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The Sachdev-Ye-Kitaev (SYK) model is a quantum mechanical model of fermions interacting
with ¢-body random couplings. For ¢ = 2, it describes free particles, and is non-chaotic in the
many-body sense, while for g > 2 it is strongly interacting and exhibits many-body chaos. In this
work we study the entanglement entropy (EE) of the SYKqg models, for a bipartition of N real or
complex fermions into subsystems containing 2m real/m complex fermions and N — 2m/N — m
fermions in the remainder. For the free model SYK2, we obtain an analytic expression for the EE,
derived from the -Jacobi random matrix ensemble. Furthermore, we use the replica trick and path
integral formalism to show that the EE is maximal for when one subsystem is small, i.e. m < N,
for arbitrary q. We also demonstrate that the EE for the SYK4 model is noticeably smaller than the
Page value when the two subsystems are comparable in size, i.e. m/N is O(1). Finally, we explore
the EE for a model with both SYK2 and SYK4 interaction and find a crossover from SYK2 (low
temperature) to SYK4 (high temperature) behavior as we vary energy.

I. INTRODUCTION

The Sachdev-Ye-Kitaev (SYK) models'™® are large-N
solvable zero-dimensional systems of N Majorana or com-
plex fermions coupled through all-to-all g-fermion inter-
actions. They have drawn considerable interest in high
energy physics for their emergent conformal symmetry
and holographic duality, and excite the condensed matter
community as solvable examples of strongly interacting
quantum critical non-Fermi liquids, which lack any quasi-
particle description®. This is reflected in the solution of
the Green’s function, the scaling dimension of Majorana
fields, and the non-zero entropy at zero temperature?.
At ¢ > 2, the model is also maximally chaotic which
can be seen from its quantum Lyapunov exponent de-
fined from the out-of-time-order correlator® ®78. Start-
ing from the original SYK4 model, many extensions have
been proposed and studied which retain the interact-
ing and chaotic nature®®!7. On the other hand, the
q = 2 case is a free fermion model that can be completely
solved by random matrix theory. It realizes a zero dimen-
sional disordered fermi liquid in the large N limit, and
both many-body chaos and zero temperature entropy are
wholly absent. Given these facts, it is natural to study
the phase transition between these two regimes®?14,

In this paper we study the entanglement entropy (EE)
of the SYKq model and discuss the differences between
the SYK2 and SYKq models with ¢ > 2 from the en-
tanglement perspective. EE, a concept borrowed from
quantum information theory, can quantify the quan-
tum entanglement of different subsystems. The von
Neumann EE for subsystem A is concisely defined as
Sa = —Tr[palnpa], where py is the reduced density
matrix of A. For the SYK2 model, we show that the EE
can be analytically computed in closed form by connect-
ing to the concept of Jacobi ensemble in random matrix
theory'®. For SYKq with ¢ > 2, since the model is max-
imally chaotic in the large N limit, one would naturally
presume that it is also maximally entangled'®. We nu-
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FIG. 1: a). Scaling of EE of complex SYK2 model with sub-
system size at different filling factors, numerical versus analyt-
ical result, with fixed N = 1000. b). EE per site as function
of k and A. ¢). The Wachter Law [Eq. (2)] of the complex
SYK2 model, numerical (red) versus analytical (blue) result.

merically calculate EE and find that in the limit when
A is much smaller than the total system size, this is cor-
rect: the ground state EE for the SYK4 is maximally
entangled. However, this is also true for SYK2, which is
not many-body chaotic at all. We then show that these
observations can be explained analytically by using the
standard replica trick in the path integral formalism. De-
viations from maximal entanglement are seen when the
two subsystems obtained from bipartition are compara-
ble in size: we find that the EE for the SYK4 model is
much larger than that for the SYK2 model, yet both are
still smaller than the Page value, which can be considered
as the EE for the Gaussian unitary random matrix en-
semble (GUE). Further 1/N extrapolation indicates that
the difference between the EE of the SYK4 and Page
value persists to the thermodynamic limit, showing that
the SYK4 model is not maximally entangled.



We further study a model which includes both SYK2
and SYK4 interactions. At low temperature, the physics
is dominated by the SYK2 term, which may be under-
stood from the relevance, in the scaling sense, of the
SYK2 interaction at the SYK4 fixed point.®%!* This is
consistent with our ground state EE result which shows
that EE decreases as we increase N and approaches the
SYK2 value in the thermodynamical limit. For a highly
excited state, we find that the EE is the same as that for
SYK4 model and Page value, indicating there is crossover
from low energy SYK2 physics to high energy SYK4
physics.

The rest of the paper is organized as follows: In Sec. II,
we briefly review SYK model and discuss the methods to
compute EE. In Sec. ITI, we analytically compute the EE
of SYK2 model and analyze the scaling behavior of EE
in various limits. In Sec. IV, we numerically study EE of
SYK2+SYK4 model and explore the crossover behavior
from SYK2 to SYK4 physics. We further discuss the
replica trick method in Sec. IV A. We conclude in Sec. V
with some final remarks.

II. MODELS AND METHODS

The Hamiltonians of the SYKq models at ¢ = 2 and 4,
both complex and Majorana fermion versions, are written
as

N N
Hy. = Z Tijczcj—chjci, (1a)
ij=1 i=1
N
Hay = Y idiyxixs, (1b)
ij=1
N
Hye = Y Tymelcewer —pd cle,  (1c)
{i.5,k.1} =1

Jijhl Xa X5 XEX1- (1d)

Hy, = >

1<i<j<k<I<N

The matrix T' = (T};) is hermitian and J = (J;;) is an-
tisymmetric, with all Gaussian entries with zero mean
and variance JWZ, where J is some constant; the tensor
Tij..1 is complex with appropriate symmetry to ensure

hermiticity and the tensor J;;i; is real, both with Gaus-

sian entries of zero mean and variance 3]!\;732 419 For the
complex SYKq model, a chemical potential p is included
to tune the filling factor.

We study the EE for the models in Eq. (1). As SYKgq
are zero-dimensional models, the bipartition is made by
choosing subsystem A to consist of 2m random Majorana
or m random complex fermions, with the complement
called B. Since SYKgq includes all to all coupling be-
tween fermions, we expect that the disorder averaged EE
for subsystem A has the form S, = am — +, describing
a “volume law” for EE. There is no regime of “area law”
due to the complete non-locality of interactions. The

main purpose of this paper is to investigate the coeffi-
cient o and the possible subleading correction . Below
we will resort to both analytical methods, which involve
random matrix theory and the path integral formalism,
and numerical means, mainly exact diagonalization, to
study the EE.

IIT. ANALYTICAL RESULTS FOR SYK2

The complex fermion SYK2 model (Eq. (1a)) is a free
Hamiltonian in which 7" is a hermitian random matrix
belonging to the Gaussian unitary ensemble (GUE)!.
The eigenvalue distribution of GUE satisfies the “semi-
circle” law, and the diagonalizing matrix U, composed of
column eigenvectors, is uniformly distributed in the space
of unitary matrices according to the Haar measure.

For a free fermion model, the EE of a subsystem A can
be directly calculated from the reduced two point correla-
tion function matrix Ca with each entry (Ca);; = (c;rcj)
fori,j € A?921 A key observation is that C4 = V1V be-
longs to the Jacobi random matrix ensemble at 3 = 28
(see Appendix A), where V is the k-by-m upper-left block
of UT, and k, m are the filling number of energy bands
and subsystem size of A, respectively. The distribution
of the eigenvalue = of C'4 in the large N limit can be de-
rived from the joint probability distribution of the Jacobi

ensemble and satisfies the Wachter law!8:22,
1 /Oy —a)@ A
f(.’L‘,:‘i, )‘) SN $(1—(E) A A4]
+ (1 =k/AN)O\—=K)d(x), Ak € (0,1/2],

(2)
where Ay = (/&(1—A) £ /A1 — k)%, A =2 and £ =
%. The § function exists when V1V is singular. The
continuum part of f(x, k, A), shown in Fig. 1c), is nonzero
only on the support [A_, A;]. The Wachter law, Eq. (2),
does not depend on the value of 3, and holds also for
orthogonal (8 = 1) and quaternion matrices (8 = 4) —

see Appendix A. The EE is therefore

Sa(k, ) = m/ [zlnz — (1 —z)In(1l —2)] f(z, &, A)dz.

3)
Due to particle-hole symmetry, the EE of the Majorana
SYK2 model has the same scaling behavior as that of the
complex fermion SYK2 model at x = 1/2 (Appendix B).
We verify the theoretical result for the EE in Eq. (3)
by comparing it with a numerical calculation in a large
system with N = 1000 [Fig. 1a)]. In fact the function
f(z, A\, k) has several limiting forms for which EE can be
computed analytically. For instance, when the subsystem
is much smaller than the total system, f approaches the
d distribution [Fig. 1c) right] and the EE is

G4 22% m(—klnk—(1—r)In(l— k).  (4)

This result has also been obtained in Ref. 23. In particu-
lar, when k = 1/2, i.e. complex fermion at half-filling or
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FIG. 2: EE scaling of the ground state of both the Majorana
fermion () and the complex fermion (¢) SYK44+SYK2 mod-
els, averaged over 10 samples. m = |A| is the subsystem size
of complex SYK, while for Majorana SYK the subsystem size
is 2m. The fermion numbers are N = 22 for ¢ and N = 44 for
Xx- The Hamiltonian is H = Hy /5 + % Hs,c/x. The complex
fermion model has fixed particle number k£ = 4 (dashed lines)
or k =11 (dash-dotted lines). Page and Wachter scalings are
plotted according to Eq. (5) and Eq. (3). The inset shows
finite size scaling of the EE at subsystem/system=1/2.

Majorana fermion, the EE is simply equal to mIn2. This
result agrees with simply counting the degrees of free-
dom of A and exhibits maximal entanglement between
A and B. However when A is comparable to B in size,
f disperses in the whole [0, 1] interval [Fig. 1c) left] and
the entanglement deviates from the maximal value; in
particular, when A = 1/2 we have S4 = m(2In2 — 1).
This result is consistent with the bounds given for the
quadratic fermionic Hamiltonian?*.

Eq. (3) features a symmetry (A\,m) < (k,k) apart
from the trivial symmetries A <> 1 — X and k < 1 —
k. Therefore in the zero filling factor limit, S4 20,
E(=AlnA—(1—X)In(1 — X)) by analogy with Eq. (4).
The quantity entanglement entropy density, defined as
Sa/m, measures the average EE for each fermion and is
plotted in Fig. 1b). Clearly the maximal value is reached
only when (A, k) = (0,1/2), and the EE density is a de-
scending function of both A and % — K.

IV. NUMERICAL AND ANALYTICAL
RESULTS FOR SYK4+4SYK2

The complex SYK4 model at half filling has been in-
vestigated in a small system in Ref. 19, where the au-
thors reported that this model exhibits maximal entan-
glement. Here via sparse matrix diagonalization we nu-
merically calculate the ground state EE of both the com-
plex fermion SYK4 for N up to N = 22 and the Majorana

fermion versions for N up to N = 44, where for the for-
mer we choose two filling factors. The results are shown
in Fig. 2. We see that when m <« N/2, the EE density
Sa/mis equal to —kInk — (1 — k) In(1 — k). This is the
same as Eq. (4) for SYK2 and in fact is true for all SYKgq
models (see below). As we increase m, the EE for SYK4
is much larger than that for SYK2. However, from the
results of N = 44, it is hard to predict the analytical
form in the thermodynamical limit.

To better understand the scaling of EE around A\ =
1/2 in the thermodynamical limit, we conduct finite size
scaling analysis (see inset of Fig. 2) and compare EE of
both Majorana and complex fermion SYK4 models at
k = 1/2 with Page value®>

[H 4l

Sap=mIn2— ,
Ap =mli 25|

()

where |H 4| and |Hp| are the dimensions of the Hilbert
space of A and B respectively. The Page value is the
EE for a random pure state (eigenstate of GUE) and is
equal to maximal EE up to a small constant, which is
1/2 when |H 4| = |Hp|- Fig. 2 shows that the Page value
(red line) and SYK4 (green solid and dashed lines) are
the same when m < N/2 but differ around A = 1/2. One
naturally asks how much this lowering in SYK4 is due to
finite size effects. To address this question, we further
check the EE density of SYK4 at A = 1/2 for differ-
ent N, denoted Sp.1¢, and find excellent linearity between
Shaif and 1/N (see the inset of Fig. 2). This suggests that
at A = 1/2, 57,4 = MShalt — 7y With Spar = 0.675(0.665) for
Majorana (complex) fermions obtained from 1/N extrap-
olation. Spair is smaller than In 2, suggesting the devia-
tion from Page state in the thermodynamical limit. On
the other hand, v = 0.666 (0.686) and is larger than 1/2
in the Page value. Both these results demonstrate that
the SYK4 ground state is less entangled than Page state
around A = 1/2. However, the difference should disap-
pear as we increase ¢ since the Hamiltonian becomes less
sparse and approaches a member of the GUE.

We also remark that the thermal entropy at zero tem-
perature is smaller than the EE in the SYK4 model. It
is known that Majorana SYKq model (with ¢ > 4) has
zero temperature residual entropy in the large N limit

with this particular form NL% ~1n2— f(q), where f(q) is

some function of ¢**. When ¢ = 4, this value is around
0.4648 and is much smaller than the ground state EE
density. This difference disappears as we increase q.

We further numerically calculate the ground state EE
of H = Hy.) + %Hs,/, for different couplings g, see
Fig. 2. It is known that the SYK2 interaction is a relevant
perturbation which induces a flow from SYK4 (a non-
fermi liquid) behavior to a free fixed point®®!7. This
physics is also reflected in the scaling of EE at finite N,
in two aspects: (i) for a fixed N, the EE is lowered as g is
increased, which can be clearly observed in Fig. 2, (ii) for
a fixed g, as we increase N, EE for the same subsystem
size remains the same. This is consistent with the scaling
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FIG. 3: EE as a function of energy for the Majorana
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samples. The energy has been normalized to the interval
[—0.5,0.5]. We fix subsystem/system=1/2 and N = 32. The
flat dotted line (black) on the top is the Page value.

FIG. 4: illustration of the boundary conditions of G and g. a).
The argument region of G(7,7’) and g(r,7"). The horizontal
axis and the vertical axis are for 7 and 7/, respectively. b).
Antiperiodical boundary conditions along 7 and 7' [Eq. (8)]
for subsystems A and B. The B cycles have periodicity 8 and
carry the replica index a, b ranging from 1 to n, while the A
cycle has antiperiodicity nf8 and has only one copy.

dimension of fermion operator equal to 1/2.

On the other hand, as we increase the energy and move
to a highly excited state, there is a “crossover” from
SYK2 physics to SYK4 physics and we expect that the
EE for the highly excited state should be the same as that
for the pure SYK4 interaction.!* To verify this statement,
we first study the excited state EE for the pure SYK4 and
the SYK2 models and show that they are different (see
Fig. 3). We numerically find that the EE of a highly
excited state for the SYK4 model is the same as Page
value. In contrast, for the SYK2 model, both excited
and ground state EE exhibit the same scaling since Cy
belongs to the Jacobi ensemble. As we introduce SYK4
interactions to the SYK2 model, the EE for the highly
excited state drastically changes and becomes the Page
value, the same as that for the pure SYK4 model.

A. Replica trick method

The local observables, correlation functions, and ther-
modynamics of the SYKqg models are exactly obtained in
the large N limit using the path integral formalism?3*.
It is natural to ask whether the EE of the SYKq models
may also be found exactly. Using the standard replica
method and path integral formalism, one may write

0(Zn /2"

1—n

— InT n
S4 = lim nTralpi] = lim
n—1 1—n n—1

o (6)

where Z,, is the partition function involving n copies of
B coupled with A as shown in Fig. 4b). The n — 1 limit
above is used to obtain the logarithm in the definition of
the von Neumann entropy. Notice that for a disordered
system, to compute In Z we need in principle to perform
a second replica trick. Luckily, the SYKq in the large N
limit is always in a replica symmetric phase and therefore
we have In(Z,,/Z") =InZ, —nlnZ.

After disorder average and a saddle point approxima-
tion valid at large N, we have Z,, = exp(—NS,, o). The
zeroth order physics is determined entirely by the saddle
point equation (see Appendix C for the derivation):

T2 NG (7, 7") + (1 —
1
o5 (T — 71)§ab — Yab(r 77)
1
OBS(T — 17)6%b — Xab(r 77)

Ng®(r, 7P = B%(r,7)(Ta)
G®(r,7")(Tb)

= gab(Tv 7—/)7 (70)

where 1 < a,b < n are the replica indices, G and g¢
are the Green’s functions, respectively, for the A and B
subsystem. G and g have different boundary conditions
G (B,7') = Gt (07, 1),
G*(7,8) = G***V(r,07),
gab(ﬁ, T/) = 7gab(07’ Tl)a

G™(8,7) = =G (07,7,
G (r,B) = —G*(7,07),

gab(Tv ﬂ) = 7gab(7_’ 07)7
(8)
where a = 1,...,n — 1,b = 1,...,n for the first line,
a=1,...,n, b =1,...,n — 1 for the second line and
a,b =1,...,n for the third line. The differential oper-

ators 9277 are different for A and B which ensure the
continuity of the equations (see Appendix C for expla-
nation). These boundary conditions are illustrated in
Fig. 4. Due to the diffferent boundary conditions for G
and g, obtaining a general and explicit form for G and g
turns out to be hard (Similar issue arises in entanglement
dynamics in a SYK chain model in Ref. 26). However,
the EE in the scaling limit A — 0 does not require solving
Egs. (7) and can be readily obtained by counting degrees
of freedom. In this limit, only the diagonal term in ¢%°
is nonzero and is the same as that in Z = exp(—NSq).
Moreover, G*® ~ ¢®%§,, to first order of X. As a result,
all terms in In Z,, cancel those in nlnZ, except for the
term Indet(04) that counts the degrees of freedom of
subsystem A. In Z,,, there is only one A subsystem with



time antiperiodicity n8, while there are n copies in zZ".
Therefore we have
Z.
KN

(9)
This result is independent of ¢ and leads to Eq. (4).
This shows the super-universality of maximal entangle-
ment for small subsystems for all ¢.

For A around 1/2, solving Egs. (7) is difficult. Notably,
one must impose anti-periodicity in time 7' = nf on the
A subsystem, which couples to all n B-replicas. This
coupling introduces an effective interaction between dif-
ferent B-replicas, which leads to nonvanishing ¢% even
for a # b. In principle Egs. (7) can be solved numerically
but appropriate methods have to be developed and ana-
lytic continuation to n = 1 needs to be understood. We
leave this to future work.

V. DISCUSSION AND OUTLOOK

In this paper, we studied the entanglement aspects of
the Sachdev-Ye-Kitaev (SYK) model at ¢ = 2 and 4.
For the free model SYK2, we showed that the reduced
correlation matrix belongs to the §-Jacobi ensemble at
B = 2, and obtained from this an analytic expression
for the EE of SYK2. We further demonstrated that the
ground state EE of the SYK4 model shows a derivation
from the Page value which persists to the thermodynamic
limit, indicating that SYK4 is not maximally entangled.
Furthermore, we explored the EE for the SYK4+SYK?2
model, and found that there are two distinct regimes as
we vary energy: for low energy states, the EE is domi-
nated by the SYK2 term, while for highly excited states,
the physics is dominated by the SYK4 term and the EE
is the same as the Page value.

We were unable to obtain a full analytical expression
for the EE of the SYK4 model for an arbitrary bipar-
tition. This calculation requires coupling of different
replicas and it would be very interesting to develop a
field theoretic approach to this problem in the large N
limit, even if partly numerical.

Note added. Shortly after the submission of this draft
to arXiv, another paper?” gave the analytical estimation
of the EE of the SYK4 model at subsystem/system=1/2,
which is consistent with our numerical result at this ratio.
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Appendix A: f—Jacobi Ensemble and its eigenvalue
scaling laws

Suppose matrices A and B are of size m; X m and
ma X m, respectively, both with independently and iden-
tically distributed Gaussian entries over either the real,
complex or the quaternion field (8 = 1,2, 4 respectively).
Then by -Jacobi (or MANOVA) ensembles we mean the
eigenvalue distribution of

ATA
AtA+ BtB’
The joint eigenvalue distribution is

fler, -+ ,em) = C(my, ma,m) H

1<i<j<m

(A1)

les — €51

m

B(m —m-+1)—1 B _ _
,Heiz( 1 ) (1—51‘)2(m2 m+1)—-1
=1

(A2)
In the limit mq,mo, m — oo while keeping the ratios
o m my
mi + Mo ’ mi1 + mo

finite, the eigenvalue distribution satisfies the Wachter
law [Eq. (2) in the main text].

The EE of the complex SYK2 model is calculated via
the reduced correlation function Cy4. The eigenvalues of
C4 belong to the -Jacobi ensemble, which in the large
N limit satisfy the Wachter law. This is because the
single-particle Hamiltonian of complex SYK?2 is a GUE,
so the eigenvector matrix U is uniformly distributed in
the space U(N) according to the Haar measure. The
truncated correlation matrix C4 = VTV therefore satis-
fies Eq. (Al), provided weset A=V, B=W,m; =n
and mo = N — n, where

T
Vism Vr’LX(N—m) >

U =
(W(N—n)Xm W(/N—n)X(N—m)

The derivation from Eq. (A1) to Eq. (A2) is achieved
by diagonalizing (A1), which induces a basis transfor-
mation in the space of matrices; the “level repulsion”
term []|e; — £;|° comes from the Jacobian of the mea-
sure during transformation. Below we sketch the deriva-
tion from Eq. (A2) to Eq. (2) in the main text, known
as the Coulomb gas approach, and for simplicity we only
discuss B = 2. For a complete proof, see Ref.?8.

The Coulomb gas approach expresses the joint distri-
bution as a path integral. In the limit mi, my,m — oo
(keeping A and & finite) we have

1
,Em) — Ee_NS[ala

f(gh -
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FIG. 5: Wachter law for more (%, A) values.

where N = my + mo, and

S = —/ da:dyln\e(x)—e(y)\—/dx(alne—I—bln(l—s)),

where a = Kk—\, b = 1—k— . Due to the presence of the
large N in front of the action, the leading order behavior
is entirely determined by the saddle point equation

a b

dy B
/ @ -] @) T-e@

Under appropriate boundary conditions, this equation
has unique physical solution, Eq. (2) in the main text.

The Wachter distribution f(z,k,\) for some generic
values of (k,\) are shown in Fig. 5.

Appendix B: Calculating Entanglement Entropy of
Majorana SYK2 Using Correlation Functions

The Majorana SYK2 model is

N
Hayo =iy Jiyxixg = X" Jx, (B1)
ij=1
where x;,7 = 1,..., N are Majorana fermion operators

with xT = x, and {xi,x;} = 20;;. Here N is even and
we set N =2M.

To ensure hermiticity, J is antisymmetric with dimen-
sion 2M x2M . J can then be “diagonalized” to the block
form below by a 2M x 2M orthogonal matrix O:

J=0x07,

where

0 N

_)\1 0 9 <B2)

0 A
- 0

where there are 2(M — r) zeros on the diagonal block,
and

0<A <A < <A

Now let us denote = = OTc =

T
(’77%4»17734»1,"' 77]1\/[7’7%/17’7%77%7"' a’%}u’y?) ) where
V5 (j = 1,.,.M, a = 1,2) denote the 2M rotated

Majorana operators which satisfy ('yiO‘)Jr =
{72'0‘7’7?} = 20430;5. We have

v and

T
H=ixTJx =ixT0x0Tx = irT8y = Z 2iNivi2.
i=1

(B3)

1_ ¢ T 2 _ 1cp _ g
We further denote v; = f; + f] and 7] = 5(f; — f}).
j=1,..., M, where f, fT’s are complex fermion operators

with standard anticommutation relations, and

W=+ - ) = e -, (BY)

then Hs , is diagonalized by f;’s

Hy o = 2)(2f] fi = 1), (B5)
i=1

where states labeled by ¢ = 1,...,r have finite excitation
energy 4)\;, and i = r 4+ 1,..., M have zero excitation
energy.

For the rest we will assume that r = M, i.e. the
Hamiltonian Hs, has no zero modes. This is justified
for the SYK2 model since a random matrix J has al-
most zero possibility in producing zero eigenvalues. The
ground state of SYK2 is then |Q) = |0), where |0) is
the state that is annihilated by all f: f;|0) = 0 for
i=1,..., M. The ground state expectation value is there-

fore (y172) = —(v3y}) = 1((2f] f; — 1)) =1, and

1 4

where we have defined

0 1
K:_IMXM®<_1 0>.



Then, the correlation function matrix becomes and finally, by definition, the EE is

C={xx") =(0"0") =0(")O" = I +iOKO", I
Sp=-Trpalnpy = — Z H H Ea(l—Ep)Ine,(1 —€p)
and the reduced correlation function matrix is (for sub- DeD a€D BeA\D

system A with size |A| = 2m)

m

. ==Y &g -) (1-&)n(l-&).
Ca = Iomxam + 102mx2m Konr 2o Oapy o - i=1 i=1
(B7)

After diagonalizing Oy we get Cq = Iopxom + 1Y TEY, To connect p4 with the truncated correlation function

where matrix Cy4, note that (¢€7) is a block diagonal matrix,
(€16) = —~(6¢)) = 1 2(]Y;) — 1) and
E =Diag(er,--em)@ [ O L), 7 7 7
-10
21 NS SR THCTISRS) .
and we have ¥ (e = Gl {nd)
Sy =— Z Sl i Cig, 2% (B6) ¥ - 35 2h, (20 i —1) .
o 2 2 2 2 > ({ndile = {n}iti)
{n}i,=0,1
To prove Eq. (B6), we assume that the reduced density S (n |e_2hj(2¢;¢j_1)wf_w 1n;)
matrix can be written in terms of an effective Hamilto- ny=01" " JEIT
nian Hy = xTJax, where J4 is a 2m x 2m matrix, by = e2hi 4 o—2hi
1 _ B =g;.
pA = Ee HA, Z =Tryle HA]. (BS)

These lead to
Suppose H4 is diagonalized in some Majorana basis &
and some complex basis ¢ (following the derivation for o ot
diagonalizing Hs ) Cy=1—-1iY E Yy,

s m where
Ha=xTJax =Y 2ihi€le? = 2hi(2y[v — 1),
=1 =1

EADiag(2§11,~~2§m1)®< 0 1),

then p4, as a 2 x 2™ matrix that acts on the many-body -10

Hilbert space of A, has eigenvalues

—2h; thus the eigenvalues of Cy are g; = +(28; — 1), i =

g, ¢ 1=1,2,....m, 1,..., M. Plug these into Eq. (B7) we get Eq. (B6).

= —
g 62}17; + e*2hi :

Appendix C: Path integral formalism for the Entanglement Entropy of SYK4

The path integral formalism helps find the saddle point equations for the SYK models at leading order of N. In
this Appendix, we sketch the derivation for SYK4 but the generalization to all g is straightforward. We introduce n
replicas to SYK4, with index a = 1, ...,n. Notice that

Zn ({Jiji}) = Trapy
= Try (Trep)"

= [ avatoal ([ Wostiz, whloloh) - whlolu) ) 1o )

n

g 1
= [xle | [y (g - > Jand@uEE D) ||

a=1 1<i<j<k<I<N

where we use |¢%), a = 1,..., N, to denote a complete basis for the Hilbert space of subsystem B, and [ 4) a complete
basis for the Hilbert space of subsystem A. In the last line x{ become real Grassmann fields with a continuous index
7 € [0,8) and a discrete replica index a = 1,..., N. Because of the different trace rules in A and B, the boundary



conditions for x are
X¢(8) = x{TH07) and x7(B) = —x; (07) forie A, x7(B)=—x;(07) forie B,

wherea =1,...,n—1land b=1,...,n. The operators 9, for A and B, accordingly, also differ, respecting the boundary
condtions for A and B, respectively, which ensures they are continuous operators. To remind these differences, we
also label 9, with replica index a, where 9% = 92 (92 = 0F) are the same for all a € A (b € B).

After averaging over Jj;i; we have

z / [ Wiaee | 2y ()
n = ijkl———€ 202 n ij
K foro Ikt

1<i<j<k<I<N

4
a 1 a QHa 2 !
:/[Dxi]w exp —5/ dTZX 02x 8N3/ drdr bzl (ZXZ Xi ( > )

0

(C2)

in which the x fields for different sites are decoupled. Suppose A has P particles and B has N — P particles. We
introduce Green’s functions G and g and self-energies 3. and o such that

B n
1= / [DG*DE™] | exp f% / drdr’ ) 2“”&,#)( PG (r,7) = Y X3 (T)xi( ) ;
’ 0

a,b=1 €A

(C3)

a a 1 /8 . a
= / [Dg "Do b]a)b exp —5/ drdr’ Z o (r,7") ((N Zx, X ( ) ,
0 a,b=1 i€eB
plug them into Eq. (C2) and then conduct the integrals over the Majorana fields x;, we get

Zy = / [DG“bDE“ngabDa“b} b &XD [PInPf (8%(7 —7/)6% — %0 (7, 7)) + (N — P) InPf (87{95(7 —7)6% — ¢%(r, )]

n

B
X exp / drdr’ Z
0

a,b=1

_ 2
(—J;Eab(T, )G (7, 7') — N 5 Paab(T7 ™) g% (r,7') + % [PG“b(T, ')+ (N — P)g®(r, T’)]4) ,

(C1)
which gives back Pfaffians of matrices 926(1 — 7/)d% — 2% (7,7') and 925(1 — 7/)0%° — 0% (7, 7'), with index pairs
(a,7) as rows and (b,7') as columns. Also note that G®(r,7') and g% (7, 7') respect the boundary conditions of the
X's in A and B, which gives Eq. (8) in the main text. Now define P = AN, thus N — P = (1 = A\)N, A € [0,1] and
we have a large parameter N that controls the behavior of Z,,. In the thermodynamic limit N — oo, we have

Zn = exp(—NSa), (C5)

i.e. Z, is dominated entirely by the classical action Sg. S is obtained by plugging in the solution of saddle point
equations for G*(7,7'), g°°(t,7'), £(7,7') and ¢°*(7,7’). The saddle point equations for G**(r,7"), ¢**(r,7’),
»%®(7,7') and 0% (7,7') in Z,, are

AN (1, 7Y = AT NG (1, 7') + (1 = N)g®(r,7)]® = 0, (C6a)
(1- )\)Uub(T, ) —(1— )\)j2[)\G“b(T, )+ (1 — /\)gab(T, ™) =0, (C6b)
1 /
A5 (T — 7/)§ab — Yab(r 17) - Gab(T’ ) (CGe)
1

ab (r,7). (C6d)

OB3(r — )0 — gab(r, 7y U

Solving Egs. (C6) is a hard task due to the different boundary conditions of A and B, and as explained in the main
text, the solutions are no longer in the replica symmetric phase g% = g§%*. However using Eq. (C6a) and Eq. (C6b)
we do get

E“b(T, ') = O’ab(T, ), a,b=1,...n, 7,7 €]0,0). (Cn)



We leave solving the complete version of Egs. (C6) to future work.
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