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Quantum anomalous Hall insulator/superconductor heterostructures emerged as a competitive
platform to realize topological superconductors with chiral Majorana edge states as shown in re-
cent experiments [He et al. Science 357, 294 (2017)]. However, chiral Majorana modes, being
extended, cannot be used for topological quantum computation. In this work, we show that quasi-
one-dimensional quantum anomalous Hall structures exhibit a large topological regime (much larger
than the two-dimensional case) which supports localized Majorana zero energy modes. The non-
Abelian properties of a cross-shaped quantum anomalous Hall junction is shown explicitly by time-
dependent calculations. We believe that the proposed quasi-one-dimensional quantum anomalous
Hall structures can be easily fabricated for scalable topological quantum computation.

PACS numbers:

Introduction. The search for Majorana zero energy
modes which obey non-Abelian statistics has been one
of the most exciting areas of research in the past decade
[1, 2]. It was first proposed that two-dimensional p +
ip-wave superconductors support chiral Majorana edge
states [3–5], while one-dimensional p-wave supercon-
ductors support localized Majorana zero energy modes
at the ends of the superconductors [6]. Several ex-
perimentally promising schemes to engineer effective
p + ip topological superconductors which support Ma-
jorana modes have been proposed [7, 8]. First, Fu and
Kane showed that the vortex cores of superconduct-
ing surface states of topological insulators host Majo-
rana fermions [7]. Spin dependent zero bias conduc-
tance peaks possibly associated with Majorana fermion in
superconducting topological superconductors have been
observed [8, 9]. Second, it was also suggested that
Majorana modes can exist as end states of semicon-
ductor wires in proximity to superconductors [10–12].
Zero bias conductance peaks have been reported as sig-
natures of Majorana fermions in these semiconductor-
wire/superconductor heterostructures [13–15]. More re-
cently, the observation of the predicted 2e2/h conduc-
tance peak [16, 17] provides strong evidence that Majo-
rana fermions have been observed in this system [18, 19].
However, it remains challenging to fabricate scalable Ma-
jorana networks based on the semiconductor schemes
[20].

A recent paper reported the realization of the effec-
tive p + ip wave superconductor with chiral Majorana
edge states in quantum anomalous Hall/superconductor
(QAH/SC) heterostructures, base on the observation
of half-quantized conductance plateaus in two-terminal
transport experiments [21] as predicted previously [22–
24]. Unfortunately, chiral Majorana modes, being ex-
tended, cannot be used for topological quantum com-
putation. Here, we suggest using quasi-one-dimensional
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FIG. 1: (Color online). (a) Schematic plot of a QAH insulator
with two chiral edge modes (red arrows) in proximity to an
s-wave superconductor (SC). (b) The QAH insulator is nar-
rowed down such that the two chiral edge modes are coupled
to form a single helical conducting channel (red dash arrows),
inducing superconductivity gives rise to two Majorana modes
γ1 and γ2. (c) The energy spectrum of quasi-1D QAH insula-
tor with width Ly = 800nm. The two edge modes on opposite
sides are approximately decoupled as the Ly is much larger
than the localization length of the chiral edge modes. (d) The
energy spectrum with Ly = 100nm. The dashed line indicates
the possible location of the chemical potential in the topolog-
ical regime. A gap will open at the chemical potential upon
proximity coupling to a superconductor. A tight-binding ver-
sion of HQAH is used for (c) and (d) and the parameters are:
~vF = 3eV·Å, m0 = −5meV, m1 = 15eV·Å2, Mz = 8meV.

(quasi-1D) QAH/SC heterostructures to realize localized
Majorana zero energy modes. Importantly, the topo-
logical regime of this geometry is much larger than the
two-dimensional chiral topological superconducting case,
which requires the superconducting pairing gap to be
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larger than the bulk gap of the QAH system. More-
over, the experimental parameters of Cr or V doped
(Bi,Sb)2Te3 QAH thin films are highly tunable by exter-
nal magnetic fields and gating [25–32], and complicated
device geometry can be achieved by standard fabrication
techniques. Therefore, the system provides a promising
platform for braiding Majorana zero energy modes and
scalable quantum computations [20, 33].

In the following sections, we first demonstrate that
quasi-1D QAH systems in proximity to an s-wave su-
perconductor exhibits a large, experimentally accessible,
topological regime, which supports localized Majorana
zero energy modes. When the quasi-1D QAH system is
narrow compared with the localization length of the edge
modes, the two chiral edge modes of QAH are coupled
to form a single helical conducting channel as shown in
Fig.1. When superconductivity is induced on this single
conducting channel, an effective p-wave superconductor
is realized similar to the Rashba semiconductor wire sys-
tems proposed previously [10–12]. Importantly, the edge
modes in quasi-1D QAH are well separated from the bulk
states, giving rise to a topological regime of about 10meV
which is 1 order of magnitude larger than the topologi-
cal regimes in semiconductor wires [13, 34]. Finally, we
performed a time-dependent calculation to show the non-
Abelian braiding dynamics of Majorana modes in a cross-
shaped QAH junction. Such QAH structures can readily
be extended to a scalable network and provide new plat-
forms for topological quantum computation.

Model Hamiltonian. The effective Hamiltonian of
QAH insulator can be written as [24, 25]

HQAH =
∑
k

Ψ†k[~vF kyσxτz − ~vF kxσyτz+m(k)τx

+Mzσz]Ψk. (1)

Here, Ψk = [ψkt↑, ψkt↓, ψkb↑, ψkb↓] is a four-component
electron operator with the momentum k, where t (b) de-
notes the top (bottom) layer of topological insulator sur-
face and ↑ (↓) denotes the spin index. The Pauli matrices
σx,y,z operate on spin space and τx,z operate on the layer
index. Fermi velocity of the surface states is denoted by
vF and m(k) = m0 −m1(k2x + k2y) describes the effective
coupling between the top and bottom layers. Mz denotes
spin splitting in z-direction due to the magnetic doping
in topological insulator and external magnetic field. To
be specific, we set m0 = −5meV and m1 = 15eV·Å2 [35].
When Mz < −|m0| and Mz > |m0| , the system is in the
QAH phase with Chern number N = 1 and −1 respec-
tively. On the other hand, the system is a trivial insu-
lator for −|m0| < Mz < |m0|. We have shown recently
that this effective Hamiltonian can accurately describe
the experimental data in the conductance measurements
of QAH-superconductor heterostructures [36].

As described earlier, when the sample is narrowed
down to a quasi-1D limit ( when the width of the sam-

ple is comparable to the localization length of the chi-
ral edge modes), as shown in Fig.1b, the two chiral
edge states can couple to form a helical channel. In
the calculations for Fig.1c and d, the localization length
ξ ≈ ~vf/Eg of two edge modes is about 100nm with a
bulk gap of Eg = 3meV. When the width of QAH system
is much larger than the localization length, for example,
Ly = 800nm� ξ, the two edge modes on the opposite
sides are not coupled [see Fig.1(c)]. However, when we
reduce the width of the QAH system to be compara-
ble to the localization length of 100nm, the two edge
modes are coupled and open up a sizable gap of about
5meV [37]. The resulting energy spectrum is shown in
Fig.1(d). Due to the increased confinement, the bulk
states are pushed to higher energy which leaves a well
separated helical channel from the rest of the states. This
important feature gives rise to a large topological super-
conducting regime (≈ 10meV) in the quasi-1D QAH/SC
heterostructure as discussed below.
Localized Majorana modes in QAH/SC heterostruc-

tures. In proximity to an s-wave superconductor, the
quasi-1D QAH/SC heterostructure Hamiltonian can be
expressed as [24]

HBdG =
∑
kx

Ny∑
ny=1

Φ†kx,ny
[(mxτx−~vF kxσyτz+Mzσz−µ)sz

+∆σy
τz + I

2
sy]Φkx,ny

+ Φ†kx,ny
(

1

2ia
~vFσxτz

+
1

a2
m1τxsz)Φkx,ny+1 + h.c. (2)

where Φkx,ny
=[Ψkx,ny

,Ψ†−kx,ny
]T , and Ψ†kx,ny

creates an
electron at ny site with momentum kx. ∆ is the paring
potential on the top surface due to the superconductor
and I is the unit matrix. µ is chemical potential. mx =
m0 −m1(k2x + 2/a2) and the size Ly = Nya with lattice
constant a. sx,y,z are Pauli matrices defined on particle-
hole space. The Hamiltonian respects a particle-hole
symmetry PHBdG(kx)P−1 = −HBdG(−kx) and a time-
reversal like symmetry T HBdG(kx)T −1 = HBdG(−kx)
with P = sxK and T = UK. Here K is the complex
conjugate operator and the Ny × Ny anti-diagonal ma-
trix Uij = δi+j,Ny+1 is defined in real space with Kro-
necker delta δi,j . As a consequence, HBdG satisfies a
chiral symmetry CHBdG(kx)C−1 = HBdG(−kx), and the
system is in BDI class with T 2 = 1 and P2 = 1, where
C = PT = Usx. Therefore, the topological properties
of the system is characterized by a topological invariant
NBDI for BDI class Hamiltonians [38, 39].

In Fig.2(a), we show the number of bands n of the
quasi-1D QAH (without superconductor) cut by the
Fermi energy µ with Zeeman field Mz. In the absence of
Zeeman field Mz = 0, the system has time-reversal sym-
metry T = iσy giving rise to two folder Kramer’s degen-
eracies. The Fermi energy can only cut through an even
number of bands n = 0, 2, 4. With increasing Mz, each
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FIG. 2: (a) The number n denotes the number of bands of the
quasi-1D QAH (without superconductivity) cut by the Fermi
energy as a function of chemical potential µ and effective Zee-
man field Mz. The width and parameters of the quasi-1D
system are the same as in Fig.1d. (b) The topological invari-
ant NBDI in the superconducting phase as a function of µ
and Mz. The parameters are the same as (a) except that a
pairing potential ∆ = 1meV is introduced on the top surface.

one-dimensional degenerate band splits into two branches
and there can be an odd number of bands at the Fermi
energy. As shown in Fig.2(b), the system is topologi-
cal when there is an odd number of bands at the Fermi
energy. Indeed, there is a NBDI = 2 phase when two
subbands are partially occupied. In this phase, there are
two Majorana fermions at each end of the wire which are
protected by the chiral symmetry. Unfortunately, disor-
der breaks this chiral symmetry and the two Majorana
modes at one end of the wire will couple into a trivial
fermionic mode. Therefore, only the NBDI = 1 phase
is topologically non-trivial in the presence of disorder as
the single Majorana can be protected by the particle-
hole symmetry alone. It is important to note that the
NBDI = 1 topological region is very wide, which can be
tuned by chemical potential µ or Zeeman field Mz. For
example, when Mz > m1 = 5meV, which can be easily
reached by tuning the external magnetic field, the low-
est band originating from the QAH edge mode is well
separated from the second lowest band originating from
the QAH bulk band. This gives rise to a topological
regime of about 10meV wide in terms of chemical po-
tential as shown in Fig.2(b). The topological regime is
about ten times larger than that of semiconductor wire
systems [13, 34]. This regime is also much wider than the
two-dimensional chiral topological regime which requires
∆ to be larger than Mz [22, 24]. Here, there are no such
requirements. Therefore, the quasi-1D QAH structure
hosts a large topological regime which is readily accessi-
ble experimentally.

To detect the Majorana modes, one may attach a
macroscopic lead to the QAH system as shown in Fig.3a.
When the QAH system possesses chiral fermionic modes,
an electron mode (black arrows) comes into the QAH and
is reflected as a hole mode (blue arrows) by a Majorana
mode localized at the end of the QAH/SC heterostruc-
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FIG. 3: (a) Schematic plot of two-terminal device for the
detection of Majorana zero modes. A lead is attached to a
QAH system while the narrow region of the QAH system is
in proximity to an s-wave superconductor to create the Ma-
jorana zero energy mode. An electron mode from the edge
state of the QAH system (black arrows) is reflected as a hole
mode (blue arrows) by a Majorana mode γ (red dot). (b) The
zero bias conductance G from the lead to the superconduc-
tor as a function of Zeeman field Mz with chemical potential
µ = 5meV. (c) The two terminal conductance versus electric
voltage eV for different µ with Mz = 6meV and ∆ = 1meV.
Other parameters are the same as those in Fig.2(b).

ture. This gives rise to the resonant Andreev reflections
predicted previously [16, 17]. The conductance of the sys-
tem is evaluated by recursive Green’s function methods
numerically [34, 40]. As expected, by tuning the QAH
system from a trivial insulating state to a QAH state,
a conductance plateau is observed in Fig.3(b). Deep in
the topological regime with fixed Mz, a zero bias conduc-
tance peak is observed as shown in Fig.3 (c).

Non-Abelian braiding dynamics in QAH structure On
the basis of the large topological region in the QAH struc-
ture above, we suggest to use a cross-shaped junction of
the QAH/SC for braiding Majorana modes [41]. This
cross-shaped junction scheme does not require gating the
bulk states and provides simpler braiding processes com-
pared to the T-junction scheme [42]. Importantly, we
expect that a scalable network for quantum computa-
tion can be easily fabricated by standard techniques from
two dimensional QAH systems. In Fig.4(a), the cross-
shaped QAH is fabricated on the superconductor with
four gates (G1-G4) on the top. Initially, the G1 and G3
are turned on (potential barriers are created) while G2
and G4 are turned off (no gating potential is applied),
and the QAH/SC are divided into three topological non-
trivial parts such that there are six Majorana modes in
the system (γ1-γ6) as shown in Fig.4(a).

The effective Hamiltonian of the QAH cross-shaped
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FIG. 4: (a) Schematic plot of a cross-shaped QAH system in
proximity to a superconductor with four tunable gates (G1-
G4) on the top. Initially, when the G1 and G3 are turned
on with G2 and G4 are turned off, the system is divided into
three topologically nontrivial parts with six Majorana modes
(γ1-γ6). (b) The projection of wavefunction φ(t) onto the
initial eigenstate |n1n2〉 as a function of time, where φ(t) =

Tei
∫
dtHC/~|n1n2〉 with the time-ordered operator T and HC

is a realistic tight-binding model describing the cross-shaped
QAH junction. The six-stage process of braiding γ2 and γ3 is
described in the main text. The final states are orthogonal to
the initial states after braiding and non-Abelian statistics is
clearly demonstrated. The total braiding time for the six steps
is 6T = 14400~/∆ ≈ 9.5ns. The details of the calculations
can be found in the Supplemental Material [44].

junction can be written as

Heff = iε1γ1γ2 + iε2γ4γ3

where ε1,2 are the coupling energies of Majorana modes.
Here we ignore γ5 and γ6 in Hamiltonian, since they are
well separated. Now, the system contains two fermionic
modes c1 = (γ1 + iγ2)/2 and c2 = (γ4 + iγ3)/2, and the
low energy Hilbert space contains four qubit states |n1n2〉
with particle number n1,2 = 0, 1. The ground state is
defined as c1|00〉 = c2|00〉 = 0. The braiding operator
B(γ2, γ3) = exp(π4 γ3γ2), transforms the Majorana modes
as γ2 → γ3 and γ3 → −γ2 [43]. Exchanging γ2 and
γ3 twice would lead to a sign change γ2 → −γ2 and
γ3 → −γ3, and then c1 = (γ1 + iγ2)/2 → c†1 and c2 =

(γ4 + iγ3)/2 → c†2, As a result, if the initial state of
the system is |00〉, the final state |11〉 → B2(γ2, γ3)|00〉
becomes orthogonal to the initial state after exchanging
γ2 and γ3 twice.

In the time-dependent simulations using a realistic
Hamiltonian, γ2 and γ3 can be exchanged by taking three
steps: first, move γ2 upward by turning off G1 and then
turning on G2; second, move γ3 to the left by turning
off G3 and then turning on G1; finally, move γ2 to the
right by turning off G2 and then turning on G3. Ex-
changing γ2 and γ3 twice yields a full braiding process.
In Fig.4(b), when the initial state is set to be |00〉 (blue
line), we reach the final state |11〉 (red line) after braid-
ing γ2 and γ3 in the six-step gating process as described
above. Indeed, the final state |11〉 is orthogonal to the
initial state |00〉 after the braiding process. This clearly
justifies the non-Abelian nature of the Majorana braid-

ing process and thus QAH/SC heterostructures can pro-
vide new platforms for topological quantum computa-
tion. In the above simulation, time-evolution operator
U = Tei

∫
dtHC/~ is used where T is time ordered opera-

tor and HC is a realistic real space tight-binding Hamil-
tonian describing the cross-shaped QAH junction. The
final time is set to be 6T = 14400~/∆ ≈ 9.5ns with
∆ = 1meV. The details of the calculations can be found
in the Supplemental Material [44].

Conclusion and discussion. In conclusion, we have
shown that quasi-1D QAH/SC heterostructures exhibits
a large, experimentally accessible, topological regime
which supports localized Majorana zero energy modes.
This quasi-1D topological superconductor phase does not
require the superconducting paring gap ∆ to be larger
than the QAH gap, as in the case of chiral superconduct-
ing phase in the QAH/SC heterostructures [21, 22, 24].
Therefore, the results discussed in this work does not
depend on the origin of the half-quantized plateaus ob-
served recently by He et al. [21] which is under intense
debate [36, 45–47].

In the 2D case, superconducting pairing is induced to
the bulk states. As a result, the superconducting pairing
must be larger than the bulk gap to drive a topological
phase transition. In our current proposal, we make use of
the fact that the chiral edge states are gapless and they
can form a helical channel. When superconducting pair-
ing is induced on this helical channel (and no matter how
small the induced pairing gap is), a topological supercon-
ductor is formed. This is the reason why the topological
regime in our quasi-1D proposal is much wider than that
in the 2D case. This is a very important advantage of
the current proposal.

Moreover, QAH systems are very different from fer-
romagnetic metal or semiconductors. In ferromagnetic
systems or semiconductors, due to the high chemical po-
tential, many subbands are created at Fermi energy when
the systems are narrowed down to the quasi-1D limit. For
QAH systems, no extra subbands are created when the
samples are narrowed down to the quasi-1D limit as the
bulk is gapped. This is another important advantage of
the current proposal. For experimental realization, it is
crucial that the width of the quasi-1D QAH sample is
comparable or smaller than the coherence length of the
parent superconductor so that superconducting pairing
can be induced on the chiral edge states effectively.
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