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In previous work we have argued that the optical properties of moderately doped two-dimensional
semiconductors can be described in terms of excitons dressed by their interactions with a degenerate
Fermi sea of additional charge carriers. These interactions split the bare exciton into attractive and
repulsive exciton-polaron branches. The collective excitations of the coupled system are many-
body generalizations of the bound trion and unbound states of a single electron interacting with an
exciton. In this article we consider exciton-polarons in the presence of an external magnetic field
that quantizes the kinetic energy of the electrons in the Fermi sea. Our theoretical approach is based
on a transformation to new basis that respects the underlaying symmetry of magnetic translations.
We find that the attractive exciton-polaron branch is only weakly influenced by the magnetic field,
whereas the repulsive branch exhibits magnetic oscillations and splits into discrete peaks that reflect
combined exciton-cyclotron resonance.

I. INTRODUCTION

The monolayer transition metal dicholagenides
(TMDC), MoS2, MoSe2, WS2 and WSe2, are widely
studied beyond-graphene [1–3] two-dimensional semi-
conductors [4–8]. Strong Coulomb and spin-orbit
interactions, tunable optical properties, and valley-
selection via circularly polarized light, combine to
make them promising materials for optoelectronics
and valleytronics [9, 10]. TMDC monolayers and het-
erostructures have therefore emerged as an interesting
platform for the exploration of exciton physics (See
Ref. [11] and references therein).

Recent experiments have demonstrated that the ab-
sorption spectra of TMDC monolayers is dominated by
an exciton features with a large binding energies εX ≈
0.5 eV [12, 13]. When charge carriers are present the exci-
ton absorption feature splits into two separate peaks [14–
23], that are usually attributed to excitons (X) and to
trions (T), charged weakly-coupled three-particle com-
plexes formed by binding two electrons to one hole or two
holes to one electron. The difference between resonant
frequencies for the peaks is interpreted as the binding en-
ergy εT of a trion. This phenomenon has been observed
previously in conventional quantum well systems based
on GaAs and CdTe [24–28], although the binding energy
of trions there εT ≈ 2 meV is more than an order of
magnitude smaller than in TMDC εT ≈ 30 meV [21, 22].
In our previous work [29] we have argued that the three-
particle picture of the additional peak is appropriate only
at low doping εF � εT, where εF is the Fermi energy of
excess charge carriers. The three-particle picture cannot
explain the competition for spectral weight between two
peaks that is observed in experiments at higher carrier
densities (See also related earlier work [30–36]). In the
wide doping range where εF . εT, that in TMDC mono-
layers corresponds to concentrations n . 5 1012 cm−2,
the appropriate picture is instead one of renormalized ex-
citons interacting with the degenerate Fermi sea of excess
charge carriers [29, 37]. As in the Fermi-polaron prob-

lem [38–45], the interactions dress excitons into exciton-
polarons. Exciton-polarons have attractive and repulsive
spectral branches that evolve from, and generalize to de-
generate carrier densities, the separate absorption pro-
cesses associated with bound and unbound trion states.

Here we consider exciton-polarons in the presence of
magnetic field of the moderate strength ~ωB ∼ εT,
where ~ωB is the spacing between Landau levels for ex-
cess charge carriers. In this regime the magnetic field
is too weak to alter the structure of excitons [46, 47].
On the other hand the excess charge carriers are in the
regime of the integer and fractional quantum Hall ef-
fect, and the polaron dressing of excitons can be seri-
ously influenced. In TMDC materials with the bind-
ing energy εT ≈ 30 meV [21] the polaronic dressing of
excitons is strongly modified at magnetic field of order
B ∼ 85T, while magnetic oscillations of the repulsive
exciton-polaron branch we present below could be ob-
servable at smaller fields. Optical studies of TMDC at
magnetic field B ≈ 10 T, not enough strong to influence
the polaron dressing, have been presented [48–52]. Stud-
ies of undoped TMDC samples at much stronger mag-
netic fields B ≈ 65 T have been reported very [53] re-
cently, and we anticipate that experiments with doped
samples at such fields will be undertaken soon.

In our theory the optical conductivity is proportional
to the spectral function of excitons with zero momentum
AX(ω, 0). Our main results for AX(ω, 0) are summarized
in Fig. 1. The splitting of excitons into attractive and
repulsive exciton-polaron branches in the absence of mag-
netic field is illustrated in Fig.1 (a). The spectral weight
AX(ω, 0) at magnetic field strengths ~ωB/εT = 0.5 and 1
are presented in Fig.1 (b) and (c). The attractive exciton-
polaron branch is only weakly influenced by the mag-
netic field. The repulsive branch splits into a number
of peaks separated by the Landau quantization energy
~ωB, and experiences magnetic-oscillations as the Fermi
level passes through different Landau levels. The absorp-
tion peaks that are blueshifted from the primary repul-
sive exciton-polaron peak can be interpreted as combined
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FIG. 1. The spectral function of excitons at zero momen-
tum AX(ω, 0) in the absence of a magnetic field (a). The
excitonic feature splits into attractive and repulsive exciton-
polaron branches, with dispersions that can be approximated
by ε∗T = −3εT/2−εF/2 and ε∗X = εF/2. The approximate dis-
persions are plotted as long-dashed lines. The spectral func-
tions AX(ω, 0) are illustrated at magnetic fields of strength
~ωB/εT = 0.5 (b) and 1 (c). The horizontal short-dashed
lines denote integer filling factors νe. The repulsive exciton-
polaron branch splits into a number of peaks, which can be
interpreted as combined exciton-cyclotron resonances.

exciton-cyclotron resonances and correspond to the si-
multaneous creation of an exciton and an electronic tran-
sition between Landau levels. With decreasing magnetic
field the number of additional peaks increases and the
absorption pattern smoothly evolves into the dispersive
the zero-field repulsive exciton-polaron branch.

Our paper is organized as follows. In Sec. II we in-
troduce the model we employ to describe the optical
properties of TMDCs. In Sec. III some pertinent as-
pects of electronic structure theory in a magnetic field

are reviewed. In Sec. IV. some features of the two-body
exciton-electron problem are discussed. Sec. V is devoted
to the many-body exciton-polaron problem. In Sec. VI.
we present and discuss results. Finally in Sec. VII we
conclude, compare our results with experimental work at
conventional semiconductors and comment on limitations
of our theory.

II. THE MODEL

The minimal model for the optical properties of single-
layer TMDCs accounts for two valleys with conventional
parabolic energy spectra [54]. Due to strong Coulomb
interactions, absorption is dominated by excitation of di-
rect excitons with an resonant energy ωX well below the
single particle continuum threshold. Importantly, the
two valleys can be probed independently by using cir-
cularly polarized light to achieve valley-selective absorp-
tion.

Our polaronic theory is based on the difference between
trion and exciton binding energy scales, i.e. on the prop-
erty that εT � εX. This separation allows us to account
for the effect of excess charge carriers and magnetic fields
by adding a polaronic dressing self-energy to the exciton
propagator. Provided that εF � εX, the formation of
photoexcited excitons is weakly disturbed, and they can
still be treated as composite bosons with bare resonant
energy ωX, mass mX and optical transitions matrix el-
ement D. We assume that the bare excitons interact
with the excess charge carriers via a phenomenological
contact pseudopotential that accounts approximately for
their short-range monopole-dipole Coulomb interactions.
Due to the presence of two valleys, excitons are disturbed
by two Fermi seas. In our model, we neglect interac-
tions between the exciton and carriers in the same valley
which are weakened by the exchange physics related to
the possibility that electrons can be part of the exciton
and in the Fermi sea at the same time [55]. Interactions
with the Fermi sea from the other valley are responsible
for the polaron dressing of excitons and for splitting the
spectral function into attractive and repulsive exciton-
polaron branches.

As we discuss in details below, renormalization of the
exciton binding energy and polaronic dressing can be dis-
tinguished in experiments. We concentrate on the latter
by letting ωX, mX, and D be free parameters of the the-
ory, which we allow to have to be weakly dependent on
carrier density. With these assumptions, the polaronic
effect on photo-excited excitons can be described by the
following Hamiltonian

H =

∫
dr

{
Ψ+

e (r)

[(
pe + e

cAe

)2
2me

− µe

]
Ψe(r) + Ψ+

X(r)

[
p2

X

2mX
+ ωX

]
ΨX(r)− U Ψ+

e (r)Ψ+
X(r)ΨX(r)Ψe(r)

}
(1)
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where e, µe, and me are the magnitude of charge for
electrons (e), their chemical potential and mass. Ae =
(−By/2, Bx/2, 0) is the vector potential for the magnetic
field of strength B in the symmetric gauge. In Eq. 1
U is the short-range attractive exciton-electron interac-
tions and Ψe(r) and ΨX(r) are field operators for elec-
trons and excitons in different valleys [56]. For the sake
of definiteness we assume that the excess charge carriers
are electrons; the generalization to holes is straightfor-
ward. Note that we have neglected interactions between
the excess electrons, Since the two valleys can be probed
independently by using circularly polarized light, we do
not introduce a valley index.

Valley resolved optical conductivity is illustrated
schematically by the Feynman diagram depicted in Fig.1-
(a) and is given by

σ(ω) =
e2

h
|D|2 ε̄XAX(ω, 0). (2)

Here ε̄X = me4/κ2~2 is the bare binding energy of exci-
tons in the absence of doping and magnetic field with κ
to be the effective dielectric constant of the TMDC mate-
rial. AX(ω,p) = −2Im[GX(ω,p)] is the spectral function
of the excitons. In the absence of electrons

AX(ω, 0) =
2γX

γ2
X + ∆ω2

, (3)

where γX is a phenomenological exciton radiative life-
time/scattering rate and ∆ω = ω − ωX is the offset fre-
quency (In the following we omit the use of ~ to dis-
tinguish wavevector/momentum and frequency/energy,
but preserve it elsewhere). Our main goal is to calcu-
late AX(ω, 0) in the presence of the Fermi sea of ex-
cess electrons that experience an external magnetic field.
Before proceeding to the many-body polaronic problem,
we briefly review some aspects of the theories of two-
dimensional electrons in a magnetic field (Section III) and
of two-particle exciton-electron systems (Section IV).

III. LANDAU LEVELS

In the presence of an external magnetic field, the
kinetic-energy spectrum of electrons is quenched to a
set of degenerate Landau levels [57, 58]. In the con-
venient symmetric gauge, electronic states are labeled
by a pair of quantum numbers |n, l〉. They have en-
ergy εen = ~ωB(n + 1/2) and definite orbital momentum
M z
nl = ~(n − l), where ωB = eB/mec is the Larmor fre-

quency. Energy does not depend on l and Landau levels
have macroscopic degeneracy NB = 1/2πl2B per unit area,

where lB =
√
~c/eB is a magnetic length. When Lan-

dau levels are all either completely filled or completely
empty, electrons form an incompressible quantum sys-
tem. At zero temperature the dependence of their chem-
ical potential µe on concentration ne is discontinuous and

(a) (b)

ω GX

D D
Γ

(c)

Γ = + Γ

FIG. 2. (a) Schematic representation of Eq.(2), which spec-
ifies our approximation for the excitonic contribution to the
optical conductivity. The triangle vertices correspond to the
optical matrix elements D. The paired solid and dashed lines
represent an exciton as a bound state of an electron and a hole
and stand for the exciton’s free bosonic Green function. (b)
Exciton self-energy due to interactions Γ with Fermi sea fluc-
tuations. (c) Bethe-Salpeter equation for the exciton/Fermi-
sea interaction vertex Γ.

is given by µe = ~ωB(1/2 + [νe]). Here νe = ne/NB is the
total filling factor, while [νe] denotes the integer part of
νe and gives the total number of fully occupied Landau
levels.

The states |nl〉 can be constructed with the help of
ladder operators a = lB(Πx

e−iΠy
e)/
√

2~ and b = lB(Kx
e +

iKy
e )/
√

2~ as follows:

|nl〉 =
(a+)n(b+)l√

n! l!
|00〉, (4)

where the ground state is given by

〈re|00〉 =
1√
2πl2B

exp

[
− r2

e

4l2B

]
. (5)

The kinematic, Πe, and and magnetic, Ke, momenta in-
troduced above are related to the canonical momentum
operator pe by Πe = pe + eAe/c, and Ke = pe− eAe/c.
Note that [Πx

e ,Π
y
e ] = −i~/lB and [Kx

e ,K
y
e ] = i~/lB, so

that [a, a+] = 1, [b, b+] = 1, [a, b] = 0, and [a, b+] = 0.
Our polaronic calculations require manipulations

with the density form-factor of electrons F l
′l
n′n(p) =

〈n′l′|e−ipre |nl〉. Its explicit form and the derivation of
the following helpful identities∑

l1

〈F l
′l1
n′n1

(−p)F l1ln1n(p)〉p = δl
′l
n′nΦnn1

(
p2l2B

2

)
, (6)

∑
l′l

F l
′l
n′n(−p′)F ll

′

nn′(p) = δpp′NBΦnn′

(
p2l2B

2

)
, (7)

are presented in Appendix A. Here 〈· · ·〉p denotes aver-
aging over direction of momenta p and the form-factor
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Φnn′(x) is given by

Φn
′

n (x) = x|n
′−n| min[n′, n]!

max[n′, n]!

{
L
|n′−n|
min[n′,n][x]

}2

e−x. (8)

Here Lmn [x] is the generalized Laguerre polynomial.
The origin of the macroscopic degeneracy of Landau

levels is magnetic translation symmetry. In the pres-
ence of a field, translations are generated by the magnetic
momentum Ke and translational invariance implies that
[He,Ke] = 0. This symmetry is noncommutative since
different components of the magnetic momentum do not
commute with each other. Physically, the motion of an
electron in a magnetic field is along a Larmor orbit, and
the components of Ke determine its center. The macro-
scopic degeneracy of Landau levels is with respect to the
position of the orbit center.

IV. TWO-PARTICLE EXCITON-ELECTRON
PROBLEM

In the absence of magnetic field the polaronic exciton-
electron problem is simplified by the decoupling of the
center of mass and relative motion degrees of freedom.
The separation is guaranteed by translational symmetry.
In the presence of magnetic field translational symme-
try is replaced by noncommutative magnetic translation
symmetry, defined by [H,K] = 0, and the separation
is not possible anymore. Here K = Ke + pX is the
total magnetic momentum of the charged electron and

the neutral exciton. The components of K do not com-
mute [Kx,Ky] = i~/lB, and the symmetry implies that
[H,B+B] = 0, where B = lB(Kx + iKy)/

√
2~ is a new

ladder operator. The presence of magnetic translation
symmetry drastically simplifies the exciton-polaron prob-
lem, however its exploitation is not as simple as in the
absence of a magnetic field.

For the case of few-particle charged complexes in a
magnetic field a successful approach has been developed
by A. Dzyubenko and collaborators [59, 60]. It involves
a set of Bogoliubov transformations to a basis respecting
the symmetry of magnetic translations. The approach
requires that all involved particles to be charged and can
be applied only for two- and three-particle systems. As
a result, it cannot be used for the many-body exciton-
electron polaronic problem. Here we have developed a re-
lated approach which also involves a transformation to an
appropriately chosen basis that respects the underlying
magnetic translational symmetry, but works in a different
way. In this section we present how the transformation
works for the two-particle exciton-electron problem.

Before presenting the two-particle basis we employ, it
is useful to discuss the more obvious direct product rep-
resentation of the electron plus exciton Hilbert space [61]:

〈rerX |nlp〉 = 〈re|nl〉 eiprX (9)
These wave functions are normalized over the unit area.
For every exciton momentum p, the product state |nlp〉
can be obtained from the corresponding ground state
|00p〉 with the help of ladder operators a and b. The
two-particle Hamiltonian corresponding to (1) in this ba-
sis can be decomposed as follows

H =
∑
nlp

(
ξe
n +

p2

2mX
+ ωX

)
|nlp〉〈nlp| −

∑
nlp

∑
n′l′p′

UF l
′l
n′n(p′ − p)|n′l′p′〉〈nlp|. (10)

Here ξe
n = ~ωB(n+ 1/2)− µe is the electron energy and

F l
′l
n′n(p) = 〈n′l′|e−ipre |nl〉 is the density form-factor. The

product basis is the one naturally employed in diagram-
matic perturbation theory because it is the representa-
tion in which the kinetic energy, and hence the bare elec-
tron and exciton propagators, are diagonal. On the other
hand, the form-factor F l

′l
n′n(p− p′) couples both Landau

levels n and orbits l in a complicated manner. The sim-
plifications afforded by magnetic translation symmetry
are not explicit.

Now we construct a new basis. We notice that the
magnetic momentum of electrons Ke, respected in the
usual basis, can be transformed to the total one K as
UKeU

+ = K with the unitary operator U = e−ipXre .
This observation motivates the introduction of a new ba-

sis as follows:

〈rerX |nlp〉 ≡ 〈rerX |U |nlp〉 = 〈re|nl〉 eip(rX−re). (11)

The new states, which will be distinguished by an over-
bar accent, are labeled by the same quantum numbers,
n and l and p, as the product basis. Importantly, ex-
cited states |nlp〉 for each momentum p can be con-
structed from the corresponding ground state |00p〉 with
the help of A = UaU+ = lB(Πx − iΠy)/

√
2~ and

B = UbU+ = lB(Kx + iKy)/
√

2~. Here Π = Πe + pX
and K = Ke + pX are total kinematic and magnetic
momenta we introduced above. As a result, new states
(11) are eigenstates of B+B as B+B|nlp〉 = l|nlp〉 and
magnetic translation symmetry is respected. The over-
lap between the basis states is the density form-factor
〈n′l′p′|nlp〉 = δp′pF

l′l
n′n(p), and the transformation be-
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tween the two representations can be alternatively pre- sented as

|nlp〉 =
∑
n′l′

F l
′l
n′n(p)|n′l′p〉. (12)

In the new representation, the Hamiltonian of two-
particle exciton-electron problem can be decomposed as

H =
∑
nlp

{(
ξe
n +

p2

2µT
+ ωX

)
|nlp〉 〈nlp| − n~p+

√
2me

|n− 1, lp〉〈nlp| − n~p−√
2me

|n, lp〉〈n− 1, lp|
}
−
∑
nlpp′

U |nlp′〉〈nlp|.

Here we introduced compact notations p± = px±ipy, and
µT = memX/(me + mX) is the reduced mass of exciton
and electron. The main advantage of new basis is that
Landau orbits with different intra-Landau-level label, l,
are decoupled from each other. Moreover, interaction
matrix elements between the electron and the exciton
are also diagonal with respect to the Landau level kinetic
energy index, n. As we see below, these properties make
the basis convenient for analysis of the exciton-electron
scattering problem.

V. EXCITON-POLARON PROBLEM

We now return to the many-body exciton-electron
problem. The approximation we employ for the dressed

exciton propagator is illustrated diagrammatically in
Fig.2-b and c. The many-body scattering amplitude
Γl
′l
n′n(ω,p′,p) is used to construct the exciton self-energy,

illustrated in Fig.2-b, that describes the the polaronic
dressing. Γl

′l
n′n(ω,p′,p) accounts for the scattering am-

plitude between the exciton-electron two-particle prod-
uct states |nlp〉 and |n′l′p′〉 via repeated electron-exciton
interactions in a ladder diagram approximation. Af-
ter summation over Matsubara frequencies and analyt-
ical continuation, the Bethe-Salpeter equation for the
Γ−vertex is,

Γl
′l
n′n(ω,p′,p) = −UF l

′l
n′n(p′ − p)−

∑
n1l1

∑
p1

UF l
′l1
n′n1

(p′ − p1)
ν̄e
n1

∆ω − ξe
n1
− εXp1

+ iγX
Γl1ln1n(ω,p1,p). (13)

Here εXp = p2/2mX is the energy of excitons. The factor
ν̄e
n = 1−νe

n accounts for Pauli blocking by excluding filled
states from the scattering, while νe

n is the filling factor
of Landau level n. Because magnetic translation symme-
try is not respected in this usual basis, all two-particle
states |nlp〉 and |n′l′p′〉 are coupled with each other in a
complicated way that makes further manipulations prob-
lematic.

Now we transform the scattering amplitude Γ to the
more convenient basis Γ̄ using:

Γl
′l
n′n(ω,p′,p) =

∑
l1l2
n1n2

F l
′l1
n′n1

(p′)Γ̄l1l2n1n2
(ω,p′,p)F l2ln2n(−p).

Transformation of Eq. (13) to this representation leads
to

Γ̄l
′l
n′n(ω,p′,p) = −Uδl

′l
n′n −

∑
n1l1

∑
n2l2

∑
p1

UF l
′l1
n′n1

(−p1)
ν̄e
n1

∆ω − ξe
n1
− εXp1

+ iγX
F l1l2n1n2

(p1)Γ̄l2ln2n(ω,p1,p). (14)

Because the interaction matrix elements in the new ba- sis do not depend on transferred momentum p′ − p, the
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scattering amplitude is momentum independent Γ̄l
′l
n′n(ω).

Summation over l1 and averaging over the direction of
momentum p1 with the help of the identity (6) decou-
ples all scattering channels Γ̄l

′l
n′n(ω) = δl

′l
n′nΓ̄n′n(ω) and

makes the Bethe-Saltpeter equation algebraic Γ̄n(ω) =
−U − UΠn(ω)Γ̄n(ω). Here the kernel Πn(ω) is given by

Πn′(ω) =
∑
pn

ν̄e
nΦn

′

n

(
p2l2B

2

)
∆ω − ξe

n − εXp + iγX
, (15)

and Φn
′

n (x) is the form-factor introduced in (8). The ker-
nel Πn(ω) has the ultraviolet logarithmic divergence that
is also present in the absence of a magnetic field [29]. It is
instructive to introduce the energy cutoff Λ and rewrite
the scattering amplitude Γ̄n as follows

Γ̄n = − 1

NT ln[ Λ
εT

] + Πn(ω,Λ)
. (16)

Here εT = Λ exp[−1/NTU ] is the binding energy of the
two-body state of electron and exciton, that is the sim-
plified model of trion, in the absence of magnetic field,
while NT = µT/2π~2 is their reduced density of states.
Because Γ̄n does not depend explicitly on Λ and U , we
treat εT as an independent input parameter [62].

The many-body scattering amplitude Γ̄n defines the
self-energy of excitons Σ(ω,p) depicted in Fig.1-b. Af-
ter summation over Matsubara frequencies and analytical
continuation, the self-energy is,

ΣX
p′p(ω) =

∑
nl

νe
nΓllnn(ω + ξe

n,p
′,p), (17)

where Γ is expressed in the product state representation.
To take advantage of translational symmetry we make a
transformation to the modified representation:

ΣX
p′p(ω) =

∑
nl
n′l′

νe
nF

ll′

nn′(p
′)Γ̄n′(ω + ξe

n)F l
′l
n′n(−p) (18)

Summation over Landau orbits l and l′ with the help of
identity (7) yields a self-energy that is diagonal in mo-
mentum space given by:

ΣX(ω,p) = NB

∑
nn′

νe
nΦnn′

(
p2l2B

2

)
Γ̄n′(ω + ξe

n). (19)

HereNB is the Landau level degeneracy factor and Φn
′

n (x)
is the form-factor introduced in (8). Only excitons with
zero momentum p = 0 are optically active and the self-
energy expression reduces further to,

ΣX(ω, 0) = NB

∑
n

νe
nΓ̄n(ω + ξe

n). (20)

The self-energy modifies the spectral function of excitons
AX(ω, 0) = [∆ω−ΣX(ω, 0) + iγX]−1 that is proportional

to the optical conductivity, given by Eq. (2) and probed
in absorption experiments.

The closed set of equations (15), (16) and (20) de-
scribes the polaronic dressing of excitons. In the limit of
vanishing magnetic field ~ωB � εT these equations re-
duce to the ones derived in our previous work [29] which
are briefly summarized in Appendix B. A formal proof
of this statement, constructed by employing the momen-
tum space coarsening picture of Landau level formation,
is presented in Appendix C. In the opposite regime of
strong magnetic fields εT � ~ωB the assumption of our
polaronic theory ~ωB � εX are not well satisfied. In
this regime, which we discuss in Appendix D, only a few
Landau levels are relevant.

V. RESULTS

For T � εT, the exciton spectral function depends on
four dimensionless control parameters: offset frequency
∆ω/εT, magnetic field ~ωB/εT, exciton decay/scattering
rate γX/εT and doping εF/εT. Here εF is the Fermi energy
of electrons in the absence of magnetic field which is re-
lated to the total filling factor by νe = ne/NB = εF/~ωB.
We fix γX/εT = 0.1 and consider two values for the di-
mensionless magnetic field ~ωB/εT = 0.5; 1, which we
refer to as to the weak, and moderate magnetic field
cases. In TMDC materials the band masses for conduc-
tion and valence bands are almost the same and we used
mX = 2me in numerical calculations.

In Fig. 3 (a) we present our results for the exciton
spectral function AX(ω, 0) in the absence of a mag-
netic field. Due to interactions with the Fermi sea of
electrons, the excitonic feature splits into a redshifted
attractive exciton-polaron branch, normally identified
as a trion branch, and a bluesifted repulsive exciton-
polaron branch, normally identified as an exciton branch.
These branches are the many-body generalizations of
the zero center of mass momentum bound and unbound
exciton-electron states with and smoothly evolve from
them. With increasing doping the attractive branch
peak evolves between two approximately linear behav-
iors as a function of Fermi energy ε∗T = −εT − εF and
ε∗T = −3εT/2− εF/2, whereas the repulsive branch peak
varies linearly as ε∗X = εF/2. These approximate depen-
dences on carrier-density are represented in Fig. 3 by
dashed lines.

The exciton spectral function AX(ω, 0) is plotted in
Figs. 3 (b-d) at five different values of magnetic field.
The attractive exciton-polaron branch is only weakly in-
fluenced by the magnetic field. For T = 0, the spectral
function has weak cusps at integer filling factors because
of the singular dependence on field of the filling factors of
particular Landau levels when they are first occupied and
when they are empty. The attractive mode is the many-
body generalization of the bound state of an exciton and
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FIG. 3. Frequency dependence of the excitonic spectral func-
tion AX(ω,p = 0) at different fillings factors ranging from
νe = 0.15 (a) to νe = 0.9 (f). The strength of the mag-
netic field is ~ωB/εT = 1. The partial weight of the repulsive
exciton-polaron branch near ∆ω = 0 disappears when Lan-
dau level n = 0 becomes fully occupied at νe = 1 where the
weight of the first exciton-cyclotron resonance at ∆ω = ~ωB

achieves its maximum.

an electron and is not strongly sensitive to the discretiza-
tion of the electronic state energies due to Landau level
formation. Even for the magnetic field ~ωB ∼ εT the
attractive branch can still be very well approximated by
the curve ε∗T = −3εT/2− εF/2.

As seen in Figs. 3, we find that the repulsive exciton-
polaron branch is more strongly influenced by the mag-
netic field and experiences oscillatory behavior. It is
the many-body generalization of the unbound exciton-
electron state which experiences Landau quantization.
The main dispersionless exciton-polaron feature near
∆ω = 0 originates from exciton creation processes that
are not accompanied by inter-Landau level electronic
transitions. The set of blueshifted peaks separated by
the energy ~ωB can be attributed to combined exciton-
cyclotron resonances, in which excitons are created and
their dressing results in electronic transitions to unoccu-
pied higher Landau levels. Our approximations involve
the summation of all ladder exciton-electron scattering
diagrams, nevertheless the doping dependence of these
features can be explained based on the second-order per-
turbation theory, which we present in Appendix C. In
the perturbation theory the contribution of intra-level
transitions, responsible for the feature at ∆ω = 0, is pro-
portional to νe

nν̄
e
n. Due to the Pauli blocking effect the

feature smoothly disappears at integer filling factors and

achieves maximum when the corresponding Landau level
is half-filled. The contribution of electronic transitions
between different Landau levels n and n′, corresponding
to the exciton-cyclotron resonance at ∆ω = ~ωB(n′−n),
is proportional to νe

nν̄
e
n′ . As a result, it achieves a max-

imum when Landau level n is fully filled and level n′

is fully empty. This doping dependence of the spectral
function AX(ω, 0) is captured in Fig. 4 (a-f) for the case
of the strong magnetic field ~ωB/εT = 2 and the filling
factor range from νe = 0.15 to νe = 0.9.

With decreasing magnetic field the number of ad-
ditional blueshifted exciton-cyclotron resonances grows
dramatically. They compete with each other and finally
merge into the broad dispersive resonance representing
repulsive exciton-polaron branch.

VI. DISCUSSION AND CONCLUSIONS

We have investigated the polaronic dressing of exci-
tons by excess electrons using a partially phenomenolog-
ical approach that treats the exciton creation energy ωX,
the exciton mass mX, and the optical matrix element for
photon to exciton coversion D, as parameters. The pres-
ence of excess electrons makes these parameters doping
dependent. However, the only role of εX is to shift the ab-
sorption spectrum rigidly in frequency, and the only role
of D is to rigidly scale the absorption strength, which is
proportional to |D|2. The goal of our theory is to ex-
plain the frequency-splitting between different features,
and their relative amplitudes/spectral weight, which are
independent of D and ωX. The dependence of absorption
on excitons mass is much more complicated, but fortu-
nately we believe that exciton mass renormalization is
weak. Our earlier zero-magnetic-field calculations [29],
which combined static RPA screening with the Hartree-
Fock approximation, suggest that the carrier-density de-
pendent change in exciton mass ∆m . 0.07me. To the
best of our knowledge measurements of the renormaliza-
tion of electron and hole masses in TMDCs, which could
substantiate these estimates, have not yet been reported.

In TMDC monolayers the trion binding energy εT ≈
30 meV, implying that the exciton-polaron regime εF .
εT is active at carrier densities smaller than ne . 5 ×
1012 cm−2. At carrier densities ne . 1012 cm−2, the
influences of carriers can be safely estimated from the
three-particle trion physics. At carrier densities ne &
1013 cm−2, the Fermi energy of excess electrons becomes
comparable even to the exciton binding energy which is
renormalized to substantially smaller values, absorption
is then governed by the interplay of Mahan and Mott
exciton physics [11, 14, 63], which has been extensively
studied in semiconductor quantum wells [64–69]. The
zero temperature limit we used for numerical calculations
implies T � εT [70], that corresponds to wide tempera-
ture range T � 330 K. The criterion ~ωB ∼ εT ≈ 85 T
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can be used to identify the scale of magnetic field that
is required to strongly alter the polaronic dressing of ex-
citons. The magnetic oscillations we have predicted for
the repulsive exciton-polaron branch can be observed at
smaller magnetic fields if γX ∼ T � ~ωB. For radiative
lifetime/scattering rate γX = 5 meV reported in doped
TMDC samples [20] and temperature T ≈ 50 K, this con-
dition is well satisfied for the magnetic field B ≈ 65 T
employed in recent experiments [53].

The optical properties of the conventional semiconduc-
tor quantum well systems GaAs and CdTe in a magnetic
field have been extensively studied [64–69] (See [71] for
a review). For CdTe quantum wells with trion bind-
ing energy εT = 2.1 meV, the exciton-polaron regime
εF ∼ εT corresponds ne ∼ 1011 cm−2, and the mag-
netic field required to influence the polaronic dressing is
equal to B ∼ 2 T. Robust attractive exciton-polarons,
usually identified as singlet trions, and combined exciton-
cyclotron resonance peaks that are blue-shifted from the
repuslive exciton-polarons, usually identified as excitons,
have both been reported. The resonances have been ex-
plained by using second order perturbation theory to
account for Coulomb interactions [72–74], as we briefly
discuss in Appendix D. It should be noted that com-
bined exciton-cyclotron resonances have been observed
only in clean samples and even then only at low temper-
atures [72, 75]. In our theory the crossover to the zero-
field repulsive-polaron absorption features has a complex
oscillatory behavior which, to the best of our knowledge,
has not yet been observed. We expect that the improving
quality of two-dimensional materials will make it possible
to resolve the complex magnetic-field dependent struc-
ture of the repulsive-polaron absorption feature in the
future.

At enough strong magnetic fields the absorption spec-
tra of the conventional semiconductor GaAs and CdTe
quantum wells acquires an additional feature between the
attractive and repulsive exciton-polaron branches [71],
which is attributed triplet trions. Whereas exchange
interactions limit the formation of triplet trions in the
absence of a magnetic field, its has shown that the in-
terplay of the Zeeman effect, kinetic energy quenching,
and exchange interactions can favor their formation at
finite magnetic field [59, 60, 76–78]. The trion scenario
is valid at very low densities εF � εT, while the inter-
play at elevated doping εF ∼ εT in the polaronic regime
is still not well understood. Singlet and triplet trions
in conventional semiconductors correspond partially to
inter-valley and intra-valley excitions in TMDC materi-
als. The physics of intra-valley exciton-polarons cannot
be specifically addressed using our approach, and its con-
sideration is postponed to future work.

We have neglected correlations between excess elec-
trons. The latter are likely to be especially important and
interesting in the fractional quantum Hall effect regime.
For example we can anticipate that trion binding energies

will jump upon passing from below to above a filling fac-
tor at which an incompressible state appears. Recently,
additional blueshifted peaks have been observed at some
special filling factors [79, 80]. We have postponed an
attempt to account for the role of Coulomb correlations
in the integer and fractional quantum Hall regimes to
future work.

To conclude, we have developed an approach for the
many-body exciton-polaron problem in magnetic field.
The approach involves a transformation to a basis that
respects the noncommutative symmetry of magnetic
translations. We have shown that the attractive exciton-
polaron branch is very weakly influenced by the magnetic
field. The repulsive branch is strongly modified by the
magnetic field, however, and exhibits oscillatory behav-
ior and spectral splitting related to Landau quantization.
The additional peaks correspond to combined exciton-
cyclotron resonances and we expect that their future ex-
perimental study will be revealing.
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A. THE DENSITY FORM-FACTOR

Here we present a set of useful relations for the density
form-factor F l

′l
n′n(p) = 〈n′l′|e−ipre |nl〉 that is given by

F l
′l
n′n(p) = e−

p2l2B
2 Gn

′

n (p−)Gl
′

l (p+). (21)

Here we have introduced the compact notation p± = px±
ipy, the function Gn

′

n (p±) is given by

Gn
′

n (p±) =


(
p±lB
i2
√

2

)n′−n√
n!
n′! L

n′−n
n

[
p2l2B

2

]
, n′ ≥ n(

p∓lB√
2

)n−n′√
n′!
n! L

n−n′
n′

[
p2l2B

2

]
, n′ < n

and Lmn [x] is the generalized Laguerre polynomial. The
polaronic calculations described in the main text employ
a number of useful identities [58] involving Gn2

n1
:

Gn
′

n (0) = δn′n, (22)∑
n

Gnn(p±) = (2π)2NBδ(p) ≡ NBδp,0, (23)

∑
n′′

e−
p
∓
2 p
∓
1 l2B
2 Gn

′

n′′(p
±
2 )Gn

′′

n (−p±1 ) = Gn
′

n (p±2 − p
±
1 ). (24)

The relation for the products of form-factors we use in
the main part of the paper:

∑
l1

〈F l
′l1
n′n1

(−p)F l1ln1n(p)〉p = δl′le
−p2l2B

2 〈Gn
′

n1
(p−)Gn1

n (−p−)〉p = δl
′l
n′ne

−p2l2B
2 Gnn1

(p−)Gn1
n (−p−) ≡ δl

′l
n′nΦnn1

(
p2l2B

2

)
,

and ∑
l′l

〈F l
′l
n′n(−p′)F ll

′

nn′(p)〉p = δp′pNBe
−p2l2B

2 Gn
′

n (p−)Gnn′(−p−) ≡ δp′pNB Φnn1

(
p2l2B

2

)
,
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were derived using these identies. Here 〈· · ·〉p denotes
an average over the direction of the momentum p and
Φnn′(x) is given by

Φn
′

n (x) = x|n
′−n| min[n′, n]!

max[n′, n]!

{
L
|n′−n|
min[n′,n][x]

}2

e−x, (25)

where Lmn [x] is the generalized Laguerre polynomial.

B. EXCITON-POLARON DRESSING IN THE
ABSENCE OF A MAGNETIC FIELD

Here we briefly present the main steps for the ex-
citon dressing into exciton-polarons without magnetic
field. Without magnetic field the total momentum of
exciton and electron P = pe + pX is a good quantum
number and the Γ-vertex Γ(ω,P,p′,p) denotes the am-
plitude of scattering between relative momenta p′ and
p. For contact interactions between electrons and exci-
tons it becomes independent of p′ and p and the Bethe-
Salpeter equation reduces to the algebraic one Γ(ω,P) =
−U−UΠ(ω,P)Γ(ω,P). Here the kernel Π(ω,P) is given
by

Π(ω,P) =
∑
p

1− nF(εp+P/3)

ω+ − εX − P2

2MT
− p2

2µT
+ εF

. (26)

Here MT = 3me and µT = 2me/3 are the total and re-
duced masses of the exciton-electron system in the con-
sidered case mX = 2me. Direct calculations result in

Γ(ω,P) =
2π~2

µT

1

log
[
εT
Ω

]
+ iπ

, (27)

where εT = Λ exp[−1/NTU ] is the binding energy of the
two-body state of electron and exciton, and Λ is the ul-
traviolet cutoff energy. Ω is given by

Ω =
1

2

{
∆ω + iγX −

P2

4MT
− p2

F

4me
+ s×√[

∆ω + iγX −
(pF + P )2

4me

] [
∆ω + iγX −

(pF − P )2

4me

]}
,

where s = sign(∆ω−p2
F/4me−q2/4me). The many-body

scattering amplitude Γ does not depend separately on U
and Λ, but only on their combination εT. As a result
it is convenient to treat εT as independent parameter
of the model instead of them. Electron-exciton complex

represents a simplified model for a trion and εT is the
corresponding binding energy. Excitonic self-energy is
connected with the Γ-vertex as follows

Σ(ω, 0) =
∑
P

nF(ξe
P)Γ(ω + ξe

P,P). (28)

Equations (26) and (28) are the counterparts of (15) and
(20). The latter reduce to them in the limit of vanishing
magnetic field, as we prove in the next section.

C. RECOVERING THE
ZERO-MAGNETIC-FIELD LIMIT

Here we prove that expressions for the kernel (15) and
self-energy (20) reduce to their counterparts (26) and
(28) in the limit of vanishing magnetic field. In this
limit, as well as for high Landau levels n, the reconstruc-
tion of the electronic spectrum into Landau levels can be
presented as a coarsing of momentum space. All states
from pn to pn+1 quench to a single Landau level n, where
p2
n/2me = ~ωB(n+1/2). The number of states inside the

corresponding ring is equal to the Landau level degener-
acy NB. The set of wave functions can be approximated
by plane waves |n, l〉 → eiper with fixed absolute value of
momentum pe = pn. The summation over Landau orbits
l corresponds to the integration over states in the ring,
while all rings span the full momentum space∑

l

(· · ·) = NB〈· · ·〉pe
,
∑
nl

(· · ·)→
∑
pe

(· · ·) . (29)

Here 〈· · ·〉pe denotes averaging over direction of momenta
pe.

To prove the reduction Πn(ω)→ Π(ω, Pn) resulting in
Γn(ω)→ Γ(ω, Pn) we at first rewrite (26) as follows

Π(ω,P) = 2π
∑
pepX

(1− nF(εpe))Φ(P, pe, pX)

∆ω+ − p2
e

2me
− p2

X

2mX
+ εF

. (30)

Here we have introduced the form-factor as follows

Φ(P, pe, pX) = 2π〈δ(P− pe − pX)〉pe,pX (31)

In the limit of vanishing magnetic field reduction of (15)
to (30) requires

l2BΦn
′

n

(
p2

Xl
2
B

2

)
→ Φ̄(Pn′ , pe,n, pX). (32)

To prove this relation we recall the definition of the form-
factor Φn

′

n (x)

δl
′′l′

n′′n′Φ
n′

n

(
p2

Xl
2
B

2

)
=
∑
l

〈F l
′′l
n′′n(−pX)F ll

′

nn′(pX)〉pX
→ (2π~)2δ(Pn′′ −Pn′)× (2π~)2NB〈δ(Pn′ −pe,n−pX)〉pX,pe

. (33)
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The first multiplier in the last term corresponds to
δl
′′l′

n′′n′ → (2π~)2δ(Pn′′ −Pn′). The second multiplier en-
sures the connection (32).

The connection between the self-energies (20) and (28)
in the limit of vanishing magnetic field can be proven as
follows.

Σ(ω, 0) = NB

∑
n

νe
nΓ̄n(ω + εen)→ NB

∑
n

nF(εePn
)Γ(ω + εePn

, Pn)→
∑
P

nF(εeP)Γ(ω + εeP,P). (34)

D. STRONG MAGNETIC FIELD LIMIT

In the limit of the strong magnetic field εT � ~ωB

only few Landau levels are important and need to be
taken into account. Their number can be estimated as
NL ≈ εX/~ωB, where the binding energy of excitons εX
is the energy scale at which excitons cannot be consid-
ered as structureless quasiparticles anymore. Taking into
account that in experiments exciton and trion binding
energies differ by an order of magnitude εX/εT ∼ 10
we can estimate the number of relevant Landau levels
as NL ≈ εX/~ωB ∼ 5. In that case the self-energy
Σ(ω,p = 0) of excitons at zero momentum can be rewrit-
ten as

Σ = −~ωB

2

∑
n

αXν
e
n

1 + αX

∑
n′ ν̄

e
n′I

n′
n [2( ∆ω

~ωB
+ n− n′)]

,

(35)
where αX = NX|U | is the dimensionless coupling con-
stant with NX = mX/2π~2 to be the excitonic density of
states. It appears instead of the reduced density of states
of electron and exciton NT = µT/2π~2 since kinetic en-
ergy of electrons is quenched. The function Inn′ [z] is
defined as follows

Inn′ [z] =

∫ ∞
0

dx
Φn
′

n (x)

z − x+ iδ
. (36)

Its imaginary part is given by I ′′nn′ [z] = −πΘ(z)Φn
′

n (z),
while the real part I ′nn′ [z] for the first three Landau levels
is presented in the following Table.

Here Ei(z) is the exponential integral function. The
expression of I ′nn′ [z] for higher Landau level indices n
and n′ has the same functional form.

In this spectral function of excitons at zero momentum
AX(ω, 0) depends on dimensionless frequency ω/~ωB and
doping νe = εF/~ωB, as well as on dimensionless cou-
pling constant αX and number of involved Landau levels
NL. For αX = 0.4 and NL = 5 the spectral function
AX(ω, 0) is presented in Fig. 5 (a). Compared to re-
sults described in the main text, the few Landau level
approximation very well captures both splitting of the ex-
citon level into attractive and repulsive exciton-polaron
branches. It also captures the appearance of features cor-
responding to exciton-cyclotron resonances. It correctly

predicts frequencies of all resonance and doping depen-
dencies of their amplitudes.

To investigate the capability of the perturbation the-
ory we expand the self-energy (35) in the coupling con-
stant αX up to the second order. The first order term
Σ(1)(ω) = −αXνe~ωB/2 represents the shift of the en-
ergy of excitons due to their interactions with electrons.

FIG. 4. Analytical results for the spectral function of exci-
tons AX(ω,p = 0) at αX = 0.4 and NL = 5. Full ladder ap-
proximation (a) and the second-order perturbation theory (b).
The perturbation theory does not capture the splitting of red-
shifted attractive exciton-polaron branch, but well describes
the appearance and doping dependence of exciton-cyclotron
resonances.
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The second order term is given by

Σ(2)(ω) = α2
X

~ωB

2

∑
nn′

νe
nν̄

e
n′Inn′

[
2

(
∆ω

~ωB
+ n− n′

)]
,

and represents the effect of electronic transitions between
Landau levels. The corresponding frequency and doping

dependence of the spectral function of excitons AX(ω, 0)
is presented in Fig. 5 (b). The perturbation theory very
well captures the appearance and doping dependence of
the exciton-cyclotron resonances. Nevertheless, it is not
sufficient to describe the splitting of redshifted attractive
exciton-polaron branch.

I ′nn′ [z] 0 1 2

0 e−zEi(z), e−zzEi(z)− 1, e−zz2Ei(z)−z−1
2

1 e−zzEi(z)− 1 e−z(z − 1)2Ei(z)− z + 1 e−z(z−2)2zEi(z)−z2+z+2
2

2 e−zz2Ei(z)−z−1
2

e−z(z−2)2zEi(z)−z2+z+2
2

(z2−4z+2)2e−zEi(z)−z3+7z2−14z+6
4
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