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We studied the dynamics of the so-called 0-term, which exists in topological materials and is re-
lated to a hypothetical field predicted by Peccei-Quinn in particle physics, in a magnetic superlattice
constructed using a topological insulator and two ferromagnetic insulators, where the ferromagnetic
insulators had perpendicular magnetic anisotropies and different magnetic coercive fields. We ex-
amined a way to drive the dynamics of the #-term in the magnetic superlattice through changing the
inversion symmetry (from an anti-parallel to a parallel magnetic configuration) using an external
magnetic field. As a result, we found that unconventional electromagnetic fields, which are magnetic
field-induced charge currents and vice versa, are generated by the nonzero dynamics of the f-term.

I. INTRODUCTION

In the context of high-energy physics, an axion is an
additional scalar degree of freedom, which gives a natural
solution to the charge conjugation parity problem in the
standard model of particle physicst. In the cosmological
context, it can also take the role of dark matter in the
present universe, and the axion detection experiment is
currently one of the most exciting fields of study. The
axion couples with electromagnetic fields E and B as
follows:

B

a a(t)

La= oY fa
where « is a fine structure constant, g is a coefficient
of O(1)23, a(t) is the (time-dependent) axion field, and
fa is the so-called Peccei-Quinn scale. Because of an
extremely small value of a(t)/f, < 107! in the present
universe, it is difficult to detect the signature of a dark-
matter axion.

Intriguingly, a Lagrangian similar to Eq. () can be
realized in topological materials:

: (1)

02

Lo = 27Th6‘E B, (2)
where e is an elementary charge, and the term pro-
portional to 6 is the so-called #-term. This is analo-
gous to a(t)/f, in Eq. (1), but 6 is basically a static
constant in the time-reversal symmetry. The finite 6
can be realized in the family of topological insulators
(TIs), which includes magnetic-doped TIs®7, multilay-
ers of magnetic TIs®2, Weyl semimetals (WSs)1% 22 and
superlattices’ 16, In the presence of 6, characteristic
electromagnetic effects, 16 23, anomalous Hall effects®4 28
chiral magnetic effects?? 37 and Kerr effects®®32, have

been intensively studied.
One of the most interesting physical phenomena driven
by the #-term is the electromagnetic effect via the dynam-
ics of 6 (i.e., 8:0), which could be analogous to the axion.

So far, the unconventional optical effect’® and electric
field-induced magnetic field4! have been discussed under
a nonzero 00, whose dynamics is caused by magnetic
fluctuations, in materials with breaking time-reversal and
inversion symmetries. Then, the time-average of 0,0 be-
comes zero, and its manipulation by an external field
might be difficult.

In this work, we discuss a way to drive the dynamics
of the #-term using an external magnetic field and con-
sider the electromagnetic effects via J:6 in a magnetic
superlattice while breaking both the time- and inversion-
reversal symmetries. The magnetic superlattice we con-
sider is constructed using a TI and two ferromagnetic
insulators (FIs) [FI1/TI/FI2/spacer|, [Fig. Dl(a)], where
FI1 and FI2 have perpendicular magnetic anisotropies
and different magnetic coercive fields. Here, to clearly
define the f-term, we consider the axion insulator phase
realized in the FI/TI superlattice [Fig. [d(b)]. Then,
can correspond to magnetic configurations of the FIs,
where the inversion-reversal symmetry is preserved or
broken corresponding to parallel (P) or anti-parallel (AP)
magnetic configurations. These configurations could be
controlled by an external magnetic field because of the
different magnetic coercive fields. Through this control,
the nonzero 0;0 is induced during the AP—P process.
Furthermore, we found unconventional electromagnetic
effects under a nonzero 9;#. Unlike the conventional
(static) electromagnetic effects, a dynamical magnetic
field-induced charge current is generated and vice versa.

This paper is organized as follows. In Sec. [I we con-
sider the model of the supalattice. This is preparation for
considering the time-dependent axion dynamics. Next,
in Sec. [Tl we show the wave equation by using the La-
grangian including the #-term. Besides, we also provide
how to drive the time-dependent axion field in the supar-
lattice. In Sec. [Vl we consider the unconventional elec-
tromagnetic effect in the presence of the time-dependent
axion field. The chiral magnetic effect without using an
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FIG. 1: (Color online) (a) Superlattice constructed by
[FI1/TI/F12/spacer],. (b) Phase diagram of superlattice,
which is categorized by an order parameter O = M; My with
several tunneling parameter A+ = A1+ Ay, In the Al phase
(O < A2), the f-term is given by 0 = tan~' (ds/d4) within
the lowest order of M. (c) Illustration of the magnetic hys-
teresis loops and magnetic configurations of the superlattice
with different magnetic coercive fields (b and b2) under an
external magnetic field Bex along the layered direction. M,
and M> correspond to the magnetizations of the FIs. The an-
tiparallel (AP) and parallel (P) magnetic configurations can
be generated by Bex though 1 — 2 — 3 (red arrows) and
3 — 4, respectively. (d) Time-dependence of Maz(t) by the
external magnetic field Bex (inset) during the 3 — 4 process.
(e) Time-dependence of the dynamical 6-term with several
|M1/M2(t = 0)| at M1 = 0.01 eV.

electric field is also discussed. Section [V] and [V are de-
voted to discussion and conclusion, respectively.

II. MODEL

We start with a model in the superlattice constructed
by [FI1/TT/FI2/spacer], as shown in Fig. [M(a). Its ef-
fective Hamiltonian model can be described by14:42

N
H= Z/dk”d}ltsu,anm(kll)U)kH,m, (3)
Hnm(’;’u) = ho(k)|)On,m + h10pm1 + hadnm—1,(4)
ho(k|) = hor. (o x k). + Ar7eso + M, (5)
hy = %AM(TI +i7y)S0, (6)
hy = %AM (T2 — i7y) S0, (7)

1 1
M= —§M1(7-0 + 7—z)Sz - §M2(T0 - TZ)SZ’ (8)

where the creation

operator w};u " =

(wl,T,kH,n 1/117%,6”7" 1/)T_)T)ku " dJT—,,I,,k'H,n) of an elec-
tron, where T and | are the spin indices and + and
— indicate the top and bottom of the same TI layer,
respectively. The labels n and m indicate the TT layers,
and hk| and v are the momentum and velocity of the
surface states of a TI layer, respectively. Ar (Apy)
denotes the tunneling between the top and bottom of
the same TI layer (of neighboring TI layers). sqo (7o)
and Sz (Tuy.) are a 2 x 2 identical matrix and
Pauli matrices acting on the spin (the surface) degrees
of freedom, respectively. M indicates the exchange
interaction of the FIs, where M; and Ms correspond to
the z-components of the magnetizations of FI1 and FI2,
respectively. ¢ = L/N is the superlattice period, and L
is the length of the whole layer. In the limit N — oo,
the effective Hamiltonian is also described by a Fourier
transformed form as follows'4:42:

5
H = /dkw}; lz dn (k)T" 4+ M+T08;| Vi 9)
n=1

with dn:112731475 = [—fwkz, fwky, —AM sin kzé, AT +
Ancosk b, M_], , k= (kg ky, k), My = (My £ M) /2,
and ['=12345 — (T2Sys T2Su, TyS0, Tw S0, T2Sz), Which is
defined by {I'", '™} = 2§™™.

The dispersion of the Hamiltonian is given by €?(k) =
RPPkG + [My £ /M2 + A} ]2 with A} = Af + A% +
2AM AT cos k. £. Based on this, the gap-full state, i.e., ax-
ion insulator (AI) and quantum anomalous Hall (QAH)
systems are characterized by the conditions © > A? and
O > A%, respectively, where O = M3 — M? = MM, is
an order parameter in the superlattice [Fig. [I((b)]. The
gapless phase (WS phase) is realized for A2 < O < Ai.

The #-term was studied in the Al phase and WS phase.
The former is clearly described by 60 = tan=!(ds/dy4)
within the lowest order of My [Fig. [i(b)], and the lat-
ter is given by the distance of each point-node of the
dispersioni?. In the following, to discuss the dynamical
f-term clearly, we focus on the Al phase.

III. ELECTROMAGNETIC EFFECT VIA §0
A. Wave equation

The electromagnetic effects in the AI phase can be

given byﬁ72_0 7£’ )ﬁ“

L= EMaxwell + £0 + ﬁe
1

1 e?
— 2_ - Rp2 . i
=5l MB]+27Th(90+59)E B +j.- A
(10)

Here, L. denotes the gauge coupling between charge cur-
rent j. and vector potential A. € and u are the electrical
permittivity and magnetic permeability of the medium,



B Dynamics of 66

respectively. 6y (= 0 or m) is a static value and 66 de-
notes the deviation from 20424246 Below, we simply
consider d6 in the linear response of ds and dy ~ Aj.
Then, 66 is given by34:42

50 = tan~" []\A/[—;]

(11)
The Maxwell equations are given by

VXE:—atB

12

V x B/p=e0,E + je + jo, (12)
where jo = —[(Vd0) x E + (0:00)B]cea/7 is a charge
current due to 46, and c is the velocity of light. Then,
the wave equation becomes

@ - AV)B= "V x (G tio).  (13)
The right-hand side of the above equation indicates
the source term for the wave equation. The first
term is conventional but the second term, which de-
pends on V60 and 0;06, is unconventional and is
given by V x jg/e = =<2 [(V - E)Vdf — (Vo0) - VE] —
L0400 (€04 E + je + jo) - In particular, for V50 = 0 and
V x j. = 0, the wave equation becomes

(82 — V2B = —%aﬂse (eDE + je +75). (14)

B. Dynamics of 660

To drive the nonzero dynamics of 6 (9:60), we focus
on magnetic configurations in the superlattice. Here, we
assume that the magnetizations of FI1 and FI2 have per-
pendicular magnetic anisotropies and different magnetic
coercive fields by and be, as illustrated in Fig. [(c). Then,
an external magnetic field Bex = BexZ along the layered
direction can trigger a change in the magnetic configu-
rations (£ is a unit vector). For example, first we set
the AP magnetic configuration, which can be generated
through the 1 — 2 — 3 process, with b1 < Bex < bs, as
shown in Fig. [c). Then, the AP magnetic configuration
becomes stable even when Bey = 0. After Box # 0 is ap-
plied, the M values of the Fls are changed by Bex, and
the magnetic configuration can be dynamically changed
from the AP configuration to the P magnetic configura-
tion via the 3 — 4 process. The changes in the magnetic
configurations are caused by the change in the magneti-
zation of FI2, which is switched from the —z to the +z
direction during 3 — 4. The above process could drive
the nonzero 9,60.

The magnetization switch can be phenomenologically
understood using the Bloch equation for the magneti-
zation motion as 0;Ms(t) = [Ma(t = 0) — Ma(t)]/7s,
where 7y is the characteristic relaxation time of the mag-
netization switching, which depends on the material.
To solve this equation, we assume the initial condition

Ms(t = 0) = —Ms with My > 0, as illustrated in Fig.
[@(d). Then, we have Ms(t) = Ms[l — 2exp (—t/7)] for
M_(t) = [My — Mx(t)]/2 [Fig. 0Kd)]. As a result, 0;00 is
given by Eq. () as follows:

AfMsexp (—t/7) 1
0:00(t) = =.
106(t) A2 +M2(t) 7

(15)

Using the 9;60 [Fig. [e)], we consider the following three
cases. Below, we simply focus on the time-dependence of
B and 9,60, and we ignore V2B and set V36 = 0.

IV. 0:66-INDUCED MAGNETIC FIELD AND
CHARGE CURRENT

We consider the responses by the dynamical 6 term
0;00(t) during the 3 — 4 process under a static ex-
ternal magnetic field Bey = Bexz, which is applied at
t = 0. Here, we focus on the unconventional magnetic
field [By(t)] via a nonzero 0,06, which can be defined
and decomposed as B(t) = Box + M (t) + By(t). Then,
the time-revolution of By(t) is given from 0?B(t) =
[26,50)° B(1):

2
92By = %(@59)2(39 4 Bex + M) — 92M,. (16)
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FIG. 2: (Color online) Dynamical ¢ term induces magnetic
field By and charge current jg. (a) Illustration of By (red
arrows) and jo (orange arrows) in the presence of the dynam-
ical 0 term during the 3(¢ < 0) — 4(¢ > t¢) process. Bex is an
external magnetic field and M = [M; + M>(t)]2 corresponds
to the total magnetization of the FIs. (b) Time-dependence
of By and (c) time-dependence of jo. We use the parameters
Ay =0.1¢eV, M; =10 meV, 7t = 1 ns, ¢ = 8.8 x 107 *F /m,
and Bex = 0.1 T.
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FIG. 3:

(Color online) Time-dependence of magnetic field
By = By(je = 0) + Bo(je # 0) due to 9,00 in presence of
external magnetic field Bex and charge current je = je2 along
layered direction in (a) je > 0 and (b) je < 0, with several
je at |Mi/Mz(t = 0)] = 1. The parameters are the same as
those used in Fig.

To solve this, we use the following final and initial con-
ditions:

Be(t — +OO) =0

01By(t = 0) = ~0M..(1)] 0. an

where the former indicates the removal of a divergent
solution, and the latter is determined from Eq. (2,
0:B(t) = =V x E at t = 0, while assuming V x E — 0
at t =0.

Figure 2 illustrates the dynamical 6-term that induces
magnetic field By. The nonzero By is only generated dur-
ing the 3 — 4 process. Furthermore, from Eq. ([2), the
0:00 couples with the external magnetic field and drives
the charge current jy = —[0;(d0)]Bcea/m only during
3 — 4, as described in Fig. This magnetic-field in-
duced charge current can be regarded as a kind of chiral
magnetic effect?? 37,

Next, we discuss the magnetic field via 0,66 in the
presence of both the magnetic field Bex = BexZ and
the charge current j. = j.2, which is spatially uniform.
Then, the time-revolution of By = Bz becomes

2
f&:%@mﬂm+&ﬁwm—$M+

cafio
™

8t59je- (18)

By = Byg(je = 0) + By(je # 0) is generated not only
by the coupling between 9;66 and By but also by the
coupling between 9,60 and j.. The former By(j. = 0) is
given in Fig. @I The latter By(j. # 0) will be dominant
when the magnitude of j. is sufficiently large (Fig. BI).
It should be noted that during the 3 — 4 process, the
charge current via the chiral magnetic effect jy is also
generated, and the charge current j. includes jy as jo —
je + jo. However, the magnitude of jy is smaller than the
sufficient value of current (e.g., 107A/m?) [see Fig. Bl(c)].
Hence, the small jg hardly affects By.

Finally, we consider the axion response when the
charge current is applied perpendicular to Bey. We

consider By in the presence of the external magnetic field
B¢y = Bexz and the charge current j. = j.2. Then, we
have

2
0} Bo. = =5 (0:00)*(Bo,x + Bex + My) = 02 M., (19)
8By, = — 10 5,50j.. (20)
T

The induced magnetic field By = By .2+ By & is solved
under the initial condition [Eq. ()], and it can be de-
composed into two terms. By , is the same magnetic field
By(je = 0) parallel to Bex [Fig. H(a)], and By, corre-
sponds to the same magnetic field By(j. # 0) parallel to
Je [Fig. E(b)].

It should be noted that By, is the current-induced
magnetic field. The direction of By , is parallel to the
applied charge current direction, which is different from
that of the charge currents via Ampére’s law. In addi-
tion, By , is regarded as a kind of electromagnetic effect
(current-induced magnetic field) or Edelstein effect. The
conventional current-induced magnetic field4” 42 is rep-
resented by B, = XmnJe,n, Where By, is an induced mag-
netic field, je , is a static charge current, and X (m,n =
x,y, z) is a coefficient that is usually determined by the
characteristic parameters in an equilibrium state in ma-
terials. Hence, Xy is static. On the other hand, By . (%)
is described by the form By, = X¢,4n(t)jen, where the
coeflicient g .» is represented from Eq. :

t
XO,mn(t) = _CO(/LO Ozn |:/ dt169(t1) +cit +co. (21)

™ 0

Here, ¢; and cq are arbitrary constants determined by the
initial condition. Because the theta-term §6 is dynamical,
X6,zn 1s dynamical, unlike the conventional .

1My /My(t = 0)]

FIG. 4:

(Color online) Magnetic field By = By,.2 + Bo &
induced by dynamics of # under charge current along x di-
rection (je = je). (a) Time-dependence of By . with several
| M /M| [see also FigBlb)]. (b) Time-dependence of By, at
je = £10"A/m? with |M; /M2 (t = 0)| = 1,2. The parameters
are the same as those used in Fig. (inset) Illustration of
the magnetic fields due to the dynamics of 6.



V. DISCUSSION

Finally, we discuss an experimental instrument for
the obtained results in the response to the dynamics of
0. Although we consider the model in the superlattice
[F11/T1/F12/spacer], to study a simple model of 9;6, the
number of ferromagnetic metals is practically larger than
that of the FIs. Recently, for example, an axion-insulator
multilayer constructed of a TI film and Cr-doped TT film
with different magnetic coercive fields was experimen-
tally studied®. A superlattice of tailored axion-insulators
could be used for the model we considered. In such mate-
rials, it is expected that the manipulation of the magnetic
configurations of FIs (AP and P) is driven by an external
magnetic field along the layered direction, as illustrated
in Fig. Bla). As a result, the dynamics of ¢ can be driven
via the AP — P process. Then, three electromagnetic ef-
fects occur during the process. First, the chiral magnetic
effect, which is a magnetic field-induced charge current,
could be expected. In other words, in the absence of an
applied charge current, the chiral magnetic effect, which
is caused by the dynamical 6-term and applied magnetic
field, drives a charge current of ~ 10* A/m? [Fig. Bl(c)],
which could be detectable. Second, another electromag-
netic effect is By ., which is driven by the dynamics of the
f-term and the external magnetic field Bex. The magni-
tude of By ., for example, becomes ~ 20 mT during a few
tens of 7¢ [Fig. H(a)]. We expect that it could be difficult
to distinguish By ., from the total magnetic field B [Fig.
2la)] because the magnetic fields are in the same direc-
tion. Third, the obtained electromagnetic effect is the
current-induced magnetic field By ,, which occurs when
we apply the charge current. Under the in-plane charge
current j., By ,, which is along the applied current direc-
tion, reaches ~ +£10mT when M; = M5 = 10 meV and
ds = 0.1 eV with j. = £107 A/m2. This current-induced
magnetic field could be measurable by manipulations of
the current direction. It should be noted that under the
in-plane charge current, a spin-transfer-torque-induced

magnetic field22 52 could also be generated by the cou-
pling between the applied current and magnetizations on
the surfaces of the TIs. However, this magnetic field
could be much smaller than that of By ,, which would
make it experimentally negligible.

VI. CONCLUSION

In this paper, we have theoretically studied a way to
drive the dynamics of # in a magnetic superlattice with
an axion insulator phase. As a result, we have shown the
unconventional electromagnetic effects via 0;6: The dy-
namical magnetic field-induced charge current, which is
a kind of chiral magnetic effect, and the current-induced
magnetic effect, which is a kind of Edelstein effect, have
been discussed. The obtained results, including the artifi-
cial control of 0;0 by an external field, could be analogous
to the time-dependent axion field a(t)/f, in dark-matter
axion physics.
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