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Topological nodal-line semimetals are characterized by one-dimensional Dirac nodal rings that
are protected by the combined symmetry of inversion P and time-reversal T . The stability of
these Dirac rings is guaranteed by a quantized ±π Berry phase and their low-energy physics is
described by a one-parameter family of (2+1)-dimensional quantum field theories exhibiting the
parity anomaly. Here we study the Berry-phase supported topological transport of PT invariant
nodal-line semimetals. We find that small inversion breaking allows for an electric-field induced
anomalous transverse current, whose universal component originates from the parity anomaly. Due
to this Hall-like current, carriers at opposite sides of the Dirac nodal ring flow to opposite surfaces
when an electric field is applied. To detect the topological currents, we propose a dumbbell device,
which uses surface states to filter charges based on their momenta. Suggestions for experiments and
device applications are discussed.

The last decade witnessed a growing interest in anoma-
lous transport properties of topological semimetals [1–
6], such as the axial current in Weyl semimetals [7] and
the valley Hall effect in graphene [8, 9]. These topo-
logical currents have their origin in quantum anoma-
lies of the relativistic field theories describing the low-
energy physics of semimetals. Quantum anomalies arise
whenever a symmetry of the classical theory is broken
by the regularization of the quantum theory. For ex-
ample, in Weyl semimetals the (3+1)-dimensional chiral
anomaly [10–16] manifests itself by the non-conservation
of the chiral charge, i.e., as an axial current flowing be-
tween Weyl points with opposite chiralities. Experiments
on TaAs [17, 18] and on Na3Bi [19] have revealed signa-
tures of the chiral anomaly in magneto-transport mea-
surements. The chiral anomaly of Weyl semimetals is
intimately connected to the nontrivial topology of the
Berry bundle [20–23], which endows the Weyl points with
a nonzero topological charge.

Another example of an anomaly leading to topological
currents is the (2+1)-dimensional parity anomaly [24–
27], which is realized in graphene [28–33]. The par-
ity anomaly also appears on the surface of topological
(crystalline) insulators [34, 35] and in quantum spin Hall
systems [36]. The fermionic excitations near the Dirac
cones of graphene are described by a (2+1)-dimensional
quantum field theory exhibiting the parity anomaly.
Any gauge symmetric regularization of this quantum
field theory must break spacetime inversion symmetry,
which manifests itself by a parity-breaking Chern-Simons
term in the electromagnetic response theory of a single
graphene Dirac cone. This Chern-Simons term gives rise
to the valley Hall effect, where fermions from different
Dirac cones flow to opposite transverse edges, upon ap-
plying an electric field. The valley Hall effect has been
observed experimentally [28–31] and has attracted at-
tention due to possible applications in valleytronics de-

vices [28, 37].

Parallel to these developments, recent research has
shown that there exist topological semi-metals not just
with Fermi points, but also with finite-dimensional Fermi
surfaces, such as, Dirac or Weyl nodal lines [20–23, 38–
49]. These line nodes can be protected by time-reversal
and nonsymmorphic symmetries [47, 48], by mirror
planes [48], or by the combined symmetry of inversion
and time-reversal [46, 47]. The topological charges of
these finite-dimensional Fermi surfaces are defined in a
similar way as for Weyl and Dirac points, namely, by the
topology of the Berry bundle on a dc-dimensional sphere
that encloses the Fermi surface from its transverse dimen-
sion [20–23]. Here, dc is called the co-dimension of the
topological Fermi surface. Since topologically nontrivial
Berry bundles are closely connected to quantum anoma-
lies, one may wonder whether the quantum field theories
describing nodal-line semimetals exhibit any anomalies
and, if so, whether they lead to unusual transport phe-
nomena.

This is the question we address in this Letter for
the case of Dirac nodal-line semimetals (DNLSMs) pro-
tected by the combined symmetry of time-reversal T
and inversion P with (PT )2 = +1 [42–44]. PT invari-
ant DNLSMs are realized in several different materials,
e.g., in Ca3P2 [50] and CaAgAs [51, 52] and in other
systems [53–60]. We find that the low-energy fermionic
excitations of these DNLSMs are described by a one-
parameter family of (2+1)-dimensional quantum field
theories with a parity anomaly. We show that this
parity anomaly leads to a Hall-like topological current,
which can be controlled using electric fields. To detect
this anomalous current, we propose a dumbbell-shaped
device, which utilizes the drumhead surface states of
DNLSMs to filter electrons based on their momenta.

Topological charge and parity anomaly.— We begin our
analysis by discussing the relation between the Z2 topo-
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logical charge of PT symmetric DNLSMs and the parity
anomaly. The Fermi surface of Dirac nodal-line semimet-
als consists of one-dimensional Dirac rings, which have
co-dimension dc = 1 in the three-dimensional Brillouin
zone (BZ). We assume that the DNLSM exhibits only
a single Dirac ring, which is located within the kz = 0
plane [Fig. 1(a)]. Its low-energy Hamiltonian reads [43]

H(k) =
1

Λ
[k2

0 − (k2
x +k2

y)− b2k2
z ]σ3 + vzkzσ2 +mσ1, (1)

where for later use we have introduced a small PT break-
ing mass mσ1. In a DNLSM material this mass term
could be generated, for example, by inversion breaking
uniaxial strain, pressure or an external electric field. In
the absence of mσ1 the Hamiltonian H(k) is PT sym-
metric with the PT operator P̂ T̂ = σ3K̂. The symmetry
protection of the Dirac ring (1) is guaranteed by a quan-
tized Z2 topological charge ν, which is given by the parity
of the Berry phase along a loop S1 that interlinks with
the Dirac ring [Fig. 1(a)]. That is, ν is expressed as

ν[S1] =
1

π

∫
S1

dϕ trA(ϕ) mod 2, (2)

where the integration is along the loop S1, parametrized
by ϕ ∈ [−π, π), and Aαβ,j = 〈α,k|i∂kj |β,k〉 denotes the
Berry connection of the occupied Bloch eigenstates |α,k〉.
PT symmetry ensures that ν can only take on the quan-
tized values 0 and 1. Loops S1 that interlink with a
Dirac ring have a nontrivial Berry bundle, which results
in a nonzero topological charge ν = 1. In two dimen-
sions, Eq. (2) assures the stability of the Dirac points
in graphene. In fact, since graphene is PT symmetric
and its Dirac points have co-dimension dc = 1, it belongs
to the same entry [61] in the classification of topological
semimetals as DNLSMs [46].

Guided by this observation, we introduce cylindri-
cal coordinates {kρ, φ, kz} and decompose the (3+1)-
dimensional DNLSM into a family of (2+1)-dimensional
subsystems parameterized by φ, as shown in Fig. 1(a).
Each subsystem exhibits two Dirac points with oppo-
site Berry phase [62]. The low-energy physics of a single
Dirac point in a given subsystem is described by a (2+1)-
dimensional quantum field theory with the action

Sφ =

∫
d3x ψ̄ [iγµ(∂µ + ieAµ) +m]ψ, (3)

where ψ is a two-component Dirac spinor coupled to
the electromagnetic gauge field Aµ. Here, ψ̄ = ψ†γ0,
{γµ, γν} = 2ηµν , and ηµν = diag(1,−1,−1). The mass
term mψ̄ψ breaks spacetime inversion symmetry, since
the spinors transform under PT as ψ → γ2γ0ψ and
ψ† → −ψ†γ0γ2. In the absence of the mass term mψ̄ψ,
Eq. (3) is PT symmetric and can be viewed as a clas-
sical action of (2 + 1)-dimensional Dirac fields. It is
however impossible to quantize this classical action with-
out breaking the spacetime inversion symmetry, i.e., PT

(a) (b)

FIG. 1. (a) The topological charge is defined in terms of a
line integral along the green loop. The blue plane indicates
the two-dimensional subsystems that are parametrized by the
angle φ. (b) Relationship of the Dirac ring to the surface
states of a topological nodal-line semimetal. Drumhead sur-
face states occur within the red region, which is bounded by
the projected Dirac ring. Within this region the topological
charge ν, Eq. (2), takes on the value ν = 1.

symmetry is broken by the regularization of the quan-
tum theory. To see this, let us consider the Pauli-Villars
regularization of the effective action Sφeff[A,m] of Eq. (3),
which is obtained from the fermion determinant by inte-
grating out the Dirac spinors. The effective action with
zero mass Sφeff[A, 0] needs to be regularized due to ultra-
violet divergences, which can be achieved by the stan-
dard Pauli-Villars method, i.e., Sφ,reg

eff [A] = Sφeff[A, 0] −
lim
M→∞

Sφeff[A,M ]. While this regularization scheme pre-

serves gauge symmetry, it breaks PT invariance, since
the Pauli-Villars mass Mψ̄ψ leads in the M → ∞ limit
to the Chern-Simons term [25, 27]

SφCS = η
e2

4π

∫
d3x εµνλAµ∂νAλ, (4)

where η = ±1 is the sign of the Dirac point Berry phase.
As discussed in Eq. (2), the Berry phase η is equal to the
topological charge ν (up to a sign convention).

From the modern condensed matter viewpoint, the
parity anomaly is attributed to the Z2 topological charge
ν of the PT symmetric Dirac point. That is, because of
the topological obstruction from the nontrivial topologi-
cal charge, there exists no PT symmetric lattice ultravi-
olet regularization for a single (2+1)-dimensional Dirac
point. I.e., any lattice regularization has to involve an
even number of nontrivial Dirac points, since the sum
over all topological charges in the BZ torus must be
zero. This is consistent with the Z2 nature of the par-
ity anomaly, since a doublet of (2+1)-dimensional Dirac
points coupled to gauge fields can be quantized without
breaking PT symmetry.

To conclude, in the process of quantizing the clas-
sical action (3) we have broken PT symmetry due to
the Chern-Simons term (4). Thus, although the parity
anomaly strictly speaking occurs only in (2+1) dimen-
sions, it also appears in (3+1)-dimensional DNLSMs.
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FIG. 2. The red arrows indicate the Berry curvature Ω(k),
Eq. (6), in the presence of a small PT breaking mass term
mσ1. The green arrows represent the transverse topological
current jt,φ, Eq. (7), that is induced by an external electric
field applied along (a) the ŷ direction and (b) the ẑ direction.

Topological transport in DNLSMs.— Next we discuss
the anomalous transport phenomena that are associated
with the parity anomaly. Varying the Chern-Simons
term (4) with respect to the electromagnetic gauge field
Aµ yields the anomalous transverse current

jµt,φ = η
e2

4π
εµνλ∂νAλ (5)

for a single Dirac cone in a given (2+1)-dimensional sub-
system. Thus, electromagnetic fields projected onto a
two-dimensional subsystem induce a topological current,
which flows perpendicular to the applied field. Since
the energy bands of DNLSMs are, to a first approxi-
mation, nondispersive along the φ direction, one might
expect that the electromagnetic response of DNLSMs
in the presence of a small PT breaking term is dom-
inated by this topological current. However, for each
two-dimensional subsystem there are two Dirac points
that contribute to the transverse current with opposite
signs η = ±1. Since these two contributions cancel out
to zero, the topological current can only be measured by
a device that filters electrons based on their momenta.

Let us now give a second derivation of the transverse
topological currents in terms of semiclassical response
theory [9]. In the presence of an electric field, the semi-
classical equations of motion for Bloch electrons con-
tain an anomalous velocity proportional to the Berry
curvature. This gives rise to a transverse Hall-like cur-

rent [8, 9], given by jt = e2

~
∫

d3k
(2π)3 f(k) E×Ω(k), where

f(k) is the Fermi-Dirac distribution function, E denotes
the electric field, and Ω(k) represents the Berry curva-
ture of the Bloch eigenstate |α,k〉, which is defined as
Ω(k) = ∇k×〈α,k|i∇k|α,k〉. From a symmetry analysis
it follows that the Berry curvature in a gapped system
vanishes identically, unless either time-reversal or inver-
sion symmetry are broken. Indeed, using Eq. (1) with
m = 0 we find that Ω(k) is zero in the entire BZ, except
at the Dirac nodal line, where it becomes singular, i.e.,

Ω(k) = πδ(kρ − k0)δ(kz)êφ. To regularize this divergent
Berry curvature, PT symmetry needs to be broken, for
example, by uniaxial strain, pressure, disorder, circularly
polarized light, or an electric field, which leads to a small
non-zero mass mσ1 in Eq. (1) and, consequently, a well-
behaved Berry curvature. For the conduction band, Ω(k)
is given by

Ω(k) =
mvzkρ/Λ

[( 2k0
Λ qρ)2 + v2

zk
2
z +m2]

3
2

êφ, (6)

where we have neglected terms of higher order in qρ and
kz. Here, qρ = kρ − k0 is the radial distance from the
Dirac ring. The Berry curvature is peaked at (qρ, kz) =
(0, 0) and points in opposite directions at opposite sides
of the Dirac ring (Fig. 2). The latter is a consequence
of time-reversal symmetry, which requires that Ω(k) =
−Ω(−k).

From Eq. (6) we compute the transverse current con-
tributed by states with momentum angle φ by perform-
ing the momentum integral over the cylindrical coordi-
nates kρ and kz. Assuming that the chemical potential
EF = µ lies within the conduction band, just above the
gap opened by mσ1, we obtain the φ-dependent Hall cur-
rent

jt,φ '
e2

~
k0

8π2

(
1− m

µ

)
E× êφ, (7)

where we have neglected terms of order m2. For a deriva-
tion of Eqs. (6) and (7) we refer the reader to the sup-
plemental material (SM) [63]. Interestingly, when the
chemical potential µ is bigger than the gap energy m,
the transverse current jt,φ is dominated by the first term,
which originates from the parity anomaly. Indeed, the
first term of Eq. (7) is consistent with Eq. (5) as it differs
only by the differential element (k0/2π)dφ of the cylindri-
cal coordinate system. Figure 2 displays the distribution
of the transverse currents jt,φ (green arrows) along the
Dirac ring for a constant electric field applied along the
ŷ and ẑ directions. We observe that carriers on opposing
sides of the Dirac ring flow into opposite directions trans-
verse to the electric field. This leads to an accumulations
of charge on opposite surfaces of the DNLSM.

Dumbbell filter device.— From the above analysis it
is now clear that the parity anomaly in DNLSMs gives
rise to transverse topological currents. However, since
the currents contributed by modes on opposing sides of
the Dirac ring have opposite sign, the total transverse
current vanishes (i.e., the anomaly cancels). Neverthe-
less, it is possible to detect anomalous currents by use
of a dumbbell filter device, which is based on a ballistic
constriction with (001) surface states [Fig. 3(a)] (i.e., a
constriction in which the electronic states are confined
along the z direction). To explain this, we consider a
lattice version of the effective Hamiltonian (1), which is

given by HL =
∑

k Ψ†kHL(k)Ψk, with Ψk = (cpk, cdk)T
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FIG. 3. (a) The dumbbell device consists of two bulk regions
(“i” and “‘iii”) separated by a constriction (“ii”) with (001)
surface states (i.e., in-gap sates at the surface parallel to the z
direction). (b) Schematic dispersion relation for fixed kx = 0
in the bulk regions and in the constriction. An electron with
ky > 0 (red filled circles) can be transmitted, while an electron
with ky < 0 (open blue circles) is reflected.

describing electrons in p and d orbitals, and [43]

HL(k) = [µz − 2t‖(cos kx + cos ky)

− 2t⊥ cos kz]σ3 − 2t′⊥ sin kzσ2 +mσ1. (8)

Here, µz is an on-site energy, and t‖, t⊥, and t′⊥ repre-
sent intra- and inter-orbital hopping amplitudes on the
cubic lattice. The topologically nontrivial Berry bun-
dle of HL leads to the appearance of drumhead surface
states. This can be seen by deforming the green integra-
tion loop in Fig. 1(a) into two lines along the (001) axis
(i.e., along the z direction), denoted by “Li” in Fig. 1(b).
It follows from the bulk-boundary correspondence [64]
that in-gap surface states appear at the (001) face (i.e.,
at surfaces perpendicular to the z direction) whenever
ν[Li] 6= 0. This corresponds to regions of the surface
BZ that are bounded by the projected Dirac ring, since
moving Li along transverse directions without crossing
the Dirac ring preserves ν[Li].

The proposed dumbbell filter device consists of two
bulk regions connected by a ballistic constriction with
drumhead surface states [Fig. 3(a)]. All three parts of
the dumbbell are made from the same nodal-line mate-
rial, which should be relatively defect free. Such a device
could be manufactured, for example, using focused ion
beam microfabrication [65]. The electronic states in the
constriction are confined in the z direction, such that
their low-energy spectrum is dominated by the drum-
head surface states. We show the dispersion relation of
the constriction with dimensions Nx = 20 and Nz = 10
in Fig. 4(a), which reveals that all states with energies
within the interval −0.4 . E . 0.4 are surface states

FIG. 4. (a) Dispersion relation of the DNLSM HL, Eq. (8),
in bar geometry with dimensions Nx = 20 and Nz = 10 and
mass m = 0.05. (b) Conductance G for the dumbbell filter
as a function of chemical potential µ in the constriction. The
inset shows the polarization P .

(cf. Fig. S3(a) in SM [63]). When a voltage is applied
across the device, a current passes through the constric-
tion, whose conductance is given by the multi-channel

Landauer formula [66, 67], G = e2

h

∑
µ,ν |tµν |

2
, where

tµν are the transmission coefficients. Assuming that the
chemical potential µ lies slightly above the gap energy,
transport through the constriction is mediated mainly
by the modes of the drumhead surface states. Indeed,
as shown in Fig. 4, for |µ| . 0.4 the current flows en-
tirely within the surface states, leading to plateaus of

quantized conductance with steps in multiples of e
2

h . For
|µ| & 0.4, however, bulk modes start to contribute. Since
the right propagating surface modes all have positive ky,
only electrons from the right half of the Dirac ring [red in
Fig. 3(b)] with ky > 0 can pass through the constriction.
Electrons from the left half of the Dirac ring [blue in
Fig. 3(b)], however, are reflected. Therefore, the dumb-
bell device acts as a filter for modes with ky > 0. The
effectivness of the filter can be estimated by the polar-
ization P = Gsurf/Gtot, where Gtot and Gsurf denote the
total conductance and the conductance contributed by
the surface modes, respectively. We find that P is close
to 100% for |µ| . 0.4, while it decreases once bulk modes
start to mix in [Fig. 4(b)]. For additional simulations see
SM [63].

Now, since the electric field is oriented along the y
direction in the dumbbell device, electrons with ky > 0
give rise to a transverse current that flows upwards along
the z direction [Fig. 2(a)]. Thus, a voltage difference
develops between the upper and lower surfaces of the
right weight plate of Fig. 3(a). This voltage difference
can be measured experimentally and is a clear signature
of the parity anomaly in DNLSMs.

Conclusion.— The anomaly-induced currents are ro-
bust to small perturbations, since they are of topolog-
ical origin. The same applies to the dumbbell device,
as its properties originate from topologically protected
surface states. Hence, the topological currents are ob-
servable even in systems with small spin-orbit coupling,
finite dispersion of the nodal ring, as well as moderately
strong disorder, as discussed in the SM [63]. Regarding
experimental realizations of our proposal, the hexagonal
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pnictides CaAgAs and CaAgP [51, 52] are particularly
promising candidate materials, because they are avail-
able in single crystal from and exhibit just a single Dirac
ring at the Fermi energy [52, 68–70]. In the SM [63] we
give some estimates for the optimal geometry of a dumb-
bell device made out of CaAgP.

While the observation of the parity anomaly in
DNLSMs would be of fundamental interest, the dumb-
bell device used for this purpose could also lead to new
electronic devices, such as a topological current rectifier.
We anticipate that similar devices could also be realized
in Dirac or Weyl semi-metals, whose Fermi arc surface
states could be used as a valley filter.
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[20] P. Hořava, Phys. Rev. Lett. 95, 016405 (2005).
[21] G. E. Volovik, Universe in a helium droplet (Oxford Uni-

versity Press, Oxford UK, 2003).
[22] G. E. Volovik, Topology of quantum vacuum, Lecture

Notes in Physics, Vol. 870 (Springer Berlin, 2013) pp.
343–383.

[23] Y. X. Zhao and Z. D. Wang, Phys. Rev. Lett. 110, 240404
(2013).

[24] A. J. Niemi and G. W. Semenoff, Phys. Rev. Lett. 51,
2077 (1983).

[25] A. N. Redlich, Phys. Rev. D 29, 2366 (1984).
[26] F. D. M. Haldane, Physical Review Letters 61 (1988).
[27] G. V. Dunne, in Topological Aspects of Low Dimensional

Systems, edited by A. Comtet, T. Jolicoeur, S. Ouvry,
and F. David (1999) p. 177, hep-th/9902115.

[28] R. V. Gorbachev, J. C. W. Song, G. L. Yu, A. V. Kre-
tinin, F. Withers, Y. Cao, A. Mishchenko, I. V. Grig-
orieva, K. S. Novoselov, L. S. Levitov, and A. K. Geim,
Science 346, 448 (2014), arXiv:1409.0113 [cond-mat.mes-
hall].

[29] Y. Shimazaki, M. Yamamoto, I. V. Borzenets, K. Watan-
abe, T. Taniguchi, and S. Tarucha, Nature Physics 11,
1032 (2015), arXiv:1501.04776 [cond-mat.mes-hall].

[30] M. Sui, G. Chen, L. Ma, W.-Y. Shan, D. Tian,
K. Watanabe, T. Taniguchi, X. Jin, W. Yao, D. Xiao,
and Y. Zhang, Nature Physics 11, 1027 (2015),
arXiv:1501.04685 [cond-mat.mes-hall].

[31] K. F. Mak, K. L. McGill, J. Park, and P. L. McEuen, Sci-
ence 344, 1489 (2014), arXiv:1403.5039 [cond-mat.mes-
hall].

[32] H. Zeng, J. Dai, W. Yao, D. Xiao, and X. Cui, Nature
Nanotechnology 7, 490 (2012), arXiv:1202.1592 [cond-
mat.mes-hall].

[33] K. F. Mak, K. He, J. Shan, and T. F. Heinz, Nature
Nanotechnology 7, 494 (2012), arXiv:1205.1822 [cond-
mat.mes-hall].

[34] L. Fu and C. L. Kane, Phys. Rev. B 76, 045302 (2007).
[35] C. Fang and L. Fu, arXiv:1709.01929 [cond-mat,

physics:hep-th] (2017), arXiv: 1709.01929.
[36] B. J. Wieder, B. Bradlyn, Z. Wang, J. Cano, Y. Kim, H.-

S. D. Kim, A. M. Rappe, C. L. Kane, and B. A. Bernevig,
arXiv:1705.01617 [cond-mat] (2017), arXiv: 1705.01617.

[37] A. Rycerz, J. Tworzydo, and C. W. J. Beenakker, Nat
Phys 3, 172 (2007).

[38] A. A. Burkov, M. D. Hook, and L. Balents, Phys. Rev.
B 84, 235126 (2011).

[39] S. Matsuura, P.-Y. Chang, A. P. Schnyder, and S. Ryu,
New Journal of Physics 15, 065001 (2013).

[40] K. Shiozaki and M. Sato, Phys. Rev. B 90, 165114 (2014).
[41] C.-K. Chiu and A. P. Schnyder, Phys. Rev. B 90, 205136

(2014).
[42] Y. Kim, B. J. Wieder, C. L. Kane, and A. M. Rappe,

Phys. Rev. Lett. 115, 036806 (2015).
[43] Y.-H. Chan, C.-K. Chiu, M. Y. Chou, and A. P. Schny-

der, Phys. Rev. B 93, 205132 (2016).
[44] A. Yamakage, Y. Yamakawa, Y. Tanaka,

mailto:zhaoyx@nju.edu.cn
mailto:a.schnyder@fkf.mpg.de
http://dx.doi.org/ 10.1103/RevModPhys.88.035005
http://dx.doi.org/http://dx.doi.org/10.1016/j.crhy.2013.10.010
http://dx.doi.org/http://dx.doi.org/10.1016/j.crhy.2013.10.010
http://dx.doi.org/10.1103/PhysRevB.85.045104
http://dx.doi.org/10.1103/PhysRevB.85.045104
http://stacks.iop.org/0953-8984/27/i=11/a=113201
http://stacks.iop.org/0953-8984/27/i=11/a=113201
http://dx.doi.org/10.1103/PhysRevX.4.031035
http://dx.doi.org/10.1103/PhysRevX.4.031035
http://dx.doi.org/10.1103/PhysRevB.86.115133
http://dx.doi.org/10.1103/PhysRevB.86.115133
http://dx.doi.org/ 10.1103/PhysRevLett.99.236809
http://dx.doi.org/ 10.1103/PhysRevLett.99.236809
http://dx.doi.org/10.1103/RevModPhys.82.1959
http://dx.doi.org/10.1103/RevModPhys.82.1959
http://dx.doi.org/10.1103/PhysRev.177.2426
http://dx.doi.org/10.1007/BF02823296
http://dx.doi.org/10.1007/BF02823296
http://dx.doi.org/ http://dx.doi.org/10.1016/0370-2693(83)91529-0
http://dx.doi.org/ http://dx.doi.org/10.1016/0370-2693(83)91529-0
http://dx.doi.org/10.1103/PhysRevB.85.241101
http://dx.doi.org/10.1103/PhysRevB.88.104412
http://dx.doi.org/10.1103/PhysRevB.88.104412
http://dx.doi.org/ 10.1103/PhysRevB.84.075129
http://dx.doi.org/ 10.1103/PhysRevB.84.075129
http://dx.doi.org/10.1103/PhysRevB.87.235306
http://dx.doi.org/10.1103/PhysRevB.87.235306
http://dx.doi.org/10.1103/PhysRevX.5.031023
http://dx.doi.org/10.1038/ncomms10735
http://dx.doi.org/10.1038/ncomms10735
http://arxiv.org/abs/1601.04208
http://dx.doi.org/10.1126/science.aac6089
http://arxiv.org/abs/http://science.sciencemag.org/content/350/6259/413.full.pdf
http://dx.doi.org/ 10.1103/PhysRevLett.95.016405
http://dx.doi.org/10.1103/PhysRevLett.110.240404
http://dx.doi.org/10.1103/PhysRevLett.110.240404
http://dx.doi.org/10.1103/PhysRevLett.51.2077
http://dx.doi.org/10.1103/PhysRevLett.51.2077
http://dx.doi.org/10.1103/PhysRevD.29.2366
http://arxiv.org/abs/hep-th/9902115
http://dx.doi.org/ 10.1126/science.1254966
http://arxiv.org/abs/1409.0113
http://arxiv.org/abs/1409.0113
http://dx.doi.org/10.1038/nphys3551
http://dx.doi.org/10.1038/nphys3551
http://arxiv.org/abs/1501.04776
http://dx.doi.org/10.1038/nphys3485
http://arxiv.org/abs/1501.04685
http://dx.doi.org/ 10.1126/science.1250140
http://dx.doi.org/ 10.1126/science.1250140
http://arxiv.org/abs/1403.5039
http://arxiv.org/abs/1403.5039
http://dx.doi.org/ 10.1038/nnano.2012.95
http://dx.doi.org/ 10.1038/nnano.2012.95
http://arxiv.org/abs/1202.1592
http://arxiv.org/abs/1202.1592
http://dx.doi.org/ 10.1038/nnano.2012.96
http://dx.doi.org/ 10.1038/nnano.2012.96
http://arxiv.org/abs/1205.1822
http://arxiv.org/abs/1205.1822
http://dx.doi.org/10.1103/PhysRevB.76.045302
http://arxiv.org/abs/1709.01929
http://arxiv.org/abs/1709.01929
http://arxiv.org/abs/1705.01617
http://dx.doi.org/10.1038/nphys547
http://dx.doi.org/10.1038/nphys547
http://dx.doi.org/10.1103/PhysRevB.84.235126
http://dx.doi.org/10.1103/PhysRevB.84.235126
http://stacks.iop.org/1367-2630/15/i=6/a=065001
http://dx.doi.org/10.1103/PhysRevB.90.165114
http://dx.doi.org/10.1103/PhysRevB.90.205136
http://dx.doi.org/10.1103/PhysRevB.90.205136
http://dx.doi.org/10.1103/PhysRevLett.115.036806
http://dx.doi.org/10.1103/PhysRevB.93.205132


6

and Y. Okamoto, Journal of the Physi-
cal Society of Japan 85, 013708 (2016),
http://dx.doi.org/10.7566/JPSJ.85.013708.

[45] Y. X. Zhao and A. P. Schnyder, Phys. Rev. B 94, 195109
(2016).

[46] Y. X. Zhao, A. P. Schnyder, and Z. D. Wang, Phys. Rev.
Lett. 116, 156402 (2016).

[47] C. Fang, Y. Chen, H.-Y. Kee, and L. Fu, Phys. Rev. B
92, 081201 (2015).

[48] B. J. Wieder and C. L. Kane, Phys. Rev. B 94, 155108
(2016).

[49] K. Li, C. Li, J. Hu, Y. Li, and C. Fang, arXiv:1703.08545
[cond-mat] (2017), arXiv: 1703.08545.

[50] L. S. Xie, L. M. Schoop, E. M. Seibel, Q. D. Gibson,
W. Xie, and R. J. Cava, APL Mater. 3, 083602 (2015),
http://dx.doi.org/10.1063/1.4926545.

[51] Y. Okamoto, T. Inohara, A. Yamakage, Y. Ya-
makawa, and K. Takenaka, Journal of the
Physical Society of Japan 85, 123701 (2016),
http://dx.doi.org/10.7566/JPSJ.85.123701.

[52] E. Emmanouilidou, B. Shen, X. Deng, T.-R. Chang,
A. Shi, G. Kotliar, S.-Y. Xu, and N. Ni, Phys. Rev.
B 95, 245113 (2017).

[53] H. Weng, Y. Liang, Q. Xu, R. Yu, Z. Fang, X. Dai, and
Y. Kawazoe, Phys. Rev. B 92, 045108 (2015).

[54] T. T. Heikkil and G. E. Volovik, New Journal of Physics
17, 093019 (2015).

[55] D.-W. Zhang, Y. X. Zhao, R.-B. Liu, Z.-Y. Xue, S.-L.
Zhu, and Z. D. Wang, Phys. Rev. A 93, 043617 (2016).

[56] Y. Wu, L.-L. Wang, E. Mun, D. D. Johnson, D. Mou,
L. Huang, Y. Lee, S. L. Bud/’ko, P. C. Canfield, and
A. Kaminski, Nat Phys 12, 667 (2016).

[57] R. Yu, H. Weng, Z. Fang, X. Dai, and X. Hu, Phys. Rev.
Lett. 115, 036807 (2015).

[58] Q. Xu, R. Yu, Z. Fang, X. Dai, and H. Weng, arXiv
preprint arXiv:1608.03172 (2016).

[59] G. P. Mikitik and Y. V. Sharlai, Phys. Rev. Lett. 93,
106403 (2004).

[60] M. Hirayama, R. Okugawa, T. Miyake, and S. Mu-
rakami, Nature Communications 8, 14022 (2017).

[61] Hamiltonian (1) describing our nodal-line system be-
longs to symmetry class AI in the ten-fold classification.
However, only in the presence of PT symmetry, with
(PT )2 = +1 are the nodal lines stable and topologically
protected [46].

[62] To see this, one may move the green integration loop in
Fig. 1 along the Dirac ring from one Dirac point to the
other. This demonstrates that the green loop encloses the
two Dirac points with opposite orientations.

[63] See Supplemental Material for the derivation of the Berry
curvature, the computation of the transverse Hall cur-
rent, details of the numerical simulations, and the ro-
bustness of the effects.

[64] D. Vanderbilt and R. D. King-Smith, Phys. Rev. B 48,
4442 (1993).

[65] P. J. W. Moll, N. L. Nair, T. Helm, A. C. Potter, I. Kim-
chi, A. Vishwanath, and J. G. Analytis, Nature 535, 266
(2016).
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