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In this work we demonstrate that linearized gravity exhibits gapless topological order with an
extensive ground state degeneracy. This phenomenon is closely related both to the topological order
of the pyrochlore U (1) spin liquid and to recent work by Hawking, et al, who used the soft photon
and graviton theorems to demonstrate that the vacuum in linearized gravity is not unique. We first
consider lattice models whose low-energy behavior are described by electromagnetism and linearized
gravity, and then argue that the topological nature of these models carries over into the continuum.
We demonstrate that these models can have many ground states without making assumptions about
the topology of spacetime or about the high-energy nature of the theory, and show that the infinite
family of symmetries described by Hawking et al are simply the different topological sectors. We
argue that in this context black holes appear as topological defects in the infrared (IR) theory, and
that this suggests a potential approach to understanding both the firewall paradox and information
encoding in gravitational theories. Finally, we use insights from the soft boson theorems to make
connections between deconfined gauge theories with continuous gauge groups and gapless topological
order.
I.

INTRODUCTION

The black hole information paradox, which calls into
question the fate of information falling into a black hole,
has led to considerable work on the entanglement structure of quantum gravity theories. Central to this paradox
is the statement that black holes have no hair, which is
known to hold classically and was initially thought to
hold quantum mechanically as well1 . However, recent
work has shown that both the electromagnetic field and
the gravitational field contain “soft” hair2 . This hair
comes in the form of soft (zero-energy) bosons which
have long been known to exist in the zero-k limit of these
theories3 .
A key step in the identification of soft bosons with
information-carrying soft hair is finding the corresponding large-scale time-dependent symmetry, as classical
electromagnetic and gravitational theories obey the nohair theorem in the steady state4 . In the case of gravitation the classical symmetry group is known to be that of
Bondi, Metzner, and Sachs, and the corresponding electromagnetic symmetry is similar in structure2,5 .
In addition, the soft photon and graviton theorems
have played an important role in the relation between
symmetries and quantum memories. This results in
the so-called “triangle” that relates the soft boson theorems to large gauge symmetries and memories, with
deep connections to the Ward identities for those gauge
theories6–10
Of particular interest is the connection between these
ideas and the notion topoligcal order. Ordinarily, topological order manifests by the existence of global modes
which ‘wrap’ around the system and which are only accessible by means of gapped excitations. In this way
such topological modes encode protected quantum infor-

mation. Recently it has come to light that gauge theories with similar structure to electromagnetism, gravitation, and higher-order equivalents generically exhibit a
peculiar variant of this phenomenon11–15 . The peculiarity stems from the fact that these gauge theories have a
stable, deconfined IR Gaussian fixed point, and thus have
exactly gapless gauge bosons in the spectrum. Nevertheless, their ground states are degenerate on a torus and
indistinguishable by local operators. As such they exhibit protected topological charges which, in contrast to
more typical systems, are protected by large-scale gauge
symmetries rather than by an energy gap.
In this work we show that these two observations are
intimately related: the soft hair which Hawking et al. 2
discovered corresponds to topological zero-modes which
live on the boundaries of our low-energy phase of spacetime, be they at infinity or at the horizon of a black hole.
Equivalently, states with different numbers of soft bosons
correspond to different topological sectors. As a result,
the degeneracy of the gravitational vacuum is really a
reflection of the underlying “gapless topological order” of
gravitation and electromagnetism. Notably this result
holds even though spacetime at a glance is simply connected, and we show that this is a direct consequence of
the metric signature and gapless nature of soft modes.
This work also yields a possible resolution to the firewall paradox of Almheiri et al. 16 . Outgoing Hawking
radiation can be entangled initially with its infalling
counterpart, but upon interaction with the soft sector
at the horizon loses this entanglement. This interaction
is required by the correspondence between the soft sector and flux integrals that can be performed around the
black hole. As a result it is equivalence, postulate (4)
of Almheiri et al. 16 , which is violated. Interestingly this
violation is purely quantum mechanical, as it relies on
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scattering with the soft sector, which cannot be detected
except via entanglement measurements. In this way the
classical equivalence principle is preserved.
This paper is organized as follows. In section II, we
review the constructions of lattice QED and lattice linearized gravity. In section III, we analyze the topological
winding procedure and provide a much more concrete
description of topological degeneracy in gapless systems.
In section IV, we demonstrate how matter falling into a
black hole can be seen as changing topological sectors.
The remainder of the paper analyzes some subtleties of
these phenomena and speculates on the implications of
the structure of spacetime and the information paradox.

II.

GAPLESS TOPOLOGICAL ORDER AND
DECONFINED GAUGE THEORIES

The first system exhibiting what we call gapless topological order17 was the U (1) spin liquid on the pyrochlore
lattice11 . The gapless excitation is a “photon” for an
emergent U (1) gauge symmetry, and the spinons carry
electric charges. The ground state degeneracy was shown
to be manifold-dependent, and argued to be stable in the
presence of a spinon gap and infinite system size. However, the ground state degeneracy only closed with the
ground state as 1/L, which have the same energy as the
lowest-lying photon states. Later works12–15 found similar topological degeneracy in stable gapless phases – all
of which are gauge theories.
As we will see below, these degenerate ground states
should instead be identified with the “soft” gauge bosons.
The operator that inserts soft bosons will be shown to be
the same that moves between degenerate ground states.
Importantly, not all stable gapless systems inherit this
structure. Systems with spontaneously broken 0-form18
symmetries, such as superfluids, lack the gauge structure
necessary for constructing the topological sectors. Systems with gapless matter, such as Weyl semimetals, are
also excluded even if there is a gauge structure. In this
second case, the photon may still be stable but the topological sectors will not be protected by the charge gap.
Furthermore systems without the appropriate gauge
structure may exhibit power-law splitting and local indistinguishability but have no low-lying modes which are
sensitive to the topology of the system. Thus, for instance, modes which are localized on a scale L1/2 may
be gapless in this sense and may be locally indistinguishable yet not be global and hence not provide topological
charge.
In section III we discuss the idea of spontaneously broken higher-form symmetries, which connect the gauge
structure to topological sectors and Wilson lines. This
provides a unified way to understand topological order in
gauge theories with both discrete and continuous gauge
groups, but may not be sufficiently general to characterize all topologically ordered phases.
To explicitly draw a connection between the decon-
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FIG. 1: A two-dimensional slice of the lattice version of
our system is shown. Only a 5 × 5 sublattice is shown,
but the system may arbitrarily large in each dimension.
Likewise the system shown may have open (as shown)
or topologically non-trivial boundaries. Note that the
conjugate vector fields E and A live on the links in the
lattice, and for clarity these are only shown in the open
boundary case.

fined gauge theories and the gravitational ground state,
we first review the constructions of two relevant lattice
systems - electromagnetism and linearized gravity. In
particular, we stress that these models can be built from
local bosonic degrees of freedom on a lattice, and that
the corresponding emergent gauge theories exist at exactly stable IR (continuum) fixed points.
By emergent gauge theory, we mean that the theory
has a low-energy Hilbert space with local constraints
Q̂(x), all of which commute with the Hamiltonian and
each other. For example, this can happen for an easyaxis Heisenberg model on the cubic lattice when typical
energies are smaller than the exchange coupling11 . Physical states in this reduced Hilbert space, i.e. that with such
low energies, are closed under these operators, which is
to say that
Q̂(x) |Physi = 0.

(1)

Closure under Q̂(x) generates corresponding local conservation laws. The model then becomes a gauge theory
when we identify the physical low-energy states that differ only by a gauge transformation. We can then write
an effective low-energy field theory in terms of the gauge
field for these constraints at the IR fixed point.

A.

Electromagnetism

First, we review the simplest case of gapless topological
order – ordinary QED in 3+1d Following11 , this quantum
theory has a compact U (1) gauge group with two canonically conjugate vector fields Ei ∈ Z and Ai ∈ [0, 2π)
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(along with the corresponding operators Êi and Âi ) that
live on the links of a cubic lattice as shown in Figure 1.
This model can be derived starting from the Heisenberg
model and introducing easy-axis anisotropy. Because
charged excitations are gapped, the low-energy Hilbert
space has a local conservation law
∂i Êi |Physi = 0,

(2)

which just follows from Gauss’s law. By considering the
commutator [Âi (x), Êj (z)] = iδij δ(x − z) and a local
R
phase rotation exp dd xλ(x)∂i Êi (x), we see that Â is
shifted by
Âi → Âi + ∂i λ,

(3)

where the derivative operator acts as a finite difference
on the lattice. After taking the spin wave limit11 , we see
that the most relevant terms in the low-energy effective
Hamiltonian (acting on this reduced Hilbert space) are
Ĥ =

X
UX 2
B̂i2
Êi + K
2 i
i

(4)

where we have defined B̂i = ijk ∂j Âk as the usual curvature, and U and K depend on the microscopic couplings.
In the following sections, it will be useful to think of
the local constraint (and its accompanying gauge transformation) as the essential component of the field theory.
It is argued by Hermele et al. 11 that the IR fixed point
defined by this gauge theory is completely stable, and
that all other terms are irrelevant in the renormalization
group sense. Thus the actual lattice realization of this
theory is not enormously important, provided that this
local constraint is enforced in the IR.
Gauge-charged matter in the theory show up as defects
of this conservation law. This follows from the Gauss
constraint


∂i Êi − ρ̂ |Physi = 0
(5)
which enlarges the original gauge constraint to include
charged matter. We note that the tensor form of ρ̂ is
determined by the constraint. Furthermore, the energy
gap of the charged matter (i.e., the mass of the spinons)
has to be large compared to other scales to enforce the
constraint.
A simple, but insufficiently general, argument to
demonstrate a topological degeneracy starts by putting
the system on the three dimensional torus T 3 . Then,
we create a charge-anticharge pair and propagate them
around a non-contractible loop of the torus. This threads
a single electric flux, which can spread out over the whole
system uniformly and thus has total energy that goes to
zero as 1/L (for system size ∼ L). Without loss of generality we can assume the winding direction (and thus flux)
is perpendicular to a surface Σ with normal vector in the

i direction. Then, the topological sector is determined
by flux integrals
Z

Z
Φ̂i =
dSi Êi =
?F ,
(6)
Σ

Σ

i

where the index i is not summed over. These integrals
compute the electric flux through a surface Σ perpendicular to the components of Ei . Since the charges of Ei are
labeled by integers, the fluxes are also integers. The flux
integrals commute with each other and the Hamiltonian
h
i
Φ̂i , Ĥ = 0
(7)
Thus, the ground states are labeled by three integers,
corresponding to the eigenvalues of these electric flux integrals. Because Â is compact, we should also include
monopoles in the spectrum on the lattice11 , which have
a corresponding interpretation in the continuum9 . However, this only expands the number of topological sectors
by adding three integers corresponding to the magnetic
flux winding, and is not essential to our results.
This argument holds when the system lives on T 3 , but
runs into several problems when the system is put on,
say, a solid torus (one periodic dimension and two open
dimensions). This difficulty is addressed in Section III.
B.

Linearized Gravity

To discuss gravity as a gauge theory requires leaving Yang-Mills behind. First, the gravitational gauge
group is non-compact due to the four translations, and
we must be careful about gauging the local rotations of
the frame fields. Second, the gauge field is no longer an
algebra-valued 1-form field, but instead a symmetric 2tensor. This means that the gauge-charged matter carries
a Lorentz index instead of a color index:



∂µ T̂µν − ρ̂ν |Physi = 0.

(8)

Since the stress-energy tensor T̂µν is the generator of
translations, we identify the gauge charge as the momentum carried by an excitation. This identification is valid
in the linear regime where gravitons do not couple to one
another and hence cannot themselves carry gauge charge.
We want to draw an explicit connection to a lattice
model, so first we will do a partial gauge fixing and then
a linear approximation. The first step is to foliate spacetime in a timelike direction using the ADM formalism19 .
This is a partial gauge fixing of the full gauge group
(in particular, we use the synchronous gauge), and the
new dynamical variables are the symmetric 2-tensor spatial metric Aij ∈ [0, 2π) on each slice and its conjugate
Eij ∈ Z (the stress tensor), along with the corresponding operators Âij and Êij . We can then linearize this
theory, considering only small fluctuations around the
background metric.
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The lattice bosonic rotor model we consider20 reproduces these variables with Êxx , Êyy , and Êzz (along with
their conjugate Â) living on each vertex of a cubic lattice,
while Êxy and similar living on the faces. Then we set
up the Hamiltonian to enforce the following constraints
in the low-energy:
∂i Êij |Physi = 0

δij ∂ − ∂i ∂j Âij |Physi = 0
2

Âij → Âij + ∂(i λj)

(9a)
(9b)

(10a)

2



Êij → Êij + δij ∂ − ∂i ∂j φ

(10b)

where Latin indices run over space while Greek run over
spacetime, and S(ij) denotes symmetrization.
The local constraint Eq. 9a is actually three constraints, one for each of the three components labeled
by j. These are the zero-momentum constraints on the
ground state. Starting instead from the local SU (2) invariance of the frame fields and linearizing, one might
conclude that it is a U (1) × U (1) × U (1) gauge theory21 .
This is correct, but the three U (1)’s are not independent - they rotate into each other under a spatial rotation. This follows from the fact that the charge ρj is
a vector, though care must be taken when making this
identification22 . This holds even if the background is not
flat because the gauge constraint is by definition local.
We see that the curvature tensor is just
R̂ij = iab jcd ∂a ∂c Âbd

(11)

and so we are able to write the low-energy effective Lagrangian (after enforcing the constraints) as
J
L = Eij Ȧij −
2



2
Eij

1 2
− Eii
2



g
− Aij Rij .
2

(12)

This is the Lagrangian for a spin-2 linearly-dispersing excitation, which we will call a graviton. It can be shown to
arise from a purely local bosonic lattice Hamiltonian20 ,
and the couplings J and g depend on the microscopics.
Much like the lattice model and corresponding field theory for electromagnetism, this model for linearized ADM
gravity exists at an exactly stable IR fixed point, provided that the low-energy subspace enforces the gauge
constraints. We note in passing that this model appears
to have a Chern–Simons-like term Âij R̂ij which is only
gauge-invariant up to boundary terms, but it will not
modify the 3 + 1d topological properties of the model.
Gapless topological order is present in linearized ADM
gravity, and the argument follows precisely as in QED.
If the system exists on T 3 , one can thread a charge ρ̂j
around a non-contractible loop and annihilate it with an
anticharge. This leaves a flux of Êij around the loop,
which has energy density scaling as 1/L. As before, the

flux is perpendicular to the surface Σ and in the direction
of i. The new flux integrals are
Z
Φ̂ij =
dSi Êij ,
(13)
Σ

where once more there is no summation over i. These
commute with each other and with the Hamiltonian, so
we see that they characterize the gapless topological order of the ground state. Moreover, there are three such
fluxes for each surface - in the definition above, the surface is defined by the vector index i while the index j is
free. Thus, there are nine integers that characterize the
ground state in the “electric” sector.
There is also a contribution from the “magnetic” sector
due to the compactness of the gauge field Â; however, it is
unimportant to the analysis as the electric sector already
guarantees a degeneracy. Moreover, the physicality of
such linearized metric monopoles is difficult to justify in
the full continuum theory.

C.

Entanglement Entropy

A final point worth noting pertains to the entanglement structure of these theories. In gapped systems,
there is a universal constant term in the entanglement entropy across an arbitrary cut through the system. This
term characterizes the topological order23 , and is constant because it reflects the charge-winding freedom and
is hence independent of system size.
In gapless systems by contrast there is instead a universal coefficient of a (subleading) logarithmic term24–27
due to both the (gapless) topological order and the photon. This topological piece can be derived using the
Bisognano-Wichmann theorem and charge conservation
on the entanglement cut. Intuitively the logarithmic scaling in system size arises because the spectrum near the
ground state sector consists of a power-law of states, and
so below any given cutoff the number of accessible states
is a power-law. The entropy is just the logarithm of that
and hence is logarithmic in system size.
In the electromagnetic case the entanglement entropy,
including the non-universal area-law part, is


U (1)
U (1)
S U (1) = αLd−1 + γtop + γphoton log L
(14)
U (1)

where γtop = (d − 1)/2 for space dimension d. Likewise
in the gravitational case the arguments in24 permit us
to calculate the universal coefficient of the log L term
coming from topological order. Since the charge is a ddimensional vector and each component is independently
conserved, one finds that
LG
γtop
=

d(d − 1)
2

LG
which gives γtop
= 3 in 3 + 1d.

(15)
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The similarity in entanglement entropy between the
electromagnetic and gravitational cases is striking, as is
their difference from the case of gapped topological order. This makes it clear that the phenomenon of gapless
topological order is universal in the systems where it appears and simultaneously quite distinct from the more
common notion of gapped topological order.

III.

e
Σ

TOPOLOGICAL DEGENERACY, WINDING
OPERATIONS, AND SOFT BOSONS

Now that we have stable lattice gauge theories with exactly gapless bosons, we want to consider the continuum
limit. We argue that the fundamental objects in these
theories – local constraints, gauge transformations, and
global flux integrals – carry over into the full continuum
theory of electromagnetism and linearized gravity. It is
important to note that these connections are all made in
the IR, where we expect the gauge constraints to hold this is not an attempt to build a full quantum theory of
gravity.
The IR stability of these gauge theories follows from
the local constraint on the low-energy Hilbert space. For
both of these systems (and the infinite family described
in13 ), this constraint is the conservation of some tensorvalued gauge charge.
In the previous section we followed the standard arguments to construct the degenerate ground states of
QED and linearized gravity on the torus by starting with
the lattice models and explicitly calculating the flux integrals. Importantly, the states with nonzero flux are
only degenerate in the limit of infinite system size, as the
energies only go to zero as 1/L.
However, the argument in that section depends on the
topology in an awkward way, by relying on the periodicity of the perpendicular directions to the flux. For concreteness, we calculate the commutator of Φ̂z with the
(continuum) QED Hamiltonian along the surface z = 0,
which gives
Z
Z
h
i


Φ̂z , Ĥ = 2i dxdy zij ∂i B̂j = 2i dxdy ∇ × B̂ .
z

(16)
Provided that B̂ satisfies the periodic boundary conditions




L
−L
B̂
, y, 0 = B̂
, y, 0
(17)
2
2
and similarly for y, then the integral vanishes for even
finite L. The generalization to linearized gravity is
straightforward.
Due to the reliance on the periodic boundary conditions in the perpendicular directions, this method is unsuited to showing the existence of the topological degeneracy in the more general case with just one periodic direction. We are still able to construct the appropriate de-

FIG. 2: A cylindrical system is shown with one possible
cut surface Σ. The charges of interest are integrals over
this surface of the normal component of the electric
field.

generate ground states however by using a winding construction adapted from the Minkowski spacetime arguments in2,7,8 and similar arguments about lattice SU (3)
in28 .

A.

Winding

We begin with open boundary conditions and consider
a point charge e located at r0 . This produces an electric
field
E=

e r − r0
.
4π |r − r0 |3

(18)

If we partition the space with a planar surface Σ as shown
in Figure 2, the integral over this surface is easy to evaluate and yields
Z
Z
e ∞
rh
e
E · dΣ = ±
dr = ± ,
(19)
2 + r 2 )3/2
2
2
(h
Σ
0
where h is the distance from the charge to the surface, r is
the distance along the surface, and the sign of the integral
depends on the sense of orientation of the surface. If we
now place a second charge −e at r1 on the opposite side
of the surface we find
Z
E · dΣ = ±e.
(20)
Σ

Note that this result is independent of where we place the
second charge, and so this integral only tells us about the
total partition of charges across Σ. As such we are free
to move both charges as far away from the surface as we
wish, leaving a field which is asymptotically constant, as
shown in Figure 3.
Now suppose that we wish to impose periodic boundary conditions. This may be done by “unfolding” the
space and inserting periodically spaced copies of all
charges, as shown in Figure 4. Of course this must be
regularised when the system is finite, but in the limit as
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Σ
e

FIG. 3: A cylindrical system is shown with one possible
cut surface Σ. The charges of interest are integrals over
this surface of the normal component of the electric
field. In this case the hard charges ±e (not shown) have
been placed at distant mirrored positions on either side
of the surface such that the field here is uniform and
normal to the surface.

e
Σ

the system becomes infinite this procedure is correct. If
we place N such pairs of charges, one from each pair on
each side of the surface, the flux integral reads
Z
E · dΣ = ±N e.
(21)

e

Σ

By contrast suppose we begin by placing a pair of charges
at their periodic locations, but both on one side of the
surface. The integral will now vanish. No matter how
many times we do this, the integral still vanishes. In the
limit as the space becomes infinite this unfolding procedure remains perfectly well-defined, but the value of this
global integral may be made to be any even integer simply by appropriate choice of the order in which it occurs.
Thus while local observable like the electric field converge
by this process, the integral is sensitive to the order in
which we place charges and hence the physical manner
in which the periodic limit is reached.
The dependence of flux integrals on the manner in
which we unfold the space corresponds precisely to the
topological degeneracy in the theory. This is because altering the order of placement corresponds in the periodic
case to creating a dipole and winding it around the periodic dimension before destroying it. To show this, we
consider Poisson’s equation for our pair of point charges:
∇2 φ = e (δ(r − r0 ) − δ(r − r1 )) .

e

FIG. 4: A periodic unfolding of the system shown in
Figure 2. The system is tiled a total of N times but
only the four closest to the surface Σ are shown.

(22)

In momentum space this is

−k 2 φ̃ = e eik·r0 − eik·r1 .

(23)

The flux integral in momentum space is then

As a result
Z


e
φ̃ = − 2 eik·r0 − eik·r1 ,
k

(24)


k ik·r0
e
− eik·r1
2
k

(25)

Z Z
E · dΣ = −

Σ

Σ

d3 k
(−ik · n̂) e−ik·r φ̃d2 x, (26)
(2π)3

so
Ẽ = ie

where n̂ is the unit vector normal to Σ. For simplicity we
may take the two dimensions parallel to Σ to be infinite,
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in which case
Z
Z

dkn  ikn (r0,n −rn )
ie
e
− eikn (r1,n −rn ) ,
E · dΣ = −
2π
kn
Σ
(27)
where the subscript n denotes the component normal to
Σ. Now if the remaining direction is periodic with finite
size then the integral is actually a sum:
Z
∞

X
i  2πil(r0,n −rn )/L
E · dΣ = −e
e
− e2πil(r1,n −rn )/L
2πl
Σ
l=1

e
eik(r0,n −rn ) − eik(r1,n −rn )
lim
(28)
L k→0
k
∞

X
i  2πil(r0,n −rn )/L
e
− e2πil(r1,n −rn )/L
= −e
2πl
l=1


r0,n − r1,n
+e
.
(29)
L
−i

The special case-handling for the l = 0 mode is necessary
because this mode is degenerate in equation (25). While
any value will satisfy this component when l = 0 (and
hence k = 0), we choose the value which is consistent with
the limit as k → 0, such that it remains well-defined and
consistent with the integral formulation in the the limit
as L → ∞. Now if we pick r0,n = −r1,n = h and rn = 0,
which we can do just by choice of Σ, then
"

#
Z
∞
h
h X 1
sin 2πl
.
(30)
E · dΣ = e 2 +
L
πl
L
Σ
l=1

This may be evaluated as




Z
i
1 − e2iπh/L
h
h
E·dΣ = e 2 + log
= e 1 + 2b c .
L π
L
1 − e−2iπh/L
Σ
(31)
As h increases the charges wind around the torus, and as
this happens the flux integral increments. The offset of 1
just comes from our choice of coordinates. Note that the
same argument holds when the remaining dimensions are
finite.
The flux increment we see is associated with a mode
with k = 0, which is the soft photon sector. In the
high-energy context soft photons really are the vanishingenergy analogues of photons, but in the condensed matter
language this is a bit of a misnomer, as it is not a photon mode but rather a large gauge transformation of the
electric field. To see that the mode really is soft note
that the field associated with it is a static one which,
when integrated over a surface of size L2 yields a constant value. That means the field scales as L−2 and so
the field energy density scales as L−4 . Integrating over
the volume gives energy scaling as L−1 . As L → ∞ this
vanishes and so the modes associated with this winding
procedure are actually soft.
This winding argument clearly holds for each periodic
direction, and so on T 3 we find three independent integervalued topological charges. In a more complicated topology the number may vary. For instance, consider a sphere

FIG. 5: Winding charges around a cylinder leaves a
static uniform electric field pointing along the winding
direction. For clarity the third spatial dimension is not
shown.
with a hollowed-out center, and identify points on the
outer edge with points at the same angular coordinates
on the inner edge. In this case the number of periodic directions scales as L2 , normalized by the UV lattice spacing. These directions may be distinguished by the flux
integral
Z
Q =
(r)E · dΣ.
(32)
Σ

By appropriate choice of  this charge may be made sensitive to different winding directions n̂. This just alters
the modes which are selected in integrating over the surface. In this way we can decode the precise direction of
each winding which has occurred.
This curious physics is strongly dimension-dependent.
To understand this note that in general a theory with
d spatial dimensions obeying a local flux constraint has
field quanta with amplitude
ψ∼

1
Ld−1

.

(33)

This is just because the flux integral over a hypersurface
of area Ld−1 must be independent of L. The energy
density is then
dE
1
∼ ψ 2 ∼ 2d−2 .
dV
L
As a result the energy of the mode is

(34)

dE
1
∼ d−2 .
(35)
dV
L
In our universe, where d = 3, this yields soft modes with
energy scaling as 1/L. More generally d = 2 is the critical
dimension where the modes take on a constant energy
independent of L. Below this the modes are infinitely
gapped in the thermodynamic limit and so are irrelevant.
E ∼ Ld
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B.

Soft Bosons and Topological Sectors

We now explicitly connect the soft theorems to topological ground state degeneracy. This has already been
done in Minkowski spacetime2,7,8 by proving that the
Ward identities for the operators that detect topological sectors are equivalent to the soft photon and graviton
theorems, though the degeneracy was not noted as topological in these works. As a result we only need to show
that these arguments continue to hold in the condensed
matter language.
First we note that the equivalence described in7 follows
from calculating the LiÃľnard-âĂŞWiechert fields for a
massive particle-antiparticle pair and examining the field
behavior near null infinity. Due to the periodic boundary
conditions placed on the gauge fields at null infinity, this
process can be viewed as the analogue of the winding procedures described above. However, instead of leaving the
±
massive particles at I∓
, in the condensed matter system
these particles are annihilated.
Since the particles have annihilated, they no longer
contribute to the electric flux integrals that distinguish
the topological degeneracy. In the language of7 , there
is no “hard” charge, and the only remaining piece is the
“soft” charge left over from the winding procedure. However, this “soft” charge encodes the history of the winding
process for a given periodic direction, and is identified
with the threaded electric flux. This is the analogue of
β being detectable in Hawking et al. 2 .
To make the connection between this winding process
and the soft theorems explicit we must quantize the electric field, construct the soft photon operator corresponding to this winding procedure, demonstrate that its flux
through Σ matches that above, and show that it commutes with the Hamiltonian. We begin by writing
Z
d3 k
Â =
âi,k ei eiωt−ik·r + h.c.,
(36)
(2π)3
where i is summed over, ei form a basis of unit vectors
and ω = k with the appropriate choice of units. This
allows us to write
Z
d3 k
Ê = ∂t Â =
iωâi,k ei eiωt−ik·r + h.c. (37)
(2π)3
and
Z
B̂ = ∇ × Â =

d3 k
âi,k k × ei eiωt−ik·r + h.c.. (38)
(2π)3

We now wish to construct the soft photon operator
Wn̂ which produces the field associated with winding a
pair of charges around a periodic dimension of the system. As this is a static field it is described by a coherent
state. This means that the operator which creates it is a
displacement operator, so
 Z

d3 k eik·n̂h − e−ik·n̂h †
Ŵn̂† (h) = exp e
â
+
h.c.
.
k̂,k
(2π)3
k2
(39)

This indeed produces the field in equation (25), as
h0|Ŵn̂ (h)Ê Ŵn̂† (h)|0i = e

d3 k
k eik·n̂h − e−ik·n̂h
iω
3
(2π)
k
k2
(40)

Z

d3 k eik·n̂h − e−ik·n̂h
k
,
(2π)3
k2
(41)

Z
= ie

where |0i is the vacuum state annihilated by |ai,k i. It
follows that the flux Ŵn̂ carries across Σ is the same as
the classical flux in equation (26) when h = L, so this
operator does in fact correspond to the winding process.
Finally to see that Ŵn̂ (L) is indeed a soft operator note
that the Hamiltonian is given by
Z
Ĥ = d3 r|Ê|2 + |B̂|2 .
(42)
The magnetic component vanishes because A k k and
B ∝ k × A. The electric component may be resolved in
Fourier space as
Z
Z
d3 k 2 X †
k
âm̂,k âm̂,k ,
(43)
d3 r|Ê|2 =
(2π)3
m̂

where m̂ range over an orthonormal basis. Now note that
†

âeαâ

−α∗ â

= e−αâ

†

+α∗ â

(â + α)

(44)

so
h

†

â† â, e−αâ

+α∗ â

i

= e−αâ

†

+α∗ â


|α|2 + αâ† + α∗ â .
(45)

As a result
Z
2
h
i
d3 k 2 2 eik·n̂L − e−ik·n̂L
Ĥ, Ŵn̂ (L) = Ŵn̂
k
e
(2π)3
k2
 ik·n̂L

−ik·n̂L 
e
−e
†
−
a
+ ek 2
a
k̂,k
k̂,k
k2
(46)
Z
2
3
d k 2 sin (kn L)
= Ŵn̂
4e
(2π)3
k2


+ 2ie sin(kn L) â†k̂,k − âk̂,k .
(47)
If the system is periodic along n̂ then the integral in that
dimension must be replaced by a sum so
h

∞

d2 k⊥ 2 sin2 (2πl)
4e
(2π)3
k2
l=0


+ 2ie sin(2πl) â†k̂,k − âk̂,k .
(48)

X
1
Ĥ, Ŵn̂ (L) = Ŵn̂
L
i

Z

In this form it is clear that all modes with l 6= 0 vanish.
The second term vanishes when l = 0 but the first does
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not. In particular if k⊥ = 0 as well then the first term
does not vanish. As a result the only contribution comes
from the term with k = 0. This term must be written
as a limit in order to ensure continuity in the vicinity of
h = L, and this limit must be approached along the n̂
direction, as the field is in this direction when h = L.
Thus we find
h

i 4e2
sin2 (kn L)
Ĥ, Ŵn̂ (L) = 3 Ŵn̂ lim
k→0
L
kn2
4e2
sin2 (un )
Ŵn̂ lim
u→0
L
u2n
2
4e
=
Ŵn̂ .
L
=

(49)
(50)
(51)

As promised this vanishes as L−1 and so the operator is
indeed soft.
Thus we have shown that the operation which winds a
particle-antiparticle pair around a large loop has support
preferentially as k → 0, and scales in such a way that it
commutes with the Hamiltonian up to terms of order
L−1 . As such we identify it as the soft photon operator
in our system.

C.

Local Indistinguishability and Generalizations

Now that we have shown the ground state degeneracy
on a torus, we turn to another important characteristic
of topological order - local degeneracy. Roughly speaking, this means that any local measurement should be
unable to determine which topological sector the system
occupies. We can see this heuristically by noting physical processes with typical length scale ∆X cannot resolve
momenta more precisely than ∆P ∼ ∆X −1 . Since the
topological degeneracy comes from the 1/L modes, local measurements with ∆X  L cannot determine the
topological sector.
Though a more complete field-theoretic treatment is
left to future work, we can get some intuition about
this result by considering the careful treatment of IR divergences first discussed in3 . By considering scattering
processes that both involve virtual infrared bosons and
the emission/absorption of infrared bosons, the IR divergence goes away. The new transition rate is given in
terms of a positive function C that depends on the details of the gauge theory, a positive function b, the UV
cutoff Λ, the total energy of emitted soft modes E, and
the original transition rate Γ0αβ :
Γαβ = (E/Λ)C b(C)Γ0αβ

(52)

When considering the modes that change topological sectors, we see that the energy goes to zero as 1/L and thus
the transition rate for local scattering processes to change
topological sectors vanishes. In this light, the IR divergence in QED and linearized gravity is similar to IR divergences in spontaneously broken (0-form) symmetries.

This is in agreement with the arguments of Bousso and
Porrati 29 , though it does not mean as has been claimed30
that such modes are unmeasurable or trivially decoupled,
simply that modes at some asymptotic distance L require
space and time proportional to L to measure.
This identification solves the longstanding question of
the connection between 1/L photon modes and topological sectors. That is, 1/L photon modes carry the charges
which identify different topological sectors. This is a significant point, but in retrospect is not entirely surprising,
as the 1/L modes by definition are sensitive to global
physics.
The arguments above do not rely on any details of
QED other than charge conservation and the existence
of gapless modes, which combined allows us to determine the scaling of the fields. The general nature of
this construction then leads to the somewhat remarkable
conjecture that any stable, deconfined, continuous gauge
theory with a soft theorem should have some notion of
topological degeneracy. The different topological sectors
can be reached by winding gauge-charged matter around
the large loops of the torus, which can be interpreted
as threading (locally invisible) soft bosons. Importantly,
one only expects stability provided that the matter is
massive, so that there is an exponential cost to “unwind”
the topological sectors.
Such behavior does not extend to gapless theories without a gauge structure (such as superfluids), since there
are no electric fields or charges, nor large gauge transformations. From the viewpoint of7 , there are no hard
charges and thus the Ward identity is not equivalent to
a flux integral. It should be noted that while there is a
notion of ground-state degeneracy in systems with spontaneously broken continuous symmetries, this degeneracy is not dependent on the topology of the manifold on
which the system resides.

D.

Higher Form Symmetries

The process of creating a charge-anticharge pair and
moving them around a closed path C is a well-known object in gauge theories: Wilson loops. Confinement of the
gauge theory can be determined by the area or perimeter
law scaling of these objects, captured in the Wilson loop
operator
W =e

R
C

A

(53)

This is manifestly invariant under the ordinary gauge
transformation, since the integral of df vanishes. However, we could consider a more general gauge transformation:
A→A+λ

(54)

If we require that dλ = 0 but λ 6= df for any f , then
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i+

the field strength F = dA is left Rinvariant but the Wilson
loops change by a factor of exp C λ.
This symmetry, known as a 1-form symmetry, is one of
the infinite family of generalized global symmetries with
very interesting properties31 . As opposed to 0-form symmetries, whose charges are point-like objects such as particles, the 1-form symmetries act line-like objects. The
elements of the 1-form symmetries act on surfaces, which
for U (1) are


Z
α
U (α, M 2 ) = exp i 2
?F
2g M 2

I+

I−

I−

(55)

These operators form a 2-group due to the ways the
manifolds can be stacked. However, for fixed M 2 (say,
the xy-plane) this symmetry is just a U (1) symmetry,
and its irreduciple representations are labeled by integers. This symmetry can spontaneously break, giving
rise to a Goldstone boson, namely the photon. Charged
matter explicitly breaks this symmetry, but for energies
much smaller than the charge gap the symmetry is restored. Whether or not the a symmetry spontaneously
breaks determines whether or not the gauge theory is
deconfined31 .
Our previous discussion can thus be rephrased in this
language as identifying “topological” surfaces that live in
the homology of the manifold, specifically closed surfaces
that do not bound a volume, and noting that, in the
thermodynamic limit, acting with the generators of the
1-form symmetry moves between ground states. This
unifies gapped and gapless topological order in gauge
theories, in that they both have spontaneously broken
1-form symmetries. In fact, the ground state degeneracy
in SU (3) noted in28 is topological in the same way.
A more complete analysis of higher-form symmetries
and their relation to topological phases is left to future
work.
IV.

I+

TOPOLOGICAL ORDER IN OPEN
SYSTEMS

In the previous two sections we argued that the IR
fixed point for both electromagnetism and linearized
gravity should have a well-defined continuum gauge theory arising from the local constraints of charge and momentum conservation. These Gauss-law type constraints
give rise to a ground-state degeneracy on a torus, which
we have termed gapless topological order due to the presence of the gauge bosons.
More specifically, the generators of topological degeneracy in gravitation and electromagnetism are the charge
operators of Hawking et al. 2 , written schematically as
Z
Q̂±
∼
?F
(56)
,EM
±
I∓

for electromagnetism, with a similar integral over I or
the equivalent boundary surface holding for gravitation.

i−

FIG. 6: Massless particles (wiggling lines) travel
between past and future null infinity while massive ones
(regular lines) travel between i− and i+ . This difference
means that massive (gapped) charges accumulate at i±
±
while soft charges appear at I±
.
These operators generate the ground-state degeneracy
of the vacuum, such that
h0|Q̂|0i = 0

(57)

h

(58)

and
i
Ĥ, Q̂ = 0.

Eq. (58) follows because Q̂ represents a soft mode corresponding to an asymptotic symmetry. Eq. (57) simply
represents the fact that the field configuration associated
with a system containing a soft boson is distinct from
that of a system not containing it. In a finite universe
the commutator is of order L−1 , matching the condensed
matter case.
This topological degeneracy is a surprising result of the
metric signature which holds even in open spacetimes. To
see this, note that a key result enabling equations (57)
and (58) is the antipodal mapping, which associates antipodal points on the boundaries of the past and future2 .
This mapping emerges because the ground state involves
only massless modes, which propagate through the spacetime bulk at c. More specifically, the antipodal mapping
is possible because in the absence of charges massless
fields are fully determined by their values on any one
Cauchy surface, as the wave equation
φ = 0

(59)
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may be used to propagate them from that surface to the
rest of spacetime. This establishes a correspondence between the values these fields take on at I − and I + . As
a result we may write as a slight rephrasing of Hawking
et al. 2
φ− (u) = eiα(u) φ+ (u)

e(1 − β 2 )
,
4πr2 (1 ∓ β · r̂)2

I+

Horizon

I−

I−

(60)

where u is the relevant null coordinate, φ± are evaluated
at antipodal points on the corresponding null surfaces,
and α is a function dependent on the gauge condition
taken at these surfaces.
Upon threading a flux quantum through from one null
surface to the other an overall factor of eiα is accumulated. This factor may be set to unity by appropriate
choice of gauge to yield periodic boundary conditions7 .
Even without doing this it is clear that Eq. (60) connects
antipodal points on the space, and so in the asymptotic
compactification gives it topological structure. This is
shown in Fig. 6. This sidesteps the problem of the topology of the universe, since we need not specify the genus
of spacetime.
In the presence of a more complicated topology or additional horizons (i.e. black holes) the identification is
between modes on different horizons which overlap when
propagated both forwards and backwards in time. For a
simple example, consider a soft graviton with large angular quantum numbers, such that it is highly directed.
This graviton propagates from a region on I − until it
encounters a black hole. The graviton becomes bound to
the event horizon by scattering into one of the surface
soft modes. This process is shown in Fig. 7. An analogous equation to Eq. (60) relates the mode which arrives
in this fashion at I − to the mode which arrives on the
black hole’s horizon. More generally, if the mode did not
fully scatter onto the black hole’s horizon there would
be a relation between the three boundaries, namely the
black hole, I − , and I + , with at most a phase accumulation between each of them.
Massive charged excitations by definition propagate
from i− to i+ and break this structure by introducing scattering processes, but this propagation is exponentially suppressed as e−mL and hence does not break
the ground state degeneracy in the thermodynamic limit.
This is the analogue of the circumferential create-winddestroy propagation process on a torus. A key difference
is that topological winding in a 3 + 1d spacetime is complicated by its infinite nature, which makes it the case
that winding soft flux through the universe requires an
infinite amount of time, or at least the time required to
reach an acceptable approximation of asymptotic infinity.
For a concrete example consider inserting a single +e
electric charge at i− with velocity β. The electromag±
netic tensor at I∓
is2
F±,rt =

Singularity

i+

(61)

where the subscript rt denotes the component which goes

i−

FIG. 7: Massless soft graviton (wiggling line)
propagates from I − and impinges on the black hole
(top-right), resulting in entanglement between the two
horizons.
±
as dr ∧ dt. The soft charge at I∓
is then
Z
1
Q±
=
 ? F±,rt

e2 I∓±
Z
(1 − β 2 )
1
= lim r2
2
e r→∞
S 2 4π(1 − β · r̂)r
Z
2
1
(1 − β )
=
.
e S 2 4π(1 − β · r̂)

(62)
(63)
(64)

Now suppose that we thread a negative charge −e with
velocity β 0 6= β. The net charge is evidently


Z
 (1 − β 2 )
(1 − β 02 )
1
±
−
.
(65)
Q =
e S 2 4π 1 − β · r̂ 1 − β 0 · r̂
This is nonzero though the net charge which has been
threaded through i± is zero. Of course if β 6= β 0 then
the charges are always located far apart spatially at i± ,
but in the compactified coordinates in which we identify
i− with i+ this is fine. A similar argument holds for
black hole event horizons and for supertranslations, but
unfortunately the fields are much more difficult to write
out explicitly. The key difference is that the charges must
begin at i− , enter the black hole, be emitted via Hawking
radiation, and then head towards i+ . Other than that the
argument is precisely the same, and the integral may be
taken over the horizon of the black hole along with the
±
necessary spatial cut to reach I∓
.
It is usually useful to think of topological winding as an
operation which may be iterated. This is not the case for
the universe due to the infinite time required to wind. It
is worth asking then in what sense this order is topological. The answer is twofold. First, while we cannot iterate
a winding process on a single universe, we can simulate
the process given several spacetimes. To see this suppose we start with a universe with no soft charge. We
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can then wind a dipole from i− to i+ as described above
and note the soft charge which appears. We can set up
a second empty spacetime with this soft charge from the
beginning. If we then wind a dipole through that spacetime the soft charge doubles, and so it is clear that the
amount of soft charge is a quantity which changes with
dipole winding, which is locally unobservable, and which
permits us to indefinitely move from sector to sector via
this process. These are the hallmarks of topological order.
The second argument is somewhat more direct: it is
entirely valid to wind multiple dipoles simultaneously,
as they can be separated spatially yet lead to the same
soft charge so long as their asymptotic velocities are the
same. As a result it is sensible to talk about iterated
winding, just with the iteration occurring in space rather
than time.
What both of these arguments fail to address is what
happens to the hard charge at infinity. This likewise has
two answers which differ just as a matter of interpretation. First, suppose we bring a dipole out of the vacuum
at some point near i− and then wind it to some point
near i+ before annihilating it. Far from the origin we
may draw a surface and integrate over it to measure the
resulting soft charge. This is the case so long as the creation and annihilation occur outside of the surface, and
so the winding effectively encompasses a loop in spacetime between the creation and annihilation points. The
limit may then be taken as this surface goes off to infinity,
keeping these two points outside as it goes.
The alternative interpretation of this process is that
we may ‘glue’ two spacetimes together as a result of the
periodic boundary conditions at infinity. In this process,
I + and i+ in one spacetime are identified with the antipodal I − and i− in the other spacetime, and vice-versa.
As a result a charge wound from i− to i+ in one spacetime simply carries on to the next one, before wrapping
back to the first spacetime once more. In this way we
avoid formal accumulation of charge at infinity.
Regardless of interpretation, it is clear that there is
topological order in these systems, both as a result of the
odd boundary conditions associated with an open spacetime and as the continuum limit of the corresponding lattice systems. This order manifests via global operators
that distinguish a charge which is not locally measurable,
and which have a direct connection to the hard (local)
charge wound through the system.

V.

LIMITS

As the topological order discussed here is quite broad
in nature it is worth discussing the limits in which it is
applicable. In particular it relies primarily on two key
assumptions; linearity and low-energy (IR).
Linearity in this context does not mean that the metric
is a small perturbation against Minkowski space. Rather,
it means that the quantum mechanical perturbations

we consider correspond to small metric perturbations
against whatever background metric we choose. This
is equivalent to saying that all perturbing gravitational
waves have small amplitude, or equivalently that gravitons are not so prevalent as to interact strongly with one
another. In fact we do not even require that this be
true universally, as we only need it to hold in the regions
around which we perform flux integrals. The gravitational field may be perturbed in an arbitrarily nonlinear manner outside of these regions, and these nonlinear
effects will appear simply as fluxes of the relevant conserved charges through the bounding surface.
Along similar lines, working in the low-energy (IR)
limit means that we are considering gravitons with energies of order 1/L, where L is a characteristic scale for
the universe. This is true even in the presence of a black
hole, where the scale of the universe and not that of the
black hole remains the relevant parameter. This is because in an infinite universe, black holes support precise
zero modes reflecting the BMS symmetry of relativity.
The fact that we confine our discussion to these modes
does not make our conclusions any weaker, however, as
our claim is precisely that these modes give rise to topological order. The existence of higher-energy modes is
irrelevant to this point.

VI.

BLACK HOLES AND INFORMATION

As mentioned previously, there are modes which exist
on the event horizon of a black hole which are analogous
to the modes on the horizons at infinity. These modes
actually obey the same dispersion relation up to local
horizon distortions, just with the expansion coordinate
converted from ξ = 1/r to ξ = r−rs , rs being the horizon
radius2 .
Now consider the formation of a Hawking pair at the
horizon. For simplicity, we consider QED, so the state is
a charge singlet of charge-1 particles. The state is then
one of the Bell states, given by
1
|φi = √ (| + −i + | − +i) .
2

(66)

One particle falls into the interior while the other escapes to I + . By the preceding arguments there are flux
integrals which can detect the fact that a particle has
escaped. These integrals measure the soft charge on the
horizon, and so the state of the outgoing particle must be
entangled with the soft sector. If these integrals can detect the degree of freedom we have considered, the state
must really be
1
|φi = √ (| + −+i + | − +−i)
2

(67)

up to a minus sign and overall phase factor, where the
additional qubit describes the state of the flux integral
that labels the soft sector. In this way it is possible to
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FIG. 8: Separating charges in different directions
generates a GHZ state between the charge positions and
the gauge field.

entangle the outgoing particle with the soft sector. Now
Eq. (67) is the GHZ state for three particles, and so we
know that if we trace out the soft sector there will be no
remaining entanglement between the infalling and outgoing Hawking particles. This ought to occur for all portions of the state of the particle which may be read from
soft flux integrals, and so if these indeed encode all of
the information which falls in then there is no firewall
paradox.
This resolution amounts to quantum mechanical violation of equivalence via the monogamy of entanglement,
and is essentially a physical realization of the nonlocal
gravitational modes proposed by Osuga and Page 32 . Notably this exchange of entanglement is a purely quantum
mechanical effect. The soft theorems guarantee that interactions with the soft sector are not classically measurable, so this resolution of the paradox represents a
way to preserve the classical equivalence principle while
minimally violating it quantum mechanically.
It is important to emphasize that this argument does
not resolve the broader information paradox. To see this
note that the Bell state is not recoverable from |φi after
tracing out the particle which fell in. This is another way
of saying that the information is not transferred from the
particle to the horizon nor is it cloned, it is just entangled
with the horizon.

CONCLUSION

We have argued that a peculiar type of gapless topological order exists in the lattice models of electromagnetism
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