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We explore superconducting instability for a clean two-band layered superconductor with deep
and shallow bands in the magnetic field applied perpendicular to the layers. In the shallow band,
the quasiclassical approximation is not applicable, and Landau quantization has to be accounted
for exactly. The electronic spectrum of this band in the magnetic field is composed of the one-
dimensional Landau-level minibands. With increasing magnetic field the system experiences series
of Lifshitz transitions when the chemical potential enters and exits the minibands. These transi-
tions profoundly influence the shape of the upper critical field at low temperatures. In addition,
the Zeeman spin splitting may cause the nonuniform state with interlayer modulation of the super-
conducting order parameter (Fulde-Ferrell-Larkin-Ovchinnikov state). Typically, the quantization
effects in the shallow band strongly promote the formation of this state. The uniform state remains
favorable only in the exceptional resonance cases when the spin-splitting energy exactly matches the
Landau-level spacing. Furthermore, for specific relations between electronic spectrum parameters,
the alternating FFLO state may realize, in which the order parameter changes sign between the
neighboring layers. For all above cases, the reentrant high-field superconducting states may emerge

at low temperatures if the shallow band has significant contribution to the Cooper pairing.

I. INTRODUCTION

The nature of superconducting instability in the mag-
netic field is a long-standing fundamental problem. In
clean type-II superconductors, the upper critical field
Heo and its temperature dependence are sensitive to the
electronic band properties as well as to the gap struc-
ture which contains crucial information on how the cor-
related Cooper pairs are formed. The magnitude of Hgo
is mostly determined by the suppression of supercon-
ductivity due to the quasiparticles orbital motion and
the Zeeman spin splitting of the Fermi surface by the
magnetic field. The problem of orbital Heo for a single-
band system was solved in the seminal papers! within the
quasiclassical approximation which neglects the Landau
quantization of the orbital motion. This approach works
with high accuracy in common metals with large Fermi
energies and describes very well most of known conven-
tional superconductors. Nevertheless, the exact Landau
quantization calculation was discussed in Refs. 2 and [3
shortly after the quasiclassical work and the topic was
further elaborated in great details later®,

Landau-quantization effects are most relevant when
the Fermi energy is comparable to the cyclotron fre-
quency so that only a few lowest Landau levels are occu-
pied. Such extreme quantum limit has not been viable in
most of known superconducting materials. The situation
changed with the recent discovery of the iron-based su-
perconductors (FeSC). It is very common in FeSCs that
some of the bands have very small Fermi energies and
they can be driven through the Lifshitz transition by
chemical dopings'¥8 and, importantly, these materials
usually remain superconducting after one of the bands is
completely depleted. As the Fermi energy of the shal-
low band may be smaller than the pairing energy scale,

the proper treatment of this band requires revision of
the conventional BCS approach. Such situation was first
considered in the context of shape resonances in confined
superconductors (thin films and nanowires)*4 7 The in-
fluence of the shallow band on the superconducting tran-
sition temperature in multiple-band materials near Lif-
shitz transition has been considered in Ref*¥ and, more
recently, physics of FeSCs motivated detailed investiga-
tions of this problem!?23 Tt was demonstrated that,
in spite of low quasiparticle density, shallow bands may
strongly influence the Cooper pairing. Another key prop-
erty facilitating the extreme quantum limit near super-
conducting instability of FeSCs is that they are charac-
terized by the very high upper critical fields, up to 100
tesla.

As the orbital upper critical field is inversely propor-
tional to the Fermi energy, it is strongly affected by the
shallow bands. Moreover, in the vicinity of the Lifshitz
transition, the extreme quantum limit can be reached
for these bands near Hco meaning that the quasiclas-
sical consideration cannot be used. It has been indeed
demonstrated that the Landau quantization has a dra-
matic effect on superconducting instability in the mag-
netic field for two-dimensional materials near the Lif-
shitz transition®®. The most spectacular prediction is
the emergence of the pronounced reentrant states at the
magnetic field corresponding to the matching of the Lan-
dau levels with the chemical potential.

In addition to the orbital effect, shallow bands also
promote the Zeeman spin splitting suppression of super-
conductivity. The relative role of the spin and orbital
mechanisms is usually characterized by the Maki param-
eter ayy defined as vV2HS,/HE,, where HS, and HE,
are the orbital and spin upper critical fields respectively.
In a clean isotropic single-band material with the free-



electron g-factor, the Maki parameter is proportional to
the ratio of the superconducting gap A and the Fermi
energy e, ay =m2A/4dep. In this case, unless the band
is very shallow, as is very small meaning that the or-
bital effect strongly dominates. The Maki parameter is
greatly enhanced in special cases of weak orbital effect
such as quasi-one-dimensional materials and layered su-
perconductors for magnetic field directed along the lay-
ers.

An important consequence of the strong Zeeman ef-
fect (i.e., large ayy) is the emergence of the nonuniform
Fulde-Ferrell-Larkin-Ovchinnikov (FFLO) state in very
clean materials?®26. In this state, the order parame-
ter is periodically modulated which allows for a gain
in the Zeeman energy which may exceed the kinetic-
energy loss due to the nonzero center-of-mass momen-
tum pairing. Rich physics of the FFLO state has been
extensively investigated in many subsequent theoretical
studies within quasiclassical approximation®?86. The
FFLO instability may only realize in very pure mate-
rials with weak scattering of quasiparticles. That is why,
even though the FFLO state was predicted more than
half century ago, the experimental data consistent with
this state have been reported only relatively recently in
organic superconductors>®38 and, less convincingly, in
the heavy-fermion compounds?*4%, The conditions for
the FFLO instability with modulation along the mag-
netic field in isotropic material were studied by Gruen-
berg and Gunther#” within the quasiclassical framework.
They found that the nonuniform state appears only for
very large Maki parameters, ap; > 1.8, which is unlikely
to realize in any single-band isotropic material. That
is why most FFLO studies have been focused on quasi-
low-dimensional materials with strongly reduced orbital
effects.

The FFLO state may realize in the iron-based super-
conductors due to the presence of shallow bands and
huge upper critical fields which are likely to be limited
by the Zeeman effect. This motivated recent investiga-
tions of the conditions for the emergence of this state
in multiple-band materials within the quasiclassical ap-
proach in different situations®44. However, in the pres-
ence of very shallow bands, this approach may be insuf-
ficient and quantization effects have to be accounted for.

In this paper, we investigate the superconducting in-
stability for a two-band layered material in the magnetic
field applied perpendicular to the layers. We consider the
case of the material near the Lifshitz transition when one
of the bands is very shallow. In this case, the Landau-
quantization effects strongly influence the formation of
the superconducting state. Even though our considera-
tion is motivated by physics of iron-based superconduc-
tors, it is very general, and our goal is not to describe any
particular compound but, instead, to develop a general
understanding of how the orbital-quantization effects in-
fluence the onset of superconductivity in clean two-band
layered materials. The major new feature in comparison
with a pure two-dimensional case?? is that, due to the

large Zeeman effect in the shallow band, this system is
prone to the formation of the FFLO state with interlayer
modulation of the order parameter. The quantum effects
have a profound influence on this FFLO instability.

The interlayer tunneling lifts all the degenerate Lan-
dau levels to dispersive minibands along the out-of-plane
momentum direction. As a consequence, the system ex-
periences series of Lifshitz transitions with increasing the
magnetic field corresponding to crossing of the chemical
potential with the miniband edges. Every Landau-level
miniband has two van Hove singularities at the reduced
z-axis momentums k, = 0 and =, at which the den-
sity of states (DoS) is enhanced. In special situations,
when two such singular points for spin-up and spin-down
bands simultaneously match the Fermi level, the pairing
strongly enhanced. Two distinct cases of such resonance
matching are possible. The first well-known case is re-
alized when spin-splitting energy equal to the Landau-
level spacing™®. In this case, the van Hove points of the
same kind (either k., = 0 or m) may match leading to
the standard uniform superconducting state. The sec-
ond case corresponds to matching of the opposite van
Hove points, e. g., spin-down/k, = 0 and spin-up/k, = 7
points, which may occur only for a certain relation be-
tween the electronic band parameter. In this situation,
the alternating FFLO state may emerge, in which the su-
perconducting order parameter changes sign between the
neighboring layers. These matching effects may gener-
ate the high-field reentrant superconducting states which
are somewhat less pronounced than for two-dimensional
case?? due to the DoS spreading by the interlayer tun-
neling.

On the other hand, the Landau-level spreading some-
what mitigates the Zeeman pair-breaking effect, since the
dispersive spin-up and spin-down minibands can cross
the Fermi level simultaneously within a finite energy
range for arbitrary spin splitting. In such generic sit-
uation, the shallow band favors the formation of the
FFLO state, in which the optimal modulation wave vec-
tor equals to the difference between the spin-up and spin-
down Fermi momenta. Such FFLO instability leads to
different kind of reentrant states with the field-dependent
modulation wave vectors. In contrast to the reentrant
states caused by the matching of the van Hove singulari-
ties, the latter states can extend over a broad magnetic-
field range.

This paper is organized as follows. In section [[I], we
introduce the microscopic Hamiltonian describing two-
band layered superconductor in magnetic field and derive
the corresponding linearized gap equations. In section
[T} we briefly discuss these equations for the transition
temperature in zero magnetic field providing the refer-
ence for the further investigation of instability in finite
magnetic field. In section [[V] we derive the equations
for the upper critical field Hgo and evaluate the pair-
ing kernels in these equations. In section [V} we discuss
the dependences of the quantum pairing kernel on rele-
vant parameters. In section [VI, we present the typical



magnetic field versus temperature phase diagrams. We
conclude the paper by section [VII]

II. THE MODEL OF A TWO-BAND LAYERED
SUPERCONDUCTOR

We will investigate the shallow band effects in layered
superconductors using the simple tight-binding Hamilto-
nian with only the nearest-neighbor interlayer hopping
term,

H = Z/er lcljs(r)(sa(k)ggsl — IUZHO.ES’)COst’ (r)
ja

ie
— t% exp lc/ dzA, cljs(r)ca7j+17s(r) + h.c.
L

- Z Uaﬂclﬂ(r)clﬂ(r)cﬁji(r)c,@ﬂ(r)] ) (1)

B
where r = (z,y) is the in-plane coordinate, j is the
layer index, s represents spin, and o = e (h) repre-

sents the e-band (h-band). Furthermore, ¢¢ is the (near-
est) interlayer hopping energy, ¢¢(k) = k2/(2m.) and
e"(k) = —k2/(2my,)+eo are intralayer energy dispersions
with the band masses mj and m. and the momentum op-
erator k = —iV, — eA/c. In the model, we also consider
the Zeeman spin splitting and assume, for simplicity, that
the band electron’s magnetic moment, p,, is the same in
each band. In the second line of Eq. (), fzj = f.(ﬁl)az is

Jaz
the line integration along the out-of-plane direction and

a, is the interlayer spacing (set to unity in the later calcu-
lation) and A, is the z-component of the vector potential.
In zero magnetic field, the three-dimensional energy dis-
persions are e*(k, k.) = e%(k) — 2t cos k., see Fig. [I[a).

In this paper, we limit ourselves to the case of the mag-
netic field applied in the z direction. In this case, A, =0
with standard gauge choices and the magnetic phase fac-
tor in Eq. tight-binding terms drops out. For definite-
ness, we consider the case when the hole band is shallow
meaning that the chemical potential y is located near its
edge pp =0 — p K €9. We note that whether the shal-
low band is hole-like or electron-like does not have any
influence on the results of this paper. The two Lifshitz
transitions in this model occur at uj = +2t" [see Fig.
b)]45. At pj, = 2t the neck near k, = 0 interrupts and
pn=—2t" the hole band got completely depleted.

To study the superconducting instabilities in the model
Eq. , we follow the standard approach and write the
linearized gap equation as

A3, =TY Y as [ K, ix'i)A0 0 (2)
wn By’ r’

where the gap function is defined as A?’j =
> 5 Uap (cp,ji(r)cp j1(r)) and we used the notation [ =

[ dr, w, = 27T (n+ 1/2) are the Matsubara frequencies,
and the kernel is

Kfjﬂ,(rjv I'/j,) = ng,+(rj7 r'j/)Giwm, (rljlv I'j), (3)

where G (rj,r'j’) is the one-particle Green’s function
in the normal phase and the subscripts + or — describe
spin orientation. Without magnetic field, the normal
Green’s functions can be expanded into the plane-wave
basis

e_i[k'p""kz (.7_.7/)]

Gzn,i(rj? I'/j/) = Z

. b
o iw, — & + 2t%cosk,

where £ = ¢%(k) — p and p = r —r’. In the presence
of out-of-plane magnetic fields, in the symmetric gauge
A = %(—y,x,()) the one-particle Green’s function can
be represented as

/
G2, +(rj,r'j') =exp (i[r o ]Z)

x Y ek -ge (o k) (5)
k.

where [ = \/c/(eH) is the magnetic length and p = |p|.
We use the quasiclassical approximation for the Green’s

function of the deep e-band

s~ G ®
wn £ — iw, F o H — & + 2t cos k.’

and expand the Green’s function of the shallow h-band
over the exact Landau-level basis”™4®

2 2
gh _ 1 Z LZ(QP?)eXp(—f?)
wnyk T on]2 — iwy, F pH + & — pn+2th cosk,’

(7)

where pp =9 — p, £ = we (€ + %), we = eH/myc is the
cyclotron frequency, and Ly(x) are the Laguerre polyno-
mials.

We note that in the single-band case the chemical po-
tential of the shallow band may depend on the magnetic
field4”. However, in our case the deep band serves as the
particle reservoir that stabilizes the chemical potential.
This allows us to solve the gap function assuming fixed
chemical potential, see also Ref48.

III. TRANSITION TEMPERATURE IN ZERO
MAGNETIC FIELD (7¢)

For zero magnetic field, the superconducting order pa-
rameter is homogeneous Ay, = Af. This gives the lin-
earized gap equation, which we represent as

Ag = ZAaﬁA&gAg’ (8)
B
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FIG. 1. (a) The illustration of electronic spectrum for a layered superconductor with deep and shallow bands. (b) The schematic
diagram demonstrating the evolution of the Fermi surfaces of the quasi-2D model in Eq. near the Lifshitz transitions. The
first Lifshitz transition occurs at u = 2t", at which the neck at k. = 0 interrupts and the FS of the h-band changes from open
to closed. The second Lifshitz transition occurs at u, = —2t", where the h-band becomes completely depleted.

where we have introduced the notations for the coupling
matrix Aqg = UapNpg with Ny = m,/(27) is the densi-
ties of states per layer (for shallow band, N}, is the true
density of states only in the regime of open Fermi surface,
pn > 2t"), and

oo
Ah=NST Y Y [ KGO

wp=—00 j’

The kernels are determined by the zero-field Green’s
function in Eq. giving

Agh=NTY S [wh + (& — 2t cosk.)’] !,
wn kk

see Appendix We further integrate out the wave
vectors in Ay ! by using >3, = N, f?Q dge for e-band
(i = Nu [Hden for h-band) and Y, = [T 9=
Here, 2 is the energy cutoff and we have assumed that
Q> t,,To, pn. We therefore obtain the following gap
equation near T¢

fo1 ao1] (Al
A1 - 45 AL) =0 (10)
where Ag! = diag[Aa}L, Aai] with
= 2Te Q AQ
—1 . -1 30 g A
Ao~ Z o tan o ~ In o (11a)
wn >0
- 1. AQ
Aoy & 3In T Te, (11b)

A = 2"/ ~ 1.134, and g ~ 0.5772 is the Euler-
Mascheroni constant. Here the parameter Yo = Yr.
is the value of the temperature-dependent function

= [T 2T —2th
YTr = Z / dkz—tan_1 {Mh 2 COSkZ] (12)

oS 2T wy, Wn
n

at T'=T¢. This parameter appears due to the cut off at
the band edge for the shallow band. We can carry out
k.-integration and the Matsubara-frequency sum in Yp
using the relation tan_li = — 000 dw—f”e_ax sinz. This

gives

YTr= —/ ﬁlntanh(wTs) sin(2up,5)Jo(4ts),  (13)
o TS

where Jy(x) is the Bessel’s function. In the limit of low
temperatures, T < pyp, this function diverges logarith-

mically, T7 ~ §In [A <,uh+ M%—(2t’;)2) /(2T)} .

The transition temperature T¢ is determined by the
condition of degeneracy of the matrix W = A~! — Ay L

i. e., det[W] = 0. This equation determines Ag . as

Aee m
Aa’l _ ;A 2 TC
Age— A © A
+8A R Yo +2 ‘fDQ = (14)
A

with 0y = —sign [(1_TCAhh)DA] and Dy = AceApp —
AenApe. This parameter directly determines T¢ by Eq.
(11a)). In the following consideration, we will use the
zero-field equation, Eq. , to eliminate the logarith-
mic divergencies from the gap equation at finite magnetic
field.

IV. SUPERCONDUCTING INSTABILITY IN
MAGNETIC FIELD

In the presence of magnetic field, the superconduct-
ing order parameter is nonuniform. Near the onset of
the superconducting instabilities in the magnetic field,



the solutions for the linear problem in Eq. are given
by the Landau-level eigenfunctions. Typically, the low-
est Landau-level eigenfunction yields the optimal Hgo,
where the superconducting instability develops first4.
This solution has the following shape®’

r2

Ar; = Afexp < %

M@Q (15)

We have assumed the possibility of the layer-to-layer
modulation in the order parameters with the wave vector
Q. 5 Such modulation is the realization of the nonuni-
form FFLO state?®26, Superconducting instability is de-
termined by the condition that Eq. provides a solu-
tion of the gap equation at least for one value of ), and
then this optimal modulation wave vector realizes in the
emerging superconducting state. The ansatz in Eq.
is the kernel eigenfunction in the magnetic field,

> [ Ko A~ 0.8, (9

with

)\ngZ = Nl /00 pdpexp (—5;)
<9wn,+ (,0, )g o (p, kot Qg)> (17)

Here and below we use notation (F(k.)). = ["_ 9= F(k.)
for the averaging with respect to k,. We omit the depen-
dence of A, o onT, H, and the electronic parameters.
As follows from the deﬁmtlonb of the Green’s functions,
Eqgs. (@ and . / = /\C_‘wsz Next, we first dlS—
cuss the kernel eigenvalue for the deep e—band and then
for the shallow h-band.

For the deep e-band, the Landau quantization does not
play a role. Using Eqgs. @ and , linearizing the band
dispersion at Fermi level [5iF +q P Ekp T Ve - q, where

'v6 = VieLlr = kF/me with the Fermi wave vector
= (kE k)], we obtain the following quasiclassical

result for the kernel eigenvalue

wsz /ds< exp l

—2s(,, (wn+iqu2it§ sin k., sin %) ] > , (18)

z

<u+2t§

mel?

where (, = sign(wy,). The derivation details are de-
scribed in the Appendix [A23a]

For the shallow h-band, substituting the Green’s func-
tion, Eq. , into the general presentation in Eq. ,

and using relation fooo dzL¢(z) Ly (z)e™2 = 224&5/%%’

we derive o
1

Ao =" (19)

2mw,

y (04 011/ (2 )
Y7 (laj"l<k€+ % 7,‘?Z+ﬂh)(la)n7€/7 %7;}4/24‘,&]1)

where we introduced the following notations

fin(kz, Q) = fip, — 2t" cos k., cos(Q. /2), (20a)
3. (kz, Q2) = . — 2" sink, sin(Q /2). (20b)
Here all “barred” normalized quantities are defined as
a = a/w. (with a = wy, pp,t,). Furthermore, v, =

wmpc/e = gmp/4mg is the reduced spin-splitting pa-
rameter, where mg is the free-electron mass and g is the
band-electrons g-factor.

Therefore, the gap equation, Eq. , in the presence
of the magnetic field becomes

A~ {Ae} = 27T Re Z { wmQ: ] (21)

wp >0

The Matsubara—frequency So(H,T,Q,) =
27T Zw ~0A0,.0., are logarithmically-divergent and
have to be cut at w, ~ €. Similarly to the two-
dimensional case?®, we can regularize the gap equation
using its zero-field counterpart, Eq. . Namely, we de-
compose So(H,T,Q) as So(H,T,Q.)=[Sa(H,T,Q.)—
8a(0,T,0)]4[8x(0,T,0)—84(0, T, 0)]4+S4 (0, T, 0) with
S8.(0,T¢,0) = Aa(lx being the only log-diverging term.
This leads to 7

sums,

o [AR A1 AR [ Al
Wlal ¢ [al =2 e
Here AL(T) = S84,(0,7¢,0) — S,4(0,7,0) are the

temperature-dependent parts of the pairing eigenvalues,
A3(T) = n(T/T¢) and Ay(T) = +In(T/Tc) — Yo+
Y, where the function Yo (T/pup,t" /1) is defined in
Eq. . The field-dependent parts, J,(H,T,Q.) =
So(H,T,Q.)—8,(0,T,0), are

JUH,T,Q.) ZWTZRe(/\wmQZ 23} )—TT, (23a)

wn>0

Jo(H,T,Q,)=2rT Z Re( wn, Q2 1n>'

wp >0

(23b)

Note that, by definition, A, (T¢) = 0 and J,(0,7T,0)=0.
Therefore, the UV cutoffs are explicitly removed and the
Matsubara-frequency sums in the right-hand side in Egs.

(23a)) and (23b|) converge now in the limit of Q — co. We

can represent the functions 7, in this limit as



»Jk\l—‘

Ji(H,T,Q.)
m=0 £=0
1/2

T — 2fino
0

T
J=(H,T,Q,) :2/ dslntanh (7;85> (exp (—fies®) [fies cos (275s) + 7 sin (25¢9)]). ,
0 c

where we introduced notations 7 (z) =tanh[w.(z+5) /277,

ﬂh()(kz)
the e-band Cyclotron frequency7 fie = fi+2t¢ cos k, cos Q; ,
VS = —28s , i = p/wg, and 15 = 15 /we.
We remind that the parameters fn and 7, also depend
on k,, see Egs. and . We describe deriva-
tion of J1(H,T,(),) in the Appendix The double
sum in Eq. collects the contributions to pairing
coming from the quasiparticles located at the Landau
levels £ and m—{. The quantum kernel eigenvalue 7 de-
pends on five independent dimensionless parameters: the
reduced magnetic field w./pp, the reduced temperature
T/pn, the modulation wave vector Q., the ratio t"/up,,
and the spin-splitting factor ~,.

The H¢o problem is reduced to the solution of equation

= Jip, — 2t" cos k.. Furthermore, w® =eH/cm, is

Wn+A -0 Wi _
det [ Wai Waz + Az — ‘72} =0 (25)

for a given T' and @Q,, and we need to find the opti-
mized Q. in Hoo(T, Q) for which the instability devel-

ops first. As the matrix W is degenerate, this equation
can be rewritten as

H<1+ oT) =

a=1,2

JoH,T, Q- )) “1 (26)
WO(Ot

This is our main equation for determination of the upper
critical field in two-band layered superconductors. All in-
formation about the coupling matrix is contained in the
two parameters, Wi; and Wss. The analytical expres-
sions for these parameters can be derived from Eq. .,
see also Ref4,

Aee - %Ahh TC R
= — —_ 2
Wi Dy 5t ow 5 (27a)
Aee — 2A
Wiy = ——¢ 22"y L 5yR  (27b)
Dy
with Dy = AceAnn — AheAeiu ow = SlgH[DA(l - TCAhh)L
and
Aee - %Ahh 2 AheAeh
= —_— = -7 2 . 2

i f: T+~ —pn) + T (m—0— 7, —fin) — 2T (B — fin)
2mm o m+ 1= 2,

2
1 T(25E — fino) T (™5 — fino)
2</d$ +Z / [m—|—1+x—2uho_

0_1/2

z

T(5 — i) D o)

m—+1— 2y

z

(24b)

(

As follows from Eq. the weights with which the
bands contribute to the pairing near the upper critical
field scale as 1/|Wya-

The behavior of the upper critical field is mostly
determined by the shape of the kernel eigenvalues
Jo(H,T,Q). In general, larger values of J. correspond
to stronger pairing strength. In the next section, we will
explore in detail the quantum kernel eigenvalue 7.

V. BEHAVIOR OF THE QUANTUM PAIRING
KERNEL EIGENVALUE

van Hove singularities
v

Dos T 9 T
+21-a

1/v/T divergency
(a) y-=0

In T divergency 1/v/T divergency

(b) 0<y:<t/we (c)y:=t/wc

FIG. 2. The schematic diagram illustrating the k. spectrum
of the shallow h-band in the magnetic field in different situ-
ations. The dispersion along k.-direction has two van Hove
singular points at k. =0, 7. If the spin-up and spin-down van
Hove singular points match the Fermi level, the superconduct-
ing pairings lead to 1/+/T-divergence in the pairing kernel
eigenvalue J; [cases (a) and (c)]. The matching condition for
(a) is we=(un=+2t.)/(¢+3) and for (c) is we=pin/(¢+3%). The
pairing instabilities for cases (b) and (c) favor the formation
of the FFLO states with non-zero Q..

The shape of magnetic field-temperature phase dia-
grams is determined by the behavior of the pairing ker-
nel eigenvalues J,. While the quasiclassical kernel eigen-
value J5 is well studied and has monotonic dependence
on the magnetic field for all temperatures, the quantum
kernel eigenvalue J; has rather complicated nonmono-
tonic dependence on the magnetic field which is very
sensitive to the electronic-spectrum parameters p; and
t" as well as the spin-splitting factor v,. The electronic



spectrum of the shallow band in the magnetic field is
composed of the Landau-level minibands with width 4¢"
(see Fig. [h). The system has series of Lifshitz tran-
sitions with increasing magnetic field when the chemi-
cal potential enters or exits a particular miniband. At
low temperatures, the magnetic-field dependences of J;
have features at these transitions whenever the chemical
potential crosses the van Hove points at the miniband
edges. There are two such points for every miniband cor-
responding to two values of k., 0 and 7. In addition,
there are two minibands for every Landau level for two
spin orientations. This gives four miniband-edge mag-
netic fields per Landau level, Hy .5, = (cmp/e)wie,s,,
corresponding to cyclotron frequencies

ump + 25tt2

_— 29
(+3+07. (29)

We 0,6, =

where o = £1 (1/]) describes spin orientation and §; = 1
and —1 corresponds to k, =7 and 0 respectively. In addi-
tion, we have to consider the behavior of 7 for different
modulation wave vectors (),. In general, as the larger
J1 corresponds to stronger pairing strength, the shallow
band favors the states which maximize ;.

Before proceeding to the investigation of the magnetic
field-temperature phase diagrams for two-band systems,
it is very instructive to study the analytical properties
of the function J1(H,T,Q.), particularly, in the low-
temperature limit. We first focus on its singularities
when the magnetic field crosses the typical values in
Eq. and on identifying the possible divergencies for
T — 0, since these features have important implications
on the superconducting instabilities. Next, we consider
the magnetic field dependences of J; for representative
cases. Furthermore, by studying the @, dependences
of Jp for different Zeeman spin-splitting parameters, we
identify possible parameter ranges for FFLO instabilities.

A. The low-temperature limit and its divergencies

In this subsection, we investigate the leading diver-
gencies of the quantum kernel eigenvalues 7, as T — 0
for different cases. We review first the behavior of the
quasiclassical kernel eigenvalue, J5, Eq. . For all
magnetic fields, J5 has the same logarithmic divergency
as Ay so that Jo — Ao approaches a finite value. In
the typical situation of a moderate spin-splitting factor,
v, K \/p/we, it can be treated perturbatively. For the
uniform case, @, = 0, we derive from Eq. the result
for the zero-temperature limit of the full quasiclassical
kernel eigenvalue

1
Jo (H,T—0,0) — Ay (T—0) = _ilmgn, (30)
(0 €TEwe p P = (2092 [ 29k
c ~ o2

e 2 p2—(2t)?

The parameter r(é)) is just the ratio H/HS(0), where
%(0) is the upper critical field of the deep band at zero

temperature. In the case of finite (), the parameter rg) )
has to be replaced by the function r¢(Q.). The closed
analytical result for ¢ (Q.) is not available even for v, =
0. One can only derive an approximate result in the

limits, v, < /p/wé and tS/p, 1S sin(Q,/2)//wip < 1
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Generally, the quasiclassical kernel eigenvalue [Jo — As
is a monotonically decreasing function of H at all tem-
peratures and spin-splitting parameters meaning that
the magnetic field always suppresses superconductivity.
As expected, it has maximum at ), = 0 in the limit
v, < /p/wé meaning that the deep band favors the
uniform state.

The quantum kernel eigenvalue J; typically behaves
similarly to [Js, i. e., it has the same logarithmic di-
vergency as Ay, J1 « In(T/T¢) so that the total ker-
nel eigenvalue J; — A; approaches a finite value in the
zero-temperature limit. This zero temperature value,
however, has singular contributions when the magnetic
field crosses the typical values given by Eq. (29), cor-
responding to Lifshitz transitions for the Landau-level
minibands. We discuss these singularities in the next
subsection. In several exceptional resonant cases, when
two miniband-edge fields with opposite spin orientations
are identical, the Landau quantization leads to faster di-
vergency J1 o« 1/ VT. In the case when these two fields
originate from the van-Hove singular points of the same
type (either k, = 0 or 7) the divergency occurs in the
uniform channel @, =0. On the other hand, if the two
fields correspond to the opposite van-Hove points, the di-
vergency takes place in the alternating channel Q, = .
We discuss both these cases below. Another divergency
appears within the field ranges where the chemical poten-
tial simultaneously crosses two minibands with opposite
spin orientations. In this case, the total kernel eigenvalue
J1— A diverges logarithmically for T' — 0 at the optimal
wave vector ), = Qop connecting the minibands’ Fermi
momenta, see Fig. (b) All these low-T" divergencies may
lead to the high-field superconducting states.

1. Square-root singularity of the pairing kernel at the
miniband-edge fields

As discussed above, the system has series of the mini-
band Lifshitz transitions at the magnetic fields given by
Eq. . In this subsection we discuss singularity of
the pairing kernel eigenvalue J1(H,T — 0,Q,) at these
transition, when the cyclotron frequency w. crosses the
miniband-edge value wy, +s,. We consider here only a
general nondegenerate situation when the corresponding



transition magnetic field, Hy, »s,, is separated from other
typical fields. The derivation in Appendix gives the
result for the singular contribution at zero temperature

()
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with 0(x) being the step function and
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We see that the square-root singularity Ji(H)
V|H — Hy, .5, appears near the transition point when
the chemical potential is inside the Landau-level mini-
band, ie, H 2 Hyo— or H S Hy o 4. It reflects
the pairing enhancement caused by the square-root di-
vergency of the density of state at the edge of one-
dimensional miniband. Finite temperature smears this
singularity.

2.  Resonant cases for the uniform state (Q. =0)

In the uniform state, (), = 0, the resonant condition
corresponds to the matching of the Zeeman spin-splitting
energy, 27v,w,, and the Landau-level energy spacing, j,we,
giving 2v, = j, with integer j, > 0. The divergency oc-
curs when the Fermi level matches the van Hove singular
point at k, =0 or m corresponding to the magnetic field

Hh T+ 2tz

=t G2 o

Fig. a) illustrates the simplest case with j, =0. In this
case we derive in Appendix [B 2| the following asymptotic
behavior for T < w,, t"

(2€O+]z)l We
220043 (Lo +32) 0! \/tRT’

where C' = (2v/2—1)¢(2)/(873/2) ~ 0.1072 and ((z) is
the Riemann zeta function [C(%) ~ 2.6124]. We can see
that the J; diverges as ~ 1/ VT manifesting the enhance-
ment of pairing. The coefficient decreases with increas-
ing interlayer hoping t" and with increasing of the res-
onance order described by the integers ¢, and j,. We
note that for any small deviations from the condition
(Lo + %jz + %)wC = pp £2t", the total eigenvalue J; — A,
approaches a finite limit at 7' — 0. We can also note
that this divergency is somewhat weaker than the 1/T
divergency for the 2D casé??, due to the smearing of 6-
function singularity in the density of states at the Landau

jl(H7T70) ~C

(34)

levels by the interlayer hopping. Such 1/ V/T-divergency
in the uniform state for zero or resonant spin-splitting
factor has also been reported in Refs. 2l and [9l
For the strongest resonance at fo = 0, j, = 0, and
we = 2(un F 2t") for k, = 0/m, we derived in Appendix
the more accurate asymptotic for the total kernel
eigenvalue

w We

L1
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For k, = 0 the functions R_ (") diverges for w. = 8t".
As we = 2(pup—2t"), meaning that this result is only valid
for puy, > 6th.

We mention that the spin splitting is a fixed material’s
parameter and therefore the resonance cases, 2y, = j,,
are exceptional. To some extent, the effective spin split-
ting can be tuned by tilting the magnetic field®t. We
note however, that in contrast to the two-dimensional
case?d in layered superconductors the in-plane magnetic
field also influences the orbital motion of quasiparticles
meaning that the problem of the upper critical field for
this case requires separate consideration.

3. Resonant cases for alternating FFLO state (Q, = )

The resonance enhancement of pairing may also take
place in the alternating FFLO state because in this case
the modulation wave vector (), =7 couples the van Hove
singular points at k, = 0 and 7. Such enhancement
is a unique property of a layered superconductor with
open Fermi surface and it only exists for specific rela-
tions between the band parameters pj, and . Writ-
ing the full quasiparticle energy in the magnetic field as
(k) = pn—we (€ + % + ’yz) —2t" cos k., we can iden-
tify that the resonance conditions are realized when the
spin-down (spin-up) energy at k, =0 at the Landau level
£y simultaneously matches with the spin-up (spin-down)
energy at k, = m at the Landau level ¢, and with the
chemical potential, i. e., £%(£y,0) = &4 (€r,m) = 0 [see
the first-case example with £y =¢, =0 in Fig. 2| (c)]. This
gives the conditions

At 241
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To derive the low-temperature behavior of J;, we sub-
stitute the conditions in Egs. (36a)) and into Eq.
with @@, = w. The derivation described in Ap-
pendix yields the low-temperature asymptotic for
generic case of noninteger 2+,

C (bo+0x)  we

Ji(H,T,7) ~ 22£°+Z”£0!€w!\/@'

(37)



where the numerical constant C' is defined above, af-
ter Eq. . We note that this additional divergency is
purely a consequence of the interplay between the Lan-
dau quantization and interlayer tunneling. In particular,
such FFLO instability is absent in the 3D case with k2
dispersion.

For the strongest resonance, fy = ¢, = 0, pup = t'zl/vZ
(7. < 0.5), and w, = 2up,, we derived the more accurate
asymptotic

C we 1 | 20,
— ——1ln
2 AT

Ji— - Te. (38)
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In the real systems such instability can be obtained by
tuning the chemical potential u;, by doping or pressure.

4. Logarithmic divergency at the optimal modulation wave
vector

In the case when the chemical potential crosses two
Landau-level branches with opposite spin orientations,
the kernel eigenvalue also has logarithmic divergency
at the wave vector connecting the crossing points, see
Fig. b). This divergency originates from the one-
dimensional character of the electronic spectrum. The
similar result was also found in the study of a three-
dimensional model with parabolic Landau minibands®.
For illustration, we consider such divergency for such
branches belonging to the same Landau level with in-
dex {y. In this case the diverging term in Eq. is the
one with m = 2¢y and ¢ = ¢,

wc (2[0)'
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For the optimal modulation wave vector Q). =Q,, shown
in Fig. 2(b), we have the relations

we(lo + 5+072) —pn+ 2t" cos (kzo—i- 5%) =0,

for 6 = £1, where k.o £ Qop/2 are the Fermi wave vectors
for the two considered branches. These relations deter-
mine Qop as

Qop = Z d arccos

6==+1

{Mh—wc(fo +3 +5%)] C(39)
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In the limit T < " the dominating contribution to
Ji,0 is coming from the regions near the Fermi momenta

meaning that we can use expansion k, = k.o + k with

k < k.o and approximate
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Evaluating the integral, we obtain
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This logarithmic divergency for T — 0 is similar to the
well-known Peierls divergency of the electronic suscepti-
bility for one-dimensional metals at the nesting wave vec-
tor which, in particular, leads to the charge-density-wave
transition. In the simplest scenario when the chemical
potential crosses only two minibands, the kernel eigen-
value diverges only at one wave vector. In more compli-
cated cases with many minibands at the Fermi level, the
divergency takes place at several wave vectors and one
can expect competition between multiple ground states,

similar to the situation considered in Ref#2.

T10 R

B. Magnetic-field dependences of quantum kernel
eigenvalue 71 for different cases

Now, we discuss the general behavior of the kernel
eigenvalue J;. In contrast to the monotonic behavior of
the quasiclassical result, the low-temperature divergen-
cies discussed in the section [VA] may lead to the emer-
gence of strong peaks in 77 at the specific magnetic fields
and modulating wave vectors ), which indicate the en-
hancement of pairing. The magnitude and location of
these peaks are sensitive to the details of electronic band
properties.

1. The uniform state: Q. =0

Figure [3| illustrates the effects of interlayer tunneling,
temperature, and Zeeman spin-splitting in the uniform
state (@, = 0). Without spin splitting, the interlayer
tunneling broadens the Landau levels and splits a single
divergent peak into two smaller peaks at low tempera-
tures [see Fig. [3(a)]. The smaller peaks correspond to
the matching between the chemical potential and the van
Hove singularities in the spectrum at k, = 0 and =, Eq.
. Their values are estimated by Eq. . The shaded
regions mark the field ranges for which the chemical po-
tential is located within the broadened Landau levels,
and their boundaries correspond to the crossing of the
van Hove singularities.
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FIG. 3. The behavior of the kernel eigenvalue J; in the uniform state, Q. = 0, for different interlayer tunnelings " (a),

temperatures (b), and spin-splitting factors v, (c). We can see that at low temperatures the function Ji(H) has pronounced
peaks when the chemical potential matches Landau levels broadened by the interlayer tunneling. From plots in the panel (a)
we can see that the interlayer tunneling splits a single 2D peak into two smaller peaks corresponding to the locations of the
van Hove singularities in the spectrum at k. = 0 and 7, Eq. . Plots in the panel (b) show that thermal fluctuations smear
the Landau levels and eventually wash out the quantum effects near T ~ w./2. The dot-dashed lines are the quasiclassical
results. Plots in the panel (c) indicate that the uniform state is very sensitive to the Zeeman spin-splitting effects: the Landau
peaks are rapidly suppressed at very small 7,. Smaller peaks reappear when the resonant conditions are met (2, = j.). The
symbols mark the miniband-edge magnetic fields, at which the chemical potential matches the van Hove points, Eq. (29).
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wc/uh =2

2.0 25 3.0

FIG. 4. The representative dependences of the pairing ker-
nel eigenvalue on the modulation wave vector @).. In the res-
onance cases with integer 2, the maximum of J; is always
realized at Q. =0 corresponding to the uniform state. The
curve with 7. = 0.2 illustrates the nonresonant case, when
the chemical potential crosses both spin up and spin down
zero Landau-level minibands, as illustrated in Fig. b), The
maximum is realized at the modulation vector connecting the
Fermi momenta of these minibands. Finally, the curve with
~v. =0.3 illustrates a special situation when the chemical po-
tential matches two opposite van Hove points at k. =0 and 7,
see Fig. c). In this case, the maximum is realized at Q.=
favoring the alternating FFLO state.

Figure b) shows that the peaks are rapidly smeared
by the thermal effects and disappear at T ~ w./2. In
this figure, we compare the exact kernel eigenvalue with
the quasiclassical results (dot-dashed lines), which are

calculated by using

T

1“(H,T,Q,) = 2/ ds< In tanh ( s) exp (—fins?)
0

(41)

We

X [[ins cos(27,5)+7. sin(2ﬁlzs)]>z.
This quasiclassical approximation of J; can be obtained
from the quantum kernel in Eq. by assuming small-
field limit?2, w, < wp, with the temperature range, w, <
T < up. One can see that this approximation yields
a monotonic behavior for the kernel eigenvalue in the
magnetic field and gives a good approximation at low
fields.

We can see in Fig. (c) that the divergent peaks are
also rapidly suppressed by finite spin splitting v, meaning
that the uniform state is highly susceptible to the Zee-
man effect. The smaller peaks reappear if the resonant
conditions are met (the solid red line for v, = 05). We
also observe a noticeable enhancement of (7; in the field
ranges where the chemical potential crosses both spin up
and spin down minibands for the zero Landau level (e.
g., in the range 1.5 < w./up < 2.4 for v, =0.1). We
point, however, that in this range the maximal [J; is not
at @, =0. We discuss the @), dependences in the next
subsection.

2. The FFLO modulated state: Q. # 0

We now consider the behavior of the quantum kernel
eigenvalue at finite modulation wave vectors @Q,. Figure
[4) shows the dependences of J; on Q. for fixed electronic-
spectrum parameters, fixed magnetic field and for three
spin-splitting factors representing different cases. In the
resonant cases with half-integer spin-splitting factors the



kernel eigenvalue always has the maximum at @, = 0,
as illustrated by the curve with v, = 0. The finite-Q,
modulated states are not favorable in these cases, due to
the absence of strong Zeeman pairbreaking at the Lan-
dau levels [see Fig. Pfa)], and the uniform state always
dominates. Away from the uniform-state resonances,
27, # j., the Zeeman pairbreaking favors developing of
the finite-@Q, states. The second curve with v, = 0.2 illus-
trates the situation when the chemical potential crosses
both spin up and spin down zero Landau-level minibands.
In this case, the maximum is realized at the modulation
wave vector connecting the minibands Fermi momenta,
see Fig. Jb). This modulation vector varies with the
magnetic field. The third curve with v, = 0.3 illustrates
a special situation when the chemical potential matches
two opposite van Hove points at k, = 0 and 7, see Fig.
[2(c). Such matching is realized when the parameters sat-
isfy relation given by Eqgs. and (the plot is
made for ¢y = ¢, = 0). In this case, the maximum is
realized at @, = « favoring the alternating FFLO state.
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FIG. 5. The magnetic-field dependences of 1 for different

modulation wave vectors ), for noninteger 2v.. The param-
eters in the panel (a), ¢./unr = 0.3,7. = 0.2, correspond to a
general case without any resonances. In this case, states with
different Q). are favorable for different magnetic fields. The
parameters in the panel (b), ¢./unr =, =0.3, favor 7-FFLO
instability. As a consequence, a new diverging peak appears
for Q. = 7 state at w. = 2up. In both panels, we also show
the magnetic-field dependence of the maximum value of J;
with respect to Q. (blue circles).

Figure || illustrates the magnetic-field dependences of
Jh for different @, in two situations with noninteger 2+, .
We also show the maximal J; with respect to @.. The
light blue and pink regions mark the crossing of the chem-
ical potential with the mismatching spin-up and spin-
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down Landau-level minibands. This regions are limited
by the miniband-edge magnetic fields given by Eq.
with §; = 1 while ¢ and o are fixed. The simultaneous
crossing of both such bands at the chemical potential only
occurs in the overlapping regions in which the pairing fa-
vors finite-@, states as illustrated in Fig. b). Figure
a) corresponds to a general situation without any reso-
nances. In this case, the states with different @), become
favorable in different fields. In particular, for @, = m/2
the maximum at w./p, &~ 2.1 corresponds to the condi-
tion for optimum modulation vector Q,p(w.) = @Q=, Eq.
. We can also see that the pairing strength is notice-
ably enhanced in the region 1.3 < w./pp < 2.3 when the
chemical potential crosses zero-Landau level minibands
for both spin orientations. The choice of parameters in
Fig. b) allows for ), = 7 singularity, see Eq. and
the illustration in Fig. (c) At we/pp = 2 the chemical
potential matches simultaneously two van Hove singular
points: the spin-up energy at k, = 0 and spin-down en-
ergy at k, = m. This matching leads to the additional
divergent peak at this point strongly favoring @, = =«
instability and may lead the formation of the supercon-
ducting state with the alternating sign of the order pa-
rameter between the layers. In both cases, the optimal
kernel eigenvalue (blue circles) significantly exceeds the
one for the uniform state (black line) almost in the whole
field range.

To obtain a better presentation for the range of param-
eters where the shallow band favors nonuniform states,
we expand J; with respect to small @,

1
TuH,T,Qu) ~ Ti(H,T,0)+ ST (H,T,00Q%  (42)

If J/'(H,T,0) is positive then ., =0 does not maximize
J1 and the finite non-zero @), state is favorable. For
better visual impression of the parameter range where
the shallow band favors nonuniform states, we present
in Fig. [6] the regions of positive (shaded) and negative
(unshaded) J{'(H, T, 0) in the magnetic field — spin split-
ting plane for representative parameter t?/ wr = 0.2 and
two values of temperature T' = 0.02uy,(a) and 0.2u,(b).
For comparison, we also show in Fig. @(c) the same dia-
gram for the quasiclassical kernel eigenvalue, Eq. . In
the latter case an analytical analysis“” suggests that the
boundary should behave as w,/up, o 1/v2 while the exact
fit gives we/pn &~ 1/(0.14 4+ 1.077,)%. If the upper criti-
cal field with @, = 0 state falls into the shaded region,
this means that the shallow band favors the nonuniform
state, and the order parameter has a tendency to develop
nonzero (), modulation in real space. We see that at low
temperatures the shaded regions cover substantial part
of the phase diagram except locations around the integer
27v,. Especially surprising is that they extent to very low
fields, down to w./pp ~0.1. These low-field regions are
eliminated at higher temperatures.

To avoid misunderstanding, we note that for two-band
systems the nonuniform states do not automatically ap-
pear in the shaded regions, because the ground state



12

, 35
(o) v (c)
)

L[ od-t, 3.0f
1
L
N 2.5¢
N
I
I
A\
Y 2.0F
N
1507 =0
/ > n
IR ty/pn = 0.2
Lo’ 1.0F
_._::::‘f><’ T4 D j//l >0
T/pn = 0.2 0.5} 119-=0
1"
R g, = 0.2 [ J'lg.=0 <0
0.0 05 1.0 15 20 00 05 1.0 15 2.0
V= Yz

FIG. 6. These plots show positive and negative regions of the kernel-eigenvalue second derivative with respect to the modulation
wave vector Q, Ji' (H,T,0), in the spin-splitting-magnetic field plane. In the shaded regions with J{'(H, T, 0) <0 the onset of
the finite-Q. FFLO states may be expected. The (a) and (b) diagrams are made using the exact kernel eigenvalue at T'=0.02up,
and 0.2up. The dashed lines trace the magnetic fields for which the van Hove singularities of the Landau-level minibands match
the chemical potential exactly, Eq. (29). The label ‘+t.” (‘—t.’) in the diagram marks the k. = 7 (k. = 0) van Hove singular

point. (c) The diagram for the quasiclassical pairing kernel at zero temperature, Eq. .

is determined by both bands and the deep band typi-
cally favors the uniform state, J3'(H,T,0) < 0. The
FFLO modulation may appear below certain tempera-
ture Trpro, at which the second derivative 02 Heo/0Q?
changes sign. From the general equation for the upper
critical field, Eq. 7 we can derive equation for this
temperature, T' = Tgry,0,

J{'(H,T,0)
Wi+ A(T)—J1,0(H,T)

FETO)
Wao+As(T) = T2,0(H, T)
(43)
with Ja,0(H,T) = Jo(H,T,0), in which we have to sub-
stitute H — Heo(T) at @, =0. This equation may have
solution only if (i) Jy'(H,T,0) > 0 at low temperatures
(i.e., the parameters are in the shaded region in Fig. @(a)
and (ii) the ratio Wy1/Was characterizing the relative
weight of the shallow band is not too small.

VI. SUPERCONDUCTING INSTABILITIES

AND PHASE DIAGRAMS

The exact shape of the H-T phase diagram of a layered
multiple-band superconductor depends on many param-
eters: electronic spectra properties of the bands, spin-
splitting factors, and structure of the coupling matrix.
The most crucial factor is the quantum pairing kernel
eigenvalue for the shallow band, J;, whose shape at low
temperatures is extremely sensitive to the electronic pa-
rameters of the shallow band, up, t’; and v, as we dis-
cussed in the previous section. With the finite interlayer
tunneling, the k,-dispersion in the Landau-quantization
spectrum can lead to complex behavior of the supercon-
ducting state in the magnetic field.

In addition, the Zeeman spin-splitting in the shallow

band favors the formation of the FFLO states (see Figs.
and . As the Landau quantization strongly influences
the Cooper pairing in the bands with relatively low Fermi
energies, this brings a natural general question about the
role of quantum effects in the FFLO instability, even in
the common case of a single-band superconductor in the
quasiclassical limit. Surprisingly this important topic has
been never addressed before and we leave it to a separate
paper. Here, we focus on the general behavior of the H-
T phase diagrams for the two-band system where the
shallow band is close to the ultra-quantum limit. We
illustrate this behavior for several representative cases.

The most spectacular consequence of the Landau quan-
tization is the emergence of the high-field superconduct-
ing states at the magnetic fields corresponding to match-
ing of the chemical potential with the Landau levels.
These states are most pronounced in the two-dimensional
case and for the lowest Landau level?®. The interlayer
tunneling smears the delta-function singularity in the
density of states leading to suppression of the high-field
superconductivity. To quantify these effects, we first cal-
culate the transition temperatures in magnetic field, T,
in the resonance cases for which the kernel eigenvalue di-
verges as ~ 1/v/T, see Sec. For this we find solution
of Eq. assuming that Toe < T, t,.

First, we evaluate the transition temperature for the
strongest resonance in the uniform state without Zeeman
spin-splitting (v, = 0), Téoz), which is realized when the
chemical potential matches the van Hove singular points
at k, = 0,7 at the magnetic fields w. = 2(u F2t?). In
this case, substituting the low-T" asymptotics of J,—Aq
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FIG. 7. The dependences of the transition temperatures Tc2
on the interband coupling constant Ape for the superconduct-
ing states that are induced by the strongest 1/ VT divergences
at high magnetic field. The plots are made assuming fixed ef-
fective coupling constant Ao =0.2. The blue (green) curve
shows the dependences of uniform-state T2 on the interband
coupling Ap. = Acn at the magnetic field we = 2up + 4t
(we = pn +2t,) with v, = 0 (v, = 0.5), while the orange
curve is for the alternating-state case at the magnetic field
we =2up, with 7, =0.3. The dashed lines are the approximate
results given by Egs. and (which are accurate only
if t, <« Tc2) and the solid lines are calculated using the exact
formula in Eq. (26). The upper and lower figures compare
two different values of the interlayer hopping energy t%.

given by Egs. and into Eq. , we derive

2 2 In @ ~ 1 -2
TS = ¢ - ~u nTc(o) R ()5 In— 4+ Te
tz 2W22 +1H TC 2 ﬂ-TC
(44)

This result allows us to understand better the typical
sizes of the high-field reentrant regions. A similar result
can be derived for the strongest alternating-state reso-
nance with @@, = realized when the parameters satisfy
the relation j;, = t" /~.. In this case the low-temperature
asymptotics of J1 — A; is given by Eq. leading to
the m-state transition temperature at w. = 2uyp,

-2
2,2 Waql (m) 1 2
e ILL APE W TR
4tz 2W22 +In Tcﬂ- 2 ﬂ-TC
with rg) = rc(Q,=m). Even though the overall scale of

the above transition temperatures is given by w?/t" with
the small numerical factor C? ~ 0.0115, their absolute
values are very sensitive to the structure of the coupling
matrix. The latter dependence is given by the first term
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in the square brackets in Eqs. (44)) and . In general,
these transition temperatures are not vanishingly small
only if the shallow band gives substantial contribution to
pairing.

In particular, in the case when the deep band
dominates pairing, Ace > Apn,|Achl,|Ane|, the con-
stants W,, can be estimated as Wi; = Ac./Da
and Way ~ AcpAne/(AeeDa) meaning that |[Was| <
[Wi1|. In addition, inequalities Inre < |Was| and
Whiilnre/Way =~ Ageln’l“c/AehA}w > Yo, In(un/T.)

are typically satisfied, leading to the estimate TéOQ) ~
2
(C2w?/th) {QAShAhe/(Age lnrg)))] . In this case the

transition temperature has the additional small factor
which rapidly decreases with decreasing of the inter-
band couplings constants, A.p, and Ap., and with in-
creasing the deep-band coupling constant, A... On the
other hand, we see that T, ((102) increases when the reso-
nance field approaches the orbital field of the shallow
band, rg)) — 1. In the interband-coupling scenario,
[Achls |[Ane| > Ace, Anp, the ratio Wi1/Was &= 1/2 mean-
ing that there is no additional smallness caused by the
coupling factor.

We illustrate the typical behavior of T¢s in Fig. [7], by
plotting the transition temperatures for uniform and al-
ternating states as function of the ratio Ay ./Ag . which
controls the shallow-band weight. The plots are made
for fixed effective coupling constant Ay, = 0.2 which
fixes the zero-field transition temperature To. As ex-
pected, in all cases the transition temperatures rapidly
decrease with decreasing of the shallow-band contribu-
tion to pairing. For comparison, we present the To-
dependences for two values of the interband hopping en-
ergy th = 0.45T¢ and 0.15Tc. We see that Tgo's are
much higher for smaller ¢7.

We also note that, in spite of the kernel low-
temperature divergencies in the resonance cases, the two-
band system not always becomes superconducting at the
corresponding magnetic fields. Indeed, the above solu-
tions for T, é%) and T((;;) are only valid if the arguments
in the square parenthesis of Egs. and are pos-
itive. When the interband coupling dominates, Dy < 0

and the parameters W, are negative. In this case Té%)
may vanish if lnr(c?é) = 2|Waa|. As |[Waz| > 1 this may
only realize if the resonance magnetic field is much larger
than the deep-band orbital field, T(CD‘) > 1, corresponding
to the very large Fermi energy, u > 1007¢.

We now present numerically computed temperature-
magnetic field phase diagrams for different typical situ-
ations. We first illustrate the influence of the interlayer
tunneling on the reentrant high-field states in the res-
onant cases with integer 2v,. Figure [§| shows the H-
T diagrams for v, = 0.5, pup = 3T¢, and different hop-
ping energies t?. The diagrams are made for the case of
dominating interband coupling scenario (App = Aee =0,
Ape = Aep, = 0.3), for which the discussed reentrant ef-
fects are very pronounced. The vertical scale of the
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FIG. 8. The influence of the interlayer tunneling on the typi-
cal H-T diagram for the resonant case (2, = 1) in the low-T'
regime. We used the following parameters: the coupling con-
stants App = Aee = 0, Ape = Aep, = 0.3, the mass ratio is
me/mp =1, e0 = 12T¢ and un/Tc = 3. The insets demon-
strate the crossing of the van Hove singular points at the
chemical potential.

magnetic field cmp, T /e in the plot can be rewritten as
7.44T (mp/mo)(Tc/10K). Two reentrant states are re-
alized for selected parameters, around the zeroth and
first Landau levels. We can see that the interlayer tun-
neling smears these states. It splits the single peak in
Teo(H) around the field we = pp(¢ + & + 35.)7" into
the two peaks with maximums approximately located at
we=(pn £2t1) (¢ + 5 4+ 2j.)~* (in the plot £=0,1 and
j. =1). The latter fields correspond to the crossing of
the Fermi level and the van Hove singular points of the
shallow h-band given by Eq. 7 as illustrated by the
insets. Since the increase of " reduces the low-T diver-
gent peaks in J;(H) dependence, Eq. (34), the reentrant
Teo are always smaller than in the two-dimensional case.
We emphasize again that for the resonant cases, 2v, =7,
the FFLO state is not favorable and @, = 0 always gives
the largest Ts.

We now discuss the formation of the interlayer FFLO
states due to spin splitting in the shallow band for a
more general case of noninteger 2v,. Figure [9] shows the
representative H-T phase diagram for the spin-splitting
factor v, =0.3, the interlayer hopping energy ¢, =0.45T¢
and three values of the Fermi energy, u;, =T¢ (a), 1.25T¢
(b) and 1.57¢ (c). We again consider the interband-
coupling scenario with the same coupling constants as in
the previous figure. We plot the Heo lines with @, at
the optimal values (Qop) and the lines are color-coded by
Qop- For comparison we also show the (), =0 transition
lines.

In the case pup, = T¢, Fig. @(a), the Zeeman spin-
splitting in the Landau levels of the shallow h-band leads
to the pairings that favor the FFLO modulation along
the out-of-plane direction for T' < 0.187¢. The forma-
tion of this state leads to substantial enhancement of the
upper critical field at low temperatures. The modula-
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tion wave vector at the transition (o, rapidly increases
with decreasing temperature reaching 2.17 at 7' — 0. At
somewhat higher Fermi energy uj, = 1.25T¢, Fig. [0b),
the pairing at overlapping spin-up and spin-down zero-
Landau-level minibands leads to the formation of the sep-
arated reentrant high-field state. This state also has z-
axis modulation with the wave vector Qop shown in the
inset and its value is very close to the distance between
spin-up and spin-down Fermi momenta given by Eq. .
Note that the reentrant FFLO state occupies a quite ex-
tended field range corresponding to 1.5 <w./Tc < 2.75,
where the spin-up and spin-down zero-Landau-level mini-
bands overlap.

As demonstrated in Sec.[VAJ] a layered superconduc-
tor with shallow band may have special resonance sit-
uations leading to appearance of the alternating FFLO
state. Namely, if uj satisfies the condition in Eq. ,
Jh diverges for T'— 0 at the magnetic field that is given
by Eq. (36al). This divergence typically gives rise to the
FFLO modulation with @, =m. Figure |§|(c) shows exam-
ple of the H-T diagram for such situation with o =¢,=0
in Eqgs. and corresponding to the strongest
resonance. We can see that the small reentrant region in-
deed appears at the high magnetic field. However, only
part of this region is occupied by the alternating state.
In contrast to the uniform state, Too(H) has only sin-
gle maximum, as in the two-dimensional case. We see
that, depending on parameters, the reentrant states can
be either well-separated from or very close to the main
superconducting region.

For better understanding of general trends, we plot in
Fig. the dependences of the low-temperature upper
critical field on the shallow-band Fermi energy . The
upper curve is made for the same parameters as in Fig. [9
We can see that this dependence has several salient fea-
tures. The Heo curve has a clear tendency to follow one
of the miniband-edge field lines and it sharply turns away
from this line close to crossing points with the second
miniband-edge field line. As a consequence, the regions
of multiple Heo values corresponding to reentrant behav-
ior appear below some of these crossing points. Near the
crossing of 0] —t, and 01+t, lines corresponding to the
matching of the opposite van Hove singularities for the
zero Landau level, the region of the alternating FFLO
state is realized.

So far we only considered the purely interband-
coupling scenario for which the quantum effects from
the shallow band are quite pronounced. The behavior,
however, is sensitive to the structure of the coupling-
constants matrix reflecting the pairing mechanism. In
addition to the interband-coupling case, Fig.[9also shows
the Heo - pp dependences at low temperatures for two
coupling-constant sets with finite A... We can see that
with increasing deep-band pairing weight, the upper crit-
ical field decreases and moves to the region of miniband-
edge field lines for higher Landau levels, especially for
+t,’ lines corresponding to larger-area cross section of
the Fermi surface at k, = w. Nevertheless, the main
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FIG. 9. The representative H-T phase diagrams for nonresonant spin-splitting factor 7, = 0.3 and interband-coupling scenario
(the coupling constants App = Aee =0, Ape = Aep, =0.3) computed for three Fermi energies. Other used parameters are: the
interlayer hopping energies t? =t¢=0.45T¢, the mass ratio me/mp =1, and g0 =12T¢. The boundaries are color-coded by the
optimal-modulation wave vector Qop. The orange dot-dashed line shows instability boundary for the uniform state Q. = 0.
The horizontal dashed lines are the magnetic fields that match the Fermi level of spin up/down electrons in the h-band with
k. = 0,7, see Eq. . (a) For un =Tc we can see that the formation of the nonuniform FFLO state below 0.187¢ leads
to significant enhancement of Hco at low temperatures caused by the proximity to the lines 0 T, +¢, and 1 |, +¢,. The inset
in this and other plots demonstrate the Landau-level minibands near the chemical potential for selected magnetic fields and
corresponding optimal modulation vectors. (b) For the larger Fermi energy pn, = 1.25T¢, the reentrant region appears located
between the lines 0 1, +t. and 0 |, —t., where the chemical potential crosses the zero-Landau-level minibands for both spin
orientations. The upper right inset in this plot shows the optimal modulated wave vector Qop evaluated from Eq. (green
line) and the realized one (solid brown points). (c) The value of the Fermi energy p, =1.5T¢ in this plot satisfies the relation
Un = t?/vz, which is required for realization of the m-FFLO state around the field w. =2u;. Indeed, matching of the levels
01, +t. and 0 |, —t. at this field leads to the reentrant high-field state with Qop = 7.

30F = 0-45Tc’lyz= 03 .27 1Q, at low temperature is modulated for all studied cases,

. =12T e P but the optimal modulation wave vector (Qop progres-
r° ¢ sively decreases with increasing the deep-band weight.
The middle curve includes the crossing of 0 | —t, and
17 +t, lines, where the shallow band strongly favors the
alternating state. This state, however, is not formed due
to the large weight of the deep band. The modulation
wave vector is sharply enhanced when uy approaches the
crossing-point value 1.1257¢ but it only reaches ~ 1.1 at
the maximum.
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FIG. 10. The dependence of the upper critical field on the Q I3”
shallow-band Fermi energy pj for three different coupling- 0 4
constants sets shown in the plot. Other parameters are the &Q .
same as in Fig. 0] As in previous figures, we also show the S 720t 5 H
miniband-edge field lines. The vertical dash-dot line marks =, 14 +2 ps
the location of the first Lifshitz transition, see Fig. [I] an 1 - I 4

sl A,=0,A,=A =03 Ov—t, 0

' 1,70.3, !=0.45T , n =1.25T
trends remain: the Heo curves still tend to follow he 0.00 0,'01 0_'02 0,'03 0,'04 0_'05 O.'06 0,'07
miniband-edge field lines and the reentrant regions ap- c

pear near the crossing points (at least, for the case
Aee = 0.2 and A., = 0.3). Note that the reentrance FIG. 11. Shrinking of the reentrant region with increasing
completely vanishes when the deep-band coupling is too ~ deep-band COUPl}ng constant Ace. All parameters except Ace
strong (the lowest curve in Fig. [0). The ground state 2™ the same as in Fig. [J[(b).



The temperature range of reentrant states rapidly re-
duces with increasing deep-band coupling. We illustrate
this trend in Fig. [T1] in which we present the evolution
of the reentrant region of Fig. @(b) with increasing deep-
band coupling constant A... We can see that the size
of this region rapidly shrinks with increasing A... This
counterintuitive behavior is again caused by the reduc-
tion of the shallow-band weight in the pairing. In the
regime of dominating deep-band coupling, A.. > A¢p, the
reentrant region becomes practically invisible for these
electronic-spectrum parameters.

We discuss in Appendix [C] the scenario in which su-
perconductivity is dominated by the deep-band coupling
with Aee > Ape. The resulting H-T diagrams are not
qualitatively different from the representative case in
Figs.[8land [9]but there are substantial quantitative differ-
ences. In the resonant case the sizes of reentrant regions
are much smaller than for the interband-coupling case
due to the strong reduction of the shallow-band contri-
bution to the pairing, see also Fig. [7]] In the nonreso-
nant case, the reentrant behavior only appears either for
smaller interlayer tunneling or smaller Fermi energy of
the deep band in comparison with the parameters con-
sidered in this section. Nevertheless, the FFLO instabil-
ity in the main superconducting region always appears
at low temperatures.

VII. SUMMARY AND DISCUSSION

In summary, we have investigated the pairing instabil-
ities of a clean two-band layered superconductor in the
magnetic field oriented perpendicular to the layers. In
this system, the interlayer tunneling lifts the degenera-
cies in all Landau levels and transforms them into the
dispersive minibands along the out-of-plane momentum
(k) with two van Hove singularities at k, =0 and 7. We
explored the possible pairing instabilities as the Landau
minibands cross the chemical potential in the vicinity of
the first Lifshitz transition (uj, > 2t" in Fig. .

Solving the linearized gap equation [Eq. (2))], we found
that the Landau quantization leads to strong 1/v/T di-
vergencies in the shallow-band’s pairing kernel if either
the same [Eq. (33)] or opposite [Eqgs. (36al36b)] van Hove
points match at the chemical potential. The former
matching condition gives the uniform superconducting
state and the latter one favors the alternating FFLO
state with @, =7 modulation. For general Zeeman spin-
splitting energy, the pairing kernel has InT divergency
in the pairing channel with the optimal wave vector Qop
[Eq. ([39)] corresponding to the difference between the
spin-up and spin-down Fermi momenta. These logarith-
mic divergencies are similar to the FFLO instabilities in
quasi-one-dimensional superconductors®#23#24 and they
strongly promote the formation of the FFLO states with
Q. = Qop-

Furthermore, we studied the magnetic field v.s. tem-
perature phase diagrams and found that the shallow-
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band divergencies yield a complex reentrant behavior in
the high-magnetic-field superconductivity. The proper-
ties of these reentrant states are highly sensitive to the
shallow-band parameters, un, t?, 7., as well as to the
coupling-matrix structure. In general, the interlayer tun-
neling smears the Landau-level densities of states which
reduces the quantum effects in the resonant cases. There-
fore, the reentrant transition temperatures are smaller
than those in the two-dimensional monolayer*, On the
other hand, the interlayer tunneling enables the forma-
tion of the FFLO modulations which mitigate the Zee-
man suppression in the reentrant states. As a result, the
reentrant region is stretched to a wider magnetic-field
range [see Fig. [9)(a) and (b)]. Furthermore, we also found
the reentrant alternating-FFLO states [see Fig. [0]c)] due
to the interplay between the Landau quantization and in-
terlayer tunneling. The similar alternating-FFLO state
has been also suggested for the layered system in the mag-
netic field applied parallel to the layers# The formation
of these alternating-FFLO states is the consequence of
the compensation between the Zeeman energy and the
interlayer hopping energy.

In this study, we only performed the linear stabil-
ity analysis and, strictly speaking, the computed phase
lines describe instability of the normal state. These lines
would correspond to true second-order phase transitions
only if the coefficient for the quartic order-parameter
term in the free energy is positive. Otherwise, super-
conducting state will emerge via a first-order transi-
tion. Such first-order scenario for the emergence of the
FFLO state indeed realizes in quasi-two-dimensional ma-
terials with very strong Zeeman effect for the magnetic
field perpendicular to conducting layers®®. This analy-
sis, however, has been performed only for the quasiclas-
sical regime and it does not take into account the effect
we stress here, promotion of the FFLO instability by the
Landau quantization. A full nonlinear consideration with
proper accounting for the quantum effects remains to be
done.

The described behavior can only be observed in very
clean materials in which the scattering time 7 satisfies the
condition 7w, > 1. This condition implies that supercon-
ducting transition should take place in the region of no-
ticeable quantum magnetic oscillations of magnetization
and conductivity (de Haas-van Alphen and Shubnikov-
de Haas effects). This is obviously the most stringent re-
quirement for observation of the described anomalous be-
havior of the upper critical field. We expect that impurity
scattering suppresses such behavior similar to the ther-
mal noise. Indeed, in the interpretation of the quantum-
oscillation phenomena scattering is frequently accounted
for by introducing a fictitious temperature proportional
to the scattering rate, so called Dingle temperature.

We only considered the simplest nearest-neighbor in-
terlayer tunneling process. Additional strong pairing
instability may arise if new van Hove singularities ap-
pear in the Landau band due to the complicated inter-
layer tunneling processes. Furthermore, for sufficiently



strong Zeeman splitting and/or small Fermi surfaces for
all bands, the higher-Landau-level gap eigenfunction may
be relevant®®. Influence of the quantization effects on this
gap solution and modification of the reentrant behavior
are another interesting topics for future study.

The quantum effects considered in this paper may be
relevant to the high-magnetic-field behavior of several
iron-based superconductors, in particular, for FeSe and
LiFeAs single crystals. The simplest compound FeSe
has the transition temperature ~ SK°U and the low-
temperature upper critical field ~ 17172829 The material
can be made clean allowing for observation of quantum
oscillations at fields > 20T2261  Tts band structure is
composed of hole and electron bands with rather small
Fermi surfaces. In particular, Shubnikov-de Haas oscilla-
tions show that the smallest Fermi energy for the electron
and hole bands are only 3.9 and 5.4 meV respectively>?
(the first energy corresponds to the ratio ep/w. ~ 4
at H.). Similar Fermi energies are also observed by
ARPESOU62764 - Moreover, the additional field-induced
transition inside the superconducting state has been ob-
served in this compound near 13 T by thermal conduc-
tivity measurement®. The plausible intriguing interpre-
tation of this transition is the onset of the FFLO mod-
ulation along the magnetic field*?. Such explanation is
also consistent with the low-temperature upturn of the
upper critical field. If this interpretation is correct, then
this FFLO transition is likely influenced by quantum ef-
fects. Furthermore, the transition temperature in FeSe
can be increased by pressure up to 20K at 25 kbar and
the upper critical field increases above 35 T at 14 kbar.
As a consequence, at high pressures, the superconduct-
ing transition in the magnetic field takes place in the
region of pronounced quantum oscillations®. As for the
most shallow band ep/w. ~ 2 at Heo in this region, it
is clear that the quantum effects strongly influence the
superconducting instability.

The 111 compound LiFeAs is one of the few sto-
ichiometric iron-based superconductors with transition
temperature ~ 18K% and zero-temperature c-axis Hco
~ 24TOT68 The quantum oscillations also have been re-
ported for this material in Refs/ 9?70, It has the hole-like
shallow band located at the zone center with closed Fermi
surface and tiny Fermi energy p;, ~ 3 meV%, It is impor-
tant to note that this band actually has the largest su-
perconducting gap™? meaning strong participation in the
formation of the superconducting state. In addition, this
band can be completely depleted by small Co dopingt2.
The band with so small Fermi energy definitely should
cause noticeable quantum effects near the upper critical
field if the material can be made sufficiently clean. The
quantitative predictions for a particular material require
a detailed knowledge of the electronic spectrum, spin-
splitting factors for all bands, and coupling matrix.

The high-field reentrant superconductivity has been
reliably found at least in one material, Eu-doped
Chevrel phases, Eu,Sni_,MogSs™, where an isolated
semi-elliptical superconducting region has been observed
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in the H-T diagram for 7" < 1K and a very wide mag-
netic field range, 4T< H <22.5T. The interpretation of
this strong reentrance was based on the Jaccarino-Peter
effect™, the compensation of the Zeeman spin splitting
due to the interaction with the local magnetic moments
of the Fu dopants. However such interpretation also re-
quired an assumption of the extremely weak orbital effect
of the magnetic field (a huge Maki parameter a); ~ 4.8
was used in the theoretical fits). The reason for this as-
sumption is not very clear, as the material is isotropic.
We cannot, therefore, exclude that the quantization ef-
fects may also play role in the formation of the reentrant
region.

The newly discovered Dirac/Weyl semimetals see
review™) with very small and tunable Fermi energies
are another interesting systems to search for the high-
magnetic-field induced superconductivity. Of particular
interests to this paper is the superconducting states that
are found in some compounds under high pressure™ 2,
It has been demonstrated in Ref.[83Ithat the orbital quan-
tization in superconducting materials with such Dirac-
like spectrum can also lead to the reentrant superconduc-
tivity in high magnetic fields. Furthermore, the similar
reentrant behavior has also been found in the theoreti-
cal study on the Dirac-like surface states of a topological
insulator®®. In contrast to the conventional quadratic
electronic dispersion, the linearly-dispersive band yields
nonuniform Landau-level spacing and it has been ar-
gued that this intriguing feature makes the quantum
limit much easier to attain®3 In addition to this fea-
ture, due to the small cyclotron effective mass near the
Dirac point, the Landau quantization is more robust
against disorders®#®, So far, the above studies only con-
sidered the Landau-quantization effects in the uniform
states. The possible enhancement of the FFLO insta-
bilities in the three-dimensional Dirac/Weyl semimetal
due to quantum effects is an interesting problem to be
explored in future.

Finally, we note that the study in this paper only con-
centrated on the correlation effects in the BCS pairing
channels. For real systems, other correlation effects in
spin and charge channels are also likely to play an im-
portant role. Particularly, the Landau-level miniband is
effectively a one-dimensional system, and the spin and
charge fluctuations may have significant influence. In-
deed, the strong competition between the pairing and
density-wave instabilities may have dramatic effects and
give rise to a new class of strongly correlated quantum
states®®. The rich strongly-correlated phenomena due
to the interplay between these fluctuations in quantum
limit are certainly important problems for future consid-
eration.

T3HTT (

ACKNOWLEDGMENTS

The authors would like to thank Alexander Buzdin,
Konstantin Matveev, Takasada Shibauchi, Luis Balicas,



Yakov Kopelevich and Alexander Gurevich for useful dis-
cussions. The work was supported by the US Department
of Energy, Office of Science, Materials Sciences and En-
gineering Division. K.W.S. was supported by the Center
for Emergent Superconductivity, an Energy Frontier Re-
search Center funded by the US DOE, Office of Science,
under Award No. DEAC0298CH1088.

Appendix A: Calculation of the kernel eigenvalues

In this appendix, we give details of the calculations of
the kernels in zero and finite magnetic field.

1. Zero magnetic field

The kernels, Eq. (3) are composed by the zero-field
Green’s function, Eq. (4). The effective coupling constant
Ao,o, Eq. @ is determined by

X e

wykk""

[((e—K)-(r—x")+ (k= —k1) (F—5")]

1
X .
(iwn — &g +2t, cos k) (iwy, +£ —2t. cos kL)

Since the system is translationally invariant, it is
straightforward to integrate out r’ and sum all 5. This
yields

-1
AO,a -

1TZZWQ

We further integrate out the (k,k.) by using >, =
N, [©d¢e for e-band (X, = Ny [M de" for h-band)
with No = 5= (Np = 32) and ), = n dz’j: We
therefore obtam

_ /” dk. [T @ r‘”
:Z —tan = — ,
o x 2 | wy Wn e
T dlf T z r=pp—2t, cosk,
AE}L:Z/ £ {tan_l } .
, 7 r 21 | wp Wn ]y

Note that we assumed € > ¢,. Further simplifying the
above, we obtain Eqgs. (11al) and (11b]) in the main text.

&Y — 2t, cosk,)?’

2. Finite magnetic field
a. Deep band

For the deep e-band in which the Landau quantization
does not play a role, we have the following quasiclassical
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result for the kernel eigenvalue

2
pdpexp '(k—k/)' — 4=
Aon.Q. = N k%;/lw" pz H — €5 +2t¢ cos(k. — 1Q.)]
1
« = . . (A1)
liwn, — po H + &5, —2t¢ cos(k=+3Qz)]

Setting k — k — %q and kK’ — k + %q, and keeping only
the linear order in q, we can approximate the dispersion
near Fermi level as £f — g —3v°-qand & — £E+1v°-q.
We now integrate out the k in Eq. (A1) with the above
approximation by using Y, = N dfe. Extending
the energy integration to a closed contour in the complex
plane, this yields

Ao Q. R —WIZ/pdpexp [—1(1 p— ZZQ} {iwn—qu

zqo
1 -1
in)—COS(kZ+§Qz)]} .

The absolute value of the momentum k in the Fermi
v°(k) is approximately determined by & = tZ[cos(k, —
%Qz)-kcos(kz—i-%Qz)] giving

+3v° q+ t[cos(k, —

2 2
v? & (u + 2t cos k, cos %) . (A2)

e

Exponentiating the denominator as follows,

X0 ~27r2/pdpexp [—1q p— ZQ} /ds exp {2@3
0

X |:wn+i[ﬂzH—7U - q—2t¢ sin(k )sm( Qz)]]},

with ¢, = sign(w, ), we integrate out q, which gives

Ao Q- NQWZ/pdp/dS6 P+ (usv®) exp { 2[)12]

X exp {2§ws[wn+i[qu—2tZ sin(k,) sm( Qz)]} }

Finally, taking the p integral, we obtain the eigenvalue of
the kernel

2.2

o UZS
AZH)QZ:Z/ds <exp [—2Cws(wn+wz)— o2 }> , (A3)
0 4

where 75 = vy, — 2t¢ si QQZ . Substituting the Fermi
velocity from Eq. (A2)), we obtain Eq. .

b. Shallow band

In the case of shallow band, the quantum kernel eigen-

value J; is defined by Egs. and m The sum-
mation over the Matsubara frequenmes in Eq. . can



1 _
wn (twnt2z)(twn—2")

be performed using the relation T
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-1 (tanh 57 +tanh %) /(z+2"), which gives

oo Mg m
h
WTZ Ao = szwm 0!
« T+, —fn) + T(m—~E—7, —fip)
m+1— 2, .

where T (z) = tanh[w.(x+ 1/2)/2T] and the functions
in(k:,Q.) and 4. (k., Q.) are defined by Egs. and
correspondingly. Here we introduced a new sum-
mation index m = £ + ¢ and cut off the diverging sum
over m at Mg = 2Q/w.. The converging function 7 is
obtained by subtracting the zero-field limit of this sum
at @, = 0 which yields

Mo m ~ ~ ~ ~ Mgq 1 ~
_1 m! T+ —pn) + T(m—L =5, —fin) \ 1 / T (%5~ — fino)
jl_iz;wz; 2m(m€)!€!< m+1— 2, .2 d T —2fino  /, (A4)
m=0 ¢= 0

with fino(k.) = fin(k.,0) = fip, — 2t" cosk,. This quan-
tity remains finite in the limit 2 — oo. Note that the
subtracted term can also be represented as

M,

Q
1 T(5t - f
2/dx<(22~“h°> TS —+TT
0 T = 2ftho z 0<wn <Q
1. AQ
~ 5T 17 (A5)

To derive presentation better suited for numerical eval-
uation, we split the integration over z as [, duF(z) =

f1/2sz( JE=D D of 12 dxF(m+1+2) and subtract

the term <M> from both m sums making them
v [

converging independently. This results in Eq. (24a)) of
the main text.

Appendix B: The low-temperature asymptotics of
‘-71 (H7 Ta Qz)

In this section, we analyze the low-temperature be-
havior of the function J1(H,T,Q.). In most cases it
behaves o In(T") which gives the finite zero-temperature
limit of the total kernel eigenvalue [J; — A;. This zero-
temperature limiting value has square-root singularities
when magnetic field crosses the miniband-edge fields, Eq.
. In addition, in several resonance cases J; diverges
as 1/v/T. Such behavior may be realized only in the uni-
form state with @, =0 or in the alternating FFLO state
with @, =7 and for special values of the spin-splitting
factor ~,.

1. Derivation of the pairing kernel near the
miniband-edge fields

In this appendix we derive the square-root contribu-
tion to the pairing kernel eigenvalue 71, which appears
when chemical potentials enters Landau level miniband
at H = Hy,s,, see Eq. . The singular behavior is
coming from the terms with £ = ¢y for o =1 (m — ¢ = £
for o = —1) in the Landau-level sum, Eq. . The
corresponding singular term can be written as

tanh [wc(fofd’yfr%)*m;;?t}; Cos(kz—%Qz):|
T'm, Lo, (w(') =

m4+1— Q(Mh—chCObk‘ cos =5 )/wC

At T — 0 we can replace tanh(A/T) with the sign func-
tion sign(A). For w. near wy, »s,, we use the presentation

1
wello — 0v2+=) —pp + 2t" cos (kz - Q;)

2

h We h

= (uh+25tt2) ( 1) +2t (5t+cos( .
wéO’U,KSt

which indicates that the main contribution to the dif-
ference Ty, 00.0(We) — T to.0(Wey,08,) comes from the
miniband-edge region (i.e., near k, = 7 + Q; for 6, =1
and k, = sz for 6; =

—1), where the quadratic expansion



of the cosine can be used. This allows us to evaluate

— T"m,ly,0 (WZO,J,& )
*2515/7'['

m+1-2 (uh+26tt§ cos? Q;) Jwe

20,th . )
X 'uh+h tz ‘1— We 9|:6t<1_ We ):|a
t7 Weg,0,8¢ Weg,0,8,

where 6 (z) is step function. We see that 7, 4,0 (we)
has a singular square-root behavior when w. approaches
Wey,0,5, from the side, at which the chemical potential is
inside the miniband. Collecting the singular terms, we
obtain the corresponding result for the kernel eigenvalue

Tm,Lo,0 (WC)

~
~

Jl(wc)_ jl(w5070,5t)

1 & m!
~ 4 Z om (m—( )w ] [Tm7€070(wc) - rmfoﬁ(“%ﬂﬁt)] :
m=_o 0/:40-

Substituting the difference 7, 9.0 (We) — T 0,0 (Weo 0,6, )
from the previous equation, we arrive at Eq. (32) of the
main text.

2. Uniform state (Q. =0) and 2v, = j.

We analyze the low-temperature divergency of the
function J1 (H, T, @) in the uniform case when the spin-
splitting energy matches the Landau level separation, i.
e., ¥: =j-/2. In this case a singular behavior takes place
when the chemical potential matches the Landau level
energy at k = 0 or 7 corresponding to the condition
(bo+ 3j- + 3)we = pp F2t". To extract the leading low-
T dlvergence we will use Eqs 1.] and . First, near
T = 0, the second term of Eq 4) diverges as ~ InT.
The dominating low-T" divergent contribution is coming
from the first term with m = 24y + j, and £ = £,

th (cos k. F1
dk, tanh%

Ji = T cosk, F1

we (200 +7.)! /7,
8th 2200+3= (o + 5,) Lo
(B1)

h
Making the substitution = = %(COS k., F 1), we obtain

We (260 + ]z)‘
8m\/Tth 2200F3= Ly + j.) !

2th /T
x dp—ranhe (B2)
0 23/2

V2 —Tx/th

J1 =~
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In the limit 7 < ", using [;°dzz~%?tanhz =

V2(2v/2 —1)¢(3/2)/+/7, we obtain Eq. in the main

text.

We derive a more accurate asymptotics for the
strongest resonance, {5 = 0 and j, = 0. Substituting

we = 2(pp F 2t,) for k, = 0/7 and @, = 0 into the Eq.
(A4), we obtain
2 We m Z—Qt_g(:l:l—cos k)
z/: tanh N M
2 = (m— E W\ m —4th (+£1 — cos k)
1. AQ
—In— —Trp. B3
5 0 T (B3)

At low temperatures we can replace tanh — 1 in all terms
except m = 0. This gives,

7l tanhitz(m;%k)_i_i 1 1
"2\ 480 (1 F cosk.) A m+4tl(cosk.F1) m

2Q/we
1 1 AQ
- = o

Using limpy_s o0 (Zz 1 E —InN
ing averaging with respect to k,, we finally obtain

) = ~g and perform-

Cw _ 1. w
~ C LR (I")— =In—=—-7T B4
T @+ :F( z) 2 n T T ( )

where C'=(2v2-1)¢(2)/(873/2)~0.1072 and {(= )15 the
Riemann zeta functlon Subtracting A; gives Eq. (35) of
the main text.

3. Alternating state (Q. =)

For the alternating case, Qz =T, the resonance con-
ditions are given by Egs. (3 and (36b]) corresponding
toth =1 7 (lx — Lo £27.) and = (fo + 4+ 1). Sub-
btltutlng these relations into the ﬁrst term of Eq. (Ad)
and using fip (kz,7) = fin, §2(kz,7) = 7. — 20 sin k., we
obtain



HT,7)~ "
Ji(H, T, 7) 420Z 2m (m— )10} (m lo+Lr)

o { tanh 20— by —lp £ 29, + (br — Lo £ 27, ) sink,
AT Jw,.

The singular term m = {y 4+ ¢, requires resolution of a
‘zero over zero’ uncertainty which leads to

foJrl
(bo + £7)!
HT
jl( , 4, T 8T Z 250‘%7( £0+€7T_£)'€'
X sech2£0+€”72£:F2'7Z*(57r*50i2’7z)sinkz
o z
The terms for which |ly+ € — 20 F 27, _

|6r — o+ 2v,| are divergent. This condition is al-
ways satisfied for ¢ = ¢ and this term is

we (b4 Lr)! L (1+sin k)
16T 2b0+Hx 010, /dkzsec B T

—T

Ji(H, T, )~

At low temperatures, 7 < t", the dominating con-
tribution to the integral comes from the region near
the inflection point k, = —n/2 and the integration
can be approximately evaluated using the substitution

k,=—7/2+\/2Tx/th giving
g h(1 4 i 2T
dkzsedgw SN s /
o T th \/Ecosh x
2T (2v2 - 1)((3)
B t}; V2T '

C (bo+ Ly ) We
B
22yl ] T (B5)

where the constant C is defined after Eq. . We also
mention that in the exceptional cases when 2, is integer,
the term with £ = £y — 2+, also diverges and this gives
additional diverging contribution

C (fo + U ) We
2 2bottx (0 +2y)! (bg—27,)! 1/Tt}ZL.

We again derive a more accurate asymptotic for the
strongest resonance of this kind with ¢?/u, = v. and
we=2up. Near the 1st Lifshitz transition, up > 2t}; which
implies that v, <0.5. For these relations, the function J;
becomes

Therefore, we obtain

Ji(H,T,7) ~

Ji(H,T,m) ~

“ 0+, (1+sink,)
Tz AR Rz
mz: zz: (m— E 1m <tan 2T Jw,
m—~L—~, (1+sink,) 1. AQ
h ——In— -7 B
“+tan 2T/wc > T T. ( 6)

+tan
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h

2(m—4£) — by — Ly F 2y, — (br — o £ 27,)sink,
AT Jw, -

(

Note that the m =0 term again has ‘zero over zero’ un-
certainty. All terms in the sum remain finite for 7" — 0
except the m = £ = 0 term. Therefore, we separate this
diverging term from the sum and take the limit T — 0
for the rest of the terms. This yields

e (s m%a+mk§

8T 2T Jw,
1 — 1 AQ
_ - g Y
2; 9 Z T
C w, 1 2wc
~— ——In -7 B
2 JTih 2 T U (B7)

This corresponds to Eq. in the main text.

Appendix C: The phase diagrams for the deep-band
dominating scenario

2 . - —
—th — t; =0.057¢ t; =01T¢

z z

0+——rk:
D £=0- \/

T 0> k]

0.0 I 0.1
T/Te

0.2

FIG. 12. The representative H-T' diagram for the resonant
case, v, = 0.5, within the deep-band coupling dominating
scenario. We have used the coupling constants A.. = 0.3,
Ape = Aep, = 0.2, and App, = 0. Other parameters are
wr=15T¢c, p=10.5T¢c, and m. =my,. The interlayer hopping
energies t? are shown in the plot.

In the main text, we mostly presented results for the
interband-coupling scenario (A.. = App = 0), for which
the shallow band is essential for the formation of the su-
perconducting state and the quantization effects caused
by this band are very pronounced. In this appendix, we
consider the phase diagrams for the alternative scenario
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FIG. 13. The magnetic field-temperature phase diagrams for the non-resonant case, 7, = 0.3, and dominating deep-band
coupling, Ace =0.3 > Aep, =Ape =0.2. (a)The diagram for the same spectrum parameters as in Fig. @(a). The inset zooms into
the low-temperature region for the same Fermi energy as in the main plot and for a smaller value, up = 0.97¢. In the latter
case, the Heo line has a pronounced upturn at low temperatures caused by the proximity to the van Hove singularity. (b) The
example of the H-T phase diagrams with reentrant regions for the same parameters as in the previous figure except smaller
t" = 0.3T¢ and different pp,. The inset shows the low-temperature region for two values of pp for which the reentrant region

is connected with and separated from the main domain.

when the deep band itself has strong pairing strength and
the interband coupling induces superconductivity into
the shallow band, i. e., Ace > Ape, Acn, App. In such sce-
nario, the Lifshitz transition weakly affects superconduc-
tivity as is indeed realized in several iron-based supercon-
ductors. On the other hand, the influence of the shallow
band is only noticeable if it has substantial contribution
to pairing, i. e., the interband coupling constants Ay, and
Acp, should be comparable with A... Note that we focus
in this paper on the scenario when there is no intraband
pairing in the shallow band, An, =0. Such pairing would
further enhance shallow-band quantization effects. For
illustration, we use the coupling constants A.. =0.3 and
Ape = Aep, = 0.2 in this appendix. This corresponds to
the ratio Ape/Ag,e ~ 0.54 in Fig.

We consider the resonant case first. Figure shows
the representative H-T diagrams for v, = 0.5. The di-
agrams are presented for three values of the interlayer
hopping energies ¢? shown in the plot. We can see that
the overall behavior is similar to the interband-coupling
scenario shown in Fig. The quantitative difference is
that the size of the reentrant region is rather small even in
the 2D case and it further diminishes with increasing the
interlayer tunneling. Already for small interlayer hop-
ping energy, t" =0.17¢, the maximum T¢ drops below
0.027¢.

In a more generic nonresonant case (noninteger 2+, ),
two features of the H-T diagrams have been emphasized
in the main text: (i)the interlayer FFLO instability ac-
companied by the enhancement of the upper critical field
at low temperatures and (ii)the emergence of reentrant
states for the magnetic fields slightly below the cross-
ings of two miniband-edge field lines. We find that the

FFLO instability in the main superconducting region is
robust. For example, Fig.|13|(a) shows the magnetic field-
temperature phase diagram for the same electronic pa-
rameters as in Fig. @(a) but for large pairing strength in
the deep band (the same coupling constants A.. = 0.3,
Ape=Ac;,=0.2, and Ay, =0). For these parameters, the
shallow band induces the FFLO instability at T ~ 0.17T¢
accompanied by the upturn of the upper critical field at
lower temperatures. This upturn is much smaller than
the one for the interband-coupling scenario presented in
Fig. [0(a). It is enhanced, however, when the miniband-
edge field approaches the zero-temperature Heo. This
can be seen from the inset which also shows the low-
temperature behavior of the Hgo line for the smaller
Fermi energy pn, =0.9T¢, where the Hoo line approaches
the miniband-edge field “2 | +,” at T — 0. Such en-
hancement is only observed for few special values of the
Fermi energy, while the behavior illustrated in the main
figure is typical. Another difference from the interband-
coupling scenario is that the modulation wave vector re-
mains rather small, Q,, < 1, much smaller than the op-
timal wave vector favored by the shallow band.

We find that in the dominating deep-band regime the
reentrant behavior is not realized for that electronic pa-
rameters used in Fig. [)] Nevertheless, this behavior
does appear for smaller interlayer hopping energy and/or
smaller Fermi energy of the deep band. For example,
Fig. [13(b) presents of the phase diagram for t? = 0.3T¢
and pp, = 2.05T¢. In this case, the reentrant region con-
nected with the main domain exists. As one can see from
the inset, it separates at slightly larger p;. This region
is caused by the closely located miniband-edge fields for
¢=3/spin down/k, =7 and £=1/spin up/k, =0. Such
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FIG. 14. The dependences of the upper critical field on the
Fermi energy p, for the case of dominating deep-band pair-
ing. The lower plots are computed for the interlayer hopping
energy t" =0.45T¢ and two values of separation between the
band edges e0 =8T¢ and 127¢. The upper plot is computed
for t? = 0.3T¢ and g9 = 12T¢. The dashed lines show the
miniband-edge fields defined by Eq. . The vertical dot-
dashed lines mark locations of the first Lifshitz transition at

zero magnetic field.

reentrance only exists within narrow range of the Fermi
energies.
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For better representation of the overall behavior, we

show in Fig. the dependences of the low-temperature
upper critical field on the Fermi energy uj. The lower
curve in the lower plot is made for parameters t? =0.45T¢
and g9 = 127¢ (1%* set). The same plot is also shown
in Fig. There are no reentrant regions for this pa-
rameter set. To illustrate the emergence of such regions
and other general trends, we also present Heo(py,) depen-
dences for (i) smaller energy separation between the band
edges €9 = 8T¢ (the upper curve in the lower plot, 2°¢
set) and (ii) smaller interlayer hopping energy t" =0.3T¢
(upper plot, 3™ set). Note that the parameter ¢y con-
trols the Fermi energy of the deep band u = 9 — pp-
In all cases the Hoo(up,) curves have pronounced oscilla-
tions and have a clear tendency to follow the miniband-
edge field lines. As we already mentioned, for the 1% set
Heo(pr) is a single-valued function reconfirming the ab-
sence of the reentrant behavior. We see, however, that
the Heoo(up) line has the pronounced kinklike features
near the crossing of the miniband-edge lines. For the
Fermi energies at the maxima, the Hoo(T) line has a
pronounced low-temperature upturn, as illustrated in the
inset of Fig. for u, = 0.9T¢. For the 2°¢ and 3™
sets multiple solutions for Heo(pp) appear below some
crossing points corresponding to existence of the reen-
trant behavior in these regions. For example, for the
th = 0.3T¢ (upper plot) such regions are located near
un =1.28 and 2.17Tc. We also see that for these sets a
kinklike feature also exists below the first Lifshitz transi-
tion at pup=0.9T¢, in the region of closed Fermi surface,
where the Heo curve separates from the “1 | +.” line.
It is clear that the reentrant regions will become more
pronounced with further decreasing of either ¢? or eo.
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