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We demonstrate the existence of a fundamentally new type of excitation, fractonic lines, which are
line-like excitations with the restricted mobility properties of fractons. These excitations, described
using an amalgamation of higher-form gauge theories with symmetric tensor gauge theories, see
direct physical realization as the topological lattice defects of ordinary three-dimensional quantum
crystals. Starting with the more familiar elasticity theory, we show how it maps onto a rank-4 tensor
gauge theory, with phonons corresponding to gapless gauge modes and disclination defects corre-
sponding to line-like charges. We derive flux conservation laws which lock these line-like excitations
in place, analogous to the higher moment charge conservation laws of fracton theories. This way
of encoding mobility restrictions of lattice defects could shed light on melting transitions in three
dimensions. This new type of extended object may also be a useful tool in the search for improved
quantum error-correcting codes in three dimensions.
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I. INTRODUCTION

Overview : Quantum phases of matter have attracted
interest from several disciplines such as condensed mat-
ter theory, quantum information and quantum materi-
als. For describing phases like quantum Hall states1,2

or quantum spin liquids3,4, the framework of gauge the-
ory offers a natural description. More recently, quantum
phases of matter that host immobile quasiparticle exci-
tations were discovered, and this led to the birth of the
fracton phenomenon. Although fractons are completely
immobile in isolation, there are models that host excita-
tions which have restricted mobility only in certain direc-
tions: these are subdimensional particles. While fractons

were originally conceived in exactly solvable lattice mod-
els in three dimensions5–12, these particles were found to
have a description in terms of higher-rank tensor gauge
theories13–16, with conservation laws involving higher
moments of charges, accounting for their immobility.
Much progress has ensued from this understanding, with
developments addressing finite-temperature effects17,18,
gravitational behavior19, connections with quantum Hall
physics20,21 and deconfined quantum criticality22, and
many other developments.23–44

Very recently, a direct realization of fractons in
two-dimensional crystals was identified45, where two-
dimensional elasticity theory was mapped onto a tensor
gauge theory with fractonic excitations.46 This duality
is the tensor analogue of the more conventional particle-
vortex duality. The excitations of two-dimensional elas-
ticity theory were shown to be in one-to-one correspon-
dence with those of a rank-2 U(1) tensor gauge theory,
specifically the scalar charge theory studied in Refer-
ence 13. The disclination and dislocation defects map
onto fractonic charges and dipoles, respectively, while
phonons map onto the gapless gauge modes. Addition-
ally, some predictions about the phases and phase tran-
sitions of the fracton gauge theory were tallied with es-
tablished results in elasticity theory. On the other hand,
the conservation laws of fracton gauge theories provide
a systematic tool for analyzing the dynamics of lattice
defects. Subsequent work has also proposed that a chiral
rank-2 gauge theory may describe an exotic topological
elasticity theory.49

Summary of results: In the present work, we extend
this mapping between the elastic theory of quantum
crystals and a fractonic tensor gauge theory of the ap-
propriate rank to three dimensions, and thereby uncover
a new kind of excitation: fractonic lines. The physics
of this theory borrows from both antisymmetric tensor
gauge theories (that host line excitations) and symmet-
ric tensor gauge theories (that host fractons). In neat
correspondence with the 2d version of the duality, we
demonstrate how the mobility restrictions of lattice de-
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fects are encoded in conservation laws of the dual gauge
theory. We formulate conservation laws on the flux of
lines through two-dimensional surfaces, in a natural gen-
eralization of the usual higher moment charge conserva-
tion laws of fracton theories. The conserved charges and
dipoles of 2d scalar charge theory transform into con-
served fluxes and dipoles of fluxes in this rank-4 tensor
gauge theory. These conservation laws serve to immo-
bilize the line excitations, locking them in place along
fixed one-dimensional paths. We note that this is phe-
nomenologically similar to localization in the context of
line-like objects50, but in the present case, immobility
arises in the absence of any disorder.

In this way, the notion of fracton behavior is extended
from point particles to line-like objects, representing a
fundamentally new class of excitation. These fractonic
lines have already seen direct physical realization in ordi-
nary three-dimensional crystals. In this context, the lan-
guage of fractons provides a convenient way of encoding
the mobility restrictions of topological lattice defects, po-
tentially providing insight into three-dimensional melt-
ing transitions. Our work also opens the door for investi-
gations into other types of line-like excitations with frac-
tonic or subdimensional behavior. In particular, it seems
plausible that fractonic line excitations could be realized
in stabilizer code models describing gapped phases of
matter. Since quantum codes with line-like excitations
have better error-correcting properties than those with
all point-like excitations, fractonic lines may also pro-
vide a useful ingredient in the search for more robust
quantum error-correcting codes.

II. DUALITY

A crystal is characterized by a lattice phonon displace-
ment field ui, which is the Goldstone mode of the crystal
corresponding to spontaneous breaking of translational
symmetry. Using the fact that the strain is the dif-
ference between the distortion-induced metric and the
undistorted metric, the linear part of the symmetrized
strain tensor may be written as53,54

uij =
1

2
(∂iuj + ∂jui) (1)

The most general linearized low-energy action for the
lattice displacement is given by

S =

∫
d3xdt

1

2
[(∂tu

i)2 − Cijkluijukl], (2)

where Cijkl is a tensor of elastic coefficients. We now
separate the displacement field into singular and smooth
phonon pieces, allowing us to write the strain tensor as

uij = u
(s)
ij +

1

2
(∂iũj+∂j ũi), where ũi is a smooth function.

The singular part of the strain tensor u
(s)
ij arises from

having a singularity in the bond angle. We note that

the three-dimensional description requires a vector bond
angle whose derivative is given by

∂iθ
j
bond = εjkl∂ku

(s)
il (3)

Note that, strictly speaking, the angular variable θj it-
self is not a true vector, due to the non-commutativity
of rotations. Nevertheless, derivatives of θj , defined in
terms of infinitesimal differences of angles, transform as
valid tensor objects. The disclination density is then
sij = εikl∂k∂lθ

j
bond, which arises from the singular part

of uij via

sij = εiklεjmn∂k∂mu
(s)
ln (4)

We rewrite the action in equation (2) by introducing
Hubbard-Stratonovich fields σij and πi, which corre-
spond to the symmetric stress tensor and the lattice mo-
mentum respectively. The action is then

S =

∫
d3xdt

[
1

2
C−1
ijklσ

ijσkl − 1

2
πiπi − σij(∂iũj

+ u
(s)
ij ) + πi∂t(ũi + u

(s)
i )

]
(5)

The action is now linear in the smooth function ũi, which
can be integrated out to give the constraint

∂tπ
i − ∂jσij = 0, (6)

which is Newton’s equation of motion for the lattice. In
order to solve this constraint, we first introduce rotated
fields,

πi = εiabBab

σij = εiklεjmnEσklmn,
(7)

where Eσklmn is symmetric under (kl) ↔ (mn) and an-
tisymmetric under (k ↔ l) and (m ↔ n). With this
definition, the above equation of motion rotates into gen-
eralized Faraday’s equation14,

∂tBab − εjmn∂jEσabmn = 0 (8)

In the static limit, we have a magnetostatic constraint
on the electric field, εjmn∂jE

σ
abmn = 0, from which we

can see that either the third or the fourth index of Eσabmn
should have a derivative in it. This allows us to write
Eσabmn in terms of a symmetric rank-2 tensor electric
potential φij as follows:

Eσabmn = ∂m∂bφan−∂m∂aφnb+∂a∂nφbm−∂b∂nφma (9)

Relaxing the magnetostatic constraint, we can complete
the analogy with Maxwell theory by writing the electric
and magnetic tensors in terms of φ and a rank-4 tensor
potential Aijk` as

Bab = εjmn∂jAabmn

Eσabmn = ∂m∂bφan − ∂m∂aφnb + ∂a∂nφbm

− ∂b∂nφma − ∂tAabmn
(10)
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where Aabmn has the same index symmetries as Eabmn.
The fields Eσabmn and Bab are invariant under the gener-
alized gauge transformation on the potentials,

Aabmn → Aabmn + (∂b∂mαna − ∂m∂aαnb + ∂n∂aαbm

− ∂b∂nαma)

φab → φab + ∂tαab

for some tensor αab(~x, t) with arbitrary spacetime de-
pendence. We now express the action in equation (2) in
the language of the rank-4 gauge theory; using equations
(11) and (4) and integrating by parts, we obtain,

S =

∫
d3xdt

[
1

2
C̃−1
ijklpqrsE

ijkl
σ Epqrsσ − 1

2
BijBij−ρijφij

− J ijklAijkl
]
, (11)

where J ijkl is the rank-4 current tensor describing
the motion of dislocations and disclinations14,51, and

C̃ijklpqrs = εaijεbklεcpqεdrsCabcd is a redefined tensor of
elastic coefficients. The action in equation (12) resem-
bles that encountered in 45, albeit with tensor charges
playing the role of disclinations.

In order to obtain the Gauss’s law for this theory,
we write the Hamiltonian by introducing the canon-
ical conjugate electric tensor Eijkl = ∂L/∂Ȧijkl =

C̃ijklpqrsEσpqrs as follows:

H =

∫
d3x

(
1

2
C̃ijklpqrsEijklEpqrs +

1

2
BijBij + ρijφij

+AijklJijkl

)
(12)

Note the distinction between the Hamiltonian variable
Eijk` and the Lagrangian variable Eσijk`, which differ by
a tensor factor. The potential φij acts as a Lagrange
multiplier and imposes the Gauss’s law constraint

∂i∂kE
ijkl = ρjl, (13)

where ρjl is symmetric. Furthermore, we see that the
constraint

∂jρ
jl = 0 (14)

follows from equation 13. A direct analogy with ~∇· ~B = 0
from Maxwell theory or ∂iρ

i = 0 from the 2-form gauge
theory (see Appendix A) forces the charges of the rank-4
theory into extended objects.

From the Hamiltonian, we can also derive the gener-
alized Ampere’s equation to be

1

2
(εakl∂aB

ij + εaij∂aB
kl) + J ijkl + ∂tE

ijkl = 0. (15)

By applying ∂i∂k to this equation, we obtain

∂tρ
jl + ∂i∂kJ

ijkl = 0, (16)

which is the continuity equation for the theory.

FIG. 1: To formulate conservation laws for line-like
excitations, we examine the flux of lines through an

arbitrary two-dimensional surface S.

III. MOBILITY RESTRICTIONS AND
CONSERVATION LAWS

In analogy with two-dimensional fracton-elasticity du-
ality, we expect that the topological defects of three-
dimensional elasticity theory, and hence the gauge
charges of the rank-4 tensor gauge theory, will have mo-
bility restrictions similar to those of fractons. However,
it is not immediately obvious what it means for a line-like
excitation to behave as a fracton. In order to formulate
the concept of a fractonic line, we must first revisit the
key physics leading to the immobility of fractons.

Fractons are immobile due to the presence of higher
moment charge conservation laws, such as dipole mo-
ment conservation. We must therefore investigate what
type of conservation laws apply to a line-like excitation.
The most direct approach is to examine the point-like
flux of these lines through two-dimensional surfaces, as
depicted in Figure 1. We can then formulate more fa-
miliar conservation laws, such as charge conservation, in
terms of these flux points. Such conservation laws are
already present even in more familiar two-form gauge
theories, as reviewed in Appendix A. For our rank-4
theory, we will see that the line-like excitations exhibit
conservation of dipole moment of flux on an arbitrary
cross-section. This conservation law will restrict the flux
points from moving around on the two-dimensional sur-
face. Since we can choose any cross-section, every point
of the line becomes locked in place, freezing the entire
line along a specific one-dimensional path. In this way,
the concept of a fracton is generalized to extended ob-
jects, giving us fractonic line excitations.

A. Gauge charges as fractonic lines

We begin by examining the flux of our tensor charge,
defined in Equation 13, through an arbitrary two-
dimensional surface S. The flux due to the tensor charge
is defined as

f i =

∫
S

ρijdnj (17)

Our proof of conservation of this flux will closely follow
the analysis of a two-form gauge theory, discussed in
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Appendix A. We begin by introducing a rotated electric
field Vmn

Eikjl = εikmεjlnVmn, (18)

In terms of this variable, the flux through a surface S
becomes

f i =

∫
S

dnjε
iklεjlm∂k∂lVmn (19)

Using Stokes’ theorem, we then find:

f i =

∫
S

dnjε
jlm∂l(ε

ikn∂kVnm) =

∮
∂S

(εikn∂kVnm)dsm

= boundary term (20)

We see that the flux through the two-dimensional surface
S is encoded on the one-dimensional boundary ∂S. Fol-
lowing the logic of Reference 13, we can then conclude
that the flux f i is a locally conserved quantity on the
surface S. There is no local operator in the bulk of S
which can change the total flux, since any flux-changing
operator must act on the boundary ∂S.

This bulk-boundary relationship for f i also allows us
to identify the physical meaning of flux on the elasticity
side of the duality. At the boundary, away from charges,
we can write Eijkl = εijpεklqupq, such that Vmn = umn.
Recalling that the change in bond angle takes the form
∂iθ

j
bond = εjkl∂kuil, we can write

f i =

∮
∂S

dsm(εikn∂kunm) =

∮
∂S

dsm∂mθ
i
bond = ∆θibond,

(21)

which indicates that the flux due to a tensor gauge charge
excitation corresponds to a winding of the bond angle
around the normal to the surface S. In other words, the
line-like excitations described by ρij correspond to the
disclination defects of a 3d crystal.

In addition to the conserved flux associated with discli-
nations, this gauge theory also has an extra conservation
law. We define the dipole of flux to be:

Pflux
i =

∫
S

dnl(x
kρjlεkji). (22)

Using Equation 18, we can write

Pflux
i =

∫
S

dnlεjikε
jmaεlnbxk∂m∂nVab

=

∮
∂S

dsm
(
∂ix

kVkm − ∂kxkVim + Vim
)

= boundary term,

(23)

By the same logic as the charge conservation law, this
equation indicates that dipole of flux is a locally con-
served quantity. No local operator affecting the bulk of
surface S can create a flux dipole. Rather, the total flux

dipole can only change via operations at the boundary
∂S.

Starting with the boundary term in equation 23, we
use the low-energy form of Eijkl and rearrange a few
terms to obtain:

Pflux
i =

∮
∂S

dsm
[
∂i(x

kukm)− ∂k(xkuim) + uim
]
. (24)

Assuming that there are no disclinations contained in
S, so that the first two terms above do not wind non-
trivially around ∂S, we can simplify this expression to

Pflux
i =

∮
∂S

dsm∂m
(
εikuk

)
= εik∆ui = εikbk, (25)

where bk is a Burgers vector. This indicates that line-like
excitations carrying flux dipole correspond to dislocation
defects, in agreement with the fact that dislocations are
bound states of two disclinations.52–55 The Burgers vec-
tor (flux dipole moment) can either be in the direction of
the line excitation, yielding a screw dislocation, or per-
pendicular to the direction of the line, yielding an edge
dislocation.

From the flux dipole conservation law, we see that
edge dislocations in the z direction are made up of bound
states of ρzz, while for a cubic lattice, screw dislocations
in the z direction are made up of bound states of ρxz and
ρyz, corresponding to the conserved quantum number∫

(yρxz − xρyz). To visualize screw dislocations, we can
think of ρxz and ρyz as occurring on lattice plaquettes
in the XZ and Y Z planes respectively. But ρij in our
theory is subject to an additional constraint, ∂iρ

ij = 0.
To have a configuration of ρxz and ρyz consistent with
this constraint, a screw dislocation can be formed as a
small closed tube made from these plaquette variables.

B. Glide constraint on dislocations

In addition to the fractonic behavior of disclination
lines, the edge dislocations of elasticity theory have a
mobility constraint which must be accounted for in the
gauge theory language. Specifically, an edge dislocation
can only move freely in the plane spanned by its Burgers
vector and the direction of the dislocation line. Mean-
while, perpendicular motion requires the creation of va-
cancy or interstitial defects. To account for this restric-
tion, we consider a component of the quadrupole flux,
which we define as follows:

Qjflux =

∫
S

dniρ
ijx2. (26)

We now work in the special case where S is a plane, such
that the normal direction dni is fixed (e.g. i = z), and
we also choose j = i, giving∫

S

dni(ρ
iix2 − 2E iki

k ) =

∮
∂S

dsn(x2εikn∂lE
ikil

− 2xkεilnE
ikil), (27)
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(where there is no sum over i). Since this particular
component of the quadrupole flux can be written as a
boundary term, we see that it is a conserved quantity.
Furthermore, this form appropriately reduces to the two-
dimensional quadrupole conservation law encountered in
Reference 45. In particular, E iki

k written in terms of the
strain tensor is ukk − uii. Setting i = z gives

E zkz
k = ukk − uzz = uxx + uyy (28)

which is the stretching/compression of the flat surface S.
Any transverse motion of an edge dislocation line will in-
crease the total volume of the crystal specifically along
the cross-section where it moved. This is a conservation
law relating dislocation climb to vacancies/interstitials.
Motion of an edge dislocation perpendicular to its di-
rection and Burgers vector will increase this quadrupole
flux and therefore stretch the lattice, eventually creating
vacancies or interstitials when the stretching becomes
large enough.

It must be noted that the formulation of this conser-
vation law makes explicit use of the normal direction
to the plane, and therefore breaks rotational invariance.
This makes the conservation law in Equation 27 different
from those seen earlier, in that the others were written
for a general curved 2d surface, while this one is limited
to the case of a plane. Nevertheless, this weaker form of
conservation law is sufficient to give rise to the glide con-
straint of dislocation defects, restricting them to motion
within a particular plane.

C. Energetics

In addition to the mobility restrictions of the line-like
lattice defects, an important aspect to consider is their
energetics. We determine the energy associated with de-
fects by working out the interactions between charges
of the rank-4 gauge theory. We will show how these
conclusions match up with the expected properties of
three-dimensional elasticity theory. The dominant inter-
action between charges are electrostatic in nature, and
as in conventional electromagnetism, this electrostatic
limit can be studied via a potential formulation. As de-
rived earlier, a static electric tensor configuration can be
written as

Eσabmn = ∂m∂bφan − ∂m∂aφnb + ∂a∂nφbm − ∂b∂nφma
(29)

for the electrostatic potential φij . Plugging φij into the
Gauss’s law of the theory, and using the relation

Eijkl = C̃ijklpqrsEσpqrs

we obtain a generalized Poisson equation, which we write
schematically as:

∂4φ = ρ (30)

(We here content ourselves with dimensional analysis,
since the precise tensor form of these equations is not
as important as their scaling.) For an isolated fractonic
line of charge per unit length λ (i.e. a disclination), the
potential must then satisfy:

∂4φ = λδ2(r) (31)

Simply by dimensional analysis, we can conclude that
the generic solution to this equation is:

φ(r) ∼ r2 (32)

up to logarithmic corrections, where r is the radial coor-
dinate away from the line. From this form of the poten-
tial, we can conclude that:

E(r) ∼ ∂2φ ∼ constant (33)

The total energy per length associated with the discli-
nation line is then: ∫

d2r E2 ∼ R2 (34)

where R is some large-distance cutoff, set for example
by the system size or by the distance to other disclina-
tion lines. This is indicative of the enormous energy cost
necessary to create isolated disclinations within the solid
phase. In practice, therefore, disclination physics is typ-
ically only seen on small scales. Nevertheless, they still
exist as well-defined topological lattice defects.

We can also make statements about the energetics of
dislocation defects, which are simply bound states of two
disclinations. In this case, we can conclude that the
electric tensor scales as:

E(r) ∼ 1

r
(35)

and the total energy per length of the dislocation is given
by: ∫

d2r E2 ∼ logR (36)

where R is a large-distance cutoff such as the system size.
We therefore see that the energy per length of a dislo-
cation line has a logarithmic behavior exactly mirroring
the energy of a point-like dislocation in two-dimensional
elasticity theory.

IV. GENERALIZATIONS

Up to now, we have focused on a particular exam-
ple of a gauge theory hosting fractonic line excitations,
namely the gauge dual of three-dimensional elasticity
theory. However, it is not difficult to formulate other
gauge theories hosting line-like charges with fractonic or
subdimensional behavior. For example, in the model we
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have studied so far, flux points on a two-dimensional
surface behave like the scalar charge theory13, exhibit-
ing conservation of charge and dipole moment. It would
seem plausible that we can construct models where the
flux points act like the charges of other symmetric tensor
gauge theories. As an example, we can readily construct
a model with flux points having one-dimensional behav-
ior, analogous to the vector charge tensor gauge theory.13

The vector charge theory differs from the scalar charge
theory by having only a single derivative in its Gauss’s
law, leaving an extra index on the charge. Motivated by
this, we consider a modification of the rank-4 gauge the-
ory studied previously, now with only a single derivative
in Gauss’s law. We once again consider a rank-4 gauge
field Aijk` and a rank-4 electric tensor Eijk`, which are
antisymmetric under i↔ j and k ↔ `, while being sym-
metric under (ij) → (k`). We define the Gauss’s law of
this theory as:

∂iE
ijk` = ρjk` (37)

with a rank-3 charge tensor ρjk`, antisymmetric in the
last two indices, which obeys:

∂jρ
jk` = 0 (38)

identically within the entire Hilbert space, forcing the
charges to line up into extended objects. From the
Gauss’s law, we can also derive the corresponding gauge
transformation on the low-energy sector to be:

Aijk` → Aijk` + ∂iαjk` − ∂jαik` + ∂kα`ij − ∂`αkij (39)

for rank-3 function αjk` with arbitrary spatial depen-
dence. Due to the structure of the gauge transformation,
a gauge-invariant magnetic operator must have curls on
all indices of Aijk`. The lowest order magnetic operator
which can be written down in this case is a scalar given
by

B = εjmnεabc∂j∂cAabmn (40)

The low-energy Hamiltonian for the theory then generi-
cally takes the form:

H =

∫
d3x

(
1

2
Cijk`pqrsEijk`Epqrs +

1

2
B2

)
(41)

leading to a single gapless mode with quadratic disper-
sion, ω ∼ k2.

We now look for conservation laws on the flux of the
line-like charges through two-dimensional surfaces. As
expected, we have conservation of a total flux through
an arbitrary surface S:∫

S

dnjρ
jk` =

∫
S

dnj∂iE
ijk` =

∫
S

dnjε
ijnεk`m∂iVnm

= −
∮
∂S

dsnεk`mVnm = boundary term

(42)

Note that the choice of contraction between ρjk` and
the normal vector is important. Contraction of dn with
either of the last two indices of ρ would not lead to a
conserved flux.

Just like the previous rank-4 theory, we can also iden-
tify a second conservation law in this theory:∫

S

dnj(ρ
jk`xnεk`n) =

∫
S

dnjx
bεija∂iVab

= −
∮
∂S

dsaxbVab (43)

Since this flux moment can be written as a boundary
term, it is a locally conserved quantity. This conser-
vation law is akin to the angular moment conservation
law of the vector charge theory.13 It has the consequence
that the flux points through the two-dimensional surface
will behave as one-dimensional particles. For example,
consider S to be a surface with z-directed normal. It is
easy to check that ρzzx can only move in the x direc-
tion, while ρzzy can only move in the y direction. In this
way, the flux points of this rank-4 tensor gauge theory
behave like the gauge charges of the rank-2 vector charge
theory. We expect that, more generally, it will be possi-
ble to construct theories with flux points behaving like
any of the previously studied tensor gauge theories. For
example, the flux points could have extra higher mo-
ment conservation laws, such as conserved quadrupole
moment, leading to further restrictions on mobility.

V. CONCLUSIONS

In this work, we demonstrated a mapping between
elasticity theory of three-dimensional quantum crystals
and a rank-4 tensor gauge theory that hosts fractonic
line excitations. We showed that the lattice defects
of elasticity theory map onto the gauge charges of the
rank-4 theory, with the role of wedge disclinations be-
ing played by fractonic lines with conserved flux, and
that of dislocations by dipoles of flux. Additionally, edge
dislocations have the restriction that dislocation climb
stretches/compresses the lattice, which creates vacan-
cies/interstitials. We also looked at how the edge and
screw dislocations correspond to different bound states
of disclinations. Our work opens up the possibility for
further dialogue between the fracton and quantum in-
formation communities, in that it serves as a reference
point for devising new stabilizer codes with loop-like ex-
citations, which have improved error-correction proper-
ties.
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APPENDIX A: CONSERVATION LAWS OF
2-FORM GAUGE THEORY

We here review some basics of 2-form gauge theory in
three spatial dimensions, supporting conventional line-
like excitations, which will be useful for formulating the
notion of fractonic line excitations. Our gauge variable
is a rank-2 antisymmetric tensor Aµν . (We take Greek
indices to run over space and time, while Latin indices
run over space only.) The theory is invariant under the
gauge transformation

Aµν → Aµν + ∂µαν − ∂ναµ (44)

for arbitrary vector gauge parameter αµ. We define a
gauge-invariant antisymmetric field tensor as

Fµνρ = ∂µAνρ + ∂νAρµ + ∂ρAµν . (45)

which obeys the equation of motion

∂ρF
µνρ = Jµν (46)

for current tensor Jµν = −Jνµ. For our purposes, the
most important piece of this equation is the 0i compo-
nent, which gives the Gauss’s law in terms of the anti-
symmetric electric tensor Eij as

∂iE
ij = ρj (47)

where ρj = J0j . From this definition, we see that the
vector-valued charge ρj obeys ∂iρ

i = 0 exactly, which
causes the charges to line up end-to-end in closed string
configurations.

We now ask what conservation laws are obeyed by the
string-charges ρi of this theory, analogous to the charge
conservation laws of normal gauge theories. For point
charges, we can have conservation of quantities such as
charge and dipole moment, the latter following from the
type of arguments made in 13. For strings in the rank-2
antisymmetric case, the situation is different: it is possi-
ble to create a small closed string out of the vacuum, so
string number is not a conserved quantity. But the num-
ber of strings passing through a given two-dimensional
surface (i.e. a flux of strings) is conserved, and this
should be encoded in the one-dimensional edge of that
surface. To see this, we first introduce a rotated electric
field, Eij = εijkVk, in terms of which we have

(∇× V )i = ρi (48)

which is an Ampere-like equation for the quantity Vi. By
Stokes’ theorem, we can now write the flux of ρi through
an arbitrary surface S as∫

S

dniρi =

∮
∂S

dsiVi (49)

We therefore see that the flux of ρi through a surface
is encoded on the boundary of that surface. This indi-
cates that a flux line cannot unhook itself from S without

crossing the 1d edge, ∂S. No local operator in the inte-
rior or S can cause the sudden disappearance of a flux
line, meaning that flux is a locally conserved quantity.

Physically, we can understand this bulk-boundary re-
lationship for the charge flux in terms of a duality trans-
formation. The rank-2 antisymmetric theory is dual to a
three-dimensional superfluid, with the strings represent-
ing vortices; the number of vortices passing through a 2d
surface is determined by the change in the phase angle
going around the 1d edge of that surface. Vortex flux
conservation in 3d superfluids is given by∫

S

dniρ
i =

∮
∂S

dsi∂iφ

This total vorticity cannot change unless one of the vor-
tices passes through the 1d edge, since a vortex is a line-
like topological defect which cannot simply end in the
interior of the system.

APPENDIX B: INSTANTONS

In the fracton tensor gauge theory described in the
main text, the gauge-invariant magnetic field took the
form:

Bab = εjmn∂
jAabmn

If this gauge theory is regarded as noncompact, then
there are two separate conservation laws associated with
this magnetic field:∫

d3xBab = const.

∫
d3xBabxb = const. (50)

For such a noncompact gauge theory, the gapless mode
is stable and the charges are deconfined. In a compact
gauge theory, on the other hand, Aabmn would only be
defined modulo some compactification radius, say 2π. In
this case, just as in a normal compact U(1) gauge theory,
the magnetic flux could slip by units of 2π. Similarly,
the moment of flux could slip by units of 2πa, where a is
the lattice spacing. Such flux slip events, or instantons,
can destabilize the theory, gapping the gauge mode and
confining the charges.

Since long-range crystalline order is stable in three di-
mensions, we expect that elasticity theory should map
onto the stable noncompact theory, without instanton
processes. But how can we determine this indepen-
dently, without relying on the known stability of three-
dimensional elasticity? This conclusion follows readily
from translating the magnetic conservation laws into the
original elastic variables, in terms of which we can write:∫

d3xπi = const.

∫
d3xεijkxjπk = const. (51)

which correspond to conservation of linear and angular
momentum of the crystal. Importantly, these two con-
servation laws follow directly from the underlying trans-
lational and rotational symmetries of space, which are
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spontaneously (but not explicitly) broken by the crystal.
Thus, for example, any flux-changing instanton event of
the gauge theory maps onto a process which does not
respect momentum conservation in elasticity theory, i.e.
a term which explicitly breaks momentum conservation.
Such terms can arise under specific circumstances, such
as via coupling the crystal to a substrate. But for an
ordinary crystal in free space, instantons of the gauge
theory are ruled out by the underlying translational and
rotational symmetries.

APPENDIX C: DUALITY WITHOUT
DISCLINATIONS

As discussed in the main text, isolated disclination de-
fects in a crystal have an extremely large energy cost, go-
ing as R2 per unit length, where R is some large distance
cutoff such as the system size. As such, these defects can
often be disregarded within the low-energy sector. It
therefore seems reasonable to construct an effective low-
energy theory purely in terms of the phonons and dislo-
cations, without making reference to disclinations at all.
In this case, we should be able to treat dislocation lines as
the fundamental gauge charges, which should have flux
points behaving somewhat like the two-dimensional vec-
tor charge theory, similar to the model discussed in Sec-
tion IV. However, that model had a single gauge mode
with gapless dispersion, whereas three-dimensional elas-
ticity theory should have three gauge modes with linear
dispersion. As such, we need to add some extra degrees
of freedom to obtain the appropriate gauge dual.

As an ansatz, we modify the model of Section IV by
decreasing the index symmetry of the electric tensor,
thereby increasing its number of independent compo-
nents. Specifically, we work with a rank-4 electric tensor
Eijk` which is antisymmetric under i ↔ j and k ↔ `,
but does not have any symmetry relating the first and
second pair of indices. With this change in place, we
now define our theory using a formally identical Gauss’s
law to the one used in Section IV:

∂iE
ijk` = ρjk` (52)

The corresponding gauge transformation in the low-
energy sector is:

Aijk` → Aijk` + ∂iαjk` + ∂jαik` (53)

The magnetic field operator with fewest derivatives that
one can write down takes the form of an antisymmetric
tensor:

Bij = εk`n∂kA`nij (54)

such that the Hamiltonian of the theory takes the generic
form:

H =

∫
d3x

(
1

2
C̃ijk`pqrsEijk`Epqrs +

1

2
BijBij

)
(55)

In the pure gauge sector, we can replace Eijk` by the
generic solution to the source-free Gauss’s law, ∂iE

ijk` =
0, which takes the form:

Eijk` = εijnεk`m∂num (56)

The canonical conjugate to ui takes the form πi =
εijkB

jk, such that the Hamiltonian can be written as:

H =

∫
d3x

(
1

2
Cijk`uijuk` +

1

2
πiπi

)
(57)

where uij = 1
2 (∂iuj + ∂jui) and Cijk` =

εimnεjpqεkrsε`abC̃mnpqrsab, yielding the standard
low-energy Hamiltonian of three-dimensional elasticity
theory.

We must also determine the relationship between the
tensor charge and the dislocation lines. To do this, we
write a flux of the tensor charges through an arbitrary
surface S as:

fk` =

∫
S

dnjρ
jk` =

∫
∂S

dsnεnijE
ijk`

=

∫
∂S

dsn∂nε
k`mum = εk`m∆(um) = εk`mbm

(58)

We therefore see that the a line charge made from the
tensor ρjk` matches up exactly with the dislocation de-
fects of elasticity theory, with charge flux through a two-
dimensional surface given by the Burgers vector of the
dislocation. This completes our dual gauge theory for-
mulation of the phonon-dislocation theory. As we have
discussed, this theory does not incorporate disclination
defects. However, for most low-energy purposes, the
present theory will provide an accurate treatment.
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