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The spin-momentum locking of the surface states in a three dimensional topological insulator (TI) allows a
charge current on the surface of the TI induced by an applied spin current onto the surface, which is known as the
inverse Edelstein effect (IEE), that could be achieved either by injecting pure spin current by spin-pumping from
a ferromagnetic metal (FM) layer or by injecting spin-polarized charge current by direct tunneling of electrons
from the FM to the TI. Here, we present a theory of the observed IEE effect in a TI-FM heterostructure for the
spin-polarized tunneling experiments. If an electrical current is passed from the FM to the surface of the TI,
because of density of states polarization of the FM, an effective imbalance of spin-polarized electrons occurs
on the surface of the TI. Due to the spin-momentum helical locking of the surface states in the TI, a difference
of transverse charge accumulation appears on the TI surface in a direction orthogonal to the direction of the
magnetization of the FM, which is measured as a voltage difference. Here, we derive the two-dimensional
transport equations of electrons on the surface of a diffusive TI, coupled to a FM, starting from quantum kinetic
equation, and analytically solve the equations for a rectangular geometry to calculate the voltage difference.

Three dimensional (3D) topological insulators (TIs) pos-
sessing spin-momentum locking in their gapless two dimen-
sional (2D) surface states provide a suitable platform for var-
ious spintronic applications due to efficient charge current to
spin current conversion and vice versa1,2. The generation of
spin current from the charge flow on the surface of the TI was
used effectively to torque a ferromagnetic metal (FM) in prox-
imity to the TI3–6. Another interesting effect is the spin current
to charge current conversion on the surface of the TI, which
is known as the inverse Edelstein effect (IEE)7. The IEE ef-
fect in the TI was supported by spin-pumping experiments
on various representative TI-FM heterostructures8–12. In the
spin-pumping experiment, as shown in Fig. 1(a), a pure spin
current (Is) is injected to the TI from a FM layer in contact
with the TI, and the injected spin current tends to produce a
charge current on the surface of the TI because of the spin-
momentum locked band structure of the surface states of the
TI, and an open circuit voltage develops to oppose the flow of
the induced charge current. The IEE effect observed in spin
pumping experiment on the surface of a TI is derived theoret-
ically in literature13,14 for a pure spin bias applied to the TI.

To characterize the IEE effect, a different kind of spin-
tunneling experiment was performed by Liu et. al.15, as
shown schematically in Fig. 1(b) in which a charge current
(Ic) was flowed from the FM to the surface of the TI, and a
voltage drop was measured at the two ends of the TI surface
in the transverse direction which is orthogonal to the FM mag-
netization direction. As the FM has different density of states
for the majority and the minority electrons, a spin-polarized
charge current flows from the FM to the TI, creating a spin im-
balance on the surface of the TI. Because of spin-momentum
helical locking on the TI surface, the spin-polarized electrons
coming from the FM flow accordingly on the surface of the TI,
and the imbalance of spin-polarized electrons creates a differ-
ence of charge accumulation along the direction perpendicular
to the direction of magnetization in the FM. The difference of
charge accumulation is measured as a voltage difference at
the two ends of the TI surface. An order of estimate for the
observed voltage drop is provided by Liu et. al. with a simpli-

fying assumption of uniform current density on the surface of
the TI15. However, the current density on the TI surface could
be non-uniform, and one needs to solve the diffusion and the
continuity equation on the TI surface, considering current in-
jection from the FM along with proper boundary condition on
the TI surface to obtain the distribution of electrochemical po-
tential on the TI surface. In this paper, we derive the transport
equation on the surface of the TI, coupled to the FM, starting
from quantum kinetic theory and obtain a second order par-
tial differential equation for the electrochemical potential on
the TI surface with a source term due to the tunneling from
the FM. Then, we solve the differential equation analytically
in a rectangular geometry with net current flowing along one
boundary and no currents at other boundaries to calculate the
transverse voltage drop that is measured in experiment. We
show that the voltage drop depends on the interface conduc-
tance and becomes small if the interface conductance is high,
which implies the importance of a tunnel barrier in such spin-
polarized tunneling experiment.

To derive the quantum kinetic equation, we follow the ap-
proach given in Ref. [16-18]. The quantum kinetic equation
will be obtained from the Keldysh component of the Wigner
transformed left-right subtracted Dyson equation after lowest
order gradient expansion16–19, and is given by

∂TG
K +

1

2

{
v · ∇R, G

K}+
i

~
[
H(p), GK]

= −i
[ (

ΣRGK −GKΣA)− (GRΣK − ΣKGA) ], (1)

where the linear Dirac cone Hamiltonian for the surface states
of a TI is H(p) = ~vF(p× ẑ) ·σσσ, the velocity operator for the
surface states is v = 1

~∂pH(p) = vF(ẑ × σσσ), vF is the Fermi
velocity of the TI surface states, and ~ is the reduced Planck
constant. Here, GR,A,K and ΣR,A,K are the retarded (R), ad-
vanced (A) and Keldysh (K) component of the Wigner trans-
formed Green’s functions (G’s) of the TI surface states and
the self-energies (Σ’s) in terms of the variable (R,T; p, ε),
where (R,T) are the center-of-mass position and time co-
ordinates, and (p, ε) are the Fourier transformed momentum
and energy for the relative position and time co-ordinates. The
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FIG. 1. Schematics for measuring inverse Edelstein effect (IEE) on
the surface of a TI in a TI-FM heterostructure by (a) spin-pumping,
and (b) spin-polarized tunneling experiments.

self-energy consists of both disorder and tunneling contribu-
tions, i.e. Σ = Σdis + Σtun. We consider spin-independent
short-ranged randomly distributed impurity potential, and the
impurity averaged self-energy for disorder is

ΣR,A,K
dis (R,T; p, ε) =

1

πNτp

∫
d2p′

(2π)2
GR,A,K(R,T; p′, ε),

(2)
where τp is the momentum relaxation time in the TI, N is the
density of states of the TI surface states at the Fermi energy
εF. We introduce the quasi-classical Green’s functions (g’s) as

gR,A,K(R,T; pFp̂, ε) =
i

π

∫
dξp G

R,A,K(R,T; p, ε), (3)

where pF is the Fermi momentum and ξp = ~vFp − εF. We
consider that εF lies in the conduction band of the TI. In the
quasi-classical limit, εF is the largest energy scale in the prob-
lem and ξp integration is performed near εF, so only the pro-
jections to the conduction band of the retarded and advanced
Green’s functions of the TI surface states will be relevant to
the transport20–22. The conduction band projections of the re-
tarded/advanced Green’s functions of the TI surface state are

GR,A(p, ε) =
1
2 [σ0 + (p̂× ẑ) ·σσσ]

ε− ξp ± i0+
. (4)

So, the retarded and advanced quasi-classical Green’s func-
tions become gR,A = ±[σ0 + (p̂ × ẑ) · σσσ]/2 and the disor-
der self-energies are given by ΣR,A

dis = ∓(i/2τp)σ0. Simi-
larly, we can assume GK is peaked at the Fermi energy, i.e.
GK = −iπgKδ(ξp), and the Keldysh component of the disor-
der self-energy can be written as ΣK

dis = −(i/τp)〈gK〉, where
〈...〉 denotes angular averaging in the p space.

We consider a spin conserving and site-to-site (local) in-
stantaneous tunneling at the interface for both the case of a
rough interface and a smooth interface. In case of a rough in-
terface, the tunneling can be modeled by randomly distributed
tunneling centers and momentum randomization happens in
the tunneling process. The tunneling self-energy is obtained
after averaging over random distribution of the tunneling cen-
ters similar to the case of impurity scattering, and will be given
in terms of the Green’s functions of the FM at the interface,

ΣR,A,K
tun =

γ

π

∫
d3k′

(2π)3
GR,A,K

FM (R, z = 0,T; k′, ε), (5)

where γ represents the strength of the tunneling rate,GR,A,K
FM is

the retarded, advanced and Keldysh component of the Green’s
function in the FM, and k is the 3D momentum in the FM
band structure. However, in case of a smooth interface, the
tunneling can be modeled by a constant tunneling potential
throughout the interface, and as a result the in-plane momen-
tum will be conserved in the tunneling process (k‖ = p). The
tunneling self-energies is given by (with tunneling rate γ′ )

ΣR,A,K
tun =

γ′

π

∫
dk′z
2π

GR,A,K
FM (R, z = 0,T; p, k′z, ε). (6)

The retarded/advanced Green’s functions for FM are

GR,A
FM (k, ε) = P↑

1

ε− ξk↑ ± i0+
+ P↓

1

ε− ξk↓ ± i0+
. (7)

where ξk↑,↓ = ~2k2/2mc + εb ± ∆ex − εF for the two spin
splitted bands in the FM and P↑,↓ = (σ0 ± m̂ · σσσ)/2 are the
projection operators to these bands. Here, mc is the effec-
tive mass for both the conduction bands in the FM, εb is the
band offset relative to the Dirac point in the TI, ∆ex is the ef-
fective strength of exchange interaction between the conduc-
tion s-electrons and the localized d-electrons in the FM, and
m̂ = mxx̂+my ŷ+mz ẑ is the unit vector along the direction of
magnetization in the FM. We consider the Keldysh component
of the Green’s function in the FM consisting of incoherent su-
perposition of the Keldysh components of the quasi-classical
Green’s functions for the majority and minority electrons, i.e.,
g↑,↓(R, z = 0,T; kF↑,↓k̂↑,↓, ε), peaked at the corresponding
Fermi momentum kF↑,↓ of the each spin-splitted band18. Sim-
ilar to the retarded and advanced Green’s functions given in
Eq. (7), we can write

GK
FM(R, z = 0,T; k, ε) = −iπ

[
P↑g↑δ(ξk↑) + P↓g↓δ(ξk↓)

]
.

(8)
In case of momentum randomizing tunneling, the tunneling
self-energies are calculated to be ΣR,A

tun = ∓iγ
(
N↑P↑+N↓P↓

)
and ΣK

tun = −iγ
(
N↑P↑〈g↑〉+N↓P↓〈g↓〉

)
, where N↑,↓ are the

3D DOS of the majority and minority electrons in the FM
at εF, and 〈...〉 denotes angular averaging in the k space. In
case of in-plane momentum conservation, assuming that g↑,↓
are independent of the solid angle in the k space23, we obtain
same relation for the tunneling self-energy with γ replaced by
γ′, and N↑,↓ replaced by the corresponding one-dimensional
(1D) DOSs for majority and minority electrons in the FM cal-
culated at εF with the constraint of in-plane momentum con-
servation.

The quantum kinetic equation in terms of the quasi-
classical Green’s function gK of the TI surface states is ob-
tained after doing ξp integration of Eq. (1),

∂TgK +
vF

2

{
ẑ×σσσ · ∇R, gK}+ ivFpF[(p̂× ẑ) ·σσσ, gK]

= −gK

τp
+
〈gK〉
τp

+
1

2τp

{
(p̂× ẑ) ·σσσ, 〈gK〉

}
− γ
({

(N↑P↑ +N↓P↓), gK}+N↑P↑〈g↑〉+N↓P↓〈g↓〉
)

+
γ

2

{
(p̂× ẑ) ·σσσ, (N↑P↑〈g↑〉+N↓P↓〈g↓〉)

}
. (9)
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The Fermi energy εF is the largest energy scale compared to
all other relevant energy scales available in the system (εM be-
ing the maximum of them), so the lowest order solution (with
respect to the perturbation parameter εM/εF) of gK will com-
mute with [(p̂ × ẑ) · σσσ]20–22 and we can write the following
ansatz: gK = g0(p̂, ε)[σ0 + (p̂ × ẑ) · σσσ]. As we will consider
the FM to be magnetized in-plane (i,.e. mz = 0), there will be
no gap opening of the TI surface state as well as the coefficient
of σz in GK

FM will be zero, so the perturbation expansion and
the ansatz for gK will be valid24. Schwab et. al.18 derived the
charge continuity equation in the TI using the ansatz in Eq.
(9), taking trace over the spin space and doing the integration
over the angle in p space and energy ε. However, the associ-
ated diffusion equation for the charge current density on the
TI surface was not derived by Schwab et. al.18. On the other
hand, using semi-classical drift-diffusion model with tunnel-
ing calculated from the Fermi’s golden rule, Yokoyama et.
al.25 showed that both the continuity and the diffusion equa-
tion in the TI are modified due to the tunneling from the FM.
Here, we complete the derivation of the modified continuity
equation as well as the modified diffusion equation in the TI
starting from the quantum kinetic equation.

In the limit of diffusive transport of the quasi-particles,
g0(p̂, ε) can be expanded through the zeroth and the first har-
monics in 2D20–22, i.e. g0(p̂, ε) = gs(ε) + p̂ · ga(ε). The
continuity equation and the diffusion equation in the TI will
be obtained from Eq. (9) by separating the zeroth and the first
harmonic components, respectively. Substituting the ansatz
for gK with the expression of g0(p̂, ε) in Eq. (9), and doing
the integration over the angle in the p space, we obtain

∂Tgs +
vF

2
∇R · ga =

1

2
γ(N↑〈g↑〉+N↓〈g↓〉)

− γN+gs +
1

2
γN−ga · (m̂× ẑ), (10)

where we define N± = N↑ ± N↓. To separate out the
anisotropic part, we multiply Eq. (9) by p̂ and do the inte-
gration over the angle in the p space to get

∂Tga + vF∇Rgs = −
(

1

2τp
+ γN+

)
ga

+ γN−gs m̂× ẑ− γ

2

(
N↑〈g↑〉 −N↓〈g↓〉

)
m̂× ẑ. (11)

The charge density n and the charge current density J on the
surface of the TI are given by n = (eN/2)

∫
dε gs(ε) and

J = (eN/2)
∫

dε (vF/2)ga(ε)
18. We define the electrochemi-

cal potential µ in the TI as n = e2Nµ, and the electrochemi-
cal potential µ↑,↓ for the majority and minority electrons in
the FM as µ↑,↓ = (1/4e)

∫
dε g↑,↓(ε)

18. The charge den-
sity n+ and the spin density n− in the FM can be written
as n± = n↑ ± n↓, where n↑,↓ = e2N↑,↓µ↑,↓. Integrating Eq.
(10) over the energy ε and using these definitions, in the steady
state the following continuity equation in the TI is obtained

∇R · J =− γN+n+ γNn+ +
γN−
vF

J · (m̂× ẑ). (12)

Similarly, from Eq. (11) we obtain the diffusion equation

J =
1

(1 + ξ)

[
−D∇Rn+

γvFτtr

2

(
N−n−Nn−

)
(m̂× ẑ)

]
,

(13)
where τtr = 2τp is the transport relaxation time and D =
v2Fτtr/2 is the diffusion constant in the TI without tunneling,
and the term (1 + ξ)−1 is the modification of the the diffusion
constant due to tunneling, where ξ = γN+τtr is a dimension-
less parameter which is proportional to the interface conduc-
tance and denotes the strength of the tunneling. The diffusion
equation Eq. (13) and the continuity equation Eq. (12) consti-
tute the transport equations in the TI coupled to a FM, which
agrees with those derived by Yokoyama et. al.25.

In the spin tunneling experiment15 with the TI-FM het-
erostructure as shown in Fig 1(b), a charge current was ap-
plied through the FM and extracted at one end of the TI, and
a transverse voltage drop was measured on the surface of the
TI as shown in Fig. 2(a). We can consider the electrochemi-
cal potential in the FM to be uniform throughout the FM, i.e.
∂xµ↑,↓ = ∂yµ↑,↓ = 0, as the FM conductivity is much higher
than the TI conductivity. We also consider that there is no spin
electrochemical potential µs in the FM, i.e. µs = µ↑−µ↓ = 0
and the electrochemical potential for both the majority and
minority electrons in the FM to be equal to the charge electro-
chemical potential µc, i.e. µ↑ = µ↓ = µc. Substituting Eq.
(13) into Eq. (12) and inserting these conditions, we get

0 = ∂2xµ+ ∂2yµ−
2ξη

l
my∂xµ+

2ξη

l
mx∂yµ

+

[
ξ2η2

l2
(m2

x +m2
y)− 2ξ(1 + ξ)

l2

](
µ− µc

)
.

(14)

Here, η = N−
N+

is the DOS polarization of the FM and l = vfτtr

is the mean free path in the TI. To solve equation Eq. (14), we
make the substitution (µ−µc)→ µ, which amounts to calcu-
lating the electrochemical potential in the TI with respect to
that of the FM. The resulting differential equation is a second
order homogeneous partial differential equation in µ with no
cross derivative ∂x∂yµ, so it can be separated into two second
order ordinary differential equations by the separation of vari-
ables, i.e., setting µ(x, y) = µX(x)µY (y). The domain of the
solution is a rectangular region [0, Lx] × [0, Ly], as shown in
Fig. 2(a), which is a product of intervals of the two indepen-
dent variables x and y. After finding solutions for each sec-
ond order ordinary differential equations with unknown co-
efficients, the boundary conditions on the rectangular domain
are used to find the values of the unknown coefficients. By the
existence and uniqueness of solution of a second order partial
differential equation with a given boundary condition, the so-
lution found in this way will be the solution. After separating
out the functions of the variables x and y, we obtain

0 = d2
xµX − 2b0mydxµX +

(
b20m

2
y − c2X

)
µX , (15a)

0 = d2
yµY + 2b0mxdyµY +

(
b20m

2
x − c2Y

)
µY , (15b)

where b0 = ξη/l, the constants cX , cY satisfy the constraint
c2X +c2Y = c20 and we define c0 =

√
2ξ(1 + ξ)/l. The current
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FIG. 2. (a) The rectangular region on the TI surface showing current
Ic flowing out of the boundary y = Ly and electrochemical potential
drop ∆µ measured at y = L′y . (b) Variation of χ with ξ at different
L′y = fLy for f = 0.4, 0.6, 0.8 and Ly/l = 20.

density can be written as J = jxx̂ + jy ŷ, where

jx = −σ′[dxµX − b0myµX ]µY , (16a)
jy = −σ′[dyµY + b0mxµY ]µX . (16b)

Here, σ′ = σ/(1 + ξ) is the modified conductivity of the TI
due to tunneling with σ = e2ND being the conductivity of
the TI without tunneling.

The solutions of µX,Y are given by µX = A1e
r1x+A2e

r2x

and µY = B1e
s1x + B2e

s2x, if r1 6= r2 and s1 6= s2,
where r1,2 = b0my ± cX and s1,2 = −b0mx ± cY . Then
we obtain jx = −σ′cX(A1e

r1x − A2e
r2x)µY (y) and jy =

−σ′cY (B1e
s1x − B2e

s2x)µX(x). As shown in Fig. 2(a),
the boundary conditions on the TI surface in the rectangu-
lar region [0, Lx] × [0, Ly] of the TI-FM heterostructure are
jx(x = 0) = jx(x = Lx) = 0,∀y, jy(y = 0) = 0,∀x and∫

dxjy(x, y = Ly) = Ic. The solution of the boundary con-
dition jx = 0,∀y at x = 0, Lx implies r1 = r2 = b0my , i.e.
cX = 0, cY = c0. Hence, the solution of µX should be given
by µX = (C + Dx)eb0myx, and jx = −σ′Deb0myxµY (y).
The boundary condition jx = 0,∀y at x = 0, Lx gives D =
0. The constant C can be absorbed in the constants B1, B2

of µY , and we obtain µX = eb0myx. The boundary condi-
tion jy(y = 0) = 0,∀x gives B1 = B2 = B, and the only
unknown constant B is obtained from the remaining bound-
ary condition that the total charge current out of the boundary
y = Ly is Ic. So, we find the solution of µ(x, y) to be

µ(x, y) = − Ic

σ′
b0mye

b0myx

eb0myLx − 1

e−b0mxy cosh(c0y)

eb0mxLyc0 sinh(c0Ly)
. (17)

This is the main result of our paper. We consider two spe-
cial cases: the magnetization of the FM along the x-direction
and along the y-direction. For the FM magnetized in the x-
direction, i.e. for mx = ±1,my = 0, using the limit formula
limt→0 t/(e

t − 1)→ 1, we obtain from Eq. (17)

µ(x, y) = − Ic

σ′
1

Lx

e−b0mxy cosh(c0y)

eb0mxLyc0 sinh(c0Ly)
, (18)

which is independent of x, and so, no voltage drop will be
measured at the two ends x = 0 and x = Lx on the TI

surface. For the FM magnetized in the y-direction, i.e. for
mx = 0,my = ±1, we obtain from Eq. (17),

µ(x, y) = −Ic

σ

ηmy

2

eξηmyx/l

(eξηmyLx/l − 1)

d0 cosh(d0y/l)

sinh(d0Ly/l)
, (19)

where we have inserted the values of b0, c0 and defined d0 =
c0l =

√
2ξ(1 + ξ). The difference of the electrochemical

potential measured at some y = L′y and at the two ends x = 0
and x = Lx on the TI surface is defined as ∆µ(L′y) = µ(x =
0, y = L′y)− µ(x = Lx, y = L′y). From Eq.(19),

∆µ(L′y) =
Ic

σ

ηmy

2

l

Ly

(d0Ly/l) cosh(d0L
′
y/l)

sinh(d0Ly/l)
. (20)

The potential drop ∆µ depends on the orientation of the mag-
netization in the y-direction and changes sign when the mag-
netization is reversed. We introduce the dimensionless param-
eter χ = (d0Ly/l) cosh(d0L

′
y/l)/ sinh(d0Ly/l), and write

∆µ(L′y) = χη Ic
σ

l
Ly

my

2 , and the expression agrees with that
given by Liu et. al.15. The parameter η depends both on the
FM and on the quality of the interface. For the rough and
the smooth interface, the tunneling is momentum randomiz-
ing and in-plane momentum conserving, respectively, and the
DOS polarization of the FM η will be given by the 3D and
the 1D DOSs for the majority and minority electrons in the
FM, respectively. The parameter χ is a function of ξ, where
ξ = γN+τtr, γ depends on the nature of the interface, and N+

will be given by the 3D and the 1D DOSs of the FM for the
rough and the smooth interface, respectively. We also show
that the parameter χ depends on the geometry of the problem,
and in Fig. 2(b) we have plotted the variation of χ with ξ for
different values of L′y = fLy , where f = 0.4, 0.6, 0.8 and
Ly/l = 20. From Fig. 2(b), we observed that the value of χ
reduces as ξ increases or the interface conductance increases.
In the limit ξ → 0, we obtain χ→ 1 irrespective of the value
of l, L′y, Ly . In the experiment by Liu et. al.15, a tunnel bar-
rier was used between the TI and FM, and we show the im-
portance of the tunnel barrier in such tunneling experiment.
The band structure of a real TI material is complicated by a
quadratic mass term, and/or a mass term due to gap opening
at the Dirac point in a thin TI film, and/or a hexagonal warping
term present in the Hamiltonian. However, if the Fermi level
is away from the Dirac point and does not lie in the bulk of the
TI, the primary contribution to the physics of the surface states
of interest of a TI comes from the still linear Dirac-cone-like
dispersion relation that we have used. The presence of other
non-idealities will, of course, modify somewhat the charge
transport on the TI surface, but the essential conclusions of
this work remain.

In conclusion, starting from quantum kinetic equation we
derive the diffusion and the continuity equations in the TI
considering tunneling from the FM in a TI-FM heterostruc-
ture. From these transport equations, a second order partial
differential equation is obtained for the electrochemical po-
tential in the TI with a source term describing tunneling from
the FM. Next, we solve the differential equation analytically
in a rectangular geometry, for constant potential applied to the
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FM and with net current flowing out of one boundary on the
TI surface, to get the transverse potential drop at two other
boundaries on the TI surface. A non-zero transverse potential
drop orthogonal to the direction of the FM magnetization is
calculated, which changes sign when the magnetization is re-

versed and agrees with the experiment to detect the IEE effect
on the surface of a TI. We show that the potential drop de-
pends on the quality of interface, and find the importance of
the tunnel barrier in such spin-polarized tunneling experiment.

This work is supported by the SRC NRI SWAN and the
NSF NASCENT NNCI program.
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