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We report discovery of a topological Mott insulator in strongly-correlated Dirac semimetals. Such
an interaction-driven topological state has been theoretically proposed but not yet observed with
unbiased large scale numerical simulations. In our model, interactions between electrons are me-
diated by Ising spins in a transverse field. The results indicate that the topological mass term is
dynamically generated and the resulting quantum phase transition belongs to the (2+1)D N = 8
chiral Ising universality class. These conclusions stem from large scale sign free quantum Monte

Carlo simulations.

PACS numbers: 71.10.Fd, 02.70.Ss, 05.30.Rt., 11.30.Rd

Introduction. Combination of the richness of quan-
tum many-body effects and the elegance of topological
physics'® has revealed remarkable phenomena and new
principles of physics, such as the fractional quantum Hall
effect®” and topological order®. Among these discoveries,
one intriguing example is interaction-driven topological
states, where strong correlations among particles convert
a conventional state of matter into a topological one. One
pathway towards such states is to utilize the phenomenon
of spontaneous symmetry breaking® '3, i.e. in a system
where nontrivial topological structures are prohibited by
symmetry, strong interactions can spontaneously break
symmetry and thus stabilize a topologically nontrivial
ground state. As proposed in Ref.?, such a phenomenon
can arise in a 2D Dirac semimetal (DSM) through a quan-
tum phase transition that breaks spontaneously the time-
reversal or the spin rotational symmetry, resulting in an
interaction-driven, quantum-Hall or quantum-spin-Hall
(QSH), topological insulator, dubbed topological Mott
insulators (TMI)!*.

Although the general principle about TMI has been
well understood, finding such a state via unbiased the-
oretical /numerical methods turns out to be challenging
due to the strong coupling nature of the problem and
the presence of competing orders. Extensive numeri-
cal efforts on interacting DSMs'® 2! report negative re-
sults, suggesting that in all explored parameter regimes,
topologically-trivial competing states always have lower
energy and thus the proposed TMI states cannot be sta-
bilized. The successful alternative came lately, by sub-
stituting the DSM by a semimetal with a quadratic band
crossing! %1122 an interaction-driven quantum Hall state
is observed numerically®3>. Furthermore, experimental
realization of such scenario has very recently been pro-
posed in functionalized a-Fe;O3 nanosheet?*. However,
whether a TMI can emerge from a DSM without the as-
sistance of a quadratic band crossing point, as in the

original proposal?, still remains an open question. It is
also worthwhile to highlight that between the two pos-
sible types of TMIs, quantum Hall and quantum spin
Hall?, only the former has been observed in numerical
studies?3. Hence, to find a time-reversal invariant TMI
is one key objective of this study.

On the other hand, in a seemingly unrelated research
area, recent developments in sign-problem-free quantum
Mounte Carlo (QMC) approaches for itinerant fermions
coupled to fluctuating bosonic fields open the door to
investigate many intriguing strongly-correlated systems,
such as antiferromagnetic fluctuations mediated super-
conductivity in metals?%2%, nematic quantum critical
points in itinerant systems?”?®, as well as non-fermi
liquid in itinerant quantum critical regions??3'. The
strong-coupling nature of these systems makes analyt-
ical approach challenging®? 3%, and hence sign-problem-
free QMC solutions pave a new avenue towards quantita-
tive understanding about these systems. These QMC ap-
proaches also offer a new platform for studying strongly-
correlated topological states, and have recently been uti-
lized to study topological phase transitions in DSM?7 and
exotic states with topological order?®40,

In this Letter, we study interaction-driven topologi-
cal Mott insulators in Dirac semimetals with the afore-
mentioned QMC approach. Instead of bare interactions,
our model utilizes fluctuating bosonic fields to mediate
interactions between fermions. At the level of the ef-
fective field theory, the model is equivalent to the orig-
inally proposed TMI model in Ref.?, except for a mi-
nor difference in symmetry irrelevant to topology. For
the study of TMI, our modified model shows two ad-
vantages: (1) other competing orders are strongly sup-
pressed, allowing a clear TMI phase; (2) the sign-problem
is avoided and thus the model can be solved via QMC
techniques. Comparing to previous exact diagonalization
studies'¢ 182023 the QMC approach can access much
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FIG. 1.

The checkerboard lattice and the ground-state phase diagram. (a) The checkerboard lattice (disks) and the dual

lattice (squares). Fermionic fields (Ising spins) are introduced to the lattice (dual lattice) sites. A unit cell of the lattice,
indicated by a; = (1,0),a2 = (0, 1), contains two fermion sites (A and B sublattices represented by red and green disks) and
two Ising spins (black squares). (b) The Brillouin zone. For Hermion, the band structure contains two Dirac points at Xi
and Xs. (c) The phase diagram. Paramagnetic (PM) and ferromagnetic (FM) phases of the Ising spins are separated by a
continuous phase transition, which belongs to N = 8 chiral Ising universality class with critical exponents v = 0.85(2) and
n = 0.61(7) for finite £. At £ = 0, the phase transition belongs to 3D Ising universality class. In the PM (FM) phase, fermions

form a Dirac semimetal (quantum spin Hall insulator)

larger system size and reveals detailed information about
the critical properties associated with the interaction-
driven topological transition. Our QMC results show a
continuous quantum phase transition from a DSM state
to a QSH-type TMI phase, with the critical scaling at the
quantum critical point agreeing nicely with the N = 8
chiral Ising universality*!:42,

Model and Method.  Our model describes Dirac
fermions coupled to a transverse field Ising model. As
illustrated in Fig. 1(a), fermions in this model reside on
the lattice sites (disks), while Ising spins are placed on
each dual lattice site (squares) at the plaquette centers.
The Hamiltonian consists of three parts,

H = HFermion + HIsing + HCouplingv (1)
HFermion =—t Z (e+i0¢c;facj
(if)

[on
Z 2 xT
Higing = —J E SpSq — h E Sp
p

(pq)

+ e_ia(bc;acia)v

HCoupling = E gijS;(C;rUng + Cj'gcia)-

{ig))e

where indices i,j represent fermion sites and p,q label
the dual lattice sites for Ising spins s*. Fermion spins are
labeled by subindex o. Hgermion describes the nearest-
neighbor (NN) hopping for fermions, which contains a
staggered flux +4¢ for each plaquette. Here, we request
spin-up and spin-down fermions to carrier opposite flux
patterns to preserve the time-reversal symmetry. The
Ising spins are governed by Higing, which describes a
ferromagnetic (J > 0) transverse-field Ising model?345.
The last term Hcoupling couples the Ising spins with the
next-nearest-neighbor (NNN) fermion hoppings, where
the coupling constant &; = £{t has a staggered sign
structure alternating between neighboring plaquette, i.e.,

+ (=) for solid (dashed) NNN bonds as illustrated in
Fig. 1(a). Up to a basis change, the low-energy physics
in this model can be described by the following effective
field theory S = > [ drdtV, (iv"0,+g0p737°)¥s+S,,
where y# are gamma matrices and ¢ is a bosonic field
governed by the ¢*-theory S,. Here, 0 = +1 (up or
down) is the fermion spin index, and g is the coupling
constant for the boson-fermion interactions. This ef-
fective field theory is in strong analogy to the model
proposed early on in Ref.?, provided that we decou-
ple the fermion-fermion interactions with a Hubbard-
Stratonovich auxiliary field, as appropriate in the limit
h/J — 008, Tt is also worthwhile to emphasize that in
our model, the fermion spins only preserve U(1) symme-
try, while the model in Ref.? has a SU(2) spin symmetry.
This difference has little effect on topological properties,
but as discussed below it changes the critical scaling as
well as the finite temperature phase diagram.

As in the original model of TMI, our Hamiltonian also
contains a symmetry which prohibits nontrivial topology.
It is easy to verify that our Hamiltonian is invariant un-
der the following Z5 transformation, P = R, (7)) X T4 B,
where R, (7) stands for m-rotation along x-axis for both
Ising and fermion spins, and Tussp represents space
translation from sublattice A to B inside a unit cell. Be-
cause the topological index (the spin Chern number) flips
sign under this transformation, this symmetry requires
the index to vanish and thus any (quantum spin Hall)
topological insulator is prohibited, unless this Zs sym-
metry is broken spontaneously.

To explore the ground-state phase diagram of this
model, we employ the projector quantum Monte Carlo
(PQMC) method?S, with details presented in Sec.I.A of
the supplemental material (SM)*7. In addition to the
usual local updates of Ising spins, both Wolff*® and geo-
metric cluster updates*® are applied in our simulations,



as shown in Sec.I.B of SM*7. Our QMC simulations are
free of the sign problem at and away from half filling®®. In
this Letter, we focus on the coupling strength 0 < ¢ <1
with J = t = 1 and the system sizes simulated in this
work are L = 4,6, 8,10, 12,14 with N = L? unit cells and
N, = 2L? lattice sites.

Ground state phase diagram. The ground state phase
diagram in the & — h plane is shown in Fig. 1(c). Sev-
eral regimes in the phase diagram can be solved exactly.
At € = 0, the fermions and Ising spins decouple: the
fermions form a non-interacting Dirac semimetal, and
the Ising spins undergo a paramagnetic to ferromagnetic
(PM-FM) quantum phase transition at h, = 3.046(3) in
the 3D Ising universality class®”°1:52, At h = 0, quantum
fluctuations of Ising spins vanish and Ising spins form
a fully-polarized FM state. As a result, the fermions
turn into a non-interacting quantum-spin-Hall topologi-
cal insulator, whose Hamiltonian is Hrermion + HCoupling
with fully polarized Ising spins s* = +1(—1) 10:2%:53 (See
Sec. V.A in the SM*7 for details). At h — oo, the Ising
spins are aligned along the z-axis. Second order pertur-
bation theory around this point, gives rise to an interac-
tion of order £2/h between the fermions. Since the Dirac
semimetal is a stable state of matter, we expect that it
will be realized in the limit h — oc.

At € > 0 and intermediate h, we find a direct second-
order quantum transition between the PM and FM
phases. This transition is also the topological phase tran-
sition for the fermions, in which the Dirac semimetal ac-
quires a topological mass gap corresponding to the quan-
tum spin Hall topological insulator. This conclusion is
consistent with the symmetry analysis above, where the
PM (FM) phase preserve (spontaneously breaks) the Zs
symmetry and thus a quantum spin Hall insulator is pro-
hibited (allowed). At £ > 0, the scaling exponents at the
transition deviates from the 3D Ising universality class.
Due to the coupling between fermions and bosons, the
¢ > 0 phase transition flows to a different universality
class, namely the N = 8 component chiral Ising univer-
sality class*!42,

FM-PM phase transition for Ising spins. We deter-
mine the location of QCP via the Binder cumulant®*:

4 5
U, = %(3 — <%>>2) and correlation ratio®°%: Rcogy =
Isin .
1- Syj%f(g;v, where m = Y s7 and S™"8(k) is

the trace of the structure factor matrix (2 x 2) of Ising
magnetic order at k point. Here, Q = T' = (0,0) is the
ordering vector for Ising spin, and q is the smallest mo-
mentum on the lattice, i.e., (0, 2{) or (27”,0). Both Us
and Rcopr converge to 0 (1) in the PM (FM) phase at the
thermodynamic limit. The crossing points for finite-size
results of Us and Rcerr, respectively, provide the loca-
tion of QCP. In this way, we first determine the position
of QCP and then perform finite-size scaling analysis of
(m?) close to it to extract the critical exponents.

The results of Uy and Rcorr, as well as the data col-
lapse of (m?) for ¢ = 0.5 and ¢ = 7/4 (m-flux in each
plaquette) are presented in Fig. 2. Up to system size
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FIG. 2. (a) Binder cumulant Uz and (b) correlation ratio

Rcor for € = 0.50 and ¢ = w/4. (c) The data collapses of
(m?) for L = 6,8,10,12,14 and L = 10,12, 14, respectively.
The critical exponents are also shown in (c).

L = 12, we can obtain the finite size crossing points
h = 4.06 for Uy and h = 4.10 for Rgorr as the approxi-
mate location of QCP. In Fig. 2(c), we collapse the data
as (m2)L*+" = f(L'(h—h.)/he) for L = 6,8,10,12,14
and L = 10,12, 14, respectively. The critical exponents
extracted from these two collapses are slightly different
especially in 7, indicating some finite-size effect. As will
be discussed below, this shifting of exponents is due to
a crossover phenomenon. Combining both collapses, we
take the exponents as v = 0.85(2),n = 0.61(7) (taking
z =1) with h. = 4.11(1), which are well consistent with
the results presented in Ref.*! as v = 0.83(1),n = 0.62(1)
for N = 8 components chiral Ising universality class.

We employed two additional measurements to further
corroborate the critical exponents. First, we performed
finite-size scaling analysis for S™*"8(k) at ¢ = 0.50 and
¢ = /4, which is shown in Sec. II1.B of the SM*7, with
the extracted critical exponents v = 0.84(4),n = 0.62(6).
Second, we also simulated the model with £ = 0.50 and
¢ = m/8 (half-r flux) and obtained the critical expo-
nents from the finite-size scaling of (m?), and the re-
sults are presented in Sec. IILLA of SM*7. The ob-
tained critical exponents are v = 0.85(3),n = 0.63(7)
with h, = 4.242(3). These exponents are well consistent
with those in Fig. 2(c), rendering the N = 8 components
chiral Ising universality class.

The properties of QCPs for the PM-FM phase transi-
tions of Ising spins for £ = 0.25,0.75,1.00 as presented in
the phase diagram of Fig. 1(c), are also determined with
Uy and Rcorr, as well as the finite-size scaling of (m?)
and excitation gaps of fermions.



0.8F o3 1

—©&—TDL Gap

A (XM

h=4.15J

i g-g —o— TDL Gay O h=4.20)
L =oa ? < h=4.30J
<o.

0.0 1 1 1 1 1
0.00 0.05 0.10 0.15 0.20 0.25

/L

FIG. 3.  (a) The single-particle gap Ay (X) and (b) the
spin gap As(M) close to the QCP h. = 4.11(1) for £ = 0.50
and ¢ = w/4. The insets are the excitation gaps at ther-
modynamic from the extrapolation with second-order poly-
nomials in 1/L. Both single-particle and spin gaps open at
h/J = 4.10 ~ 4.15, consistent with QCP of PM-FM phase
transition of Ising spins.

Topological phase transition for fermions. Our numer-
ical results further show a single phase transition from
Dirac semimetal to topological Mott insulator with de-
creasing transverse-field h, which comes hand in hand
with the PM-FM phase transition of Ising spins. As
shown in Fig. 3, we find that the fermions remains gap-
less in the PM phase with vanishing gap at the Dirac
point. Here, both A,,(X), the average single particle
gap at two Dirac points X; and X, and Az(M), the
two-particle spin gap at M, vanish at the thermody-
namic limit, consistent with the Dirac semimetal spec-
trum. In the FM phase, both gaps start to merge at
h/J = 4.10 ~ 4.15, consistent with the location of PM-
FM phase transition point for Ising spins. It is worth-
while to highlight that the gaps remain finite in the whole
FM phase with h < h,, indicating the absence of topolog-
ical phase transition. Since the fermions form a quantum
spin Hall insulator in the exactly solvable limit at h = 0,
this finite gap implies that the whole FM phase shares
the same nontrivial topology. To further verify this con-
clusion, we compute directly the topological invariant®”,
the spin Chern number Cs = (Cy — C})/2. As shown in
Sec. V.B. of SM*", we obtain Cs; = +1 for whole h < h.
region, indicating that FM phase is a quantum-spin-Hall
topological insulator.

In Sec. IV of SM*", we present raw data of dynamic

4

quantities G(k,7) and S*¥(k,7), from which A,,(X)
and Ag(M) are extrapolated. The comparisons between
2A4,(X) and A (M) are also shown to reveal the effect
of electron-electron interactions. Furthermore, the gap
opening of A, (X) and Ay;(M) at £ = 0.25,0.75,1.00
match the QCPs of PM-FM phase transition for Ising
spins, thus supporting the picture of a semimetal-TMI
topological phase transition.

Finite-size scaling crossover. As discussed above at
¢ =0 and £ > 0, the PM-FM transition belongs to two
different universality classes, 3D Ising and N = 8 chiral
Ising. As a result, in the thermodynamic limit, the scal-
ing exponents will change discontinuously as we change
the value of ¢ away from 0. In numerical studies, be-
cause of the finite size, such a discontinuous change will
not show up. Instead, a crossover behavior is expected,
i.e. at small £, a crossover length scale L.(§) shall arise.
For L < L. (L > L.), the scaling behavior merges to-
wards the 3D Ising (N = 8 chiral Ising) universality class.
As ¢ approaches zero (increases), L. diverge to infinity
(decreases to microscopic values) and thus the 3D Ising
(N = 8 chiral Ising) universality class is fully recovered.
Such an effect is indeed observed in our data. In Sec.
VI in SM*7, we present the finite-size scalings of (m?)
from L = 6,8,10,12 and L = 8,10, 12, respectively, for
& = 0.25,0.50,0.75. At £ = 0.25, the data collapse suf-
fers strongly from the finite-size effect, and chiral Ising
exponents only arise in very large system sizes, especially
for n. However, as ¢ increases, the chiral Ising exponents
emerge even if the smallest size L = 6 is included in the
fitting.

Discussions. Because the fermion spin in our model
only preserves a U(1) symmetry, instead of SU(2), our
topological Mott insulator breaks a Zs symmetry in con-
trast to the SU(2) symmetry breaking in Ref.?. This dif-
ference in symmetry breaking patterns is irrelevant for
topology. However, this leads to different scaling expo-
nents at the transition*'. Furthermore, at finite tempera-
ture, the symmetry breaking phase in our model survives,
while the SU(2) symmetry breaking arises only at 7' = 0.

To the best of our knowledge, our study demonstrates
the first interaction-driven quantum-spin-Hall topologi-
cal Mott insulator from unbiased numerical method, and
for the first time, this novel topological phenomenon be-
comes accessible to large-scale lattice QMC simulations.
Our work points out a new route to realize interaction-
driven topological phases and phase transitions. It has
experimental relevance since the interaction-driven quan-
tum anomalous Hall effect has recently being suggested
in functionalized a-FeyO3 nanosheet??.

We (YYH, XYX, ZYM and ZYL) acknowledge fund-
ings from the Ministry of Science and Technology of
China through National Key Research and Development
Program under Grant No. 2016YFA0300502 and from
the National Science Foundation of China under Grant
Nos. 91421304, 11421092, 11474356, 11574359, 11674370
as well as the National Thousand-Young Talents Program
of China. Y.Y.H is also supported by the Outstanding



Innovative Talents Cultivation Funded Programs 2016 of

Renmin University of China.

K.S. acknowledges sup-

port from the National Science Foundation under Grant
No. PHY1402971 and the Alfred P. Sloan Foundation.
F.F.A thanks the German Research Foundation (DFG)
for financial support through the SFB 1170 ToCoTron-
ics. We thank the Physical Laboratory of High Perfor-

1

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

mance Computing in Renmin University of China, the
Center for Quantum Simulation Sciences in the Institute
of Physics, Chinese Academy of Sciences and the Tianhe-
1A platform at the National Supercomputer Center in
Tianjin for their technical support and generous alloca-
tion of CPU time.

K. v. Klitzing, G. Dorda, and M. Pepper, Phys. Rev. Lett.
45, 494 (1980).

D. J. Thouless, M. Kohmoto, M. P. Nightingale,
M. den Nijs, Phys. Rev. Lett. 49, 405 (1982).

F. D. M. Haldane, Phys. Rev. Lett. 61, 2015 (1988).
M. Z. Hasan and C. L. Kane, Rev. Mod. Phys. 82, 3045
(2010).

X.-L. Qi and S.-C. Zhang, Rev. Mod. Phys. 83, 1057
(2011).

D. C. Tsui, H. L. Stormer, and A. C. Gossard, Phys. Rev.
Lett. 48, 1559 (1982).

R. B. Laughlin, Phys. Rev. Lett. 50, 1395 (1983).

X. G. WEN, International Journal of Modern Physics B
04, 239 (1990).

S. Raghu, X.-L. Qi, C. Honerkamp, and S.-C. Zhang, Phys.
Rev. Lett. 100, 156401 (2008).
K. Sun, H. Yao, E. Fradkin,

Rev. Lett. 103, 046811 (2009).
I. F. Herbut and L. Janssen, Phys. Rev. Lett. 113, 106401
(2014).

Y. Zhang, Y. Ran, and A. Vishwanath, Phys. Rev. B 79,
245331 (2009).

R. Yu, W. Zhang,
X. Dai, and Z. Fang,

and

and S. A. Kivelson, Phys.

H.-J. Zhang,
Science 329, 61

S.-C. Zhang,
(2010),

http://science.sciencemag.org/content /329/5987/61.full.pdf.

We want to emphasize that here we have adopted the defi-
nition of TMI in the sense of Ref.?, we are aware of another
definition stemmed from the paper Nature Physics 6, 376
(2010) , which is highly influential, equally interesting and
important, but it is not within the scope of this Letter.
Y. Jia, H. Guo, Z. Chen, S.-Q. Shen, and S. Feng, Phys.
Rev. B 88, 075101 (2013).

N. A. Garcia-Martinez, A. G. Grushin, T. Neupert,
B. Valenzuela, and E. V. Castro, Phys. Rev. B 88, 245123
(2013).

M. Daghofer and M. Hohenadler, Phys. Rev. B 89, 035103
(2014).

H. Guo and Y. Jia, Journal of Physics: Condensed Matter
26, 475601 (2014).

J. Motruk, A. G. Grushin, F. de Juan, and F. Pollmann,
Phys. Rev. B 92, 085147 (2015).

S. Capponi and A. M. Lauchli, Phys. Rev. B 92, 085146
(2015).

D. D. Scherer, M. M. Scherer, and C. Honerkamp, Phys.
Rev. B 92, 155137 (2015).

K. Sun, W. V. Liu, A. Hemmerich,
Nat. Phys. 8, 67 (2012).

H.-Q. Wu, Y.-Y. He, C. Fang, Z. Y. Meng, and Z.-Y. Lu,
Phys. Rev. Lett. 117, 066403 (2016).

Q.-F. Liang, J. Zhou, R. Yu, X. Wang, and H. Weng,
ArXiv e-prints (2017), arXiv:1705.00254 [cond-mat.mes-
hall].

and S. Das Sarma,

26

27

28

29

30

31

32
33

34

35

36

38

39

40

41

42

43

44

45

46

47

E. Berg, M. A. Metlitski,
1606 (2012).

Y. Schattner, M. H. Gerlach, S. Trebst, and E. Berg, Phys.
Rev. Lett. 117, 097002 (2016).

S. Lederer, Y. Schattner, E. Berg,
Phys. Rev. Lett. 114, 097001 (2015).
Y. Schattner, S. Lederer, S. A. Kivelson,
Phys. Rev. X 6, 031028 (2016).
X. Wang, Y. Schattner, E. Berg,
Phys. Rev. B 95, 174520 (2017).

and S. Sachdev, Science 338,

and S. A. Kivelson,
and E. Berg,

and R. M. Fernandes,

S. Lederer, Y. Schattner, E. Berg, and
S. A. Kivelson, Proceedings of  the Na-
tional Academy of Sciences 114, 4905 (2017),

http://www.pnas.org/content/114/19/4905.full.pdf.

X.Y. Xu, K. Sun, Y. Schattner, E. Berg, and Z. Y. Meng,
Phys. Rev. X 7, 031058 (2017).

S.-S. Lee, Phys. Rev. B 80, 165102 (2009).

M. A. Metlitski and S. Sachdev, Phys. Rev. B 82, 075127
(2010).

M. A. Metlitski and S. Sachdev, Phys. Rev. B 82, 075128
(2010).

D. Dalidovich and S.-S. Lee, Phys. Rev. B 88, 245106
(2013).

A. Schlief, P. Lunts, and S.-S. Lee, Phys. Rev. X 7, 021010
(2017).

X.Y. Xu, K. S. D. Beach, K. Sun, F. F. Assaad, and Z. Y.
Meng, Phys. Rev. B 95, 085110 (2017).

F. F. Assaad and T. Grover, Phys. Rev. X 6, 041049
(2016).

S. Sachdev, E. Berg, S. Chatterjee,
Phys. Rev. B 94, 115147 (2016).

S. Gazit, M. Randeria, and A. Vishwanath, Nat Phys 13,
484 (2017).

S. Chandrasekharan and A. Li, Phys. Rev. D 88, 021701
(2013).

Y. Otsuka, S. Yunoki,
011029 (2016).

S. V. Isakov and R. Moessner, Phys. Rev. B 68, 104409
(2003).

H. W. J. Blote and Y. Deng, Phys. Rev. E 66, 066110
(2002).

Y.-C. Wang, Y. Qi, S. Chen, and Z. Y. Meng, Phys. Rev.
B 96, 115160 (2017).

F. Assaad and H. Evertz, in
Computational Many-Particle Physics, Lecture Notes
in Physics, Vol. 739, edited by H. Fehske, R. Schneider,
and A. WeiBle (Springer Berlin Heidelberg, 2008) pp.
277-356.

See Supplemental Material at
http://link.aps.org/supplemental /xxx  for  discussions
on the implemention of QMC algorithm for the fermion-
Ising spin coupling model, the criticality analysis, raw

and Y. Schattner,

and S. Sorella, Phys. Rev. X 6,



http://dx.doi.org/10.1103/PhysRevLett.45.494
http://dx.doi.org/10.1103/PhysRevLett.45.494
http://dx.doi.org/10.1103/PhysRevLett.49.405
http://dx.doi.org/10.1103/PhysRevLett.61.2015
http://dx.doi.org/10.1103/RevModPhys.82.3045
http://dx.doi.org/10.1103/RevModPhys.82.3045
http://dx.doi.org/10.1103/RevModPhys.83.1057
http://dx.doi.org/10.1103/RevModPhys.83.1057
http://dx.doi.org/10.1103/PhysRevLett.48.1559
http://dx.doi.org/10.1103/PhysRevLett.48.1559
http://dx.doi.org/10.1103/PhysRevLett.50.1395
http://dx.doi.org/10.1142/S0217979290000139
http://dx.doi.org/10.1142/S0217979290000139
http://dx.doi.org/10.1103/PhysRevLett.100.156401
http://dx.doi.org/10.1103/PhysRevLett.100.156401
http://dx.doi.org/ 10.1103/PhysRevLett.103.046811
http://dx.doi.org/ 10.1103/PhysRevLett.103.046811
http://dx.doi.org/10.1103/PhysRevLett.113.106401
http://dx.doi.org/10.1103/PhysRevLett.113.106401
http://dx.doi.org/10.1103/PhysRevB.79.245331
http://dx.doi.org/10.1103/PhysRevB.79.245331
http://dx.doi.org/ 10.1126/science.1187485
http://arxiv.org/abs/http://science.sciencemag.org/content/329/5987/61.full.pdf
http://dx.doi.org/ 10.1103/PhysRevB.88.075101
http://dx.doi.org/ 10.1103/PhysRevB.88.075101
http://dx.doi.org/10.1103/PhysRevB.88.245123
http://dx.doi.org/10.1103/PhysRevB.88.245123
http://dx.doi.org/10.1103/PhysRevB.89.035103
http://dx.doi.org/10.1103/PhysRevB.89.035103
http://stacks.iop.org/0953-8984/26/i=47/a=475601
http://stacks.iop.org/0953-8984/26/i=47/a=475601
http://dx.doi.org/10.1103/PhysRevB.92.085147
http://dx.doi.org/10.1103/PhysRevB.92.085146
http://dx.doi.org/10.1103/PhysRevB.92.085146
http://dx.doi.org/10.1103/PhysRevB.92.155137
http://dx.doi.org/10.1103/PhysRevB.92.155137
http://dx.doi.org/10.1038/nphys2134
http://dx.doi.org/ 10.1103/PhysRevLett.117.066403
http://arxiv.org/abs/1705.00254
http://arxiv.org/abs/1705.00254
http://dx.doi.org/10.1126/science.1227769
http://dx.doi.org/10.1126/science.1227769
http://dx.doi.org/10.1103/PhysRevLett.117.097002
http://dx.doi.org/10.1103/PhysRevLett.117.097002
http://dx.doi.org/ 10.1103/PhysRevLett.114.097001
http://dx.doi.org/ 10.1103/PhysRevX.6.031028
http://dx.doi.org/ 10.1103/PhysRevB.95.174520
http://dx.doi.org/ 10.1073/pnas.1620651114
http://dx.doi.org/ 10.1073/pnas.1620651114
http://arxiv.org/abs/http://www.pnas.org/content/114/19/4905.full.pdf
http://dx.doi.org/ 10.1103/PhysRevX.7.031058
http://dx.doi.org/10.1103/PhysRevB.80.165102
http://dx.doi.org/10.1103/PhysRevB.82.075127
http://dx.doi.org/10.1103/PhysRevB.82.075127
http://dx.doi.org/10.1103/PhysRevB.82.075128
http://dx.doi.org/10.1103/PhysRevB.82.075128
http://dx.doi.org/10.1103/PhysRevB.88.245106
http://dx.doi.org/10.1103/PhysRevB.88.245106
http://dx.doi.org/10.1103/PhysRevX.7.021010
http://dx.doi.org/10.1103/PhysRevX.7.021010
http://dx.doi.org/ 10.1103/PhysRevB.95.085110
http://dx.doi.org/10.1103/PhysRevX.6.041049
http://dx.doi.org/10.1103/PhysRevX.6.041049
http://dx.doi.org/10.1103/PhysRevB.94.115147
http://dx.doi.org/10.1038/nphys4028
http://dx.doi.org/10.1038/nphys4028
http://dx.doi.org/10.1103/PhysRevD.88.021701
http://dx.doi.org/10.1103/PhysRevD.88.021701
http://dx.doi.org/10.1103/PhysRevX.6.011029
http://dx.doi.org/10.1103/PhysRevX.6.011029
http://dx.doi.org/10.1103/PhysRevB.68.104409
http://dx.doi.org/10.1103/PhysRevB.68.104409
http://dx.doi.org/10.1103/PhysRevE.66.066110
http://dx.doi.org/10.1103/PhysRevE.66.066110
http://dx.doi.org/ 10.1103/PhysRevB.96.115160
http://dx.doi.org/ 10.1103/PhysRevB.96.115160
http://dx.doi.org/10.1007/978-3-540-74686-7_10

data of dynamic correlation functions and analysis of
topological properties of model..

U. Wolff, Phys. Rev. Lett. 62, 361 (1989).

J. R. Heringa and H. W. J. Blote, Phys. Rev. E 57, 4976
(1998).

C. Wu and S.-C. Zhang, Phys. Rev. B 71, 155115 (2005).
P. Pfeuty and R. J. Elliott, Journal of Physics C: Solid
State Physics 4, 2370 (1971).

M. Hasenbusch, K. Pinn, and S. Vinti, Phys. Rev. B 59,
11471 (1999).

J.-M. Hou, Phys. Rev. Lett. 111, 130403 (2013).

K. Binder, Zeitschrift fiir Physik B Condensed Matter 43,
119 (1981).

R. K. Kaul, Phys. Rev. Lett. 115, 157202 (2015).

S. Pujari, T. C. Lang, G. Murthy, and R. K. Kaul, Phys.
Rev. Lett. 117, 086404 (2016).

Y.-Y. He, H-Q. Wu, Z. Y. Meng, and Z.-Y. Lu, Phys.
Rev. B 93, 195163 (2016).


http://dx.doi.org/10.1103/PhysRevLett.62.361
http://dx.doi.org/10.1103/PhysRevE.57.4976
http://dx.doi.org/10.1103/PhysRevE.57.4976
http://dx.doi.org/10.1103/PhysRevB.71.155115
http://stacks.iop.org/0022-3719/4/i=15/a=024
http://stacks.iop.org/0022-3719/4/i=15/a=024
http://dx.doi.org/10.1103/PhysRevB.59.11471
http://dx.doi.org/10.1103/PhysRevB.59.11471
http://dx.doi.org/10.1103/PhysRevLett.111.130403
http://dx.doi.org/10.1007/BF01293604
http://dx.doi.org/10.1007/BF01293604
http://dx.doi.org/10.1103/PhysRevLett.115.157202
http://dx.doi.org/ 10.1103/PhysRevLett.117.086404
http://dx.doi.org/ 10.1103/PhysRevLett.117.086404
http://dx.doi.org/ 10.1103/PhysRevB.93.195163
http://dx.doi.org/ 10.1103/PhysRevB.93.195163

	Dynamical Generation of Topological Masses in Dirac Fermions
	Abstract
	References


