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Interactions between charge carriers in graphene lead to logarithmic renormalization of observables
mimicking the behavior known in (341)-dimensional Quantum Electrodynamics (QED). Here we
analyze soft electron-hole (e-h) excitations generated as a result of fast charge dynamics, a direct
analog of the signature QED effect—multiple soft photons produced by the QED vacuum shake-
up. We show that such excitations are generated in photon absorption, when a photogenerated
high-energy e-h pair cascades down in energy and gives rise to multiple soft e-h excitations. This
fundamental process is manifested in a double-log divergence in the emission rate of soft pairs and a
characteristic power-law divergence in their energy spectrum of the form % log (%) Strong carrier-
carrier interactions make pair production a prominent pathway in the photoexcitation cascade.

Low-energy electronic excitations in graphene com-
bine, in a unique way, some aspects of two-dimensional
(2D) and three-dimensional (3D) systems' . Namely,
charge carriers in graphene sheets are described by a
(241)-dimensional massless Dirac Hamiltonian, while
interactions between carriers are governed by a 3D
Coulomb 1/r potential. The latter arises due to electric
field that extends in the 3D space around graphene and
remains unscreened at large distances. As a result, the
long-wavelength theory of carrier interactions, sometimes
called “graphene quantum electrodynamics (GQED)”,
has little in common with (2+1)-dimensional QED; in-
stead it strongly resembles (341)-dimensional QED. Sim-
ilar to the latter, the diagrammatic expansion carried out
in powers of dimensionless coupling is beset by log diver-
gences. Furthermore, the renormalization group flow is
towards a weak coupling fix point at long wavelengths,
similar to (3+1)-dimensional QED.

The renormalization procedure employed in GQED
comes in two distinct flavors! 7. One is the weak cou-
pling approach in which a fine structure constant is used
as a perturbation parameter. The other is a “strong cou-
pling” diagrammatic expansion carried out in powers of
the dynamically screened (RPA) interaction, correspond-
ing to the expansion parameter 1/N, where N = 4 is the
number of spin/valley flavors. The strong coupling ap-
proach is usually taken to be more accurate than the
weak coupling approach® since the dimensionless inter-
action strength a = e%/hvk, with s the dielectric con-
stant, typically exceeds unity. Various manifestations
of log divergences in GQED have been studied, in par-
ticular renormalization of carrier velocity! *™°, Dirac
mass'%!! and the vertices describing coupling to external
fields'? 15, These results, along with the recent studies of
higher-order contributions to diagrammatic expansion'®,
helped to build a compelling case for renormalization ap-
proach in GQED.

Here we will analyze another interesting QED-related
effect: creation of soft excitations as a result of fast
charge dynamics. This process represents a direct ana-
log of a signature QED effect—Bremsstrahlung radiation

FIG. 1. a),b) Diagrams describing soft pair creation following
a hard pair photoexcitation. ¢) Diagram describing photon
absorption with no secondary pairs created. Lines with arrows
denote fermion propagators; the outward and inward arrows
correspond to creation of particles in the conduction band
and holes in the valence band. The carrier-carrier interaction
(inner dashed lines) is of the RPA form, Eq.(10).

due to fast particle dynamics in which multiple soft pho-
tons are emitted. The cross-section describing soft pho-
ton emission is related to the bare cross-section through
the seminal Sudakov double-log dependence!”
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where —g? — oo is the fast particle momentum change,
m is electron mass and p is “photon mass”, a parame-
ter introduced to control the infrared divergence due to
emission of soft photons. A direct analog of this process
in graphene QED, discussed below, is emission of soft
electron-hole (e-h) pairs accompanying fast charge dy-
namics. In particular, processes of this type are expected
to occur during photoexcitation when a high-energy e-h
pair, created through photoabsorption, cascades down in
energy giving rise to multiple soft e-h excitations. The
corresponding diagrams are pictured in Fig.1.

Apart from a difference in the nature of excitations,
soft e-h pairs vs. soft photons, the process of soft pair
production in GQED bears strong similarity to Eq.(1).
Both arise at first order in the dimensionless coupling
and feature a double-log dependence. Since carrier dis-
persion in graphene is gapless, both logs are IR-divergent
and require regularization by implementing some form of
cutoff at low energy scales. We will start with consid-



ering a cutoff due to a small mass gap of Dirac carriers
through replacing the linear dispersion ¢ = +v|k| with
e = £vv2k?2 + A2. Accounting for the cutoff we find a
power-law spectrum of emitted soft pairs:
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where hv is photon energy, Wy is the photo-absorption
rate without soft pair creation, and the log divergence is
regulated by A. As in QED, the single pair emission rate
in Eq.(2) can be reinterpreted in terms of the expected
number of emitted pairs provided that different pairs are
statistically independent!”. Integration over A < w <
hv/2 gives the mean number of photogenerated pairs

=g [ = 2 (1))

which is much greater than unity at small A < hr/2 and,
as evident from Eq.(2), is dominated by soft excitations
with low energies w < hv.

We will also consider another cutoff mechanism, aris-
ing due to screening of the long-range part of 1/r inter-
action by a gate placed a distance H away from graphene
plane. Screening suppresses excitations with wavenum-
bers smaller that ky = 1/(2H), which translates into a
cutoff energy scale Ay = hvky. Interestingly, while this
cutoff impacts both log functions in the double-log depen-
dence, only one of them becomes finite whereas the other
one must be regulated by a second cutoff mechanism such
as the Dirac gap A in Eqgs.(2),(3). The resulting double-
log dependence, Eq.(30), has two different cutoffs: one at
A, another at yu = A?/Ap. This behavior, as well as
the fact that the double-log dependence appears at first
order in dimensionless coupling 1/N, accurately mimics
the properties of the soft photon emission in QED.

Electrons in graphene are described by the Hamilto-
nian for IV species of massless Dirac particles in a plane
coupled by a long-range 1/r interaction due to electric

field in 3D space:
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Here N = 4 is the spin/valley degeneracy, ©;(x), z/Jj(w)
describe two-component Dirac fermions on the sublat-
tices A and B of the graphene lattice. The interac-
tion term is written in terms of carrier charge density
plz) = Zfil el (@)ih;(x) and includes an effective di-
electric constant x.

Our main focus here will be on the soft excitations
emitted by a photogenerated high-energy e-h pair. To
describe this process in the framework of the graphene
Hamiltonian, Eq.(4), we incorporate optical field in the
kinetic energy term via Peierls substitution p — p —
£A(x,t), where A(x,t) describes the optical field. Since
optical wavelengths are considerably larger than the pho-
toexcited electron and hole wavelengths, we ignore the

AW (w) = Wy dw, A<w<hv/2, (2)

position dependence in A(x,t), treating it as a spatially
uniform time-dependent perturbation.

Before diving into the discussion of soft pairs it is in-
structive to recall the treatment of photon absorption in
the Dirac band'®'. The process of photoexcitation that
creates a single hard e-h pair and no soft pairs is pictured
in Fig.1c. The rate for this process is given by a simple
Golden Rule expression
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with My = (k|oZA[K). Here fr and fp/ is Fermi-
Dirac distribution in the conduction and valence bands
€k = :|:v|k:| For brevity, from now on we incorporate the
factor €2 in A. The delta function dj, s arises because the
1nequa11ty v < ¢ allows us to ignore momentum transfer
to and from the optical field, as discussed above. We set
frr =1 and fr = 0, accounting for the fact that the pho-
ton energy hr is much greater than the smearing of the
Dirac point due to temperature and disorder. Assuming
linear polarization of the optical field and plugging the
two-component Dirac spinor states |k), |k’) we find the
matrix element

2
(Ko Alk)| = A sin(0k — 0a), (6)

where the angle 0 — 04 describes orientation of the ve-
locities of excited particles relative to the optical field
polarization direction. We arrive at
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The angular dependence sin®(fy — 64) indicates that
the velocities of excited pairs are oriented predominantly
transversely to A, and there are no pairs aligned with A.

Next we proceed to evaluate the rate Wj describing
excitation of a primary hard pair and one additional soft
pair. We start with general considerations and then dis-
cuss the log divergence. A general expression for this
rate, given by the Golden Rule, reads

2m 9

Wi=—N > A= f)fa (1= fo)| M| (8)

1,17,2,2/

X 0(eky + Ehy — Ery — Eky — hv)0 (k1 + ko — kY — ky),
where the factors 1 — f1, fi, 1 — fa, for describe occu-
pancies of the states with momenta ki, k|, k2, k5. The
transition matrix element M is a sum of two second-order
contributions, due to an electron 1 and a hole 1/, which

differ by the order of the operators describing photon
absorption and soft pair creation

M =V, .,(1,2|G(p)oc A+ c AG(p)[1,2'), (9)

where G(p) and G(p) are noninteracting fermion propa-
gators and Vg ., denotes the RPA-screened interaction

S Vg 4N q>
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with V, =
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transform. The two terms in Eq.(9) describe the pro-
cesses in which photon absorption occurs before and after
a pair creation. The virtual states in the two contribu-
tions, Eq.(9), are characterized by the off-shell energy
values €p = €k, — W, P = k1 —q and 5 = €k + w,
p = ki + q (we use notation from Fig.1). The Greens
functions in Eq.(9) can then be evaluated using the
soft pair approximation w < eg,, |q| < |k1|, giving
G(p) = smrgr G(P) = — 5rprg With v [ k1.

To simplify the expression in Eq.(8) we transform the
sum over momenta by splitting the delta functions as

the Coulomb interaction 2D Fourier

0(cky + Eky — Ry — ERy — h) = /dw5(€k2 — Ky, — W)

><6(€k1 —akll—i—w—hu), 6(k1+k2—k/1—kl2)=

/ Pab(ky — Ky — q)3(k1 — k) + q), (11)

where w and q are energy and momentum of soft pairs.
The sum over ko and ki can then be expressed through
polarization function using the familiar identity2%:2!

ImTl,,., = —NFZsz,k;(fk; — [k2)0(Eky — Ry — W),
k2
(12)
where Fp, g, are coherence factors that are implicit in
Eq.(9). Plugging it in Eq.(8) we obtain

8N
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(13)
where k; is the momentum at which the primary hard
pair is excited, g is the momentum transferred to the
soft pair and w = hv — 2v|k;| — vq| is the energy of the
soft pair, where ¢ denotes the component of vector g
parallel to k;. The latter relation follows from the energy
conservation w = hv — g, — €k, +4, see Fig.1.

Tackling the double-log divergence in the rate Wi,
Eq.(13), is facilitated by expressing the integral over k;
through an integral over the soft-pair frequency w =
hv — 2v|k;| — vg). This is done by going to polar co-

ordinates as
27rd0
1
8m2 /dw/ (14
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where we used the soft pair approximation w < hv to
introduce a constant density of states at half the photon
energy ¢ = hr/2. We note that, while the integral in
Eq.(14) runs over —oo < w < 00, the physical values w
are smaller than half the photon energy hr/2. We will
therefore use hr/2 as a UV cutoff in integration over w
whenever necessary.

Inserting Eq.(14) into Eq.(13) we see that, in complete
analogy with the on-shell rate (7), the dependence on k;

orientation relative to A, namely the angle 67 — 04, is
present only in the matrix element (6). It will shortly be
clear that the soft pairs are emitted in the direction which
is near-collinear with the hard pair direction, forming two
“jets” directed aloglg ki1 and —k;. Angular integration
By e Ay

0 = 1 A? is therefore equivalent to av-

eraging over all possible orientations of the jets. Angular
distribution of the jets thus replicates that of the primary
pairs, as expected.

It will be convenient to factor out the hard-pair rate
Wo (see Eq.(7)) and write the transition rate in Eq.(13)
as an integral over the frequency and momentum of soft
pairs as

Im ITg, w2 q”

:——Wo/dwz (N, +1) |qu|2( —

(15)
where we introduced ¢, the component of g parallel to
the hard pair velocity direction. The Bose function N, =
@3—_1 describes thermal broadening of the Dirac point.
In the limit w > kpT the dependence N, + 1 can be
approximated as the Heaviside function O(w > 0) = 1,
O(w < 0) = 0. In this case the soft pairs have positive
energies.

Interestingly, while the dependence N, + 1 at T" > 0
does give rise to thermal smearing of the Dirac point,
it does not in itself regularize the infrared divergence in
Eq.(15). The origin of this peculiar behavior can be seen
from the identity N, + N_, + 1 = 0, which allows to
reduce integration over —oo < w < oo to integration
over 0 < w < oo through

/ Ny + ) F()de =
= R
:/ (Nw—i—l)F(w)dw—i-/ (N + 1) F(w)dw

oo 0
w)dw—i—/o F(w)dw

~ /OOO Plw)dw (16)

:/ (N_w+ N, + 1)F
0

valid for any even integrable function F'(w). Temperature
dependence due to N, + 1 therefore drops out for any
contribution expressed through an even function of w,
such as Eq.(15).

To analyze the double-log divergence in Wj transition
rate it is convenient to nondimensionalize this quantity
by introducing the mean number of excited pairs

(17)

This relation is valid provided that different pairs are
statistically independent and thus obey Poisson statis-
tics. The rates Wy and Wy are related through Eq.(15),
giving a simple expression for (N,).



To analyze the dependence in Eq.(15) we define a di-
mensionless coupling constant:

TN« mNe?

= — = 1
g 8 8khv (18)

where o = ;> is the conventional “fine structure” pa-
rameter, and the number of spin/valley flavors N is in-
corporated in g for later convenience.

In anticipation of an IR divergence, it is useful to in-
troduce a physically motivated IR regularization in the
expressions for Vg, and Ilg,. To that end we con-
sider a narrow-gapped Dirac fermion dispersion ¢ =
+vv2k2 + A2 and describe the soft-pair response with
the help of a polarization function

iNg? 1
T U6 /a2 — o2q® — A2 (19)

which we will use here instead of the one in Eq.(10) that
describes gapless graphene. The main effect of such reg-
ularization is to suppress pair production with energies
below A and small wavenumbers ¢ < kg = A/v. Plug-

ging Eq.(19) for I, into Vg, = % and using the

o0 w2 g2 2
(Np) = dw/ d?q 25 =4~k

P 0 (27)2 wNv‘;—j—qQ—kg—i-ngQ
2

2
w q
><9<——q2—/€§) ——— (20)
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identity (16), we write:

where the Heaviside step function comes from ImlIlg .
The quantity under the integral scales as ¢~ 3, leading to
an IR divergence at ky — 0. Importantly, since the reg-
ularization kg affects only the soft pair response function
Ilg.., it does not enter the last term originating from the
carrier dynamics at high energies which are far above the
gap A in the Dirac band. It is this term that will generate
an additional log divergence.

The expression in Eq.(20) can be simplified by writing
q = |g| cos# and integrating over # using the identity

f dfcos? 9 j{ dfcos* 0 T
(a—cos260)2 "] a—cos2f  al/2(a—1)3/2’
(21)

with a = 2. The integral is dominated by the angles in
q

the intervals of size 60 ~ 1/% — 1 centered at § = 0

and 7, which become very narrow in the regime of interest
;"—q — 1. The small values of 46 indicate that soft pairs
have a sharp angular distribution peaked along the hard
pair direction. Setting the limits of integration over w

and ¢ in agreement with the Heaviside function we write

w? 2
o rae 16g2 /52 —q® — kg
<N>:/ dw/ qdq
P A 0
q2
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_ 22
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with ¢, = 1vw? — A2, To understand the properties
of the integral over ¢ in Eq.(22) it is convenient to tem-
porarily suppress regularization and set kg = 0. This
gives an expression that diverges logarithmically at the
upper limit ¢ = w/v because of the first term in the nu-
merator and the last term in the denominator. The log
divergence is cut off after reinstating ko # 0, giving

) = [

where we neglected nonlogarithmic contributions assum-
ing log ¥ > 1. The expression under the integral gives
the spectrum of emitted pairs, Eq.(2). Integration over
w then generates the double-log dependence of Eq.(3).
Interestingly, the number of secondary pairs produced
per single absorbed photon, given in Eq.(3), as well as
their spectrum in Eqgs.(3),(23), depends on the number
of flavors N but not on the interaction strength c.

As noted above the log factor in Eq.(23) arises after
integration over ¢ near the singularity at ¢ = w/v in
the denominator of Eq.(22). This singularity, in turn,
originates from integrating 1/(w? — UQqﬁ)2 over the angle
between the soft and hard pair momenta. This confirms
that the second log in the double-log dependence is a
signature due to the near collinear character of soft pairs.

Next we consider the effect of screening by a gate. The
latter can be incorporated by replacing the 1/r interac-

tion in Eq.(4) with V(xz —2') = K‘;—im,l =t
the second term accounts for the image charges due to
the gate. Below we will need the Fourier transform of

this interaction (here H is the distance to the gate):

16 log %
m™N w

(23)

where
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(24)
We will see that the main effect of the gate is to sup-
press pair production with wavenumbers smaller than
kg = 1/(2H). One might expect that this suppres-
sion translates into an effective low-energy cutoff value
Ap = v/(2H) which, if greater than A, will replace it
in Eq.(2). As we will see, this naive expectation is incor-
rect and the actual situation is more interesting. Namely,
only one of the two logs in the double-log dependence of
Eq.(3) will be cut at A g whereas the other log will be cut
at a much smaller energy scale. Such a behavior arises
because screening, while suppressing the contribution of
pairs with small wavenumbers ¢ < kg, has absolutely no
impact on the singularity in the angular integration over
0 which receives contributions from pairs with all ¢ val-
ues, large and small. As a result the corresponding log
divergence is insensitive to screening.

From a technical standpoint, analysis of the screened
interaction requires only minor modifications of the
above discussion. The number of excited pairs in this
case is still given by Eq.(22), however the dimensionless
coupling ¢ is now replaced with

mNe?
= 1
9a 8xhv (

_e—U\Q\/AH)' (25)



It is instructive to consider the change in the number
of emitted pairs §(Np) due to introduction of screening.
Evaluating the change of the expression under the inte-
gral in Eq.(22) with the help of the identity

9°¢
w2 9 32 2.2 W _ 2 12 2.2 (26)
2o -kt 95 - — kgt 97%q

v
2
(92— 90 (47— a® = k%)
(57 — ¢ — K5 + 93¢*) (5 — ¢ — kS + 9°¢?)

9o q?

we note that, since the last term in the numerator van-
ishes at the upper limit of integration ¢, = %\/wQ — A2
the integral over ¢ in the expression for §(/N,) no longer
diverges at the upper limit when kg tends to zero. It
is therefore safe to set kg = 0 in the inner integral and
analyze the expression

(97 — 9°)q°dgq

Tdw [ 16
W] PN (s - i) (3 - @+ o)

A
) w ) Nz (a2 =1+ ¢%) (22 — 1+ g2(x))’
A 1
where we made a substitution ¢(z) = =, 1 < x < oo,

and defined g, (z) = g(1 — e~%/*2#), In this expression
the numerator is exponentially small when z < w/Ap.
In the opposite limit, = > w/Apgy, we have g,(z) =
gw/(zAp) < g. Integral over z is dominated by val-
ues 0 <z — 1<« 1, giving

16 Ap

A P 2
m2Nw 8 w (28)

provided w is smaller than Ag. Since at larger w the
integral over = drops rapidly, we can estimate §(N,) as

A6
5<Np>:—/A mlog

AH dw 8

_ 8 2B
2N J

A 3

(29)
a result valid for not too large gate-graphene separation,
2Hko < 1. This predicts

w W

<Np>: kau—lo 2£>
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After rearranging the logs this quantity can be written
as a QED-like double-log dependence with two cutoffs:

8 vk,
= — log —= 1 _ 7
(Np) = —p7 log —log o

vk, A2

= N (30)

Interestingly, while screening by a gate reduces the value
(Np), as expected, it does not eliminate the dependence
on the Dirac gap A even when this gap is much smaller
than Apy. The dependence on A survives in one of the
two logs, playing a role similar to the photon mass cutoff
in the QED double-log dependence in Eq.(1).

One remarkable property of the result for (INVy),
Eq.(30), is its universality: the prefactor 8 /72N depends
only on the number of flavors but not on the fine structure
parameter value . The dependence on a may of course
appear in the cutoffs of the two logs, yet it completely
drops out from the prefactor. We also stress that we
have not used any form of 1/N expansion in the deriva-
tion, and thus the 1/N dependence in Eq.(30) is valid for
all N, large or not too large.

Another peculiar property of the (IV,) double-log de-
pendence is that it is surprisingly insensitive to the effects
that readily provide IR regularization in other cases. E.g.
the divergence at A — 0 survives at a finite temperature
or under screened carrier-carrier interaction. It remains
to be seen whether this divergence can be cut off by sub-
leading effects, although we believe this is unlikely to be
the case.

Summing up, fast carrier dynamics can lead to emis-
sion of multiple soft e-h pairs with a characteric power-
law energy distribution. Our analysis reveals an anal-
ogy between this effect and Bremsstrahlung radiation
due to fast charge dynamics. The main difference be-
tween this signature QED effect and our e-h pair produc-
tion processes stems in the coupling strength. While for
Bremsstrahlung radiation the coupling strength is quite
weak, it is order-one for e-h pair production in graphene.
We therefore expect the soft pairs produced under pho-
toabsorption to gain prominence in the photoexcitation
cascade. Multiple pair emission is of interest in relation
to searching for materials exhibiting strong hot-electron
effects and/or carrier multiplication under photoabsorp-
tion. While our analysis focuses on graphene, the conclu-
sions apply more broadly to other Dirac materials with
linear or nearly linear band dispersion, either 2D or 3D.

ACKNOWLEDGMENTS

We acknowledge support of the Center for Integrated
Quantum Materials under NSF award DMR-1231319,
and MIT Center for Excitonics, an EFRC funded by the
U.S. Department of Energy, Office of Science, Basic En-
ergy Sciences under Award no. DE-SC0001088.

1 J. Gonzélez, F. Guinea, and M.A.H. Vozmediano, Nucl.
Phys. B 424, 595 (1994).
2 J. Gonzélez, F. Guinea, and M.A.H. Vozmediano, Phys.

Rev. B 59, R2474 (1999).
% 0. Vafek, Phys. Rev. Lett. 98, 216401 (2007).
4 D. T. Son, Phys. Rev. B 75, 235423 (2007).



5 M. S. Foster and 1. L. Aleiner, Phys. Rev. B 77, 195413
(2008).

6 J. E. Drut and D. T. Son, Phys. Rev. B 77, 075115 (2008).

7 8. Das Sarma and E. H. Hwang, Phys. Rev. B 87, 045425
(2013).

8 J. Hofmann, E. Barnes, and S. Das Sarma, Phys. Rev.
Lett. 113, 105502 (2014).

9 D. C. Elias, R. V. Gorbachev, A. S. Mayorov, S. V. Mo-
rozov, A. A. Zhukov, P. Blake, L. A. Ponomarenko, I. V.
Grigorieva, K. S. Novoselov, F. Guinea, and A. K. Geim,
Nat. Phys. 7, 701 (2011).

10 V. N. Kotov, B. Uchoa, and A. H. Castro Neto, Phys. Rev.
B 80, 165424 (2009).

1 J.C. W. Song, A. V. Shytov, and L. S. Levitov, Phys. Rev.
Lett. 111, 266801 (2013).

12 E. G. Mishchenko, Phys. Rev. Lett. 98, 216801 (2007).

13 E. G. Mishchenko, Europhys. Lett. 83, 17005 (2008).

D, E. Sheehy, J. Schmalian, Phys. Rev. B 80, 193411
(2009).

15V, Juricic, O. Vafek, and I. F. Herbut Phys. Rev. B 82,
235402 (2010).

16 E. Barnes, E. H. Hwang, R. E. Throckmorton, and S. Das
Sarma, Phys. Rev. B 89, 235431 (2014).

17 M. E. Peskin, D. V. Schroeder, An Introduction to Quan-
tum Field Theory (1995).

18 R. R. Nair, P. Blake, A. N. Grigorenko, K. S. Novoselov, T.
J. Booth, T. Stauber, N. M. R. Peres, A. K. Geim, Science
320, 1308 (2008)

19 T, Stauber, N. M. R. Peres, and A. K. Geim, Phys. Rev.
B 78, 085432 (2008).

20 E. H. Hwang and S. Das Sarma, Phys. Rev. B 75, 205418
(2007).

21 B. Wunsch, T. Stauber, F. Sols, and F. Guinea, New J.
Phys. 8, 318 (2006).



