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Three dimensional spin current density injected onto the surface of a topological insulator (TI) produces a
two dimensional charge current density on the surface of the TI, which is the so-called inverse Edelstein effect
(IEE). The ratio of the surface charge current density on the TI to the spin current density injected across the
interface defined as the IEE length was shown to be exactly equal to the mean free path in the TI determined
to be independent of the electron transmission rate across the interface [Phys. Rev. B 94, 184423 (2016)].
However, we find that the transmission rate across the interface gives a non-zero contribution to the transport
relaxation rate in the TI as well as to the effective IEE relaxation rate (over and above any surface hybridization
effects), and the IEE length is always less than the original mean free path in the TI without the interface.
We show that both the IEE relaxation time and the transport relaxation time in the TI are modified by the
interface transmission time. The correction becomes significant when the transmission time across the interface
becomes comparable to or less than the original momentum scattering time in the TI. This correction is similar
to experimental results in Rashba electron systems in which the IEE relaxation time was found shorter in case of
direct interface with metal in which the interface transmission rate will be much higher, compared to interfaces
incorporating insulating oxides. Our results indicate the continued importance of the interface to obtain a better
spin-to-charge current conversion and a limitation to the conversion efficiency due to the quality of the interface.

Manipulation of spin current by charge transport and vice
versa are the central goals of spintronics, where spin-orbit
coupling (SOC) plays an important role in connecting the
charge with spin degree of freedom!'?. Topological insula-
tors (TIs) have gained considerable attention as a strong SOC
material having an insulating bulk and metallic surface states
with a Dirac cone dispersion®. The spin and momentum of
the two dimensional (2D) surface states of a three dimensional
(3D) TI are helically locked in the Fermi contour. Because of
spin-momentum locking, a 3D spin current density injected
onto the surface of a TI will produce a 2D charge current den-
sity on the surface, which is known as the inverse Edelstein
effect (IEE)*. Recently, the IEE was shown experimentally by
spin pumping>, in which a spin current is produced by fer-
romagnetic resonance and is injected through a nonmagnetic
metal layer onto the surface of the TI, and a surface charge
current is obtained as shown in Fig. 1. The spin-charge con-
version efficiency is measured by the IEE length defined as the
ratio of the 2D charge current density on the surface of the TI
to the 3D spin current density injected through the interface.
In a theoretical paper by Zhang and Fert’, it was calculated
that the IEE length is exactly equal to the mean free path in
the TI independent of the transmission rate across the inter-
face. However, we find that the IEE length will be modified
due to the interface transmission rate, and define a modified
IEE relaxation rate that will be determined by the momentum
scattering rate and the interface transmission rate. We show
that the transport relaxation rate in the TI also is modified by
the interface transmission rate.

In this article, we calculate the transport in a TI/metal bi-
layer using the spinor Boltzmann equation following, Zhang
and Fert”, and solve the spinor distribution function for the
TI surface states. However, in this work we: (i) consider the
general Boltzmann equation incorporating an inhomogeneous
diffusion term to show a modification of the transport relax-
ation time due to the finite interface transmission time; (ii)
obtain the solution to the distribution function in the steady-

state homogeneous case showing a modification of the IEE re-
laxation time because of the finite interface transmission time
as well; (iii) derive the expression for the transmission time
across the interface considering both the case in which the in-
terface is smooth so that the in-plane momentum is conserved
during tunneling, and the case where the interface is rough
so that the tunneling is momentum randomizing; (iv) show
different dependencies of the spin current density across the
interface on the in-plane and the out-of-plane components of
the spin electrochemical potential in the metal even under the
same physical assumptions as Zhang and Fert’. Furthermore,
in the appendix, we provide an alternate approach based on
quantum kinetic equation using Keldysh Green’s function that
reproduces the results of the semi-classical Boltzmann equa-
tion. Our main result is a modification of the IEE relaxation
time in the presence of strong tunneling across the interface,
which is consistent with the experimental findings of IEE re-
laxation time on Rashba 2D electron gas (2DEG) with strong
SOCHY where the IEE relaxation time is found to be shorter
for an interface to a metal as compared to an oxide. This re-
sult shows the crucial importance of the interface in obtaining
a better spin-to-charge current conversion.

We start with the spinor Boltzmann equation for the surface
states of the TI in a TI/metal bilayer, given by
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where fk and g, are the non-equilibrium spinor distribution
functions for metal and the TI surface states, respectively.
Here, Kk is the 3D momentum of the states in the metal and p
is the 2D momentum of the TI surface states. The velocity op-
erator for the surface states is v = (1/h)0H/0p = vr(0 X Z),
where H = hivpp 0 - (Z X P) is the Hamiltonian of the surface
states, vg is the Fermi velocity, Z is the unit vector along the
surface normal direction, o is the vector consisting of three
Pauli spin matrices, p is the magnitude of p, and p = p/p is
the unit vector along the momentum direction. The first term
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FIG. 1. Spin-to-charge current conversion on the surface of a TI by
spin-pumping experiment: a rotating magnetization M(t) around the
y-direction in the ferromagnetic metal (FM) produces a spin current
density J in the z-direction injected to the nonmagnetic metal (NM)
with spins oriented along the y-direction. The injected spin current
density J; onto the surface of the TI from the NM through the in-
terface produces a charge current density J. in the x-direction on the
surface of the TI due to the spin-momentum locking of the TI surface
states on the Fermi contour as shown on the right.

in the left hand side of Eq. (1) represents the time derivative
and the second term represents diffusion in the 2D surface of
the TI, where T is the time and R is the 2D position vector on
the TI surface.

Because we find the interface tunneling rate is crucial
in the transport, we will elaborate on the derivation of the
interface tunneling rate and the assumptions made therein.
The first term on the right hand side of Eq. (1) repre-
sents tunneling across the interface with the tunneling prob-
ability I'yp given from the Fermi’s Golden Rule as I'y, =
(27 /h)|Tip |6 (ex — €p), where Ty is the tunneling matrix el-
ement between the metal and the TI surface states given by
Tl = | (6 () ] Vi () () xp) . Where Viun(r) is the
tunneling potential, and r is the 3D position vector. The or-
bital part of the wave functions are txp(r), and the spin part
of the wave functions are xyp. If the interface is considered
to be rough enough to randomize momentum and the tunnel-
ing potential is assumed to be spin-independent and step-like
in the surface normal direction, the interface potential can be
modeled by Vi,,(r) = voZzstlé(rH — R%)Vi(2), where the
roughness of the interface is modeled by Ng randomly dis-
tributed short-range delta potentials at positions Rf at the in-
terface, r)| is the component of r parallel to the interface, and
Vi(z) is a step-like function along the z-direction. The or-
bital part of the wave functions are assumed to be of the form
Yp(r) = Gup(r))kp(2), where the ¢y p(r))’s are consid-
ered to be plane waves. After an averaging over the random
distribution of the tunneling centers RZS, we obtain

mvansC,
hA
where ng = Ns/A is the roughness defect density of the in-
terface, A is the surface area, and the overlap of the wave
functions of the surface state and the metal in the tunneling
region is C; = [(&(2)|Vi(2)]&p(2))|?, which is presumed to
be independent of the momentum of the electrons tunneling

Tip = (0o +0-(2xp)|d(ex —€), ()

across the interface'!. The tunneling potential is considered
to be spin independent, so the spinor dependent part in Eq. (2)
arises from the projection operator [0y + 0 - (z x p)] which
projects states to the upper band of the TI Hamiltonian”.
The interface tunneling probability given by Eq. (2) is com-
pletely momentum randomizing, as considered by Zhang and
Fert!. Here, we further consider the case of a smooth in-
terface, in which the tunneling potential can be modeled by
Van(r) = v:V{(2) to be constant everywhere on the interface,
and the tunneling probability becomes

——— [op+0-(ZxP)] (2%)25(k”—p) O(ek—ep), (3)

implying that the in-plane momentum k| is conserved in the
tunneling process. The rough and the smooth interface as-
sumed are the extreme limits of the interface roughness model
with a Gaussian distributed surface roughness potential. How-
ever, our main result is the modification of the transport scat-
tering time as well as the IEE relaxation time due to the finite
transmission time across the interface, which remains valid in
either case; only the interface transmission time depends on
the nature of the interface.

The second term on the right hand side of Eq. (1) de-
notes scattering between the state p and p’ of the TI surface
states due to defects or impurities close to the interface, with
the scattering probability Apys given by the Fermi’s Golden
Rule as Apy = (27/h)|Upp [20(€p — €p'), where Upy is the
scattering matrix element between the state p and p’ given
by [Uppr|* = ([(tp (1) [Vais (r) [ (1)) [*) [ (xp | xpr)[*. Here
we model a short range, spin-independent disorder potential
by Vais(r) = uoEjvz‘lé(rH - R;-)Vd(z), where R;-’s are the
position of the Ny impurities in the direction parallel to the
surface, and Vy(z) represents an average value of the impu-
rity potential due to the impurities near the interface. Af-
ter averaging over the random impurity positions parallel to
the surface, the scattering matrix element is evaluated to be
Upp |2 = (udniCq/A)L(1 + p - p'), where ny = Ni/A is
the impurity concentration, Cy = |(&,(2)|Va(2)|&y (2))]2, and
[ (Xplxp)|* = %(1 +p-p’) where Xp satisfies 0 (Z X P)xp =
Xp- S0, we have
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Because the band-structure of the surface states is isotropic in
the p-space within the considered energy range, the conserva-
tion of energy also implies conservation of the magnitude of
momentum in the scattering process.

The solution to Eq. (1) can be obtained by considering
fo=f)+0fcand g = & + 08, wheref = frp(e)00
and fgg = 1[o0 4+ 0 (z x P)] fep(€p) are the equilibrium dis-
tribution functions for the metal and the TI surface states, re-
spectively, where fgp is the Fermi-Dirac distribution. We can
write 6 fy = (fooo +f-0)5(ex — ep) and 0g, = h(0)d(ep — €p),
which amounts to considering quasi-particle excitations at the
Fermi energy ep. We consider f and f are independent of the
solid angle € in the Fermi surface of the metal, and h(6) is



a function of the angle § = tan™*(py,/px) in the Fermi sur-
face of the TI surface state, reflecting the dispersion relations
of the metal and the TI, respectively. Performing the summa-
tions over momentum by the following integrations: >y —
V [ Ni(ex)dex [dQ2/(4m) (where V' = Ad is the volume of
the metal, A is the surface area of the bilayer, and d is the
thickness of the metal) and £, — A [ N,(ep)de, [dO/(27)
(where Ni(ex) and N, (ep) are the per spin density of states
(DOS) of the metal and the TI surface states, respectively),
and an integration over ¢, of Eq. (1) gives

Orh(0) +vp o - (2 x Vgh(0))
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Tt ( )
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Here (...)y denotes the average over the angle 0, 7 is the in-
terface transmission time, and 7, is the momentum scattering
time. In case of a rough interface with momentum randomiz-
ing tunneling, the interface transmission time is defined from

Eq. (2) as

1 Zﬂvon C’t

with N3p being the 3D DOS of the metal at the Fermi level.
In case of a smooth interface, the interface transmission time
is redefined from Eq. (3) as

— ¢eg) = minsCNapd/h,  (6)
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where py is the Fermi momentum in the TI, and N;p is the
one-dimensional (1D) DOS of the metal at the Fermi level
with the condition that the in-plane momentum is conserved,
ie., p% + kf = k%, with kg being the Fermi momentum in
the metal. So, for a smooth interface, tunneling is possible if
the cross section of the 3D Fermi surface is larger than the 2D
Fermi surface, i.e., kp > pg. For large 2D Fermi surface, i.e.,
Pr > kg, there will be no tunneling (1/7; = 0) if the interface
is smooth. From Eq. (4), we define the momentum scattering
time as

Z 7ru0n1 C’d

where Ng is the 2D DOS of the TI surface states at the Fermi
level. )

The solution for h(6) is obtained by considering that the
non-equilibrium distribution function for the surface states has
a spinor form that is proportional to the upper band projec-
tion operator of the TI surface state Hamiltonian, i.e., fz(@) =
ho(0)[o0 + 0 - (z x p)], where hy(6) is a scalar function times
identity in spin space and can be written in terms of s- and
p-wave components, i.e., hy(6) = hy + p - h,, with hy and h,
being independent of #. Taking trace of Eq. (5) in the spin

— EF) = ﬂugniCde/h, (8)

space and integrating out the s- and p-wave components, we

obtain
2 (1
Orhe + EVg by = = 2 —h, (9a)
2 T\ 2
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The charge density n and the current density J. on the sur-
face of the TI are given by

- S T) -
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The charge density ny and the spin density sy (in the unit of
charge —e) in the metal are given by

= (=) ZTr(é?k) = —2eN3pfy, (11a)
K

_ (o) ZTr(acS?k) = —2eN3pf. (11b)
k

We define the charge electrochemical potential i in the metal
by the relation ny = 2e2N3p g, where the factor of 2 is
for spin degeneracy (as N3p is the per spin DOS), and de-
fine the spin electrochemical potential p by the relation sy =
e? N3pp. From Eq. (11) we obtain fy = —pg and f = —ep/2.
Using Eq. (10), the following diffusion equation in the TI is
obtained from Eq. (9a),

2
om+ Ve -Je = ;(e2Npu0 —n). (12)

t

Fourier transforming Eq. 9(b) to the frequency domain (O —
—iw) gives the charge current density in the TI,

1 UF Tir

J. = Vv n+62vaF(;xi>}, (13)
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where T, is the transport relaxation time defined as

1 1 2
— = — 4 — (14)
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(The factor of 2 in 2/7 could be absorbed in the definition of
7t in Eq. (6)and (7) by redefining the DOS of the metal consid-
ering both the spins.) In absence of tunneling from the metal,
the transport relaxation time in the TIis 70 = 27, where the
factor of 2 is due to the increasing attenuation of scattering
with increasing scattering angle because of the helical spin-
momentum locking in the TI, including elimination of direct
backscattering where the spin components of the initial and fi-
nal electronic states are orthogonal. The first term in the right
hand side of Eq. (13) represents diffusion, with the diffusion
constant D = vZ7, /2 being modified by the transmission rate
across the interface through the redefined transport relaxation



time given by Eq. (14). The spin current density Js through
the interface (in the unit of charge current density) is given by

J, = % > Tr [Gka(fk - fgp)]
p.k

(15)
= 2 <62NFUFI;—2XJC)-

VFTt

Now we solve the non-equilibrium distribution function for
the TI surface state under steady-state spatially-homogeneous
conditions as per Zhang and Fert. The assumption of a slowly
varying in position charge electrochemical potential in the
metal with respect to the electrochemical potential (or equiv-
alently the non-equilibrium charge density n) in the TI sur-
face is valid since the metal has much higher conductivity
than the TI surface. In the appendix, we show that under
the assumption of a homogeneous charge electrochemical po-
tential [y in the metal, the charge density n and the charge
current density J. in the TI surface becomes homogeneous in
case of a short circuit between the two ends of the surface of
the TT if either the applied spin electrochemical potential p
in the metal or the applied spin current density Js from the
metal to the TI surface through the interface is assumed to be
homogeneous. Under this homogeneous condition, we also
show (in the appendix) that the applied position-independent
charge electrochemical potential L in the metal will be bal-
anced by a position-independent non-equilibrium charge den-
sity n = e?Ngup (i.e., a position-independent electrochem-
ical potential) in the TI. (Moreover, in case of spin pumping
experiments, a purely spin electrochemical potential is applied
in the metal, and both g and, thus, n vanish. However, what
follows does not depend on these quantities vanishing.) The
charge current density J. in the TI for a position-independent
non-equilibrium charge density becomes

e? NrvET,

Je = 4ty + 1

(wy x 2), (16)
where @ = wy + w1z, where p; = p- 2. Substituting Eq.

(16) into Eq. (15), we find the spin current density Js through
the interface to be

2N, 2T 2N, .
Js = 1 a <1 + p)uu + Puiz. (17
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We also have derived the diffusion equation in the TI, as well
as the expressions for the charge and spin current densities,
from a full quantum-mechanical kinetic equation based on
non-equilibrium Keldysh Green’s function, which is provided
in the appendix. We note that the expression for the spin cur-
rent density in Eq. (17) derived here differs from the one in the
previous work of Zhang and Fert” on which we build, despite
the fact that we started with the same physical assumptions as
theirs. Equation (17) indicates that the spin current density is
induced by both the in-plane (p)) and out-of-plane (1, ) com-
ponents of the spin electrochemical potential. The coefficients
for both terms are different from each other. Furthermore, the
coefficient for the in-plane component in Eq. (17) differs from

4

that provided by Zhang and Fert’. This difference becomes
significant when the interface transmission time is compara-
ble to or smaller than the momentum scattering time. The
physical and practical significance of the difference will be
addressed as part of the discussion below.

Now we consider the physical meaning of the coefficients
in the expression of J given in Eq. (17). It can be seen from
Eq. (17) that the spin current density across the interface is
directly proportional to the interface tunneling rate, 1/7, if
we consider pure out-of-plane component of the spin electro-
chemical potential (i.e., b = 0). In addition, in case of a
pure in-plane component of the spin electrochemical potential
(i.e., ur = 0) in both limits of 7,, 7, > 7 and 7, < 7, the
spin current density across the interface also is proportional
to the interface tunneling rate and, thus, depends on the bar-
rier thickness, although the proportionality constant varies by
a factor of 2 between these two limits. The spin current to
charge current conversion efficiency is measured by the IEE
length defined as Aigg = |Jc|/|Js|, which is found to be, in
case of a pure in-plane spin-electrochemical potential,

)\mf

AEE = V—,
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where A\, = v, is the mean free path in the TI. If the orien-
tation of the spins in the spin current injected from the metal
to the TI surface is purely out-of-plane, ie., uy = 0, from
Eq. (16), there will be no charge current on the TI surface,
because the spins of the carriers on the TI surface can only
be oriented in-plane since we have assumed an ideal helical
Dirac Hamiltonian for the TI surface states with spins locked
to the momentum on the 2D surface. In a real TI system,
there will be hexagonal warping present, and in the thin film
of TI there can be an additional gap opening around the Dirac
point, which will provide a non-vanishing out-of-plane com-
ponent to the spins of the TI surface states. In these cases, the
charge current on the TI surface will be non-zero and will de-
pend on the degree of the non-idealities of the Hamiltonian if
the injected spins are out-of-plane. However, the ideal model
of linear Dirac cone dispersion for the TI surface states re-
mains valid if the Fermi level lies away from the bulk bands,
and away from the Dirac point in the thin TI films. In the ex-
periment, the orientation of the spins in injected spin current
through the interface is in-plane, so the IEE length is always
less than the mean free path, i.e., A\lgg < Ams, because of the
correction factor (1 + 27,/7) in Eq. (18) with non-zero and
finite 7, and 7;. This correction factor can be viewed as a mod-
ification of the IEE relaxation time 7igg, which is defined by
MEE = UrTiEE. S0, the IEE relaxation time can be written as

(18)

11 2
— ==+ (19)
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Physically, both Eq. (14) and Eq. (19) exhibit an additional
momentum and spin relaxation term in the helically locked
TI surface states due to exchange of electrons across the in-
terface, apart from scattering within the TI, that modifies the
transport relaxation time and the IEE relaxation time in the
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FIG. 2. Variation of normalized transport relaxation time and nor-
malized IEE relaxation time with the normalized transmission rate in
our calculation and as calculated by Zhang and Fert”.

TIL, respectively. (The relaxation is a result of injection (ex-
traction) of electrons from (to) the TI with a tilted-in-p-space
Fermi level to (from) the flat-in-k-space spin electrochemical
potential p in the metal, which promotes injection and extrac-
tion of electrons of opposite spin and momentum.) We find
that the effects of the interface on the relaxation times are di-
rectly related through the interface transmission rate as shown
in Fig. 2. In Fig. 2, we have plotted the variation of relax-
ation times normalized with respect to the momentum scatter-
ing time (i.e., the normalized transport relaxation time 7./ Tp
and the normalized IEE relaxation time 7igg/ Tp) With the nor-
malized transmission rate 7, /7. It is clear from Eq. (12) that
the interface conductance is proportional to 2¢% Ng /T, and, so
the variation of the relaxation times with the transmission rate
in Fig. 2 also shows the variation with the interface conduc-
tance. Zhang and Fert only pointed to a modification of the
IEE relaxation rate due to the hybridization of the states of the
TI and the metal (as well as the bulk of the TI) through mod-
ification of the momentum relaxation rate 1/7, (through the
overlap integral Cy in Eq. (8)), which, of course, remains rele-
vant to this work as well. We find that such hybridization also
modifies the IEE relaxation rate through interface transmis-
sion characterized by the rate 1/7; (through the overlap inte-
gral C; in Eq. (6) and (7)), with the resulting correction given
by Eq. (18) becoming significant when the interface trans-
mission rate 1/7; between the metal and the TT is comparable
to or greater than the momentum relaxation rate 1/7,. The
hybridization of the states depend on the thickness and qual-
ity of the tunnel barrier. Our finding is important because an
absence of a tunnel barrier between the TI and the metal will
lead to a higher interface transmission rate (limited only by the
Landauer-Buttikier formula in the case of an ideal interface'%)
and, thus, a lower IEE relaxation time 7igg than when a tunnel
barrier is present at the interface. This result could explain the
experimental observation of a short 7igg at an interface with
a metal, such as in the interface between topological insula-

tor a-Sn/Ag or the Rashba 2DEG at Bi/Ag interface, but a
longer migg for Rashba 2DEG at STO/LAO oxide interface. In
arecent experiment on the Edelstein magnetoresistance of the
Rashba 2DEG at the BiyO3/Cu interface!”, a phenomenolog-
ical model is used for the total relaxation time of spin states
in the Rashba 2DEG/metal interface consisting of spin relax-
ation time at the interface and spin relaxation time out of the
interface into the metal. Our theory gives an explanation of
the phenomenological model that has been used to explain the
Edelstein magnetoresistance of the Rashba 2DEG, in which
the spin relaxation time at the interface is equivalent to the
momentum scattering time on the TI surface in our model.
(The momentum relaxation time is same as the spin relax-
ation time on the TI surface because of the spin-momentum
locking on the TI surface.) The spin relaxation time out of the
interface into the metal is equivalent to the interface tunneling
time across the interface. Further experiments on TI/oxide in-
terfaces compared to TI/metal interfaces will be of interest to
see the effect of the interface transmission rate in the spin to
charge current conversion efficiency on the TI surface.

In summary, we studied the spin-charge transport of a TI
surface state coupled to a metal through a tunnel barrier and
derived various parameters related to the transport, including
the transport relaxation time (7 of Eq. (14)), the IEE relax-
ation time (7igg of Eq. (19)) and the spin-to-charge conversion
efficiency (Agg of Eq. (18)) of the bilayer when the metal has
a pure spin bias. We found that the interface transmission
rate plays a crucial role in determining the transport relax-
ation rate, the IEE relaxation rate, and the spin-to-charge con-
version efficiency. In particular, we found that reducing the
barrier thickness to the point that the interface transmission
and the momentum relaxation rates are comparable reduces
the spin-to-charge conversion efficiency. However, increasing
the barrier thickness reduces the absolute spin injection. Thus,
performance optimization will require careful barrier design.

This work was supported by the South-West Academy
of Nanoelectronics (SWAN) within the Nanoelectronics Re-
search Initiative (NRI) of the Semiconductor Research Corpo-
ration (SRC), and by the National Science Foundation (NSF)
through the Nanomanufacturing Systems for Mobile Comput-
ing and Mobile Energy Technologies (NASCENT) Engineer-
ing Research Center (ERC).

Appendix A: Derivation from quantum kinetic equation using
Keldysh Green’s function

The spin-charge dynamics of the TI surface states coupled
to the metal through a tunnel barrier can be obtained from
the quantum kinetic equation written in terms of the Keldysh
Green’s function. We follow the approach given by Kopnin et.
al™ and Kopnin et. al'?. To start with, we consider the full
system Hamiltonian

Hyo = Hs + Hp + Hr + Hy. (A1)

Here, the TI surface state Hamiltonian Hy is given by

Hs = )\/dQR al,(R)[es(R) — er00]  jas(R),  (A2)



where es(R) = —ihvg 0-(2x Vg), R is the 2D position vector
on the TI surface. al,(R), ag(R) are the creation and annihi-
lation operators on the TI surface with the spin index («, ),
and these operators are normalized to the thickness A of the TI
surface states such that the equal time anticommutator satis-
fies {aq(R), ag (R)} = A"15(R — R')d,3, and repeated spin
indices will imply summation over them. The impurities on
the TI surface are modeled by the disorder Hamiltonian Hp
which is

Hp =\ / d°R a! (R)Vp(R)aq (R), (A3)

where Vp(R) = VQZ;—V; 1O(R - RI7) represents short ranged
spin-independent disorder potential and the integration of the
envelope function of the surface state of the TT over the surface
normal direction is already included in the average value Vj.
The coupling of the TI surface states to the metal through the
tunnel barrier is described by a tunneling Hamiltonian Hr,
which captures the transmission of the electron in and out of
the TI surface states as

Hp =\ / d’R / d®r [bl(r)Tap(r,R)as(R)

+al (R)T 5 (R, r)bg(r)],

(A4)

where b],(r), bs(r) are the creation and annihilation opera-
tors in the metal satisfying the equal time anticommutator
{ba(r),bg(r’)} = §(r — r')dup, r is the 3D position vec-
tor in the metal, and the tunneling matrix obeys T(i s(Rr) =
T/}‘Ol(r7 R). The creation and the annihilation operators in the
metal and on the TI surface anticommutes with each other,
ie. {aa(R),bE(r’)} = 0. We consider the tunneling to
be instantaneous, and also we will assume a spin conserv-
ing and site-to-site (local) tunneling at the interface, in which
case the tunneling matrix can be written as T,g(r,R) =
t(R)0(r — R)d(2)dap, where ¢t(R) already includes the over-
lap of the envelope functions in the metal and the surface state
of the TI. We consider the Hamiltonian in the metal given by

HM = /dgr bL(I') [GM(I') — €p0g + UM] ab,bg(r), (AS)

where ey (r) = [5(—iAV:)? + €)oo with m being the ef-
fective mass of the conduction band in the metal and €, being
the band offset of the bottom of the conduction band in the
metal with respect to the Dirac point of the TI surface state,
and Uy = Upoy+Us- o where Uy is any applied electrochem-
ical potential in the metal and U is an applied spin potential
in the metal.

We consider the following non-equilibrium Green’s func-
tion defined in the Schwinger-Keldysh time contour

i(Gs)ap(R1, 713 R2, 72) = <Traa(R1,7'1)ag(R2,T2)>,
i(Gr)ap(ri, 71;Ra, 72) = <T-rba(r177'1)ag(R2;T2)>7

i(GMm)ap(r, T15r2,72) = <Trba(l'1,ﬁ)bj3(r2, 72)).
(A6)

Here G is the Green’s function for the TI surface states, Gt
is the mixed Green’s function for tunneling, and Gy, is the
Green’s function in the metal neglecting the back reaction of
the TI surface states, i.e. G satisfies

(GM)ar (£1,71) (Ga)p(r1, T15 T2, T2)

(A7)
= hé(r1 — r2)d(11 — 72)dag,

where (Gy) "1 (r, 7) = ihd, — em(r) + Uy. From the Heisen-
berg equation of motion for the creation and annihilation oper-
ators, the equation of motion for the mixed Green’s functions
can be derived as

(GM); (r1,71)(G1)4p(r1, 713 R, 72)

2p/ / / (AS)
= A d“R Tav(rl,R)(Gs)vg(R,Tl;RQ,’TQ).

Equation (A7) and (AS8) gives

A
(G1)ap(r1, 71; Ry, 2) = ﬁ/dT'd2R'd3r’

(GM)ap(rla 715 1'I7 TI)T;w(l'/, Rl)(GS)uﬁ(Rl, 7' Ry, T2).
(A9)

The Dyson equation for the Green’s function of the TI sur-
face states can be written as

(Gs)ay (R, 71)(Gs)5(Ry, 713 Re, 72)
- /dQRIdT/(ES)OC’Y(Rlv 715 R/7 T/)(GS)’Yﬁ(R/a T/; R23 7—2)
h
X5(R1 —R2)6(11 — 72)dap;

(A10)
where (Gs) }(R,7) = ihd, — es(R) + €r0g, and X is the

self energy due to tunneling and disorder, i.e. X5 = Y1+ Xp.
The self-energy for tunneling will be given by

A
(21)ap(Ry, 713 Re, ) = = [ d*r'd*r”
g h

(A11)
T(i;L(Rl’ I'/) (GM)MV(IJ7 13 I’”, TQ)TV,H (I‘”, R2)
For To5(r,R) = t(R)6(r)| — R)J(2)das, We obtain
(X1)as(Re, 713 Ra, 72)
A
= ﬁt(Rl)(GM)a,ﬁ(Rlazl =0,71;Re, 22 = 0,72)t(R2).
(A12)
The self energy for disorder is given by
(Xp)as(R1, 71;Ra, 72)
(A13)

A
= ﬁVD(Rl)(GS)aﬁ(Rla 71;Ra, 72) Vb (R2).

By analytical continuation from the Schwinger-Keldysh
time contour to the real time axis, Eq. (A7-Al13) can be



written in terms of Keldysh space Green’s functions G (=
S, T,M) and self energies X; (j = S,T,D)

. [ GR GK _— YR yK

a=(F 6 ) u=(0 %)
where G?’A’K (EJR’A’K) are the retarded, advanced and Keldysh
Green’s functions (self energies), all of which are 2 x 2 ma-
trices in spin space with variables (Ry, t1; Ro, to) with ¢, to
being real time variables. A function A(Ry,t1;Ra,t2) can be
Wigner transformed to A(R, T;p,w) by doing a coordinate
transformation to the center-of-mass coordinates (R, T) and
relative coordinates (JR, dt), and performing Fourier trans-
forms of these relative coordinates to momentum and fre-
quency variable (p,w). We define the modified Wigner trans-
formed function in terms of momentum and energy (p,e =
hw) by AR, T;p,e) = hA(R,T;p,w), which is related to
A(Ry,t1; Ry, t3) by

(Al4)

de_dp
27 (27)2

AR/ Tip, )P0,

(A15)
We use the lowest order gradient expansion to express the
Wigner transform of a product function to the product of
Wigner transformed function, which gives the following re-
lation for the modified Wigner transformed functions

(AB)(R,T;p,€) = hAR,T;p,€¢) B(R, T; p, €).

A(R17t1;R27t2) = /

(Al6)

The Keldysh component of the the Wigner transformed left-
right subtracted Dyson equation, written in terms of the mod-
ified Wigner transformed Green’s function and self energy,
gives the quantum kinetic equation

: .
G + S{v- Ve, G} + £ [es(p), G¥]
— [ (SRGK - G — (GRS - 3EGY) ).

(A17)

where es(p) = hvpo - (Z X p) and v = vp (0 X Z).

The self energy is due to disorder and tunneling from the
metal. For the disorder potential Vp(R) = VOEéyz‘lé(R —
R;), from Eq. (A13) the disorder self energy becomes, after
impurity averaging,

~ )\‘/E)Qni

Yp(Ri,t1; R, ts) = 5(R; — Ry)Gs(Ry, t1; R, t2),

(A18)
and the Wigner transformed disorder self energy reads

- AVEn [ dPp -
Eo(R Tip,e) = = | 555 Gs(RT;p,0).

We introduce the 2D quasi-classical Green’s functions for the
TI surface states defined as

. A .
gS(R7T7 pra 6) = ? /d£S GS(R7 T7 P, 6)7

(A19)

(A20)

where £ = hupp—e€p, and the &g integration is performed near
the Fermi surface. As the quasi-classical Green’s function is
peaked at the Fermi energy, the following ansatz holds

Gs(R,T:p.€) = — s (R, Tipeh, )3(&s). (A2

The disorder self-energy now can be written as

Sp(R, T;p,e) = ——

(9s(R, T; peb, €)), (A22)

Tp

where (...) denotes angular averaging in the p space and we
define 1/7, = nViniNg/h.

To calculate the tunneling self energy, we first consider the
interface being rough which can be modeled by a random dis-
tribution of tunneling centers RS with t(R) = toX (R —
RZS ). Then, averaging over the tunneling centers, the tunneling
self energy is given by

Sr(Ry,t1; R, t2) =
Aty

h (5<R1 — RQ)GM(R1721 = O,tl;RQ,ZQ = O,tg),

(A23)
and after the Wigner transform it becomes

&’k -

Gu(R,z =0,T;K ,¢),

5 (A24)
where Gm(ry|, 2, T; K, €) is the Wigner transform with respect
to the 3D position and time coordinates. Now, we consider
the 3D quasi-classical Green’s functions for the metal defined
as

. M2ng
ET(R»T§p76) = % (271_)3

gu(r, T kek, ) = = / déw Gu(r, T;k,e),  (A25)
where &y = h2k? /(2m) + €, — €F, kg is the Fermi momentum
in the metal and the &)y integration is performed near the Fermi
surface. Since the quasi-classical Green’s function is peaked
at the Fermi energy, the Green’s function satisfies following
ansatz

Gu(r, T;K, €) = —imgu(r, T; kek, €)8(Ey). (A26)
So the tunneling self-energy can be written as
SR Tip, ) = ——(im(R, 2 = 0, Tikek, ), (A27)

Tt

where (...) denotes angular averaging in the k space and we
define 1/7; = wt2nsNapA/h.

In case of a smooth interface, the tunneling can be mod-
eled by t(R) = t. being constant, and the Wigner transform
tunneling self energy will be

/

. A2 [ dkL -
ET(R, T;p,G) = 7‘:/ 27: GM(RaZ = OaT;p7k,/z7€)

&’k -
Gm(R, z = 0, T; K|, k2, €)(2m)*5 (k] — p),

(A28)

_ M
- h (2m)3

where the in-plane momentum conservation holds. Using the
ansatz Eq. (A26) for the Green’s function and assuming that
the 3D quasi-classical Green’s function is isotropic in the k



space, i.e. independent of the solid angle in the k space, be-
cause of the isotropy of the Fermi surface in the metal, we ob-
tain same relation for the tunneling self energy as Eq. (A27)
with a redefined tunneling time given by 1/7; = 7t2Np)/A.
In the quasi-classical limit, the Fermi energy is the largest
energy scale, so the lowest order solution to the Green’s func-
tion G¥ is given by the one that commutes with the term es(R)
in the commutator in Eq. (A17). Also, the normalization con-
dition satisfied by the Keldysh Green’s function G's allows one
to write the retarded/advanced Green’s functions of the TI sur-
face states to be obtained from the upper band projector of the
surface state Hamiltonian'®, i.e.
1 op+0-(ZxP)

RA _ b
Gs (P o) = oy ez

(A29)

The retarded/advanced quasi-classical Green’s functions and
the disorder self energies are then given by,

Go+ 6 (2xP), SRA = F-" 00, (A30)

1

RA

gs" = =E=
27,

51
We consider the following ansatz for the Keldysh component
g&(p,€) = g4(p,€)[oo + 0 - (z x p)], which means that the
spin and momentum is locked for the TI surface states even
in the non-equilibrium situation. In the diffusive limit, we can
expand g§(p, €) in spherical harmonics'®, i.e., g§(p,€) =
g.(€) + P - g,(€), and solve the kinetic equation Eq. (A17).
The charge density n on the surface of the TI will be obtained
from g (p, ) by®

n=3 [ag e enl = 5 [deno. @sn

and the current density J. is given by

3= 5 [a o b.n = 5 [ e Feo

(A32)
The retarded/advanced Green’s functions of the metal is
given by

1

R.A
Ak _
GM(aﬁ) E—ﬁMiZ’O"—O—O

(A33)

so the retarded/advanced quasi-classical Green’s functions
and the tunneling self energies are obtained to be

RA RA _ __ |
g = £0o, X" = T 00
t

(A34)

We consider the effect of the applied charge and the spin po-
tential in the metal through the Keldysh component of the
Green’s function in the metal & (k, €), which is considered
to be independent of solid angle in the k space because of the
isotropy of the Fermi surface in the metal. From Eq. (A27),
the tunneling self energy only depends on gi(z = 0, K, €),
so we only consider gM(k7 €) at the interface z = 0, but
will write g (K, €) instead for brevity. The Keldysh compo-
nent of the Green’s function in the metal can be written as

g8 (k,e) = [g%(e)op + o - gy(e)]. Further, the quantities
charge and spin densities in the metal, and the corresponding
charge and spin electrochemical potential in the metal will re-
fer to the values at the interface and not be explicitly written
afterwards. The charge density ny in the metal is given by

eN; Tr N eN;
o= S50 [ ae gk, ) = <2

/ de gyy(e),

(A35)
and the spin density sy (in the unit of charge —e) is obtained
from

€N3D Tr ~ €N3D
su= 52 [ de gtk ) =

/ de gy (€).

(A36)
As we have defined in the main text, the charge electrochem-
ical potential py and the spin electrochemical potential p in
the metal are given by ny = 2e2N3piip and sy = e?Nap.
So, we obtain the following relations for 1y and p in terms of
the quasi-classical Green’s functions

1 0 1
o= 1o [ desti(@, = [dea(©

After doing &g integration of the Eq. (A17), and using Eqgs.
(A27) and Eq. (A30), we obtain

(A37)

1 A ; ZXD
Orgs + §UF{G X 2 Vr, g5 } +ivrpe[o - (2 X P), g5]

K K

gs , lg5) 1 2% b
:,?z+7_7i+2—7_p{0"(lxl))v<gg>}

2

is +—{GO+0‘ (z xp), (gm) }-

t

(A38)

Now using the ansatz for g&, after taking trace of Eq. (A.38)
and integrating out the s- and p-wave components, we obtain

(A39a)

1 9
Org,+ SurVR - g, = (g;‘“ — gs>,
I

. 2 1
Org, + vrVre, = — (M wz) — (2 + = )g,, (A39D)
Tl 2 Tt 2Tp

which is equivalent to Eq. (9) in the main text. After € in-
tegration of Eq. (A39a) and using the Eq. (A31), (A32) and
(A37), we obtain the diffusion equation in the Tl i.e. Eq. (12)
in the main text. Similarly, after € integration of Eq. (A39b),
the current density J. is obtained to be the same as Eq. (13) in
the main text.

The spin current density across the interface (in the unit of
electron charge per unit area per unit time) will be given by
Js = —eXds/dt = —e)(i/h)[Ht,s] by the Heisenberg equa-
tion of motion, where s = (al, (R, #)0o,5a5(R,t)). Applying
the equation of motion to the operators, we obtain

—e

Js: 7

d*r Tr [ (GT<C(R7 t;r,t)T'(r,R)

— TT(R, 1G5 (r, R, t))].
(A40)



Here, the complex conjugate tunneling Green’s function
(Gre)ap(R,t1;1,t2) = (G1)j, (v, t2; R, 1), and Gy, GF
are the corresponding lesser Green’s function. From Eq. (A9),
we obtain for the complex conjugate tunneling Green’s func-
tion

A
(Gre)ap(Ry, 11312, 72) = E/dT'd2R’d3r’

(Gs)ap Ry, 13 R, 7)T (R, 1) (Gm)up (X, 7512, 72).
(A41)

We write Eq. (A9), (A41) and (All) in a simpler form as

Gr = 2GuTGs, Gre = $GsT1Gy and Sp = 2TTGuT,

where the integrations over the internal variables are implicit.
Then, from Eq. (A40), Js can be written as

N P (e e A42

s= g r U( Ted — T) . ( )

By using Langreth rule! for the lesser function of product of
three functions, which is given by

(ABC)< = ARBRC< + ARB<C4 + A<BAC#, (A43)

G5., G5 can be written as

Gy = 2[GﬁTG§ + GﬁTGg“}, (Ad4a)

Gy = % [G?T*G]\j + GSfTTG{}[} . (A44b)
Here we have used the fact that the instantaneous tunneling
T is neither retarded nor advanced and diagonal in Keldysh
space, ie. T = T4 = Tand T< = T> = 0, and simi-
larly for 7. Inserting Eq. (A44a) and (A44b), and using the
relation for X1, Eq. (A42) is written as

+GEDA — RS - ET<G§‘) .

(A45)
Now the lesser functions in Eq. (A45) can be written in
terms of retarded, advanced and Keldysh component as G5 =
1GE — GE 4+ G and 5 = 1[oF — o 4+ 54, In the
calculatlon of non- equlhbrlum quantltles only the Keldysh
component is important®, so J, is given by
—eX Tr

Jszflz[“(G B+ G5 E

—eA
Js = T Tr |:0'<G§E<

— REGK 5k Gg‘)} .

(A46)
The above equation Eq. (A46) is written in coordinate rep-
resentation and the product of two functions implies integra-
tion over the internal coordinate. The Eq. (A46) can be writ-
ten in terms of the modified Wigner transformed function in
which the transformation of the product of two functions will
be given by Eq. (A16). So, in terms of the modified Wigner
transformed functions, Js can be written as

de d°p Tr Ry K KA
JS——GA/%W 2|:0-(GS ET +GS ET

_SRGE 2?@154)} .
(A47)

Using Egs. (A21), (A27), (A30) and (A34), the above equa-
tion Eq. (A48) can be written in terms of the quasi-classical
Green’s functions as

B eNF/ /d0 Tr @
= -

+ 2—7}{0‘0 +0- (i X 15)7 <gll\(/[>}):|
(A48)

It is clear from Eq. (A48) that the spin current density across
the interface will be obtained from taking trace over the spin
Pauli matrices of the tunneling term, i.e. the last two terms in
Eq. (A38). Now, using the ansatz for g§ and g¥, and using
the definitions for J. and p from Egs. (A32) and (A37), we
get the same equation for J;, i.e. Eq. (15) in the main text.

Appendix B: Solution of diffusion equation in the TT with
different boundary conditions in the metal

We consider an one-dimensional problem to solve the dif-
fusion equation in the TI analytically. The transport direction
is taken to be in the x direction, while we consider an in-plane
spin electrochemical potential in the metal with only the y
component of spin, i.e. w = p,g. Then the charge current
density on the TI surface is given by J. = J.Z, and the spin
current density across the interface will have only y compo-
nent, i.e. J; = Jsy. The continuity equation in the T, i.e. Eq.
(12) becomes

2
Orn + 0yJc = =(e*Nepo — n), (B1)
Tt

and from Eq. (13) we obtain the charge current density J. in
the TI to be

1
(]. — inn—)

I = { ”FT‘ra + e Npvp & “y] (B2)

Tt2

Then, from Eq. (15), the spin current density J is given by

2
J = <62NFUFP;y _ ) (B3)

VFTt

We assume that pp and p, in the metal to be homoge-
neous. In the steady state, Eq. (B1) and (B2) give the dif-
ferential equation 92n’ = n'/I? for the new variable n’ =
(n — €2Ngpp), where the characteristic length [ is given by
| = wvp\/Ty7/2. The solution to n is given by n'(x) =
Aye®/t + A_e=®/'. In case of a short circuit between the
two ends of the surface of the TI, we apply the boundary con-
dition that the electrochemical potential in the TI at the two
ends to be same, i.e. n'(+L/2) = n/(—L/2), and the cur-
rent going into the TI surface to be same as the current com-
ing out of the TI surface (as there is no current leaking out
through the metal), i.e. Jo(+L/2) = J.(—L/2). The condition
n'(+L/2) = n/(—L/2) gives AL = A_ = A and the current
density J. = —(v3r,/20)A(e”/t — e=®/t) + Ty, where Jy =



e NpvpTe by /27 Now the condition Jo(+L/2) = J.(—L/2)
is true only if A = 0, i.e. n’ = 0 which implies n = e?Ngpy.
So the charge density n in the TI becomes homogeneous and
balances any charge potential in the metal, and the charge cur-
rent density J. in the TI becomes homogeneous and is given by
Jo = Jo. As both p, and J. are homogeneous, so the current
density J through the interface also becomes homogeneous
and is given by J; = Jo/UrTigg.

Next we assume [y in the metal and Jg across the inter-
face to be homogeneous. From Eq. (B1), (B2) and (B3),
we obtain a new differential equation §2n’ = n’/I'’?, where
the length I’ is given by I’ = 2[?7igg /7 (TieE is given by
Eq. (19)). The solution to n’ will be given by n/(z) =
Aye®/V 4+ A_e~/V . As discussed in the previous paragraph,

10

for short circuit case the boundary condition n'(+L/2) =
n/(—L/2) gives AL = A_ = A and the current density
J. = 7(1}1%TIEE/Z/)A(61/[/ — 671/1/) + vrTigets. As the spin
current density across the interface is assumed to be homo-
geneous, the condition Jo(+L/2) = J.(—L/2) is true only if
A = 0, which implies n = €2 Nrpp, so the charge density
n is homogeneous. The current density J. in the TI becomes
homogeneous and is given by J. = vprgels. As both J. and
J are homogeneous, the spin electrochemical potential v, in
the metal turns out to be constant as well. Hence, either with
a homogeneous condition for p, or J;, the solution for short
circuit condition gives a homogeneous solution for n and J. in
the TI.
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