-
tum field theory is to look for local counter terms that
make the partition function unambiguous, i.e., to look
for a functional Lqc.t.(A) built from local G-bundle data
such that

Zqreg[M,A] := Zq[M,A]ei
∫
M
Lqc.t.(A) (7)

is gauge invariant. For theories with ’t-Hooft anomalies,
no such local counter-term can be constructed. In fact
one needs a d + 1-manifold N (∂N = M) which houses
the SPT to construct a well-defined partition function
which takes the form

Zq[N,A] = Zq[M,A]eiI
q [N,A]. (8)

Somewhat imprecisely, we use ‘A’ both for the lifted G-
bundle on N as well as its restriction to ∂N = M .

An alternate diagnostic of the ’t-Hooft anomaly and the
one we will consider in this paper is an obstruction to
gauging or orbifolding G. We will show that it is impossi-
ble to find any local gauge-invariant counterterm Lc.t.[A]
such that

Zorb[M ] :=
∑
[A]

Zreg[M,A] =
∑
[A]

Z[M,A]ei
∫
M
Lc.t.(A)

is invariant under the group of diffeomorphisms of M . In
particular we will be interested in the large diffeomor-
phisms of M .34–36,41

c. Bulk-boundary correspondence We note that an
’t-Hooft anomaly is a strong non-perturbative constraint
in the sense that ’t-Hooft anomalies are conserved along
the renormalization group flows. Although this is a
strong constraint, it by no means uniquely specifies
the surface theory on M . Broadly speaking there are
three distinct possibilities that can saturate the ’t-Hooft
anomaly. The anomaly may be saturated by a quantum
field theory that (i) spontaneously breaks G symmetry;
(ii) is gapless with a non-local action of G; (iii) is gapped
and supports non-trivial (fractionalized) excitations that

cannot be realized on an intrinsically d dimensional man-
ifold with G symmetry.42–46

Using the anomaly matching criteria, once we establish
that a certain quantum field theory with partition func-
tion Zq[∂N = M ] is a suitable candidate for the sur-
face/edge theory for an SPT Zq[N ], we proceed to ex-
plore the bulk-boundary correspondence. We do so in two
related but distinct ways. (i) We construct SPT topolog-
ical invariants directly from a surface/edge computation
using the recently studied22 cut and glue approach, and
(ii) We construct topological data corresponding to the
Dijkgraaf-Witten topological gauge theory directly from
the surface/edge theories. The latter is done by first con-
structing twisted partition functions Zq[M,A] and then
summing them up into G-invariant characters also known
as orbifold characters that are representative of bulk ex-
citations. These methods have been well known for 2+1d
topological phases and their 1 + 1d boundaries47–54 and
were recently generalized to 3+1d topological phases and
their 2 + 1d surfaces30,55. Here we provide a procedure
to construct such G- orbifold chacters or G-characters for
short by directly implementing cohomological twists in-
stead of explicitly computing twisted partition functions.
G-characters are defined in such a way that they trans-
form projectively under large diffeomorphisms (modular
transformations) of M , and the projective phases encode
the relevant topological data.

Finally we switch directions and consider a bosonic quan-

tum field theory in 2 + 1-dimensions with ZT,R2 × U(1)p
symmetry. Here ZT,R2 refers to time reversal or Z2-
reflection symmetry and by U(1)p we mean a p-form U(1)
symmetry that may be gauged by coupling to p+ 1-form
flat U(1) gauge field. We specifically consider the cases

p = 0, 1 and show that for certain action of ZT,R2 ×U(1)p,
there is an ’t-Hooft anomaly that can be cancelled by a
3+1d invertible topological field theory. This signals the
existence of bosonic SPTs in 3 + 1-dimensions protected

by ZT,R2 × U(1)p. We propose bulk candidate effective
field theories for these phases of matter.

A. Plan for the paper

Before getting into the details, let us briefly describe the
plan for the rest of the paper.

In Sec. II and III, we study bosonic topological phases of
matter with global discrete abelian symmetry G in 2 + 1
and 3+1-dimensions respectively. We study these phases
and their gauged versions by analyzing the bulk directly
and from a complimentary viewpoint, by analyzing their
gapless boundary theories. In Sec. IV, we briefly com-
ment on how this generalizes to d+ 1-dimensions.

Bulk analysis
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We begin with an invertible TQFT that can describe
bosonic G-SPT phases with topologically distinct real-
izations of G symmetry labelled by ‘q’. We carry out the
following steps:

• Couple to a backgroundG gauge field A on a closed,
oriented d+1-dimensional manifold to compute dis-
tinct topological response theories

Zq[N,A] = eiI
q [N,A]. (9)

• In general Iq[N,A] ∈ R/2πZ and the set{
eiI

q [Ni,Ai]
}
i∈I of U(1) phases for all [Ni, Ai] that

generate the torsion subgroup of Ωd+1(BG) form
the set of SPT topological invariants, i.e., they
differentiate different SPT phases. For a discrete
abelian group G which is always isomorphic to∏k
i=1 Zni , the topological invariants turn out to be

a combination of partition functions on lens spaces
and three-torus with appropriate flat G bundles in
2 + 1-dimensions and (lens space × a one-sphere)
and the four-torus with appropriate G-bundles in
3 + 1-dimensions. We compute these topological
invariants.

• Gauge G by summing over flat G bundles to obtain
the partition function for a G-topological gauge
theory, i.e., Dijkgraaf-Witten theory.

• Introduce quasi-particle sources within Dijkgraaf-
Witten theory that generate a dual symmetry Ĝ

and finally ungauge G by gauging Ĝ to return to
the SPT phase.

Boundary analysis

To compliment the bulk analysis we study a class of sim-
ple models that describe possible edges/surfaces for G-
bosonic SPTs. We support our analysis with the follow-
ing computations:

• We couple the boundary theory to a background
G gauge field and compute ‘twisted partition func-
tions’ Zq[M,A].

• Take the aforementioned approach and try to gauge
G. We treat gauge-ability of G as a diagnostic for a
trivial/non-trivial bulk and show that the ’t-Hooft
anomaly matches with the gauge anomaly of the
SPT response theory on an open d+1 manifold con-
firming that this model indeed describes the surface
of an SPT.

• Once it is established that the theory describes the
boundary of an SPT, the SPT invariants can be
constructed directly from the surface theory follow-
ing a cut and glue construction whose calculation
essentially restricts to the boundary theory compu-
tation.

• Furthermore G-orbifold characters can be con-
structed from the ‘twisted partition functions’.
Modular transformations of these characters repro-
duce the topological data corresponding to the bulk
topological gauge theory obtained by gauging the
bulk SPT.

SPT protected by ZT,R
2 × U(1) symmetry in 3 + 1d

In Sec. V we study surface theory for 3 + 1d SPTs pro-

tected by ZT,R2 × U(1)p for the case p = 0, 1. We show

that for a certain action of ZT,R2 × U(1)p, there is a ’t-
Hooft anomaly for the surface theory. We construct bulk
effective field theories that cancel this anomaly and dis-
cuss the corresponding symmetry protected phases.

Notations

Before getting to the main text we briefly summarize the
notations we use. We will be working with topological
phases on a d+ 1-dimensional bulk manifold N which is
always compact and oriented. When we discuss purely
bulk physics then we often consider N to be closed. How-
ever when we consider edge/surface physics we consider
N to be an open manifold such that ∂N = M . We will
denote background G-gauge fields by A. These may be
both in the bulk or on the boundary. When discussing
situations involving only discrete gauge fields on triangu-
lated manifolds, we find it more convenient and rigorous
to treat A as a 1-cocycle valued in G. Such a G-valued co-
cycle is defined on a simplicial triangulation of the mani-
fold N (or M). Alternatively when the situation involves
treating fields which take values in a continuous space
we treat A as a U(1) gauge field and impose flatness as
well as restrict its holonomies to G by means of a La-
grange multiplier field if A is dynamical and by hand if
A is a background field. In the former case where A is
thought of as a cocycle we use cup products and lattice
codifferential operators whereas when A is thought of as
a U(1) valued field we use wedge products and exterior
derivatives respectively.

When mentioned (for e.g., during the gauging procedure)

we will promote A to be dynamical. By Ĝ, we imply the

group Pontrjagin dual to G, i.e., Ĝ = {µ : G→ U(1)}.
For discrete abelian groups, Ĝ ' G.

Bulk notations

Notation Description and comments

Zq[N,A] SPT partition function on N with back-
ground G bundle A. ‘q’ labels a d + 1-
cocycle ω ∈ Hd+1

group(G,U(1)).

Iq[N,A] SPT response theory valued in R/2πZ.

ZqDW[N ] Dijkgraaf-Witten partition function for
q ∈ Hd+1

group(G,U(1)) obtained by gaug-
ing q-SPT.
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Boundary notations

Notation Description and comments

Zq[M,A] Partition function for QFT describing
surface of q-SPT on d-manifold M in
the presence of background G bundle
A.

Zq,ε[M,A] Partition function with discrete torsion
phase ε ∈ Hd(G,U(1)). Physically ε
labels a d-dimensional -SPT.

Zqorb[M ] Partition function obtained by starting
from Zq[M,A] and orbifolding-G.

χqµ,λ1,...,λd−1
Orbifold characters constructed by
summing twisted partition functions
Zq[M,A]. These can be used to
compute topological data for bulk
Dijkgraaf-Witten theory.

II. 2 + 1d TOPOLOGICAL PHASES AND THEIR
1 + 1d EDGES

A. Bulk physics

SPT effective field theories: It is known that SPTs
with unitary onsite symmetry can be modeled byBF the-
ories with distinct symmetry actions.38,57,58 For example
G = Zkn-SPTs in 2 + 1d may be modeled by k-copies of
BF theory at ‘level’ one:

S[a, b] =

∫
N

k∑
I,J=1

δIJ
2π

bI ∧ daJ + · · · , (10)

where aI and bI are U(1)-connections subject to the
flux quantization conditions

∮
S
da,
∮
S
db ∈ 2πZ for S ∈

Z2(N ;Z). By ‘· · · ’ we imply other non-topological sym-
metry preserving terms that we ignore in the limit of zero
correlation length. This theory is trivial, in the sense its
partition function Z[N ] = 159 on any closed 3-manifold
N . However it can be coupled to a flat background G
gauge field AI in topologically distinct ways which cor-
respond to various SPT actions

Sq[a, b, A] =

∫
N

δIJ
2π

bI ∧ daJ + Sqcpl[a, b, A]. (11)

Here, Sqcpl[a, b, A] is the part of the action involving cou-

pling to sources AI . Flat G gauge fields are character-
ized by their holonomies, or equivalently, A ∈ H1(N,G).
G-SPTs are classified by group cohomology and can be
labelled by a 3-cocycle ω ∈ H3

group(G,U(1)). Here ‘q’
is meant to be a representative of ω. For finite abelian
groups, there are three classes of group 3-cocycles. For

G = (Zn)k these take the form

ωtype-I(a,b, c) = exp

{
2πiqI
n2

aI
(
bI + cI − [bI + cI ]

)}
,

ωtype-II(a,b, c) = exp

{
2πiqIJ
n2

aI
(
bJ + cJ − [bJ + cJ ]

)}
,

ωtype-III(a,b, c) = exp

{
2πiqIJK

n
aIbJcK

}
, (12)

where a = (a1, a2, . . . , ak), etc., a,b, c ∈ Zkn and [aI +
bI ] := aI + bI mod n. These different families of cocycles
are called type-I,II,III respectively60. The parameters
qI , qIJ , qIJK take values in Z mod nZ, hence

H3
group[(Zn)k, U(1)] = (Zn)

 k

1

+

 k

2

+

 k

3


.

(13)

Any G SPT is prescribed by the set of Zn parame-
ters q = {qI , qIJ , qIJK} ∈ H3

group(G,U(1)). Different
coupling terms corresponding to different families of 3-
cocycles take the form

SqIcpl[a, b, A] = − 1

2π

∫
N

AI ∧ (dbI + qIda
I),

SqIJcpl [a, b, A] = − 1

2π

∫
N

AI ∧ (dbI + qIJda
J),

SqIJKcpl [a, b, A] = − 1

2π

∫
N

AI ∧ (dbI +
n2qIJK

2π
aJ ∧ aK),

(14)

where I, J,K are not summed over. Integrating over
aI , bI one obtains a response theory in terms of back-
ground G-bundle:

Zq[N,A] =

∫
D[a, b]eiS

q [a,b,N,A] =: eiI
q [N,A]. (15)

The response theories Iq[N,A] take the form

IqI [N,A] = − qI
2π

∫
N

AI ∧ dAI ,

IqIJ [N,A] = −qIJ
2π

∫
N

AI ∧ dAJ ,

IqIJK [N,A] = −qIJKn
2

4π2

∫
N

AI ∧AJ ∧AK . (16)

The relation between SPT response theories (16) and the
respective cocycles (12) can be seen most clearly within
a simplicial construction. (See App. C.)

Topological invariants for SPTs: SPT topologi-
cal invariants are a set of U(1)-valued quantities that
can distinguish different phases. These are supplied by
the partition functions {Zq[Ni, Ai]}i∈I which are pure

U(1) phases eiI
q [Ni,Ai]. Here, [Ni, Ai] are the generators
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of the torsion subgroup of ΩSO3 (BG), the oriented G-
equivariant cobordism group. For G = Zkn, we will con-
firm that the lens space L(n, 1) and three-torus T 3 with
appropriate flat G-bundles are sufficient to detect and
classify G-SPTs. Lens space is a three-dimensional topo-
logical space with the properties that its 1st and 2nd ho-
mology groups are pure torsion i.e H1,2(L(n, 1),Z) = Zn.
Such a space can be constructed by taking a quotient of
the three sphere |z1|2 + |z2|2 = 1 where z1,2 ∈ C by the

natural Zn action i.e (z1, z2) ∼ (e
2πi
n z1, e

2πi
n z2). Let us

compute the partition functions on these manifolds.

• Type-I and type-II cocycles: SPTs with type-I
and type-II symmetry action can be distinguished
by their partition functions on lens space (L(n, 1))
with an appropriate background G-bundle. The
topology of Lens space is captured by the torsion
part of its homology groups

H1(L(n, 1),Z) = H2(L(n, 1),Z) = Zn. (17)

Then [A] ∈ Tor(H2(L(n, 1),Z)). The Chern-
Simons term which appears in the type-I response
theory IqI [N,A] evaluates to

eI
qI [L(n,1),[A]] = exp

{
−iqI
2π

∫
L(n,1)

AI ∧ dAI
}

= exp

{
−iqI

∮
CA

A

}
= exp

{
−iqIaI

∮
C1

A

}
= exp

{
−2πiqIa

2
I

n

}
, (18)

where CA ∈ H1(L(n, 1),Z) is Poincare dual to
[A] ∈ Tor

(
H2(L(n, 1),Z)

)
. Further we have chosen

the configuration [A] such that CA = aIC1 where
C1 is the generator of H1(L(n, 1),Z). Hence the
SPT invariant is

eiI
qI [L(n,1),[A]] = e−

2πiqIa
2
I

n . (19)

The SPT invariant with type-II response theory
(16) can be computed similarly.

eiI
qIJ [L(n,1),[A]] = exp

{
− iqIJ

2π

∫
L(n,1)

AI ∧ dAJ
}

= exp

{
−iqIJ

∮
CA

AI
}

= exp

{
−iqIJaJ

∮
C1

AI
}

= exp

{
−2πiqIJaIaJ

n

}
. (20)

• Type-III cocycles: SPTs with type-III response
theories can be detected on T 3 with a background

G bundle

eiI
qIJK [T 3,A] = exp

{
− in

2qIJK
4π2

∫
T 3

AI ∧AJ ∧AK
}

= exp

{
−2πiqIJK

n
εijkaI,ibJ,jcK,k

}
(21)

where aI = (aI,1, aI,2, aI,3) are the holonomies
around the three cycles of T 3.

Summarizing, the complete set of invariants for bosonic
SPTs protected by G = Zkn are{

e−iI
q [L(n,1),A], e−iI

q [T 3,A]
}

=
{
e

2πi
n (qIaI2+qIJaIaJ ), e2πi

qIJK
n εijkaI,ibJ,jcK,k

}
(22)

More generally, if G =
∏k
I=1 ZnI , then the SPTs clas-

sified by parameters {qI , qIJ , qIJK} parametrizing type-
I,II,III kind of responses respectively can be detected on{
L(nI , 1), L(gcd(nI , nJ), 1), T 3

}
respectively.61–63 In the

above computation we have treated AI as a flat U(1)
bundle with holonomies restricted to Zn, equivalently we
could have treated AI as a Zn-cocycle on a triangulation
of the three torus/ lens space.

Topological gauge theories from gauging SPTs :
Gauging of SPTs can be carried out by first comput-
ing the response to flat G-bundles (15) and then sum-
ming over all flat bundles with the appropriate normal-
ization. By this procedure, one obtains the well known
Dijkgraaf-Witten topological gauge theory labelled by
q ∈ H3

group(G,R/2πZ):

ZqDW[N ] =
1

|H0(N,G)|
∑

A∈H1(N,G)

eiI
q [N,A]

=

∫ k∏
I=1

D[AI , BI ]ei
∫
N

nδIJ
2π BI∧dAJ+iIq [N,A]

(23)

where in the second line we have specialized to G = Zkn
and written the gauged SPT action in the familiar con-
tinuum form as a ‘twisted’ multicomponent BF theory.
AI , BI are 1-form U(1) connections. Integrating over BI

imposes that A is a flat G-bundle and takes us back to
the original expression. Since (1/2π)dBI is a 2-form with
integral periods we can write

1

2π
dBI = dβI +

∑
j∈Free(H2(N,Z))

mI
jλj (24)

where mj ∈ Z and λj is a basis on the space of integral
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harmonic 2-forms. Then, integrating over BI , we get

ZqDW =

∫ k∏
I=1

D[AI , βI ]e
inδIJ

2π

∫
N
βI∧FJA

×
∏
j

 ∑
mIj∈Z

einδIJm
I
j

∫
λj∧AJ

 eiIq [N,A]

=
1

N

∫ k∏
I=1

D[AI ]δ(nF IA)
∏
j

 ∑
mIj∈Z

einm
I
j

∫
λj∧AI

 eiIq [A,N ]

=
1

N

∫ k∏
I=1

D[AI ]δ(nF IA)δ(

∮
Lj

AI ∈ 2π

n
Z)eiI

q [N,A]

=
1

|H0(N,Zkn)|
∑

A∈H1(N,Zkn)

eiI
q [N,A]. (25)

The sum over βI fixes nF IA = 0 which implies that
F IA = 0 unless Tor(H2(N,Z)) 6= 0. The sum over mj

sets the holonomy of AI to be a multiple of 2π/n along
Lj the 1-cycle poincare dual to λj . In other words
[A] ∈ H1(M,Zkn), a flat Zkn-gauge field. The factor N
counts the number of gauge transformations of AI as
Zn-valued field. Let us take a look at few examples:

• Type-I and type-II cocycles: Consider a 3-
manifold N with vanishing torsion. Then since
dAI = 0, we get IqI [N,A] = IqIJ [N,A] = 0. There-
fore

ZqDW[N ] =
1

|G|
∑

[A]∈H1(N,G)

1

= |G|b1(N)−1, (26)

where b1(N) refers to the 1st Betti number of N .
If N = S1 ×M , the partition function evaluates to

ZqDW[M × S1] ≡ GSD[M ] = |G|b1(M) (27)

where GSD[M ] denotes the groundstate degeneracy
on M . Similarly, the gauged partition function for
type-I and type-II cocycle on for G = Zn and G =
Z2
n respectively can be evaluated on L(n, 1) using

(18) and (20)

ZqIDW[L(n, 1)] =
1

n

n−1∑
aI=0

e
2πiqIa

2
I

n ,

ZqIJDW[L(n, 1)] =
1

n2

n−1∑
aI ,aJ=0

e
2πiqIJaIaJ

n , (28)

• Type-III cocycles: The partition function on T 3

for type-III cocycle can be computed using (21)

ZqDW[T 3] =
1

|G|
∑

a,b,c∈Z3
n

e
2πiqIJK

n εijkaI,ibJ,jcK,k

=: GSD[T 2] < |G|2 (29)

For G = Z3
2, q123 = 1, (29) evaluates to ZqDW[T 3] =

22 = GSD[T 2]60. Groundstates on a torus can be
labelled by the spectrum of Wilson operators in
a topological gauge theory, therefore this implies
that there are 22 independent Wilson operators.
The total quantum dimension is the same for dif-
ferent Dijkgraaf-Witten theories corresponding to
the same G, hence we obtain

|G|2 =

GSD[T 2]∑
i=1

d2
i . (30)

If GSD[T 2] < |G|2 there must be at least a single
Wilson operator with quantum dimension greater
than 1. This is a way to see that type-III theory
has non-abelian excitations even though G is an
abelian group60. A dual approach based on ana-
lyzing Wilson operators directly in the continuum
theory may also be used to compute this ground-
state degeneracy.64

Ungauging and anyon condensation: Let us con-
sider the continuum formulation of Dijkgraaf-Witten the-
ory (23) in the presence of quasiparticle sources Jqp

ZqDW[N, Jqp] =

∫ k∏
I=1

D[AI , BI ] exp

{∫
N

in

2π
BI ∧ dAI

+iIq[N,A] + i

∫
N

JIqp ∧AI
}

(31)

where the background fields JIqp are 2-form fields with

integral periods65. Upon integrating out BI ,
∮
AI ∈

(2πZ) /n, the periods of Jqp only make sense modulo n,

more precisely Jqp ∈ H2(N, Ĝ) where Ĝ = Rep(G) ' G.
There is a perfect pairing∫

N

: H1(N,G)×H2(N, Ĝ)→ R/2πZ (32)

that is realized by wedge product followed by integra-
tion. For a simplicial definition of this pairing, consider
a 3-simplex as in Fig. 1

∫
∆
Jqp ∪ A = Jqp[012](A[23]) =

m(a) = 2πma
n .

Jqp generates a 1-form Ĝ symmetry. To see this, we follow
the procedure standard in Hamiltonian quantization of
gauge systems. Let N = M × S1. We define a charge

operator QI(λI) corresponding to Ĝ symmetry

δJIqpS =

∫
N

δJIqp ∧AI ⇒ QI(λI) :=
1

2π

∫
M

λI ∧AI

(33)

where QI(λI) is the charge operator that generates the 1-
form gauge transformation and λ ∈ Ω1

Z(M) parametrizes
the transformation. Then the 1-form symmetry acts as

QI(λI) : JIqv 7→ JIqv + dλI ;

: BI 7→ BI − λI . (34)
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FIG. 1. Triangulation of a three-torus containing one
0-simplex, three 1-simplices, three 2-simplices and six 3-
simplices.

Gauging this dual 1-form symmetry means summing over

JIqp ∈ H2(M, Ĝ). Let us call the partition function after

gauging the 1 -form Ĝ symmetry Zq
DW/Ĝ

. Then

Zq
DW/Ĝ

[N, Â] =
∑
Jqp

e−i
∫
N
JIqp∧Â

I

ZqDW[N, Jqp]

=
∑
Jqp

∑
A

ei
∫
N
JIqp∧(AI−ÂI)+iIq [N,A]

= eiI
q [N,Â]. (35)

Hence gauging the dual Ĝ 1-form global symmetry is
equivalent to un-gauging G. The symmetry is generated
by the world-line of A, therefore gauging is synonymous
with proliferating the A-lines freely and may be under-
stood as anyon condensation.66–70

B. Edge physics

Consider the 1 + 1d bosonic conformal field theory on a
two-dimensional spacetime manifold M described by the
action

S[M ] =

∫
M

k∑
I=1

[
1

4π
∂xφ

1,I∂tφ
2,I −H(φ1,I , φ2,I)

]
(36)

where φ1,I , φ2,I : M 7→ R/2πZ. H denotes the Hamil-
tonian which we shall set to H = 1/4π

∑
I,i(∂xφ

i,I)2.

The action (36) is invariant under different realizations
of global 0-form Zkn-symmetry. It is well-known that
the edge theory for a G-SPT suffers from a G ’t-Hooft
anomaly, i.e., there is an obstruction to promoting the
global G-symmetry to a gauge symmetry. A diagnostic
of this anomaly that we will use is modular invariance
which is a consistency criteria for a healthy quantum
field theory. The idea is as follows: consider putting a
quantum field theory on a manifold M . Then we require
that the partition function be invariant under large dif-
feomorphisms of M .56 We will be particularly interested
in M = T 2 for which MCG(T 2) = SL(2,Z) which has

two generators denoted S and T with the action

S :

(
t

x

)
7→

(
−x
t

)
,

T :

(
t

x

)
7→

(
t+ x

x

)
. (37)

A modular invariant partition function is one for which

Z[UM ] = Z[M ]; U ∈MCG(M) (38)

A diagnostic for a theory with a global or ’t-
Hooft anomaly is the inexistence of a modular invari-
ant partition function for the gauged (or orbifolded)
theory34–36,41. To be more precise the partition function
of the gauged theory takes the form

Zorb[M ] =
1

|H0(M,G)|
∑

A∈H1(M,G)

θ(A)Z[M,A] (39)

where Z[M,A] is the ‘twisted’ partition function com-
puted in the presence of background flat G gauge field
A ∈ H1(M,G). In case a theory admits distinct G
actions we will denote by ‘q’ a specific realization of
G-symmetry. We label a ‘twisted’ partition function
with this choice of symmetry action by Zq[M,A]. In
(39), the different twisted sectors are weighted by θ(A)
where θ is a function θ : H1(M,G) → U(1) as a set.
More precisely we must think of θ(A) as a counterterm
built from local gauge data A paired with the manifold,
θ(A) = exp

{
i
∫
M
Lc.t.(A)

}
. Generally there might be

inequivalent choices of θ that furnish modular invari-
ant partition functions. More precisely θ(A) as well
as θ(A)ε(A) may be used to construct modular invari-
ants. Here ε is the discrete torsion phase classified by
H2

group(G,R/2πZ) (see App. B for details).

The theory has a ’t-Hooft anomaly if there does not exist
any gauge invariant θ(A) such that

Zorb[UT 2] = Zorb[T 2]; U = S, T (40)

We will see that the theory (11) introduced earlier ex-
actly cancels the ’t-Hooft anomaly of (36) when M = ∂N
and the SPT effective action (11) lives on N . Hence the
’t-Hooft anomalies discussed here are prescribed by the
same data ‘q′ ∈ H3

group(G,R/2πZ) as 2 + 1d SPTs. Since
the anomaly of the 1 + 1d theory is cancelled by the bulk
2+1d SPT, together they may be coupled consistently to
a background G gauge field and gauged. In other words

ZqDW[N ] =
1

|H0(N,G)|
∑

[A]∈H1(N,G)

Zq [M,A]Zq
[
N |∂N=M , A

]
(41)

is the partition function for a well-defined or anomaly-
free G gauge theory labelled by 3-cocycle ‘q’ ∈
H3

group(G,R/2πZ).



9

Let us consider the case of G = Z2
n. We choose the sim-

ple case of Z2
n to avoid dealing with orbifolding type-III

cocycles which appear for G = Zkn when k ≥ 3. Type-
III cocycles are quite subtle for several reasons and we
will mostly leave them out of our discussion. For a dis-
cussion of ’t-Hooft anomalies corresponding to type-III
cocycles see references70,72 Since H3

group(Z2
n,R/2πZ) =

Z3
n ' (q1, q2, q12) there could be three distinct kinds of

G actions and combinations thereof. Let us denote these
by ĝ1, ĝ2, ĝ12 respectively. Explicitly their action on (36)
is

ĝI :

[
φ1,I

φ2,I

]
7→

[
φ1,I

φ2,I

]
+

2π

n

[
1

qI

]

ĝIJ :

[
φ1,I

φ2,J

]
7→

[
φ1,I

φ2,J

]
+

2π

n

[
1

qIJ

]
; I < J (42)

We follow the canonical formalism in order to gauge the
global G symmetry. The first step is to compute twisted
partition functions Zq[M,A]. Since A is flat it is charac-
terized by holonomies along homology cycles in M i.e
[A] ∈ Hom [H1(M,Z), G]. Let us fix M = T 2, then
[A] ' (a,b) where a,b ∈ G are the holonomies along the
time and space cycle respectively. The partition func-
tions in the twisted sectors are

Zq[T 2, A] = Zqa,b := TrHqb

[
â e2πiτ1P−2πτ2H

]
, (43)

where τ = τ1 + iτ2 is the modular parameter of the flat
spacetime torus, H,P are the Hamiltonian and the mo-
mentum, respectively, and we have defined the twisted
Hilbert space Hqb which satisfies the boundary conditions(
φ1,J

φ2,J

)
(x+ L) =

(
φ1,J

φ2,J

)
(x) +

2π

n

(
bJ

qJbJ + qIJbJ

)
.

(44)

Let us define charge operators

Qi,I :=
1

2π

∫
dx∂xφ

ī,I ; i, ī ∈ 1, 2; i 6= ī (45)

which implement U(1) transformations

eiλQ
i,I

: φi,I → φi,I + λ. (46)

Then â appearing in (43) takes the form

â := exp

{
2πi

n

[
aIQ

1,I + a1q1Q
2,1 + (a2q2 + a1q12)Q2,2

]}
.

(47)

These twisted partition functions can be computed us-
ing standard methods in conformal field theory (see for
example34,73,74). We will mainly be interested in modu-

lar properties of the twisted partition functions.

T : Zqa,b(τ) 7→ Zqa,b(τ + 1)

= T qa,bZ
q
a+b,b(τ)

= e−
2πi
n2 [

∑
I qIb

2
I+q12b1b2]Zqa+b,b(τ),

S : Zqa,b(τ) 7→ Zqa,b(−1/τ)

= Sqa,bZ
q
−b,a(τ)

= e
2πi
n2 [2

∑
I qIaIbI+q12(a1b2+b1a2)]Zq−b,a(τ).

(48)

Under large gauge transformations, Zqa,b transforms as

Zqa+ne1,b
(τ) = e

2πi(q1b1+q12b2)
n Zqa,b(τ),

Zqa+ne2,b
(τ) = e

2πi(q2b2+q12b1)
n Zqa,b(τ),

Zqa,b+ne1
(τ) = e

2πi(q1a1+q12a2)
n Zqa,b(τ),

Zqa,b+ne2
(τ) = e

2πi(q2a2+q12a1)
n Zqa,b(τ), (49)

where e1 = (1, 0) and e2 = (0, 1).

Gauging trivial symmetry action: Let us first con-
sider the partition functions twisted by trivial symmetry
action, i.e., q = 0. For this trivial case an equal weight
sum over all twisted sectors is modular invariant

Z0
orb(τ) =

1

|G|
∑

a,b∈G

Z0
a,b(τ). (50)

More generally, we may introduce a U(1) valued function
ε : G2 → U(1) to obtain a partition function

Z0,ε(τ) =
1

|G|
∑

a,b∈G

ε(a,b)Z0
a,b(τ). (51)

Modular invariance and factorizability of the parti-
tion function at higher genus impose several constraints
on ε such that distinct choices of ε are classified by
H2

group(G,U(1)) as

ε(a,b) =
c(a,b)

c(b,a)
(52)

where [c] ∈ H2
group(G,U(1)).75,76 (see App. B for details).

Bosonic SPTs in 1+1d protected by G symmetry are also
classified by H2

group(G,U(1)). The partition function for

SPT described by [c] ∈ H2
group(G,U(1)) on a 2-torus with

flat G gauge field A evaluates to

Zca,b = c(a,b)/c(b,a) = ε(a,b). (53)

Therefore the freedom of adding a discrete torsion phase
while constructing a modular invariant partition function
is equivalent to adding a 1 + 1d G-SPT. This is ofcourse
expected since a 1 + 1d SPT is perfectly consistent on
a closed 2-manifold and therefore should not contribute
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to the anomaly. Hence the anomaly on the boundary of
a 2 + 1d SPT is insensitive to pasting of a 1 + 1d SPT
protected by G (or more generally H such that G ⊂ H).

Gauging non-trivial symmetry action: Now let us
try to gauge G for the action where q 6= 0. We men-
tioned earlier that this is related to non-trivial q ∈
H3

group(G,R/2πZ). Using (48) we obtain the following
conditions from requiring modular invariance

θ(a,b) = e
2πi
n2 [

∑
I qIb

2
I+q12b1b2]θ(a + b,b),

θ(a,b) = e−
2πi
n2 [

∑
I 2qIaIbI+q12(a1b2+b1a2)]θ(−b,a). (54)

Using the first equation above, it can be seen that

θ(a + ne1, e1) = e2πiq1/nθ(a, e1),

θ(a + ne2, e2) = e2πiq2/nθ(a, e2),

θ(a + n(e1 + e2), e1 + e2) = e
2πi(q1+q2+q12)

n θ(a, e1 + e2).
(55)

We interpret θ(a,b) as a local counter-term needed to
make the partition function modular invariant. That is
θ(a,b) = eiSc.t.[a,b]. We learn that requiring modular in-
variance forces us to choose a counter-term which is not
invariant under-large gauge transformations a 7→ a+neI
and a 7→ a+ne1 +ne2. Hence there is a conflict between
gauge invariance and modular invariance which is a di-
agnostic of a ’t-Hooft anomaly. We can however couple
the theory to a TQFT in 2 + 1d that cancels the ’t-Hooft
anomaly of the 1+1d theory (36). Above we constructed
an invertible TFT (11) that exactly cancels the boundary
anomaly. To see this, we compute the following response
action

Iq[D2
a × S1

b, A] = −
∫
D2

a×S1
b

[ qI
2π
AI ∧ dAI +

qIJ
2π

AI ∧ dAJ
]
.

(56)

By D2
a × S1

b, we denote the configuration where N =
D2
xy × S1

t , and the G gauge field has a symmetry defect

puncturing D2 such that∮
S1
t

AI =
2π

n
bI ;

∮
∂D2

xy

AI =
2π

n
aI (57)

Note that this is not a flat field configuration as it is
sourced by a extrinsic symmetry defect. Then the par-
tition function for an SPT described by (36) evaluates
to

Zq[D2
a × S1

b, A] = eiI
q [D2

a×S
1
b,A]

= e−
∑
I

2πiqIaIbI
n2 − 2πiqIJ (aIbJ+aJbI )

n2 (58)

which exactly satisfies the properties (54) and hence can-
cels the modular anomaly of the 1 + 1d theory. Further-
more it transforms under large gauge transformations in

an opposite way to (49). Hence coupled to an invertible
TFT in the bulk, (36) is perfectly consistent.

Further, (56) is anomaly-free on a closed manifold and
the global G symmetry can be gauged to obtain DW
theory with topological order. This topological order is
characterized by some data such as braiding phases and
topological spin. It has long been known that the topo-
logical data of the bulk TQFT can be extracted directly
from the 1 + 1d edge theory.47–54

G-characters and topological data: In order to ob-
tain bulk topological data such as braiding phases and
topological spins of excitations within a topological gauge
theory directly from the edge theory, one may exploit
the bulk-boundary correspondence. This correspondence
establishes a bijection between excitations or line opera-
tors in a topological gauge theory and G-characters built
from twisted sectors of the edge theory on a spacetime
two torus71. The complete set of characters may be con-
structed from the edge theory as

χµ,a =
1√
|G|

∑
b∈G

µ(b)Zqb,a(τ) (59)

where µ ∈ Rep(G). For example if G = Zn, then explic-

itly µ(b) = e
2πiµb
n . Each character constructed from the

edge theory corresponds to an excitation within the bulk
topological gauge theory. These characters form a projec-
tive representation of the mapping class group SL(2,Z)
and the S and T matrices of projective phases encode
bulk topological data

Sχµ,a =
∑
µ′,a′

S(µ,a),(µ′,a′)χµ′,a′ ,

T χµ,a =
∑
µ′,a′

T(µ,a),(µ′,a′)χµ′,a′

= exp {2πihµ,a}χµ,a. (60)

Notice the action of T is diagonal and the eigenvalue
of χµ,a, exp 2πihµ,a, is the topological spin of the bulk
excitation corresponding to χµ,a via the bulk-boundary
correspondence. Instead of directly evaluating the parti-
tion function in the twisted sector Zqb,a(τ) (labelled by b,

a) and extracting the S and T matrices from it48,52–54,78,
we can construct Z̄qb,a(τ) from Z0

b,a(τ) in the following
way,

Z̄qb,a(τ) := γqa(b)Z0
b,a(τ),

χ̄µ,a =
1√
|G|

∑
b∈G

µ(b)Z̄qb,a(τ), (61)

where Z0
b,a(τ) is the twisted partition function for the

trivial SPT phase. In Z̄qb,a(τ), the interesting topolog-

ical data is encoded in γqa(b), which has the important
algebraic property

γqa(b)γqa(c) = βqa(b, c)γqa(b + c). (62)
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The group 2-cocycle βqa ∈ C2
group(Zn, U(1)) is obtained

from ωq(a,b, c) [Eq. (12)] by taking a slant product, i.e.,
βa(b, c) = iaω(a,b, c) (for details, see App. A). Explic-
itly, βqa and γqa take the form

βqa(b, c) = exp

{
2πi

n2

∑
I

aI(bI + cI − [bI + cI ])

}

× exp

{
2πiqIJ
n2

aI(bJ + cJ − [bJ + cJ ])

}
,

γqa(b) = exp

{
2πi

n2
(
∑
I

qIaIbI + qIJaIbJ)

}
. (63)

Z̄qb,a in (61) is easier to work with than Zqb,a since we
do not need to evaluate the twisted partition function
Z0
b,a directly, which may sometimes be tedious. Fur-

ther, Z̄qb,a(τ) and Zqb,a(τ) have the same properties under
modular and large gauge transformation, which is all we
require. It is straightforward to check that modular ma-
trices computed from χ̄µ,a match up with (60),34,78

T̄(µ,a),(µ′,a′) = δµ,µ′δa,a′µ(a)γqa(a),

S̄(µ,a),(µ′,a′) =
1

n
µ(a′)µ′

−1
(−a)γqa(a′)γqa′(a). (64)

SPT invariants from edge theory: Next we show
that the SPT invariants for type-I and type-II SPTs can
be computed directly from the edge theory (36). Let
us consider an SPT protected by G = Zkn with symmetry
action described by some combination of type-I and type-
II 3-cocycles ‘q’. Then such SPTs can be distinguished by
their partition functions on lens space. In22, it was shown
that the Lens space partition function may be simulated
by an expectation value of a non-local partial rotation
operation on the groundstate on S2. Let the theory (11)
be defined on N = S2 × S1, where S2 is the spatial
manifold. The theory has a unique groundstate |GSqS2〉.
The partition function on lens space may be simulated
as

Zq[L(n, 1), A] = 〈GSqS2 |Ĉn,D(a)|GSqS2〉 (65)

where Ĉn,D(a) is an operator that implements a partial
n-fold rotation on a disc like subregion D ⊂ S2 followed
by the symmetry operation â. To motivate this defini-
tion, we recall the fact that lens space may be constructed
from the surgery79

L(n, 1) = [D2 × S1] tϕ [D2 × S1] (66)

where tϕ denotes gluing the boundaries of the two solid
tori ∂[D2 × S1] = T 2 via the large diffeomorphism ϕ =

STnS. In22, it was shown that Ĉn,D corresponds to the
same diffeomorphism ϕ. Then the lens space partition
function with background field holonomy a ∈ G around

the torsion cycle may be computed as

Zq[L(n, 1), A] = 〈GSq|Ĉn,D(a)|GSq〉

=
TrHq(D)

[
Ĉn,D(a)ρD

]
TrHq(D) [ρD]

(67)

where we have traced out the disc-like region D̄ com-
pliment to D. We denote the Hilbert space on D (re-
spectively ∂D) for the SPT described by 3-cocycle ‘q’∈
H3

group(G,U(1)) as Hq(D) (respectively Hq(∂D)). The
reduced density matrix on ρD is given by the thermal
density matrix on ∂D at inverse temperature ξ, which is
related to the bulk correlation length80,81. We note that
∂D is not a physical boundary but rather the boundary
of region D where the partial rotation operator acts.

ρD =
e−ξĤ∂D

TrHq(∂D)

[
e−ξĤ∂D

] . (68)

Then the lens space partition function may be evaluated
as

Zq[L(n, 1), A] =
TrHq(∂D)

[
Ĉn,∂D(a)e−ξĤ∂D

]
TrHq(∂D)

[
e−ξĤ∂D

]
=

TrHq(∂D)

[
âe−

iP̂L
n −ξĤ∂D

]
TrHq(∂D)

[
e−ξĤ∂D

]
=
Zq(a,0)

(
iξ
L −

1
n

)
Zq(0,0)

(
iξ
L

)
=

∑
b (STnS)

(bτ ,bx)
(a,0) Zq(bτ ,bx)

(
− 1
n + iL

ξn2

)
∑

b S
(bτ ,bx)
(0,0) Zq(bτ ,bx)

(
iL
ξ

)
= e

2πi(qIa
2
I+qIJaIaJ )

n

Zq(−a,0)

(
− 1
n + iL

ξn2

)
Zq(0,0)

(
iL
ξ

)
= e

2πi(qIa
2
I+qIJaIaJ )

n

(
1 +O(e−L/ξ)

)
. (69)

In the last line we have taken the limit where the inverse
temperature ξ is much smaller than L, the circumference
of ∂D (ξ/L→ 0). Hence we can read off the SPT invari-
ant

Zq[L(n, 1), A] = e
2πi
n (qIa2I+qIJaIaJ). (70)

III. 3 + 1d TOPOLOGICAL PHASES AND THEIR
2 + 1d GAPLESS SURFACES

A. Bulk physics

SPT effective actions: Similar to the 2+1-dimensional
case, 3 + 1d SPTs can be modeled by multiple copies
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of level 1 BF theories with topologically distinct cou-
pling to a flat background G bundle. SPT phases with G
symmetry are classified by H4

group(G,U(1)). For example

consider G = Zkn bosonic SPTs which can be modeled by
the following effective field theories7,37,58,62

Sq(a, b, A) =

∫
N

δIJ
2π

bI ∧ daJ + Sqcpl(a, b, A) (71)

where a and b are 1-form and 2-form U(1) gauge field,
I, J = 1, . . . , k, and q denotes the representative ω ∈
H4

group(G,U(1)), For G = (Zn)
k
,

H4
group[(Zn)k, U(1)] = (Zn)

2×

 k

2

+

 k

3

+

 k

4


(72)

Different 4-cocycles [ω] ∈ H4(G,U(1)) are of three kinds
named ‘type-II,III,IV’ which explicitly take the form

ωtype-II(a,b, c,d) = e
2πiqIJ
n2 aIbJ(cJ+dJ−[cJ+dJ ]),

ωtype-III(a,b, c,d) = e
2πiqIJK

n2 aIbJ(cK+dK−[cK+dK ]),

ωtype-IV(a,b, c,d) = e
2πiqIJKL

n aIbJcKdL , (73)

where [aI + bI ] denotes addition modulo n. Here q =
{qIJ , qIJK , qIJKL} are a set of parameters valued in
Z mod nZ that label different SPTs. Distinct SPT ef-
fective field theories differ in how they couple to the
background flat G gauge field. The coupling terms cor-
responding to different cocycle types take the form

SqIJcpl (a, b, A) = − 1

2π

∫
N

AI ∧
(
bI +

nqIJ
2π

aJ ∧ daJ
)
,

SqIJKcpl (a, b, A) = − 1

2π

∫
N

AI ∧
(
bI +

nqIJK
2π

aJ ∧ daK
)
,

SqIJKcpl (a, b, A) = − 1

2π

∫
N

AI ∧
(
bI +

n3qIJKL
4π2

aJ ∧ aK ∧ aL
)
.

(74)

Generally, the coupling to background field AI may in-
volve a combination of type-II,III,IV terms for some
choice of ‘q’. For simplicity we will treat these terms
separately. The response theory can be obtained by in-
tegrating over the matter fields a, b.

eiI
q [N,A] =

∫
D[{a, b}]eiS

q(a,b,N,A). (75)

The different response theories are

eiI
qIJ [N,A] = exp

{
− inqIJ

4π2

∫
N

AI ∧AJ ∧ dAJ
}
,

eiI
qIJK [N,A] = exp

{
− inqIJK

4π2

∫
N

AI ∧AJ ∧ dAK
}
,

eiI
qIJKL [N,A] = exp

{
− in

3qIJKL
8π3

∫
N

AI ∧AJ ∧AK ∧AL
}
.

(76)

In the above, I, J,K,L are not summed over.

Topological invariants for SPTs: Following our
previous strategy we evaluate these topological re-
sponse theories on set of backgrounds {(Ni, Ai)}i∈I
which are the generators of the torsion subgroup of
the equivariant cobordism group ΩSO4 (BG)8,9. The
U(1) phases

{
e−iI

q [Ni,Ai]
}
i∈I are the SPT invariants.

For G =
∏
I ZnI , the generating manifolds for type-

II,III,IV terms parametrized by {qIJ , qIJK , qIJKL} are{
L(gcd(nI , nJ), 1)× S1, L(gcd(nI , nJ , nK), 1)× S1, T 4

}
respectively, equipped with some appropriate G-
bundle63. Here we compute invariants for G = Zkn for
which evaluating the partition functions on L(n, 1)× S1

and T 4 suffices. Generalization to other discrete abelian
groups is straightforward.

• Type-II and type-III cocycles: Type-II and
type-III cocycles can be detected on N = L(n, 1)×
S1. Let S ∈ Tor (H2(N,Z)) be Poincare dual to
the generator of AJ ∈ Tor

(
H2(N,Z)

)
. Then we

obtain

eiI
qIJ [N,A] = exp

{
− inqIJ

4π2

∫
N

AI ∧AJ ∧ dAJ
}

= exp

{
− inqIJ

2π

∫
S=S1×CAJ

AI ∧AJ
}

= exp

{
− inqIJaJ

2π

∫
S=S1×C1

AI ∧AJ
}

= exp

{
−2πiqIJ

n
aJ(bIaJ − aIbJ)

}
(77)

where we have decomposed the S = S1 × C where
C is the torsion 1-cycle in N . (aI , bI) are the Zn
holonomies along C1 and S1 for the Ith flavor of Zn.
The calculation for type-III follows very similarly.

eiI
qIJK [N,A] = exp

{
− inqIJK

4π2

∫
N

AI ∧AJ ∧ dAK
}

= exp

{
− inqIJK

2π

∫
S=S1×CAK

AI ∧AJ
}

= exp

{
− inqIJKaK

2π

∫
S=S1×C1

AI ∧AJ
}

= exp

{
− i2πqIJK

n
aK(bIaJ − aIbJ)

}
.

(78)

• Type-IV cocycles: Type-IV topological term can
be detected on T 4 with appropriate background flat
G-bundle. The response theory evaluates to

eiI
qIJKL

= exp

{
− in

3qIJKL
8π3

∫
T 4

AI ∧AJ ∧AK ∧AL
}

= exp

{
−2πiqIJKL

n
εijklaI,ibJ,jcK,kdL,l

}
(79)
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where I, J,K,L = 1, 2, 3, 4, a = (a1, a2, a3, a4), and
a,b, c,d ∈ Z4

n are the holonomies around the three
cycles of T 4.

The complete set of topological invariants for bosonic
SPTs protected by G = Zkn then is{

e−iI
q [L(n,1)×S1,A], e−iI

q [T 4,A]
}

(80)

Topological gauge theories from Gauging SPTs:
3 + 1d SPTs can be gauged by first coupling to a flat
bundle as we have done above and then summing over
all possible flat bundles. The gauged partition function
on a manifold N takes the form

ZqDW[N ] =
1

|H0(N,G)|
∑
[A]

Zq[N,A]. (81)

The gauged theory is the well-known Dijkgraaf-Witten
theory which has topological order. The ground-state
degeneracy on any 3-manifold M can be computed as
ZqDW[M ×S1] = GSDq[M ]. These theories can be differ-
entiated by the phases they assign to multi-linked con-
figurations of vortices.27,29,30,82–84. These loop braid-
ing statistics may be computed in the bulk by perform-
ing modular transformations on the basis of ground-
states on a three-torus82 and reading off the projec-
tive phases in the modular matrices. Alternately they
may be computed from the Wilson operator algebra of
the Dijkgraaf-Witten theories29 or by directly comput-
ing partition functions on manifolds with multi-link vor-
tex defects embedded. Type-II and type-III Dijkgraaf-
Witten theories in 3 + 1d assign non-trivial braiding
phases to linked three-loop configurations in spacetime
or three-loop braiding processes whereas type-IV theory
assigns non-trivial phases to linked four-loop configura-
tions. Let us consider a few specific examples

• Type-II and type-III Dijkgraaf-Witten the-
ories: Consider putting type-II or type-III theory
on a manifold N = M × S1 and gauging. Suppose
Tor(H1(M),Z) = 0. Then Iq[N,A] = 1, therefore
we get

ZqDW[M × S1] =
1

|G|
∑

[A]∈H1(N,G)

1

= |G|b1(M) =: GSDq [M ] . (82)

Next if M has torsion, for example if N = L(n, 1)×
S1, for type-II cocycle with G = Z2

n we get

ZqIJDW[N ] =
1

|n|2
∑

aI ,bI∈Zn

e−
2πiqIJ
n aJ (bIaJ−aIbJ )

=: GSDqIJ [L(n, 1)] (83)

Similarly for type-III cocycle with G = Z3
n we get

ZqIJKDW [N ] =
1

|n|3
∑

aI ,bI∈Zn

e−
2πiqIJK

n aK(bIaJ−aIbJ )

=: GSDqIJK [L(n, 1)] (84)

• Unlike type-II and type-III Dijkgraaf-Witten the-
ories in 3 + 1d, for Type-IV cocycle, GSDq[T 3] <
|G|3. Similar to type-III cocycle in 2+1d [Eq. (29)],
this is related to the fact that type-IV DW the-
ory actually has non-abelian excitations. In other
words the quantum dimension of some of the qua-
sivortices is greater than one. The partition func-
tion for G = Z4

n on the four-torus is

ZqIJKLDW

[
T 4
]

=
1

n4

∑
a,b,c,d∈Z4

n

e−
2πiqIJKL

n εijklaI,ibJ,jcK,kdL,l

= GSDqIJKL
[
T 3
]

(85)

where a = (a1, a2, a3, a4), and a,b, c,d ∈ Z4
n are

the holonomies around the three cycles of T 4.

For some purposes it is convenient to formulate the G-
gauged theory in the continuum as a coupled BF theory
(see for example29)

ZqDW[N ] =
1

|G|
∑

[A]∈H1(N,G)

eiI
q [A]

G=Zkn−−−−→
∫ k∏

I=1

D[AI , BI ]e
inδIJ

2π

∫
BI∧dAJ+iIq [A] (86)

where A and B are 1-form and 2-form U(1) connec-
tions with standard quantization conditions. Since
(1/2π)dBI ∈ Ω3

Z(N), we can integrate them out to im-
pose that AI are flat Zn gauge fields. The calculation is
very similar to (25).

Ungauging in the 3 + 1d bulk: More generally one
can gauge G in the presence of background quasiparticle
sources Jqp ∈ H3(N, Ĝ). The gauged partition function
takes the form

ZqDW[N, Jqp] =

∫
D[A,B]e

inδIJ
2π

∫
BI∧dAJ+iIq [A]+i

∫
N
JIqp∧A

I

(87)

where the background fields JIqp are 3-form fields with in-

tegral periods65. Since upon integrating out BI ,
∮
AI ∈

(2πZ) /n, the periods of Jqp are only physically distin-

guishable modulo n, more precisely Jqp ∈ H3(N, Ĝ)

where Ĝ = Rep(G) ' G. There is a perfect pairing∫
N

: H1(N,G)×H3(N, Ĝ)→ R/2πZ (88)

that is realized by wedge product followed by integration.

Jqp generates a 2-form Ĝ symmetry implemented by the

charge operator QI(λI) corresponding to Ĝ symmetry.

QI(λI) :=
1

2π

∫
M

λI ∧AI (89)
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where λI ∈ Ω2
Z(M). Then the 2-form symmetry acts

QI(λI) : JIqv 7→ JIqv + dλI ;

: BI 7→ BI − λI (90)

Gauging this dual 2-form symmetry means summing over

JIqp ∈ H3(M, Ĝ). Let us call the partition function after

gauging the 2 -form Ĝ symmetry Zq
DW/Ĝ

, then

Zq
DW/Ĝ

[N, Â] =
∑
Jqp

e−i
∫
N
Jqp∧ÂZqDW[N, Jqp]

=
∑
Jqp

∑
A

ei
∫
N
Jqp∧(A−Â)+iIq [N,A]

= eiI
q [N,Â]. (91)

Hence gauging the dual Ĝ 1-form global symmetry is
equivalent to un-gauging. The symmetry is generated by
the world-line of A and may be understood as physically
as proliferating or condensing the gauge charge ∼ dB
which is always bosonic since [B,B] = 0. Hence this pro-
cedure works for all bosonic SPTs protected by onsite
symmetry.

B. Surface physics

We model the gapless surface of 3 + 1d bosonic SPTs
described by (71) by the following quantum field
theory30,85–87

S =

∫
M

k∑
I=1

[
1

2π
dζI ∧ dφI −H(ζI , φI)

]
. (92)

Here, φI : M → R/2πZ and ζI are 1-form U(1) connec-
tions which satisfy the Dirac quantization condition∮

Z1(M,Z)

dφI

2π
∈ Z;

∮
Z2(M,Z)

dζI

2π
∈ Z. (93)

This model has a global 0-form (and 1-form) U(1)k sym-
metry. We will however be interested in the discrete sub-
group G = Zkn ⊂ U(1)k. Similar to 1 + 1d, we probe the
theory by coupling to a flat G gauge field A ∈ H1(M,G)
and use modular invariance of the orbifolded partition
function as a diagnostic for whether the model with a
specific action of G has a ’t-Hooft anomaly. In other
words we put the theory on M = T 3 and check whether
it is possible to construct a partition function upon sum-
ming all twisted sectors (flat G bundles) such that the
summed partition function is invariant under large dif-
feomorphisms of M as well as large gauge transforma-
tions. The group of large diffeomorphisms on M = T 3,
i.e., MCG(T 3) = SL(3,Z) which is generated by U1, U2

with the action

U1 :

 t

x

y

 7→
 y

t

x

 ,

U2 :

 t

x

y

 7→
 t+ x

x

y

 . (94)

A modular invariant partition function is one for which

Z[UM ] = Z[M ]; U ∈MCG(T 3) (95)

The diagnostic for a theory with a global or ’t-Hooft
anomaly will be the inexistence of a modular invariant
partition for the gauged (or orbifolded theory). For a
review of quantization of (92), see App. D.

As with the 1 + 1d case (36), we expect (92) to accom-
modate distinct realizations of G = Zkn which we label by
‘q’. We will denote partition functions of these models in
the presence of a background G bundle A as Zq[M,A].
By anomaly matching one can learn that these quantum
field theories require a bulk which cancels the anomaly.
Such bulk theories would be provided by SPT effective
actions (71). As a warm-up let us consider the simplest
G action which is non-anomalous and hence does not re-
quire a bulk to support it.

Non-anomalous 0-form Zn symmetry: A single
copy of (92) is invariant under a global 0-form U(1) sym-
metry

φ(x) 7→ φ(x) + α (96)

where α is a constant valued in R/2πZ. Gauging this
U(1) symmetry implies introducing a flat 1-form U(1)
gauge field A and replacing the differential

dφ 7→ DAφ := dφ+A (97)

with the gauge transformation

φ(x) 7→ φ(x) + α(x),

A(x) 7→ A(x)− dα(x). (98)

Here we gauge a subgroup Zn ⊂ U(1) by restricting the

holonomies of A to Zn. Then defining dφ̃ := DAφ which
obeys the twisted quantization condition∮

L

dφ̃

2π
∈ Z +

∮
L

A

2π
(99)

i.e., quantizing in the presence of background A implies
imposing twisted boundary condition. Then the gauging
procedure is the same as before; First we compute the
partition functions in the twisted sectors Z0[M,A] and
then sum over them

Z0
orb[M ] =

1

|H0(M,G)|
∑

[A]∈H1(M,G)

θ(A)Z0[M,A].

(100)
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We compute Z0
orb[M,A] within the canonical formalism.

Following (99) we impose twisted boundary conditions.
Let us set M = T 3 and the holonomies of A along the
x, y cycles be λ1,2 respectively, then the twisted Hilbert
space is defined as

Hλ1,λ2
=

{
φ(x, y), ζ(x, y)

∣∣∣ ∮
L1,2

dφ =
2π

n
λ1,2

}
. (101)

Similarly, we can also twist in the time direction, in the
path integral picture, this means coupling to a back-
ground Zn field with non-trivial holonomy in the time-
cycle. In the canonical formalism, this is implemented
via a global Zn symmetry operator

G(λ0) := exp

{
2πiλ0

n
Q
}

= exp

{
iλ0

n

∫
T 2

dζ

}
= exp

{
2πiλ0β0

n

}
(102)

where β0 is defined in (D3). G(λ0) implements the trans-
formation φ 7→ φ+ 2πλ0/n.

G(λ0) : φ 7→ φ+
2πλ0

n
. (103)

Then the partition function in the twisted sectors are
computed as30

Z0
λ0,λ1,λ2

= TrHλ1,λ2

[
G(λ0)e2πiR0H

′
]

= Zosc
∑

N0,1,2∈Z
exp

{
− πτ2

2R2
N2

0

−2πR2τ2

(
N1 +

λ1

n

)2

− 2πR0R1

R2

(
N2 +

λ2

n

)2

+2πiτ1N0

(
N1 +

λ1

n

)
+

2πiN0λ0

n

}
(104)

As we will mostly be working on T 3, we simply label
the partition functions with λ0,1,2, the G holonomies
on T 3. Under SL(3,Z) modular transformations, the
twisted sectors transform as

U2Z
0
λ0,λ1,λ2

= Z0
λ0−λ1,λ1,λ2

,

MZ0
λ0,λ1,λ2

= Z0
λ0,−λ2,λ1

,

U ′1Z
0
λ0,λ1,λ2

= Z0
λ1,λ0,λ2

. (105)

A modular invariant partition function may be con-
structed by taking an equal weight sum, i.e., θ(A) = 1 in
(100)

Zorb =
1

n

∑
λ0,λ1,λ2∈Zn

Z0
λ0,λ1,λ2

(106)

In fact, we need not choose θ(A) = 1. We saw in (51),
there was a freedom worth H2

group(G,U(1)) in construct-
ing a modular invariant partition function which corre-
sponded to pasting a 1 + 1d G SPT onto (36) and then

gauging. Similarly in 2 + 1d, given a modular invariant
partition function, we can always find a new one by pick-
ing a [β] ∈ H3(BG,R/2πZ) and orbifolding with phase-
factors

Zβorb[M ] =
1

|G|
∑

[A]∈Map[M,BG]

ei
∫
M
A∗βZ[M,A∗EG]

(107)

where BG is the classifying space of G which is a space
whose homotopy groups satisfy the property πi(BG) =
δi,1G. Furthermore BG admits a certain G bundle EG
known as the universal. Together these have the nice
properties that isomorphism classes of G bundles a man-
ifold M are equivalent to homotopy classes of maps from
M to BG. Furthermore one may obtain any G bundle
E → M as a pullback of the universal bundle onto M .
Above, exp

{
i
∫
M
A∗β

}
is the partition function for an

2 + 1-dimensional G SPT with background flux A∗EG,
hence the freedom of adding a phase corresponds to past-
ing a 2 + 1d SPT onto (92).

Anomalous symmetry action: Let us consider orb-
ifolding G action corresponding to type-II or type-III co-
cycle. The minimum case where such a symmetry can be
implemented is for G = Z3

n on three copies of (92).

S =

∫
M

[
δIJ
2π

dφI ∧ dζJ −H(φI , ζI)

]
(108)

where I, J = 1, 2, 3. The simplest G action acts indepen-
dently on the three copies as (96) as described above.
Other G-actions couple the multiple copies in a non-
trivial way and may be labelled by q = {qIJ , qIJK}. Let
us consider the coupling to background G field A and
consider the action

S =

∫
M

∑
I,J=1,2

[
δIJ
2π

dφI ∧ dζJ −H(φI , ζI)

+
1

2π
AI ∧

(
dζI +

n

2π
qIJdφI ∧ dφJ

+
n

2π
qIJKdφ

J ∧ dφK
)]

(109)

where qIJ , qIJK ∈ [0, . . . , n−1] are Zn valued parameters
that parametrize distinct couplings to the background
field. By inspecting the equations of motion we learn that
the fields φI and ζI satisfy twisted boundary conditions

1

2π

∮
L

dφI =
1

2π

∮
L

AI ,

1

2π

∮
S

dζI =
qIJn

4π2

∮
S

dφI ∧AJ +
qIJKn

4π2

∮
S

dφJ ∧AK .

(110)

Upon fixing background A such that∮
Li∈H1(T 3,Z)

AI =
2πλIi
n

(111)
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we define twisted Hilbert spaces as

Hq
λI1,λ

J
2

=

{
φI(x, y), ζI(x, y)

∣∣∣ ∮
Li

dφI =
2πλIi
n

,∮
T 2

dζI =
2π

n

(
qIJε

ijλIi λ
J
j + qIJKε

ijλJi λ
K
j

)}
(112)

The symmetry operators take the form

GqI (λI0) = exp

{
2πiλI0
n
QI
}

; where QI :=

∫
Σ

δL
δAI0

= exp

{
2πiλI0
n

∫
T 2

(
dζI +

nqIJ
2π

dφI ∧ dφJ +
nqIJK

2π
dφJ ∧ dφK

)}
= exp

{
2πiλI0
n

[
βI0 +

nqIJ
2π

εijβIi β
J
j +

nqIJK
2π

εijβJi β
K
j

]}
(113)

Using the twisted Hilbert space (112) and the symmetry operator (113), the twisted partition functions can be
computed

Zq
λI0,λ

I
1,λ

I
2

= TrHq
λI
i

[
GqI (λI0)e2πiR0H

′
]

= Zosc
∑

NI0,1,2∈Z

exp
∑

I=1,2,3

{
− πτ2

2R2

[
N I

0 + εijqIJ

(
N I
i +

λIi
n

)
λJj + εijqIJK

(
NJ
i +

λJi
n

)
λKj

]2

−2πR2τ2

(
N I

1 +
λI1
n

)2

− 2πR0R1

R2

(
N I

2 +
λI2
n

)2

+ 2πiτ1

(
N I

1 +
λI1
n

)[
N I

0 + εijqIJ

(
N I
i +

λIi
n

)
λJj + εijqIJK

(
NJ
i +

λJi
n

)
λKj

]
+

2πiλI0
n

[
N I

0 + 2εijqIJ

(
N I
i +

λIi
n

)
λJj + 2εijqIJK

(
NJ
i +

λJi
n

)
λKj

]}
. (114)

Under large gauge transformations, the partition func-
tions in the different sectors transform as

Zq
λI0+neI ,λI1,λ

I
2

= e
2πiεij
n (qIJλIiλ

J
j +qIJKλ

J
i λ

K
j )Zq

λI0,λ
I
1,λ

I
2
.

(115)

On the other hand, under SL(3,Z) modular transfor-
mations, the partition functions in the different sectors
transforms as

U2Z
q

λI0,λ
I
1,λ

I
2

= e−
∑
I

2πiλI1ε
ij

n2 (qIJλIiλ
J
j +qIJKλ

J
i λ

K
j )Zq

λI0−λI1,λI1,λI2
,

MZq
λI0,λ

I
1,λ

I
2

= Zq
λI0,−λI2,λI1

,

U ′1Z
q

λI0,λ
I
1,λ

I
2

= e
∑
I

4πiλI0ε
ij

n2 (qIJλIiλ
J
j +qIJKλ

J
i λ

K
j )Zq−λI1,λI0,λI2

.

(116)

Let us try to construct a modular invariant partition

function

Zqorb =
1

|G|
∑

λI0,λ
I
1,λ

I
2∈G

θq(λI0, λ
I
1, λ

I
2)Zq

λI0,λ
I
1,λ

I
2
. (117)

Imposing invariance under U2 transformation, we obtain

θq(λI0, λ
I
1, λ

I
2)

θq(λI0 − λI1, λI1, λI2)
= e

∑
I

2πi
n2 (qIJ (λI1)2λJ2 +qIJK(λJ1 )2λK2 ).

(118)

Inspecting the U2 transformation property of θq, we find
the following constraints under large gauge transforma-
tions

θq (n(eI + eJ), eI + eJ , eJ) = e
2πiqIJ
n θq (0, eI + eJ , eJ) ,

θq (n(eI + eJ), eI + eJ , eK) = e
2πiqIJK

n θq(0, eI + eJ , eK).

(119)

This shows that there is a conflict between gauge invari-
ance and modular invariance when q 6= 0 indicating a
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’t-Hooft anomaly.

To show that this ’t-Hooft anomaly for Zq[M,A] is can-
celled by a bulk SPT, consider the following combination
of type-II and type-III response theories (76):

Iq[N,A] = − n

4π2

∫
N

{
qIJA

J ∧AI ∧ dAI

+ qIJKA
J ∧AK ∧ dAI

}
. (120)

Let N = D2 × S1 × S1 with a G configuration such that
the holonomies around the first and second S1 are λI1 and
λI2 respectively. Further consider a puncture on D2 such
that the holonomy of the gauge field around ∂D2 is λI0.
We denote this configuration [N,A] ≡ D2

λI0
× S1

λI1
× S1

λI2
.

The response theory for this background configuration
evaluates to

e
iIq [D2

λI0
×S1

λI1
×S1

λI2
,A]

= e−
2πiεij

n2 [qIJλI0λ
I
iλ
J
j +qIJλ

I
0λ
J
i λ

K
j ]

(121)

which has the same properties as those required from
θq(λI0, λ

I
1, λ

I
2) in order to make the gauged theory consis-

tent.

G-characters and topological data: Similar to the 1+
1-dimensional case one can construct G characters from
the 2 + 1d surface theory which encode topological data
of the bulk topological gauge theory labelled by [ω] ∈
H4

group(G,U(1)). The characters are constructed as

χq
µI ,λI1,λ

I
2

=
1√
|G|

∑
λI0∈G

µI(λI0)Zq
λI0,λ

I
1,λ

I
2

(122)

where µ ∈ Rep(G), for G = Zkn, µI(λI0) =

exp
{

2πiδIJµ
IλJ0

n

}
. Instead of working with Zq

λI0,λ
I
1,λ

I
2
, we

find it convenient and illustrative to work with Z̄q
λI0,λ

I
1,λ

I
2
,

where

Z̄q
λI0,λ

I
1,λ

I
2

:= γq
λI1,λ

I
2
(λI0)Z0

λI0,λ
I
1,λ

I
2

(123)

where γq
λI1,λ

I
2

is a projective G representation which sat-

isfies

γq
λI1,λ

I
2
(λI0)γq

λI1,λ
I
2
(λI

′

0 ) = βq
λI1,λ

I
2
(λI0, λ

I′

0 )γq
λI1,λ

I
2
(λI0 + λI

′

0 )

where βq
λI1,λ

I
2
(λI0, λ

I′

0 ) = iλI1 iλI2ω
q(λI1, λ

I
2, λ

I
0, λ

I′

0 )

where iλω denotes the slant product with respect to λ,
for details, please see App.A. We note that Z̄q

λI0,λ
I
1,λ

I
2

and

Zq
λI0,λ

I
1,λ

I
2

have the same properties under modular and

large gauge transformations, hence it will suffice for our
purposes to use Z̄q instead of Zq. Then we may write

χ̄q
µI ,λI1,λ

I
2

=
1√
|G|

∑
λI0∈G

µI(λI0)Z̄q
λI0,λ

I
1,λ

I
2

=:
1√
|G|

∑
λI0∈G

Γq
µI ,λI1,λ

I
2
(λI0)Z0

λI0,λ
I
1,λ

I
2

(124)

where Γq
µI ,λI1,λ

I
2
(λI0) := µI(λI0)γq

λI1,λ
I
2
(λI0). For the specific

case of type-II and type-III cocycle, γq
λI1,λ

I
2
(λI0) takes the

form

γq
λI1,λ

I
2
(λI0) = exp

{
2πi

n2

(
qIJλ

I
0λ
I
1λ
J
2 + qIJKλ

I
0λ
J
1λ

K
2

)}
(125)

By the bulk boundary correspondence, the character
χ̄q
µI ,λI1,λ

I
2

corresponds to a bulk excitation with linked

fluxes λI1 and λI2 and charge µI .30,8877 The dimension
of the representation dim(Γq

µI ,λI1,λ
I
2
) is the quantum

dimension of the excitation corresponding to Z̄q
λI0,λ

I
1,λ

I
2
.

The modular SL(3,Z) matrices can be computed as

U2χ̄
q

µI ,λI1,λ
I
2

=
1√
|G|

∑
λI0∈G

Γq
µI ,λI1,λ

I
2
(λI0)Z0

λI0+λI1,λ
I
1,λ

I
2

=
1√
|G|

∑
λI0

Γq
µI ,λI1,λ

I
2
(λI0)

Γq
µI ,λI1,λ

I
2
(λI0 + λI1)

Γq
µI ,λI1,λ

I
2
(λI0 + λI1)Z0

λI0+λI1,λ
I
1,λ

I
2

= exp

{
−2πiλI0

n2

(
qIJλ

I
1λ
J
2 + qIJKλ

J
1λ

K
2

)
− 2πiδIJµ

IλJ1
n

}
χ̄q
µI ,λI1,λ

I
2
,

U ′1χ̄
q

µI ,λI1,λ
I
2

=
1√
|G|

∑
λI0

Γq
µI ,λI1,λ

I
2
(λI0)ZλI1,λI0,λI2

=
1

|G|
∑

λI
′

1 ,µ
I′

Γq
µI ,λI1,λ

I
2
(λI

′

1 )
[
Γq
µI′ ,λI

′
1 ,λ

I
2

(λI1)
]−1

χ̄q
µI′ ,λI

′
1 ,λ

I
2

(126)
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These match with modular matrices computed directly
from the orbifold partition functions with twisted sym-
metry action. The U2 eigenvalues are analogous to topo-
logical spin for string operators whereas the projective
phases for the U ′1 transformation encodes the braiding
statistics between string-like and particle like excitations
as well braiding of three-strings known as three-loop
braiding.27,29,30,82

SPT invariants from surface computations: Above
we saw that bosonic SPTs protected by G = Zkn and
described by type-II and/or type-III 4-cocycles ‘q’∈
H4

group(G,U(1)) can be detected by their partition func-

tions on L(n, 1) × S1 with appropriate background G-
bundle. Now we show that these invariants can be di-
rectly computed from the surface theory (92). This com-
putation is based on the fact that the partition function
on L(n, 1)× S1 can be simulated by the groundstate ex-
pectation value of a partial Cn rotation operation on the
spatial manifold S2 × S1.22

Consider putting the theory (71) with type-II and/or
type-III coupling to background field A on spatial man-
ifold M = S2 × S1, since H1(S2 × S1,Z) = Z, we
may introduce a background field with holonomy b ∈ G
around this spatial S1. We denote this groundstate as
|GSq

S2×S1
b
〉. Let Ĉn,D(a) be an operator implementing a

non-local partial rotation on a disc-like region D ⊂ S2

with flux a ∈ G inserted. Then we may show that the
SPT invariant is given by the phase of

Zq[L(n, 1)× S1
b, A] = 〈GSq

S2×S1
b
|Ĉn,D(a)|GSq

S2×S1
b
〉

=
TrHq(D×S1

b)

[
ρD×S1

b
Ĉn,D(a)

]
TrHq(D×S1

b)

[
ρD×S1

b

]
=

TrHq(S1×S1
b)

[
e−ξHT2 Ĉn,∂D(a)

]
TrHq(S1×S1

b)

[
e−ξHT2

]
(127)

where we have traced over disc-like region D̄ complement
to D ⊂ S2 and used the fact that the reduced density
matrix effectively reduces to the thermal density matrix
on ∂[D × S1] = T 2. We note that T 2 is not a physical
boundary instead it is simply the boundary of the region
on which the partial rotation operator Ĉn,D acts.

ρD×S1
b
≈ e−ξHT2

TrHq(S1×S1
b)

[
e−ξHT2

] (128)

where Hq(S1×S1
b) is the Hilbert space on the torus with

holonomies 0,b ∈ G along (∂D, S1
b) respectively. Let

τ := τ1 + iτ2 denote the modular parameter for the t −
x two torus on which the modular matrices U2, U

′

1 act

as T, S ∈ SL(2,Z) ⊂ SL(3,Z). Since the Ĉn,∂D acts
as a boost along the x direction. The computation is
effectively very similar to the 1 + 1d calculation (69),
except with holonomy b ∈ G inserted along the S1 cycle
in the y-direction

Zq[L(n, 1)× S1, A] =
Zq(a,0,b)

(
τ = iξ

L −
1
n

)
Zq(0,0,0)

(
τ = iξ

L

)
=

∑
c (Γ)

(cτ ,cx,cy)

(a,0,b) Zq(cτ ,cx,cy)

(
τ = − 1

n + iL
ξn2

)
∑

c

(
U
′
1

)(cτ ,cx,cy)

(0,0,0)
Zq(cτ ,cx,cy)

(
τ = iL

ξ

)
= e

∑
I

2πi
n (qIJaI(aIbJ−bIaJ )+qIJKa

I(aJbK−bJaK))
Zq(−a,0,b)

(
τ = − 1

n + iL
ξn2

)
Zq(0,0,0)

(
τ = iL

ξ

)
= e

∑
I

2πi
n (qIJaI(aIbJ−bIaJ )+qIJKa

I(aJbK−bJaK))
(

1 +O(e−L/ξ) + · · ·
)
, (129)
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where in the 2nd line we have defined the diffeomorphism
Γ = U

′

1U
n
2 U

′

1 Then by taking the limit ξ/L → 0, we can
read off the SPT invariant.

IV. d+ 1-DIMENSIONAL TOPOLOGICAL
PHASES AND THEIR d-DIMENSIONAL

BOUNDARIES

Several features discussed in the previous sections for
2 + 1d and 3 + 1d bosonic SPTs can be generalized to ar-
bitrary dimensions. Let us consider bosonic SPT phases
protected by symmetry G in d + 1-dimensions where G
is a discrete abelian group which for simplicity we shall
assume to be Zkn. and their d-dimensional boundaries.
SPT phases with discrete abelian symmetry G are classi-
fied by Hd+1

group(G,U(1)). Then each such SPT phase can

be labelled by a group cocycle [ω] ∈ Hd+1
group(G,U(1)). Let

us consider a few low dimensional examples of the group
cohomology classification

H2
group[Zkn, U(1)] = (Zn)

 k

2


,

H3
group[Zkn, U(1)] = (Zn)

 k

1

+

 k

2

+

 k

3


,

H4
group[Zkn, U(1)] = (Zn)

2

 k

2

+

 k

3

+

 k

4


,

H5
group[Zkn, U(1)] = (Zn)

 k

1

+2

 k

2

4

 k

3

+3

 k

4

+

 k

5


. (130)

We can read-off some pattern, notably in odd-dimensions
due to the existence of Chern-Simons terms one can build
a topological action with a single Zn gauge field. The
procedure to build a continuum topological action from
a d + 1-cocycle or vice versa is essentially the same as
the lower dimensional analogs. For example in 4 + 1d,
the Chern-simons like terms (qIJK/4π

2)AI ∧ dAJ ∧ dAK
correspond to the cocycle

ωqIJK (a,b, c,d, e) = e
2πqIJK
n3 aI(bJ+cJ−[bJ+cJ ])(dJ+eJ−[dK+eK ])

(131)

Similarly the topological action of the kind

IqIJKL = −qIJKLn
2

8π3

∫
Nd+1

AI ∧AJ ∧AK ∧ dAL (132)

corresponds to the cocycle

ωqIJKL(a,b, c,d, e) = e
2πqIJKL

n2 aIbJcK(dL+eL−[dL+eL]).
(133)

Next, one can design effective actions for SPTs with spe-
cific actions of G which imply specific coupling to the
flat background G gauge field A. Of course these models

must have a unique groundstate, no fractional excitations
and most importantly furnish the correct topological re-
sponse theories. By inspection one can realize that all
such models can be modeled simply as multicomponent
BF theories at ‘level’ 1. In d + 1-dimensions these take
the form

S =

∫
Nd+1

[
δIJ
2π

bI ∧ daJ +
1

2π
AI ∧ (dbI + . . . )

]
, (134)

where bI and aI are d− 1-form and 1-form U(1) connec-
tions which satisfy the usual Dirac quantization condi-
tions. ‘ . . .′ refers to piece in the coupling to background
gauge field that determines the topological response. For
example for the coupling to background A that gives rise
to Chern-Simons like term ‘AdAdA’ and ‘AAAdA’ type
term (132) respectively are

Sqcpl = − 1

2π

∫
AI ∧ (dbI − q

2π
daJ ∧ daK) and

Sqcpl = − 1

2π

∫
AI ∧ (dbI − q

4π2
aJ ∧ aK ∧ daL). (135)

The gauging and ungauging procedures too have straight-
forward generalizations. The partition function takes the
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form

ZqDW[N ] =
1

|G|
∑

[A]∈H1(N,G)

eiI
q [N,A], (136)

where Iq[N,A] is the topological response theory cor-
responding to an SPT labelled by cocycle q ∈
Hd+1

group(G,U(1)) that is obtained after integrating out
a, b. This can be ungauged as

eiI
q [N,A] =

∑
Jqp∈Hd(Ĝ,U(1))

e−i
∫
N
Jqp∧AZqDW[N, Jqv].

(137)

The generalization of boundary physics is more subtle.
First we propose a surface theory described by the action

S =
1

2π

∫
Md

dζ ∧ dϕ−H[ζ, φ]. (138)

Such a theory may be derived by enforcing the full
U(1)0 × U(1)d−1 symmetry of the bulk BF theory87,
where U(1)p stands for a p-form U(1) symmetry. Let
Md = Xd−1 × S1 where Xd−1 is a compact oriented
manifold without boundary. The twisted Hilbert space
HA(Xd−1) on Xd−1 in the presence of background Zkn
gauge field A can be derived as before. For example
for the 5-cocycles (131) and (133) given above, ζ is a 2-
form U(1) connection and X is a 3-manifold, the twisted
Hilbert spaces take the form

HqIJKA (X3) =

{
ζI(x), ϕI(x)

∣∣∣∣∣
∮
L

dϕI

2π
=

∮
L

AI

2π
;

∮
V

dζI

2π
=
qIJK
4π2

∮
V

AJ ∧ dAK
}
,

HqIJKLA (X3) =

{
ζI(x), ϕI(x)

∣∣∣∣∣
∮
L

dϕI

2π
=

∮
L

AI

2π
;

∮
V

dζI

2π
=
qIJKL

8π3

∮
V

AJ ∧AK ∧AL
}
, (139)

where L ∈ H1(X3,Z) and V ∈ H3(X3,Z). We note that
it is not clear how to implement this procedure for ‘type-
d + 1’ cocycles ∈ Hd+1(Zkn, U(1)). These cocycles take
the form

ωqI1I2I3···Id+1
(aI11 , a

I2
2 , · · · , a

Id+1

d+1 )

= e
2πiqI1I2···Id+1

n a
I1
1 a

I2
2 ...a

Id+1
d+1 (140)

and generally give non-abelian topological order upon
gauging in the bulk. A quick way to see this is by the
fact that these cocycles reduce to non-abelian topological
order upon dimensional reduction. Alternately one can
check that this kind of cocycle gives rise to an algebra
that does not have any non-trivial one-dimensional rep-
resentations. Since the charges in Dijkgraaf-Witten the-
ories carry a ‘twisted’ representation. This leads to the
fact that non-trivial fluxes have quantum dimension > 1.
They cannot be embedded in U(1)k, hence we need to go
beyond effective field theory of the form (138) to model
boundary theories for SPTs protected by such group co-
cyles.

For all other cocycle types the twisted partition function
may be computed on Md = Xd−1 × S1 as

Zq[Md, A] = TrHA(Xd−1)

[∏
I

GI
(∮

S1

AI

2π

)
e2πiR0H

]
(141)

where GI is the Zn symmetry operator corresponding to
I-th Zn copy and R0 is the radius of S1 along the time

direction. Then we expect Zq[Md, A] to have a ’t-Hooft
anomaly that can be cancelled by the response of an SPT
on Nd+1|∂Nd+1=Md

, i.e., together the bulk and boundary
partition functions

Zq[Md, A]eiI
q [Nd+1,A] (142)

are gauge invariant and do not suffer from any ’t-Hooft
anomaly.

V. 2 + 1d SURFACE WITH U(1)× ZR,T
2 ’T-HOOFT

ANOMALY

In this section we study a mixed U(1) × ZT,R2 ’t-Hooft
anomaly for the following model:

S =

∫
M

[
1

2π
dζ ∧ dφ−H(ζ, φ)

]
. (143)

Here, ZT,R2 represents time-reversal or reflection symme-
try, which can be combined with unitary on-site symme-
try. We show that for different symmetry actions there

may be a ZT,R2 × U(1)0 or ZT,R2 × U(1)1 anomaly where
U(1)p refers to p-form U(1) global symmetry. We show

that for such a symmetry action, the ZT,R2 projected par-
tition function is not invariant under large U(1)p gauge
transformation. In the context of fermionic SPT phases,
similar calculations have been carried out for the surface
theory (gapless (2+1)d Dirac fermion theory) of (3+1)d
time-reversal or CR symmetric topological insulators.36
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Details of quantization of (143) can be found in App. D.
Here we will need the form of the mode expansion which
decomposes into oscillator and zero-mode parts as

φ(x, y, t) = φ0(x, y, t) + φosc(x, y, t),

ζj(x, y, t) = ζ0
j (x, y, t) + ζoscj (x, y, t). (144)

The zero-mode part takes the form

φ(x, y, t) = α0 +
β1x

R1
+
β2y

R2
+ · · · ,

ζj(x, y, t) =
αj

2πRj
+

β0

2πR1R2
xδj,2 + · · · . (145)

The canonical algebra for this theory implies [α0, β0] = i
and [α1, β2] = i = − [α2, β1]. We will only be interested
in the zero mode part of the mode expansion throughout

this section as we seek to diagnose mixed ZT,R2 × U(1)p
anomaly and U(1)p only acts on the zeromode part of
the mode expansion.

U(1)0 and U(1)1 symmetry

The action (143) is invariant under a 0-form and 1-form
U(1) symmetry. The 0-form symmetry transformation is

G(0)(θ) : φ 7→ φ+ θ (146)

explicitly the symmetry operator is G(0)(θ) = exp {iβ0θ}.
To gauge the 0-form U(1) symmetry we introduce a flat
1-form background gauge field A, the gauge equivalence

φ(x) 7→ φ(x) + θ(x),

A(x) 7→ A(x)− dθ(x), (147)

and define the covariant derivative DAφ := dφ+A. Then
the gauged action is

S[ζ, φ,A] =

∫
M

[
1

2π
dζ ∧DAφ−H

]
. (148)

Notice that φ satisfies U(1)0 twisted quantization condi-
tion ∮

Li∈H1(T 2,Z)

dφ

2π
=

∮
Li∈H1(T 2,Z)

A

2π
:= λi. (149)

Hence we may define the U(1)0 twisted Hilbert space as

Hλ1,λ2 =
{
φ(x), ζ(x)

∣∣∣ ∮
Li∈H1(T 2,Z)

dφ

2π
= λi

}
(150)

Similarly (143) is invariant under a global 1-form U(1)
symmetry under which acts as

G(1)(θη) : ζ(x) 7→ ζ(x) + θη(x); θ ∈ R/2πZ (151)

where η is a flat bundle. Gauging the 1-form U(1) sym-
metry implies introducing a flat 2-form background gauge
field B, and the gauge equivalence

ζ(x) 7→ ζ(x) + θ(x)η(x),

B(x) 7→ B(x)− dθ(x) ∧ η(x), (152)

with the covariant derivative DBζ := dζ+B. The gauged
action is

S[ζ, φ,B] =

∫
M

[
1

2π
DBζ ∧ dφ−H

]
. (153)

The 1-form field ζ satisfies U(1)1 twisted quantization
condition ∮

T 2

dζ

2π
=

∮
T 2

B

2π
=: λ0. (154)

We may define the U(1)1 twisted Hilbert space as

Hλ0 =
{
φ(x), ζ(x)

∣∣∣ ∮
T 2

dζ

2π
=

∮
T 2

B

2π
= λ0

}
(155)

ZT,R
2 × U(1)0 anomaly

Let us consider the following choice of ZR2 action imple-
mented by P0 on (92),

P0 : φ(t, x, y)→ φ(t, x,−y),

: ζ1(t, x, y)→ −ζ1(t, x,−y),

: ζ2(t, x, y)→ ζ2(t, x,−y) + ∆ζ2, (156)

where ∆ζ2 = 0 or π. The zero-mode operators transform
under ZR2 action as

P0 : α0 → α0,

: α1 → − α1,

: α2 → α2 + ∆ζ2R2,

: β0 → β0,

: β1 → β1,

: β2 → − β2. (157)

Hence since G(0)(θ) = eiβ0θ, we find
[
G(0)(θ), P0

]
= 0.

We postulate the following P0 action on zeromode vac-
uum sectors

P0|α0, α1, α2〉 = eiB0(α0,α1,α2)|α0,−α1, α2 + ∆ζ2〉,
P0|β0, β1, β2〉 = eiA0(β0,β1,β2)|β0, β1,−β2〉. (158)

The U(1) phase can be read off from the fourier repre-
sentation of the zero-mode ket

|β0, β1, β2〉 =

∫ ∏
µ

dαµe
{i(α0β0+α1β2−α2β1)}|α0, α1, α2〉

(159)

which implies A0(β0, β1, β2) = B0+β1∆ζ2. Writing βµ =
Nµ + λµ where Nµ ∈ Z is the untwisted winding mode
and λµ ∈ R/Z is the U(1) twist parameters introduced
above. We obtain

P0|β0, β1, β2〉 = P [λ1]eiN1∆ζ2 |β0, β1,−β2〉. (160)
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If we require that our ZR2 action does not depend on
the U(1) twist35, we must impose P [λ1] = 1 (i.e., B =
λ1∆ζ2)

〈β0, β1, β2|P0|β0, β1, β2〉 = eiN1∆ζ2δβ2,0. (161)

The P0 twisted partition function in the presence of back-
ground U(1)0 flux takes the form

Z[K × S1, λ1] = TrHλ1

[
P0e
−2πR0(H+i

τ1
τ2
Px+(i

τ1
τ2
β+γ)Py)

]
= Zosc

∑
N0,1∈Z

exp
{
− πτ2

2r2R2
N2

0

− 2πr2R2τ2(N1 + λ1)2

+ 2πiτ1N0(N1 + λ1) + i∆ζ2N1

}
.

(162)

Note we cannot insert λ2 flux as it is inconsistent with
P0 projection. For the non-trivial choice of P0 action,
i.e., ∆ζ2 = π, under a large U(1)0 gauge transformation
λ1 → λ1 +1 the parity twisted partition function changes
sign

Z[K × S1, λ1] = −Z[K × S1, λ1 + 1]. (163)

This is a Z2 anomaly that signals the existence of a
bosonic topological insulator protected by ZT2 × U(1)0

global symmetry.9,42

In9, it was shown that bosonic SPTs protected by G =
U(1)0 × ZT2 (or equivalently U(1)0 × ZR2 ) in 3 + 1d are
classified by Z4

2. The only mixed term in the response
theory takes the form

I[N,w1, A] =

∫
N

n

2π2
w1 ∪ w1 ∪ F (164)

where n ∈ Z2 parametrizes different phases and w1 is
the first Stiefel-Whitney class of the tangent bundle of
the manifold, i.e.,

∮
L
w1 = 0 or π for any orientation

preserving or reversing cycle respectively. The effective
matter theory for such an SPT coupled to background
geometry can be modeled as

S =

∫
N

[
1

2π
b ∪ δa+

1

2π
A ∪ δb+

n

2π2
w1 ∪ w1 ∪ δa

]
.

(165)

Upon integrating out the matter fields a, b using the fact
that the cup product is supercommutative upto bound-
ary terms and δ is a Z2 graded derivation, we find the
correct response (164).

ZT,R
2 × U(1)1 anomaly

We may consider another distinct ZR2 action given by P1

P1 : φ(t, x, y)→ φ(t, x,−y) + ∆φ,

: ζ1(t, x, y)→ −ζ1(t, x,−y),

: ζ2(t, x, y)→ ζ2(t, x,−y). (166)

Since P 2
1 = 1, ∆φ = 0, π. We choose non-trivial action,

i.e., ∆φ = π. The zero mode operators transform under
P1 as

P1 : α0 → α0 + π,

: α1 → − α1,

: α2 → α2,

: β0 → β0,

: β1 → β1,

: β2 → − β2. (167)

We postulate the following P1 action on zeromode vac-
uum sectors

P1|α0, α1, α2〉 = eiB1(α0,α1,α2)|α0 + ∆φ,−α1, α2〉,
P1|β0, β1, β2〉 = eiA1(β0,β1,β2)|β0, β1,−β2〉. (168)

Similar to the case above for P0, the U(1) phase can be
read off from the fourier representation of the zero-mode
ket. We find

P1|β0, β1, β2〉 = exp {i(B1 − πβ0)} |β0, β1,−β2〉,
P1|β0, β1, β2〉 = exp {−iπN0} |β0, β1,−β2〉, (169)

where we have written β1 = N1 + λ1 and imposed that
the P1 eigenvalue does not depend on U(1) twist λ1. This
implies that B1 = πλ1. We obtain

〈β0, β1, β2|P1|β0, β1, β2〉 = eiπN0δβ2,0. (170)

The P1 twisted partition function which is the partition
function on K × S135,36 takes the form

Z[K × S1, λ0] = TrHλ0

[
P1e
−2πR0(H+i

τ1
τ2
Px+(i

τ1
τ2
β+γ)Py)

]
+ Zosc

∑
N0,1∈Z

exp
{
− πτ2

2r2R2
(N0 + λ0)2

− 2πr2R2τ2N
2
1 + 2πiτ1(N0 + λ0)N1 + iπN0

}
(171)

Under a large gauge transformation λ0 → λ0 + 1 the
parity twisted partition function changes sign

Z[K × S1, λ0] = −Z[K × S1, λ0 + 1] (172)

This is a Z2 anomaly in the sense that it is cancelled if we
take two copies of the theory. This signals the existence
of a bosonic topological insulator protected by ZT2 ×U(1)1

global symmetry.

We propose the response theory might be

I[N,B,w1] =

∫
N

w1 ∪ δB (173)

which can be modeled as

S =

∫
N

[
1

2π
b ∪ δa+

1

2π
B ∪ δa+

1

2π
w1 ∪ δB

]
. (174)
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VI. CONCLUSION AND OUTLOOK

In conclusion we have studied a class of invertible topo-
logical field theories that admit topologically distinct
G actions where G is a discrete abelian group. We
study these from complimentary bulk and boundary ap-
proaches. In the bulk these model bosonic G-SPTs which
are labelled by [ω] ∈ Hd+1

group(G,U(1)). Different SPTs
furnish distinct responses to background flat gauge field
A depending on ω. We explicitly compute these re-
sponses on manifolds with field configurations that can
distinguish different SPTs. These set of responses supply
SPT topological invariants. Next we describe the gauging
procedure and confirm that gauging an SPT gives a topo-
logical gauge theory which is none other that Dijkgraaf-
Witten theory labelled by ω. We show that Dijkgraaf-
Witten theories can be ungauged by gauging a dual sym-

metry Ĝ. This is synonymous to condensing the Bosonic
charge of the gauge theory.

In the dual boundary approach, we study bosonic quan-
tum field theories with global G symmetry which suffer
from a G-’t-Hooft anomaly. For the cases we study, it
is shown that these ’t-Hooft anomalies can be cancelled
by a Dijkgraaf-Witten topological action in one dimen-
sion higher signaling that these theories are consistent
on the surface of SPTs. Further we compute SPT invari-
ants directly from the boundary theory and describe a
procedure of constructing G-characters by orbifolding G
on the boundary. These characters can be used to gener-
ate modular data for the bulk topological gauge theory
further confirming the bulk boundary correspondence for
these topological gauge theories.

Finally we study a quantum field theory in 2 + 1d
that suffers from a mixed anomaly between time rever-
sal/reflection and U(1). Depending on how time rever-
sal/reflection acts the U(1) could be a 0-form or 1-form
symmetry. We postulate the topological action of the
3 + 1d bulk that cancels such a ’t-Hooft anomaly. For
0-form (resp. 1-form) U(1)×ZT2 this theory could model
the surface of the bosonic SPT phase with this symmetry.

We close with a few comments on open issues:

• In this work we only study gapless surfaces of SPT
phases however for bulk spatial dimension ≥ 3, the
boundary can support a gapped QFT with anoma-
lous topological order42,90–92. For onsite symmetry
G and in 3+1d, the SPT invariant can be extracted
from the violation of pentagon identity43 on the
2 + 1d G-equivariant topological order. Moreover
the time reversal anomaly can be computed using a
recently proposed anomaly indicator by Wang and
Levin93 however it would be interesting to explore
how SPT invariants can be extracted for mixed
symmetry groups with both anti-unitary symme-
tries such as time reversal/ mirror reflection as well
as onsite unitary symmetry.

• Categorical generalizations of groups have been
explored for constructing topological gauge theo-
ries. The topological actions of these gauge theories
serve as response functions for non-trivial gapped
phases of matter protected by the corresponding
generalizations of groups. These gapped phases of
matter have global symmetries termed as general-
ized global symmetries94,95 that act on higher di-
mensional objects within a quantum field theory in
addition to point-like objects96. There is much to
be studied in such theories both on the side of SPTs
as well as the corresponding topological gauge the-
ories. There are several open directions such as
’t-Hooft anomalies for (higher) generalizations of
groups97, quantization of higher topological gauge
theories, spectrum of higher gauge theories etc.

• Floquet SPTs98–101 or non-trivial dynamical
gapped phases of matter as well as several phases of
matter protected by certain spacegroup symmetries
have not been understood much within the frame-
work of low energy topological field theories. Since
TQFT is a robust framework to study phases of
matter it is interesting to ask whether such space-
time symmetries can be incorporated within such
a framework102.

• Although we can understand bulk physics for SPTs
protected by discrete abelian group G directly by
analyzing the boundary. There is a class of co-
cycles such as Type-III in 2 + 1d and type-IV in
3 + 1d bulk that cannot be captured by our scheme
and consequently we cannot study such phases di-
rectly from the boundary. This has to do with the
fact that upon gauging such SPTs one gets non-
abelian topological order that cannot be embedded
in U(1)k. In future work we would like to con-
sider a class of models that can admit non-abelian
symmetries with the hope that these can model the
boundary behavior of type-III or respectively type-
IV SPTs.
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Appendix A: Group cohomology for finite abelian
groups

Here we collect some facts about the group cohomol-
ogy of discrete abelian groups. In this paper we use both
additive and multiplicative definition of group action.
When we use additive definition, we will always work
with R/2πZ coefficients, however, when we work with
multiplicative definition, we will work with U(1) coeffi-
cients. Here we define Hn

group(G,R/2πZ). The space of
n-cochains is defined as the set of homomorphisms

Cngroup(G,R/2πZ) = {f : Gn → R/2πZ} . (A1)

Cngroup is an abelian group under pointwise addition:

(f + g)(a1, a2, . . . , an) = f(a1, a2, . . . , an)

+ g(a1, a2, . . . , an), (A2)

where f, g ∈ Cngroup. Then there exists a coboundary

operator δ : Cngroup → Cn+1
group with the action

(δf)(a1, . . . , an+1) = f(a2, . . . , an+1)

+ (−1)n+1f(a1, . . . , an)

+

n∑
i=1

(−1)if(a1, . . . , ai + ai+1, . . . , an+1) (A3)

δ satisfies the properties

δ(f + g) = δf + δg,

δ2 = 0. (A4)

δ naturally defines two subgroups of Cngroup-the group
of n-cochains these are n-coycles Zngroup(G,R/2πZ)
and n-coboundaries Bngroup(G,R/2πZ) where Bngroup ⊂
Zngroup ⊂ Cngroup

Zngroup =
{
f ∈ Cngroup

∣∣ δf = 0
}
,

Bngroup =
{
f ∈ Cngroup

∣∣f = δh, h ∈ Cn−1
group

}
. (A5)

Then the cohomology is defined as usual as

Hn
group(G,R/2πZ) =

Zngroup(G,R/2πZ)

Bngroup(G,R/2πZ)
. (A6)

The slant product can be defined, which lowers the degree
by 1

ia : Cngroup(G,R/2πZ)→ Cn−1
group(G,R/2πZ). (A7)

Explicitly, this takes the form

(iaf)(a1, . . . , an−1) = (−1)n−1f(a, a1, . . . , an−1)

+

n−1∑
i=1

(−1)n−1+if(a1, . . . , ai, a, ai+1, . . . , an−1).

(A8)

Further it can be checked by explicit computation that
δ(iaf) = ia(δf). Therefore, if f ∈ Zngroup(G,R/2πZ),

then iaf ∈ Zn−1
group(G,R/2πZ), i.e., ia establishes a homo-

morphism

ia : Hn
group(G,R/2πZ)→ Hn−1

group(G,R/2πZ). (A9)

Appendix B: Orbifolding with discrete torsion and
relation to 1 + 1d SPTs

Consider the following partition function on a torus

Zorb(τ) =
∑

a,b∈G

ε(a,b)Za,b. (B1)

Under modular transformations, the twisted sectors
transform as

T : Za,b(τ) 7→ Za+b,b(τ),

S : Za,b(τ) 7→ Z−b,a(τ). (B2)

Since the mapping class group of a torus is SL(2,Z), a
general element may be written as

U =

(
p q

r s

)
; ps− qr = 1 (B3)

Then this implies that

ε(apbq,arbs) = ε(a,b). (B4)

Further, consider putting the theory on Σ2, a Riemann
surface of genus 2. Then ε : Hom[π1(Σ2), G]→ U(1). By
modular invariance we demand75

ε(a1,b1; a2,b2) = ε(a1b1b
−1
2 ,b1; a2b2b

−1
1 ,b2), (B5)

where a1,a2,b1,b2 are the G-fluxes inserted along the
non-contractible cycles L1

x, L
2
x, L

1
y, L

2
y respectively. Fur-

ther by the factorization property at genus 2,

ε(a1,b1; a2,b2) = ε(a1,b1)ε(a2,b2) (B6)

If we normalize ε(1,1) = 1, then by modular invariance
(B3),

ε(g,1) = ε(1,g) = 1. (B7)

Using these facts and (B5),(B6) it can be shown that ε
is a 1-dimensional representation of G

ε(a1 + a2,b) = ε(a1,b)ε(a2,b). (B8)

It was shown in75,76 the set of inequivalent ε that satisfy
(B7) and (B8) are classified by [c] ∈ H2

group(G,U(1)) and
can be written as

ε(a,b) =
c(a,b)

c(b,a)
. (B9)

Since [c] ∈ H2
group(G,U(1)) it satisfies the cocycle condi-

tion

c(a,bc)c(b, c) = c(ab, c)c(a,b). (B10)
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FIG. 2. A triangulation of T 2 with flux a, b ∈ G along the two
cycles. Dijkgraaf Witten theory labelled by H2

group(G,U(1))
associates the U(1) phase c(a, b)/c(b, a) to this assohnment
A.

Now using this form of ε, we may verify that the above
two properties are satisfied. First

ε(a1a2,a3)

ε(a1,a3)ε(a2,a3)
=
c(a1a2,a3)c(a3,a1)c(a3,a2)

c(a3,a1a2)c(a1,a3)c(a2,a3)

=
c(a1a2,a3)c(a3,a2)

c(a1a3,a2)c(a1,a3)

= 1,

ε(apbq,arbs) = ε(ap,arbs)ε(bq,arbs)

= ε(a,arbs)pε(b,arbs)q

= ε(arbs,a)−pε(arbs,b)−q

= ε(bs,a)−pε(ar,b)−q

= ε(a,b)(ps−qr)

= ε(a,b) (B11)

Furthermore the discrete torsion phase ε(a,b) =
c(a,b)/c(a,b) is exactly the response of a 1 + 1d SPT
protected by G and characterized by 2-cocycle [c] ∈
H2

group(G,U(1)) in the presence of G-flux a,b along the
two non-contractible cycles of the torus. (See Fig. 2.) To
see this recall that given a triangulation K of manifold
M , Dijkgraaf-Witten theory associates to an assignment
A : H1(K,Z) → G a U(1) phase i.e the response theory
of an SPT classified by [c], explicitly given by

eiI
c[K,A] =

∏
σ∈C2(K)

〈
c(A), σ

〉oσ
(B12)

where oσ = ±1, the orientation of simplex σ. For
a simplex σ[v0v1v2] and an assignment A(v0v1) = a,
A(v1v2) = b, we get 〈c(A), σ〉 = c(a,b). Then it is easy
to check

eiI
c[T 2,A] =

c(a,b)

c(b,a)
= ε(a,b) (B13)

Appendix C: SPT response theory and group
cocycles

In this appendix we show the relation between the SPT
response theories and the respective group cocycles. We

FIG. 3. Configuration of a flat Zn gauge field on a 3-simplex.
a, b, c ∈ Zn.

would like to show explicitly that the SPT response the-
ories written in the main text matches the expression for
the group cocycle. Consider a triangulation of the mani-
fold N . (See App. A in9 for an introduction to simplicial
calculus.) Then a flat G gauge field [A] ∈ C1(N,G) that
satisfies the conditions

• A(∂f) = 0 for all f ∈ C2(N,Z).

• A(−e) = A(e)−1 for all e ∈ C1(N,Z) where −e
implies reversing the orientation of edge e. .

Let us consider the specific case of Zn SPT in 2+1d. We
pick a triangulation for a 3-manifoldN . Then a 3-simplex
σi = [v0v1v2v3] comes with an ordering of vertices 0 <
1 < 2 < 3 that picks an orientation. A choice of [A]
means assigning A[v0v1] = 2πa/n. A[v1v2] = 2πb/n and
A[v2v3] = 2πc/n where a, b, c ∈ [0, 1, .., n − 1]. Then it
straightforward to check that for this choice of flat field
[A] (see Fig. 3).

〈 q

2π
A ∪ δA, σi

〉
=

2πq

n2
a(b+ c− [b+ c]) (C1)

The precise meaning of δA should be understood as fol-
lows. Let A ∈ Z1(M ; 2π

n Z/Z) be a Zn field. The coef-

ficient 2π
n Z/Z means A(01) takes values in 2πa

n mod 2π

with a ∈ Z, i.e. A(01) ∈ {0, 2π
n , . . . ,

2π(n−1)
n }. We shall

define the topological action like “A∪ δA”. To do so, we
introduce a lift

A 7→ Ã ∈ C1(M ;
2π

n
Z). (C2)

The closed condition of A implies that

δÃ ∈ C1(M ; 2πZ), (C3)

i.e. (δÃ)(012) takes values in 2πZ. A lift Ã is not unique:
an integer valued 1-cochain a ∈ C1(M ; 2πZ) also gives a
lift

A 7→ Ã+ a, a ∈ C1(M ; 2πZ). (C4)
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We define a topological action S[A] of Zn fields by

I[A] :=
q

2π

∫
M

Ã ∪ δÃ ∈ 2πZ
n

. (C5)

This is ill-defined as 2πZ
n -valued action. However, I[A]

mod 2πZ is well-defined: Under a change of lift, the ac-
tion is changed as

1

2π
Ã ∪ δÃ 7→ 1

2π
(Ã+ a) ∪ (δÃ+ δa) (C6)

=
1

2π

[
Ã ∪ δÃ+ a ∪ δÃ+ Ã ∪ δa+ a ∪ δa

]
(C7)

=
1

2π
Ã ∪ δÃ+

1

2π
a ∪ δÃ︸ ︷︷ ︸
2πZ

− 1

2π
δ(Ã ∪ a)︸ ︷︷ ︸
exact

+
1

2π
δÃ ∪ a︸ ︷︷ ︸
2πZ

+ a ∪ δa︸ ︷︷ ︸
2πZ

(C8)

=
1

2π
Ã ∪ δÃ− 1

2π
δ(Ã ∪ a)︸ ︷︷ ︸
exact

(mod 2πZ). (C9)

This means eiI[A] serves as a U(1)-valued topological ac-
tion. Similarly for type-II and III cocycle, it is straight-
forward to check〈qIJ

2π
AI ∪ δAJ , σi

〉
=

2πqIJ
n2

aI(bJ + cJ − [bJ + cJ ]),〈qIJKn2

4π2
AI ∪AJ ∪AK , σi

〉
=

2πqIJK
n

aIbJcK . (C10)

Consider a triangulation of a three-torus as shown in Fig.
4. The triangulation has six 3-simplices . Then it is easy
to check that the partition function takes the form20,60

Z[T 3, a, b, c] =
1

|G|
∏
σ∈Z3

〈ω[A], σ〉oσ

=
ω(a, b, c)ω(b, c, a)ω(c, a, b)

ω(a, c, b)ω(b, a, c), ω(c, b, a)
(C11)

This matches with field theory calculation in (26) and
(21). Furthermore one can compute the SPT or Di-
jkgraaf Witten theory partition function on lens space
L(n, 1). This was recently shown in63 and we do not re-
peat the calculation here. The field theory calculation
(18) matches the result in63.

Similarly for 3 + 1d SPTs for G = Zkn, we consider a
4-simplex σi = [v0v1v2v3v4] and a flat G field [A] with
the assignment AI(v0v1) = 2πaI/n, AI(v1v2) = 2πbI/n,
AI(v2v3) = 2πcI/n and AI(v3v4) = 2πdI/n.

〈2πqIJn

4π2
AI ∪AJ ∪ δAJ , σi

〉
=

2πiqIJ
n2

aIbJ
(
cJ + dJ − [cJ + dJ ]

)
,〈2πqIJKn

4π2
AI ∪AJ ∪ δAK , σi

〉
=

2πiqIJK
n2

aIbJ
(
cK + dK − [cK + dK ]

)
,〈qIJKLn3

8π3
AI ∪AJ ∪AK ∪AL, σi

〉
=

2πiqIJKL
n

aIbJcKdL. (C12)

The computations for partition functions on T 4 and
L(n, 1)× S1 are more tedious but quite similar to those
in 1-dimension lower on T 3 and L(n, 1) as the latter are
dimensionally reduced versions of the former.

Simplicial calculus is naturally analogous to differential
calculus where p-cochains map to p-forms, cup product
maps to wedge product and the differential δ maps to the
exterior derivative ‘d’. This matches with the response
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FIG. 4. Triangulation of a three-torus containing one
0-simplex, three 1-simplices, three 2-simplices and six 3-
simplices.

theories in Eqs. (77) and (79) for response theories of
SPTs.

Appendix D: Quantization of 2 + 1d surface theory

The equal time canonical commutation relations for (92)
are [

φ(x, t), εij∂iζj(x
′, t)
]

= 2πiδ(x− x′) (D1)

The mode expansion decomposes into oscillator and zero
mode parts

φ(x, y, t) = φ0(x, y, t) + φosc(x, y, t)

ζj(x, y, t) = ζ0
j (x, y, t) + ζoscj (x, y, t) (D2)

The zero-mode part takes the form

φ(x, y, t) = α0 +
β1x

R1
+
β2y

R2
+ ...

ζj(x, y, t) =
αj

2πRj
+

β0

2πR1R2
xδj,2 + ... (D3)

The canonical algebra for this theory implies [α0, β0] = i
and [β1, α2] − [β2, α1] = i. One possible choice of com-
mutation relations that satisfy this algebra is

[β1, α2] = 0; [β2, α1] = −i (D4)

however to quantize βµ we impose

[α1, β2] = i = − [α2, β1] (D5)

with this βµ ∈ Z. The oscillator part of the mode expan-
sions are

φosc(r) =
1√
R1R2

√
1

2λ1

×
∑
k 6=0

1

ω(k)1/2

[
â(~k)e−i

~k.~r + â†(~k)ei
~k.~r
]

ζoscj (r) =
1√
R1R2

√
λ1

8π2

×
∑
k 6=0

−1

ω(k)3/2
εjlk

l
[
â(~k)e−i

~k.~r + â†(~k)ei
~k.~r
]

(D6)

With the commutator algebra
[
a(k), a†(k′)

]
= δk,k′ . The

partition function is given by

Z = TrH

[
e2πiR0H

′
]

(D7)

where H = ⊗N0,1,2
HN0,N1,N2

and H ′ = H + iαR1Px/R0.
The zero-mode part is

Z0 =
∑

N0,N1,N2∈Z
exp

{
− πτ2

2r2R2
N2

0 − 2r2πR2τ2N
2
1

−2r2πR0R1

R2
N2

2 + 2πiτ1N0N1

}
(D8)

The oscillator part of the partition function is the same
as that of free boson.
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