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In this work we use Floquet-Bloch theory to study the influence of circularly and linearly po-
larized light on two-dimensional band structures with semi-Dirac band touching points, taking the
anisotropic nearest neighbor hopping model on the honeycomb lattice as an example. We find cir-
cularly polarized light opens a gap and induces a band inversion to create a finite Chern number in
the two-band model. By contrast, linearly polarized light can either open up a gap (polarized in the
quadratically dispersing direction) or split the semi-Dirac band touching point into two Dirac points
(polarized in the linearly dispersing direction) by an amount that depends on the amplitude of the
light. Motivated by recent pump-probe experiments, we investigated the non-equilibrium spectral
properties and momentum-dependent spin-texture of our model in the Floquet state following a
quench in absence of phonons, and in the presence of phonon dissipation that leads to a steady-
state independent of the pump protocol. Finally, we make connections to optical measurements
by computing the frequency dependence of the longitudinal and transverse optical conductivity for
this two-band model. We analyze the various contributions from inter-band transitions and dif-
ferent Floquet modes. Our results suggest strategies for optically controlling band structures and
experimentally measuring topological Floquet systems.

I. INTRODUCTION

Recent years have witnessed dramatic advances in un-
derstanding the topological properties of the band struc-
ture of quantum many-particle systems! 4. These in-
clude time-reversal (TR) breaking integer quantum Hall
systems®, TR invariant two-dimensional quantum spin
Hall systems®?, and three-dimensional topological insu-
lators (TIs)®2. When inter-particle interactions are in-
cluded, the phenomenology is even more diversel? 14,
Certain isotropic low-energy dispersions are known to
have particular stability conditions with respect to inter-
particle interactions. For example, two-dimensional
Dirac points are perturbatively stable to interactions, re-
quiring a finite interaction strength to open a gapt® 17,
which underlies the low-energy properties of single-layer
graphene!®. By contrast, two-dimensional quadratic
band touching points are known to be perturbatively un-
stable (i.e. a gap is opened, or the band touching point
splits into two Dirac points) to interactions?.

On the other hand, anisotropic band touching points
dominating the low-energy physics are more intrigu-
ing as both Coulomb interactions and disorder can
have interesting consequences2? 22. Notably, semi-Dirac
fermions have an anisotropic dispersion which displays
a linear dispersion along one direction and a quadratic
dispersion in the perpendicular direction?*2%4.  Such
a dispersion has been predicted in phosphorene un-
der pressure and doping2®26. electric fields?728, in
TiO2/VO2 superlattices?422:30  deformed graphene3!,
and BEDT — TTF,I; salt under pressure32 34, Experi-
mentally, semi-Dirac dispersion has been observed in few-
layer black phosphorene by means of the in situ deposi-
tion of potassium (K) atoms32. Recently it is shown that
the Floquet band structure of graphene under periodic
kicks and under the application of circularly polarized
electromagnetic radiation can also support a semi-Dirac

dispersion3S. Systems with semi-Dirac band touching

points are unstable to Coulomb interactions and display
marginal Fermi liquid behavior with well-defined quasi-
particles37 39,

Another interesting class of topological states studied
in recent years arises from the non-equilibrium genera-
tion of interesting band structures under the influence of
a periodic drive28:36:40-49 A gystematic formulation of
topological invariants of Floquet systems has been given
in a recent work®?. At the non-interacting level, dra-
matic changes in the band structure can occur, includ-
ing a change from a non-topological band structure to
a topological one®! 82, Two commonly discussed physi-
cal scenarios for periodically driven systems include pe-
riodic changes in the laser fields that establish the opti-
cal lattice potential for cold atom systems®:%4 and solid
state systems that are driven by a monochromatic laser
field46:5-71  Recent work shows that a quadratic band
touching point in two-dimensions has a gap opened by
virtual two-photon absorption and emission processes in
some cases,* while it can be opened by one-photon pro-
cesses in others.22 By contrast, linearly polarized light
splits the quadratic band touching point into two Dirac
points by an amount that depends only on the amplitude
and polarization direction of the light**. When inter-
particle interactions are included, energy is typically ab-
sorbed from the periodic drive” and a closed many par-
ticle system will generically end up at infinite temper-
ature in the infinite time limit, unless nongeneric con-
ditions such as many body localization are present™® 72,
On the other hand, if the system is open, i.e. coupled
to a bath such as phonons, it is possible for a balance
to be established where the average energy (over a drive
period) absorbed by the system from the drive can be
released to the bath and a nonequilibrium steady state
established” 82, Previous studies have mostly been per-
formed on Floquet steady states in systems with isotropic
low-energy dispersions?* 46 while a thorough examina-
tion of anisotropic band touching points under periodic



drive is still lacking.

In this paper, we focus on a periodically driven semi-
Dirac band model on the honeycomb lattice. Despite the
intensive study of a time-periodic drive induced topo-
logical Lifshitz transition and the corresponding anoma-
lous quantum Hall effects on graphene2®58:83-86 oy fo-
cus is on the influence of linearly and circularly polar-
ized laser fields on the static semi-Dirac point in a real-
istic lattice model and the low-energy spectral and opti-
cal properties of the high-frequency laser-induced topo-
logical phase transitions. We demonstrate that circu-
larly polarized light can induce a TR breaking topological
band structure carrying finite Chern numbers in the non-
equilibrium steady states, while linearly polarized light
can split the semi-Dirac point into two linearly dispers-
ing Dirac points. A quench into the Floquet state yields
a strongly momentum-dependent spin density. By con-
trast, we find an open semi-Dirac system with phonon
dissipation can remove the anisotropy introduced by the
quench from the initial state, which is qualitatively sim-
ilar to the study of the Dirac dispersion’™. We examine
the spin-averaged ARPES spectrum, the time-averaged
spin density, and we compute the longitudinal and Hall
optical conductivity. We analyze the contribution from
different Floquet modes and emphasize the important
differences between linearly polarized and circularly po-
larized driving fields.

Our paper is organized as follows. In Sec. [l we de-
scribe the lattice Hamiltonian we study, and in Secs. [l
and [Vl we discuss the influence of a monochromatic laser
field of different polarizations, intensities, and frequen-
cies on the Hamiltonian. In Sec. [V] we present the spec-
tral function and time-averaged spin texture. In Sec. [VIl
we compute the finite-frequency longitudinal optical con-
ductivity of the model for different laser parameters. In
Sec. [Vl we address the Hall optical conductivity in com-
parison with the longitudinal components. In Sec. [VIII]
we summarize the main conclusions of this work and dis-
cuss their relevance to real materials. Details of the
derivation of the longitudinal optical conductivity and
the low energy effective model are presented in the Ap-
pendices.

II. LATTICE MODEL AND BAND STRUCTURE

We study a honeycomb lattice model with anisotropic
hopping that leads to semi-Dirac dispersions at low en-
ergy. We also consider a coupling of electrons to a bath
of phonons. The total Hamiltonian is

H:HO+th+HCa (1)
|

where Hj is the tight-binding model with different val-
ues of nearest-neighbor (NN) hopping parameters that
produces the semi-Dirac band touching point:

Hy = Z (tcTB,l-i—al cal+ tcg,HachJ + t/cgjch_rl) + h.c.,

(a) (b)

FIG. 1: (Color online) The honeycomb lattice and
the first Brillouin zone. (a) The honeycomb lattice

2772

a (%, —@) A, B sublattices are colored as red and

blue respectively. (b) Reciprocal lattice vectors by =
27 /3a (1,\/3) ,b1 = 27/3a (1, —\/g) and the first Bril-
louin zone with high symmetry points are marked. We
note that I' = by + by is equivalent to I' for the conve-
nience of plotting band structures along I' - M — r.

with primitive lattice vectors a; = a(3 ﬁ) LAy =

and Hyy, is the phonon Hamiltonian, with H. the Hamil-
tonian describing the coupling of electrons and phonons.
In Fig. [l the primitive lattice vectors are chosen as (we
set the lattice constant @ = 1 in the remainder of the

paper),
3 V3 3 V3
al—a<537>7a2_a<§7_7>3 (3)

where ¢ is the NN hopping integral along §; =
(1/2,/3/2) and 6o = (1/2,—+/3/2), ' is the NN hop-
ping integral along 03 = (—1,0), CA(B)i7CL(B)i are cre-
ation and annihilation operators of electrons on the A(B)
sublattices. The electron Hamiltonian Hy can be Fourier
transformed and then diagonalized. The electron dis-
persions and corresponding band structure are obtained
from the eigenvalues:

V3
2

3
e (k) = £, | 2t2 + /2 + 2t2 cos V/3k, + 4t't cos (51@5) cos <—ky> . (4)



For t' # 2t, there are two Dirac points in the first Bril-
louin zone. If we set ¢’ = 2t, the dispersion is quadratic
along k, and linear along k, near the position of the band

touching point
M= (30).

The spectrum (Fig. [)) is linear in k, and quadratic in
ky. The standard k - p Hamiltonian reads

2

ggv (5)

k2
ﬁ% +vpkyoy,

Hsp(k) (6)
with the effective mass m = 2/3t¢ and the fermi velocity
vp = 3t. In the following sections, we set t' = 2t to inves-
tigate semi-Dirac points under the influence of a periodi-
cally driven electric field. Furthermore, dissipation from
the environment affects the electron distribution and thus
the spectral density together with the electrical transport
coeflicients. Here we consider dissipation due to coupling
to two-dimensional phonons, similar to the approach of
Refs. m, 87, and ]: the phonon part of Eq. () is a
bilinear form of free boson operators:

th: Z wqibgibqiv

q,i=x,y

(7)

and the electron-phonon coupling is specified as

>

kq,0,0' =A,B

He.

(8)

T
wqickaAPh (q) " 056" Cko' >

with
Aph(Q) = [/\w,q(bgm + b—qw)v )‘y,q(bgy + b—qy)]a 9)

representing the phonon field. Here, 0,6’ = A, B are
pseudo-spin labels of sublattices. Above we have made
the assumption that phonon induced electron scattering
with different quasi-momentum does not occur®87.88  In
the following calculations, the electronic states at differ-
ent quasi-momenta k are independently coupled to the
reservoir and the broadening effect of electron-phonon

interaction is not taken into account.

IIT. PERIODIC DRIVE UNDER A LASER

FIELD

When the system is coupled to a laser field, the Hamil-
tonian is modified according to the Peierls substitution
CkB

k—=k+A(t):
( )
(10)

Hy(t1) = Z (CLNCLB)
k

where we use ¢; as the time label to distinguish it from

the hopping parameter and

WiB(t) = 3 el Al) 8 gl Alt) b
i=1,2

0
[hieB(t1)]”

hidB(t1)
0

CkA

(11)
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FIG. 2: (Color online) The band energies from Eq.()
with ¢ = 2¢ and the semi-Dirac band touching point at
M = (2£,0) for (a) Energy dispersions viewed along the
k, axis, (b) dispersion along I' - K - M — K =
T, (c) Energy dispersions viewed along the k, axis, (d)
dispersion along I' - M — I' 5K —T.

In Eq. (), we set Planck’s constant i = 1, the lattice
constant @ = 1, and the charge of the electron e = 1, and
adopt the Coulomb gauge by setting the scaler potential
¢ = 0. We ignore the tiny effect of the magnetic field.
The units of energy are expressed in terms of the hop-
ping ¢t and we set t = 1. As hj? is not invariant under
translation by integer multiples of n;b;, we could recover
the symmetry by the shift cxp — cxpe™ %:

hAB(1)) = P eiA(t)0s 4 Z teik-aitiA(t)5;
i=1,2

(12)

In SecllVl circularly polarized laser fields are expressed
with the vector potential A(t1) = A(cos(Qty),sin(Qty))
and linear polarized laser fields are expressed with
A(ty) A(sin(Qt1),0) and A(t1) = A(0,sin(Qq))
for the polarization along k, and k, direction, re-
spectively, where A is the amplitude and € the fre-
quency of the laser. In Sec[VIVIIVII it is assumed
that the laser has been suddenly switched on at time
t = 0. Correspondingly, circularly polarized laser
fields are expressed with the vector potential A(t;) =
AQ(t1)(cos(2t1),sin(Qt1)) and linear polarized laser
fields are expressed with A(t1) = A0(t1)(sin(£21),0) and
A(ty) = AB(t1)(0,sin(Qt1)) for the polarization along k,
and k, direction.

IV. FLOQUET THEORY

Since the laser field can be approximated as monochro-
matic (single frequency) light, it renders the Hamiltonian
periodic in time: H(t) = H(t+T), where T is the period
corresponding to 2 = 27/T. In analogy to the periodic-
ity in lattice translations that leads to Bloch’s theorem,
one can apply Floquet’s theory®?. The Floquet eigen-



FIG. 3: (Color online) The Floquet band structures of
the semi-Dirac honeycomb lattice model embedded in a
normally incident polarized light for (a) circularly polar-
ized light with A = 1.5,Q = 5¢; (b) circularly polarized
light with A = 1.5,Q = 10¢; (c) circularly polarized light
with A = 2.4,Q = 5¢; (d) linearly polarized light with
A = 1.5,Q = 5t along x direction; (e) linearly polarized
light with A = 1.5,Q = 5t along y direction. The semi-
Dirac point linearly disperses in k, and has a quadratic
dispersion along k.

T Jo

x exp [—i(m — n)Qtq] .

In the numerical evaluation, we truncate the range of Flo-
quet modes to m,n = 0,£1,£2, +3, +4 and verified that
a larger range of m,n has little numerical impact on our
results for the frequencies and electric field amplitudes
we considered.

i[ﬁ-i- VBky
B (m—n)=tel * = *

q +tei[

] Jm—n(A)exp [z(m —n) 5

where J,(x) is the order-n Bessel function of the first
kind. The Floquet band structures are displayed in Fig.
Bla-c). For A = 1.5,Q = 5¢, there exists a gap between

/T R B (ty) exp [—i(m — n)Qt,] dt,

1 (T i{&+\/§ky+Az(t1)+\/§Ay(tl)
2 2 2 2

— dtl te

T 0

3ky

function can be expressed as

[Wra(t)) = €% |dralt)),

where |¢ra(t)) = |pra(t + T)) are the Floquet quasi-
modes and €, is the corresponding quasienergy for band
«. Substituting this form of the wave function into the
time-dependent Schrodinger equation, and defining the

(13)

Floquet Hamiltonian operator as H(t) = H(t) — i%, one
finds
H(t)|Dra(t)) = €ralPra(t))- (14)
By performing a Fourier transformation on time
1 T
aB = T/ Hop(t) exp(—inQt)dt,
0
|bra(t)) =Y ™ |o1L), (15)
with m,n =0,41,+£2, ..., 00, one arrives at
D HE"|0ka) = €raldfa), (16)
where
HE™ =H" ™ 4+ nQbnm, (17)

is the Floquet Hamiltonian living in the enlarged Floquet
Hilbert space®?. In the lattice model we studied,

Ske _ VBky | As(t)  VEAy(t1)
2 2

} +tel[ c } + /e HAe(t1)

(18)

A. Circularly polarized case

For circularly polarized light, Eq. ([I8]) becomes

V3Bky

5 5 5m

Ei+ﬁhhMAk”W“mg
(19)

] T (A) exp {i(m —n)

upper and lower band in a single Floquet copy. The gap
size is A =~ 0.52¢t. As a comparison, the gap size for
A =15 =10t is A ~ 0.15t. They both hold finite
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FIG. 4: (Color online) Chern number as a function of

the laser amplitude for different laser frequencies. Upper:
Q = 5.0; Middle: € = 7.5; Lower: Q = 10.0.

Chern numbers C' = 1 for fully occupied “lower” bands
(which one is “lower” is essentially a gauge choice; we
refer here to the lower one in our figure), indicating the

existence of topologically non-trivial transport properties
under TR breaking circularly polarized light. A higher
chern number with C' = 2 is realized by A = 2.4, = 5¢
with a small gap size A ~ 0.05. In Fig. Hl we present
the phase diagram of Chern number as a function of the
laser field amplitude for Q = 5.0,7.5,10.0. Unlike the
graphene case®®20 a C' = 3 phase is absent in the small
intensity regime and the topological phase transitions oc-
cur with Chern number changing by +1, 42, +4, indicat-
ing the anisotropic nature of the semi-Dirac point com-
pared to linear dispersion and quadratic dispersion88:90,
Moreover, we discovered that the leading order contri-

bution to A is O(4;) in the small field amplitude and
large frequency limit. This is revealed by the low energy
effective theory in the high frequency expansion?! up to
O(1/9?). The detailed analysis is given in Appendix
We would like to emphasize that this leading order con-
tribution is different from either that of the quadratic
band touching point** O(A4*/€Q) or of the Dirac point46
O(A?/Q).

B. Linearly polarized case

In this work, we consider linear polarization in the z
and y directions to reflect the symmetry of the semi-
Dirac dispersion in our model. When the driven field
is polarized in the z-direction, i.e., the linearly dispers-
ing direction around the M point according to Eq. (6),
Eq. (I8) is reduced to

3ky | VBhy i Bke _ VBky
hB(m —n) = te' [ L }Jm,n <§) +te [ : ’ }Jm,n <§> +t' Jp—m(A). (20)

Similarly, if the polarization is in the y-direction, i.e., the quadratically dispersing direction around the M point,

Eq. (I8) reads

WP (m — n) = te' (e T (fA

Fig. Blc),(d) display the Floquet band structures under
linearly polarized light along the x and y directions, re-
spectively. Unlike circularly polarized light, linearly po-
larized light does not break the time-reversal symmetry6
and therefore the Chern number must be zero. For po-
larization along the quadratically dispersing direction, we
find a gap opening induced at the band touching point.
The gap size is of order O(A?) and can be estimated from
the zeroth order high frequency expansion of the low en-

hﬁB(m

) +te {%z ﬁ;y]Jn_m <\/;A> +1'. (21)

ergy Hamiltonian in Appendix [Bl In contrast to the cir-
cular polarization case, the leading order contribution to
the gap is independent of the driving frequency, 2. On
the other hand, when the polarization is along the lin-
early dispersing direction, the bands remain gapless and
the semi-Dirac band touching point described by Eq. (@)
is split into two single Dirac points. This particular fea-
ture of the Floquet bands can be roughly understood in
the zeroth order high frequency expansion of the lattice
model itself, which is the n = 0 case of Eq. (20):

—n=0)= tei[gguﬂy]t} (’;) +te [h_cky]JO (g) +t'Jo(A). (22)



As long as A # 0, the coefficients in front of the phase
factors in eq. (22) do not change signs and the propor-
tion ¢/t is only renormalized by Jo(A/2)/Jo(A), which
leads to the splitting of semi-Dirac point into two Dirac
points as Jo(A/2)/Jo(A) # 1 in analogy with different
t/t’ values in the static Hamiltonian Eq. ). Moreover,
the two Dirac points are on the &, axis and their separa-
tion in the BZ is proportional to A% and independent of
Q, up to leading order in the high frequency limit. This
dependency is again captured by the low energy model

(Appendix [B).

V. SPECTRAL FUNCTION

In this section, we examine the electronic spectral den-
sity of our model in both closed and open systems. One
can expand the fermionic operators in the quasimode ba-
sis at time %,

ko (to) = Z Prar (o) Vi (23)

where ~iq annihilates a particle in Floquet state ka!.
In a closed system, the electron occupation probability is
given by

e = {(Pra(0)|thim )|, (24)

where |t k) is the initial state chosen to be the ground
state of Eq. (@)).

In an open system, we consider electrons coupled to
a phonon bath described by Eq. ([Il). We assume the
reservoir of phonons to remain in thermal equilibrium at
a temperature 7T'. Inelastic scattering between electrons
and phonons will cause the electron distribution function
to relax and pj o can be solved using the methods of
Ref. [76].

The pseudo-spin-resolved ARPES spectrum is given by
the Wigner mean time averaged lesser Greens function,
ig5s,(k,w), with pseudospin labels 0 = A, B. The ana-
lytical expression is derived in Ref. [76]:

ig5a(k,w) =21 6 (W~ [era —mQ) |amkal *pr.a,

ig5p(k,w) =2m )6 (w = [exa — m) [bkal *pr.d25)

mao

where amka, bmka are the Fourier transformed compo-
nents of the Floquet eigenvectors,

a0} = X e (G ) g20)
meint
Then the total
Im [Tr () ].%¢
When the electron occupation probability is taken into
account, the spectral density has an imbalance between
upper and lower m = 0 Floquet bands. The total spectral

spectral density is A(k,w) =

density is a sum over psuedo-spin states iy _ g5, (k,w).
It is also possible to measure the momentum resolved
pseudo-spin polarization texture averaged over a period
of the driving laser field, which is obtained from,

Polbaiky) =i [ 555 oo, (kw). (2)

In the following, we will discuss the momentum and en-
ergy resolved spectral density and the momentum re-
solved pseudo-spin polarization for both closed and open
systems under different polarizations of light.

A. Circularly polarized light

The ARPES spectrum and pseudo-spin textures in a
circularly polarized laser field are shown in Fig. Bl From
the spectral density along the high symmetry line, one
can see the appearance of Floquet side bands. Without
phonons, the system is quenched from its initial state
to the Floquet eigenstate with an electron distribution
density given by Eq. ([24). This is a highly nonthermal
state in which the memory of the initial state is retained
and the state does not thermalize™. As a result, the
ARPES spectrum intensity in Fig[Bl(a-b) exhibits discon-
tinuity at the K point alongI' - K — I and anisotropy
at the M point along I' - M — I". The same charac-
ter around K can be observed in the momentum slices
of P, (ky,ky) in Fighlc-d). The asymmetry at K and
M can be understood”. When the initial gauge field is
pointing along the & direction, pzzemh around K and M
has a strong angle dependence on the phase angle 6(k)
of the initial ground state. In the presence of a phonon
bath, Fig. B shows that the lattice symmetry is retained
in the ARPES spectrum and pseudo-spin textures, indi-
cating that the phonons cause a loss of the memory of
the initial states’™® and lead to a nonequilibrium steady
state distribution. In particular, the pseudo-spin texture
with a phonon bath has perfect symmetry around k.. For
A =1.5,Q = 5t, the band is predominantly of sublattice
B character®® in the upper half of k,-k, plane while sub-
lattice A dominates the lower half plane. The same phe-
nomenon happens for the counterpart in A = 2.4,Q = 5¢
except for the region near the BZ boundary, where pos-
itive and negative polarizations are separated by nodal
lines. This is a strong indication of a further band inver-
sion compared to A = 1.5, Q = 5¢.

B. Linearly polarized case

For comparison purposes, we plot the ARPES spec-
trum for our model in the presence of linearly polarized
light in Fig. [6l Without phonons, it is noticeable that the
asymmetry along I' - K — I'and T — M — T is no
longer present for both = and y polarization in contrast
with the circular polarization. This is due to the fact that
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FIG. 5: (Color online) The spectral density of the semi-Dirac lattice model under the circularly polarized light. (a-b)
ARPES spectrum ¢ ) _ g5, (k,w) for (a) A =1.5,Q = 5t and (b) A = 2.4,Q = 5t along high symmetry lines. Upper
panel: without phonons and for a quench. Lower panel: steady state with phonons at T' = 0.01€; (c-d) Time averaged
pseudo-spin deunsity P, (kg, ky) for (¢c) A= 1.5, =5t and (d) A = 2.4,Q = 5¢ in the first BZ with k-a; and k- as as
z and y axes. Left panel: without phonons and for a quench. Right panel: steady state with phonons at 7" = 0.01€);
(e-f) Time averaged pseudo-spin density P, (ky,ky) for () A = 1.5,Q = 5¢ and (f) A = 2.4,Q = 5¢ along the high
symmetry line. In both (e) and (f), the pseudo-spin polarization textures show a discontinuity at the K point following
a quench.

at time ¢; = 0, the initial gauge field is exactly 0 and the weight redistribution between upper and lower bands in
electron distribution is independent of the angle between all cases.

the momentum and the gauge field around K and M76,

In the presence of phonons, one can observe the spectral
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FIG. 6: (Color online) ARPES spectrum ¢ ) _ g5, (k,w) for the lattice model embedded in the linearly polarized light
with A = 1.5,Q = 5¢ along the high symmetry lines with (a-b) x-polarization, (c-d) y-polarization. Upper panel:
without phonons and for a quench. Lower panel: steady state with phonons at "= 0.01Q

VI. LONGITUDINAL OPTICAL tigate the electromagnetic response of the system.87:88 In

CONDUCTIVITY the following, we will present a thorough study of both

the longitudinal and the Hall optical conductivity. In

Although angle resolved photoemission spectroscopy is this section, our focus is on the longitudinal components

a direct measurement of the energy spectrum in the sys- of the ac conductivity, for which the formula is derived
tem, it can only detect occupied states??. Here we inves- in Appendix [A]



Reloy; (w)] = % > > DDy
k m

—4 (Ekd — €ku — mQ) )

X

(k) (pxu — Pxa)

(W2 — (exd — €xcu — M) 2]2 + 2 (w2 + (€xg — €xu — ML) 2) 527

where

B m+n—I1 B
2 = Y . (29
nl t

Eq. ([Z9) can be seen as a generalization of the Kubo for-

Re[oyi(w)] = Y Re[of} (w)],

(28)

mula for a Floquet system. The total optical conductiv-
ity is comprised of contributions from different Floquet
modes,

Relof (&] = 1 3 Dka (D () (s — pia)
k

—4 (Ekd — €ku — mQ) )

X

(W2 — (exd — €xu — M) 2]2 + 2 (w2 + (€xq — €y — M) 2) 62

It is worth pointing out that Eq. (30) has most of its
weight coming from regions where w & |exqg — €k — M2
In our study, o, is along the linearly dispersing direction
while oy, is along the quadratically dispersing direction.

A. Circular Polarization

From Fig. [(a), one sees that o,, and oy, for Q =
5t,A = 1.5 are similar to each other in profile. Be-
cause of a finite gap in the Floquet band structure, o,
and oy, only have appreciable contributions from inter
band quasi-electron excitations with w 2 A (the gap).
Note that o, is larger than oy, in the whole frequency
range indicating a smaller effective mass generated by
the laser field along the z-direction compared to the y-
direction. From Fig. [[{b), one sees that both o,, and
oyy for 0 = 5t, A = 2.4 become negative around w ~ €.
This is a characteristic feature of a Floquet system in the
non-equilibrium steady state due to the non-zero electron
distribution on the side bands. By examining Eq. (B0),
one can see that when w & |exq — €k, — mQ| for m = —1,
the numerator can change sign if a quasi-electron can be
excited from the lower band to the upper band by a sin-
gle photon absorption. To illustrate this point, we plot
Eq. (30) with all the Floquet modes for A = 1.5,Q = 5¢
in the top and middle panel of Fig. We notice that
the m < 0 contributions are negative while the m > 0
contributions are all positive for both o7 and oy, . Over-
all, the m = 0 mode dominates the low frequency regime
while m # 0 modes dominate the high frequency regime
of the longitudinal optical conductivity. In Fig. [c),

(30)

we show the case of large driving frequency of the laser
field: A = 1.5,Q = 10¢, in which a sharp contrast be-
tween the profiles of o,, and oy, are observed. In the
ideal case, the non-zero dc conductivity is due to the
small gap size compared with the broadening parameter.
In both closed and open systems, a finite electron distri-
bution probability above the Fermi level will also lead to
a finite contribution to the dc conductivity.

B. Linear Polarization

Next we turn to the optical conductivity of the linearly
polarized driving field. Fig. @a) and (c) display o4, and
oyy for polarization along x and y direction, respectively.
It is obvious from both plots that o,, and o, have sig-
nificant difference in peak profile, indicating a sharp con-
trast between the gapless and gapped Floquet bands near
the Fermi level. The shift in peak positions of the longi-
tudinal optical conductivity for  polarization (Fig. [0(a))
results from the anisotropy of the band structure along x
and y directions, i.e. the splitting of the semi-Dirac point
into single Dirac points separated along k,. On the other
hand, laser fields polarized along y-direction gives rise to
a negative value for both 0., and oy, in the ideal case.
This feature can be attributed to the gapless nature be-
tween the upper band of m = 0 mode and the lower
band of m = 1 mode while €x, — €4 holds a finite gap.
To illustrate the point, we plot Eq. (80) with the ideal
electron distribution in Fig. @(b) and (d) corresponding
to (a) and (c) respectively, where the dominant contribu-
tion at low probe frequency shifts from ¢=% to o="1
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and changes sign by comparing (b) to (d). In both the VII. CHERN NUMBER AND OPTICAL HALL

quench and phonon panels of Fig. [(c), the negative sign CONDUCTIVITY
of ™=~ is offset by the inversion in electron distribution
between different Floquet modes and in consequence, the Starting from the linear response theory, the optical
low frequency conductivity remains positive. Hall conductivity is derived as8®
1 2 w2 — (Ek — €kd — mQ)2 — 2iwd
01 (w) = = D lewa — eru +mO* FJ : (W (t0) Mg et = W ][ ¥ (f0)), (31)

2
k,m w? — (€xu — €xd — mQ)2 + 4w2H2
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where

mo __
Fiix =

i [Z (Fhalon i) (ddon, it

l n

is the Berry curvature and

m
Bice —

is the Fourier transformed Berry connection. In the static
limit w — 0, Eq.@31), the dc Hall conductivity can be
obtained as

2
7o =0) = [ 5 Pual® () o= el ¥ (),
(34)
where
Fia(t) = i [(Ok, Pua(t)| Ok, dxa(t)) — (Ok, drca(t)|Ok, ¢kd((t))>} ;
35

is the berry curvature in the real time. The above ex-
2
<

-, if we recover the units,

pression is in the unit of

2 2
e_/ d°k Fi
h Jgz (2m)?

aij(w = 0) =

(36)

>—z@zadwm«si{mz<as;:u|akjas;:dm>] ,
l

1 1 (7T Cim P i 5 -,
T/o dte™ " (i (1) O, dxa(t)) = T/o dte NN "N el ot <¢i<ﬁ|am¢im>

(0 (o) |17 = ] [ ¥ (0

11

(32)

n

= 3 (Bl diim)
l

(33)

[

In the ideal case, (¥ (to) |[y id — Yoy Yicu) [P (o)) = 1,
Eq.(34) is reduced to

2

0w =0) = =C. (37)
where C' is the Chern number computed as as
1 _
C=_— / d*k Fyq. (38)
T JBZ

A thorough analysis of the Hall conductivity against
bath temperature and the distribution function can be
found in Ref. [76]. In Fig. [ the Hall optical con-
ductivity is plotted together with the longitudinal com-

&onents for all cases we have examined in the system

ith circularly polarized laser fields. The main differ-
ence between the two is the oscillation between positive
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FIG. 9: (Color online) The longitudinal optical conductivity Re[o] under a linearly polarized laser field and its
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with phonons at 7' = 0.01()

and negative values in o4, for w < Q. In particular, for
w ~ maz(€g, — €rq), the optical Hall conductivity dips
sharply into negative values while the longitudinal com-
ponents are peaked due to the van Hove singularity. This
can be explained by the different analytical behavior of
the factors that include w dependence. In Eq.(30), the

frequency dependent factor is sharply peaked at €xq — €xq
while the counterpart in Eq.(B1]) changes sign. In the bot-
tom panel of Fig. B we confirm that a sign change can
happen within each m in Eq.(30).



VIII. CONCLUSION AND DISCUSSION

In this work, we addressed the influence of a laser driv-

ing field on a tight-binding model on the honeycomb
lattice with a semi-Dirac dispersion at the low ener-
gies. We studied the effects of both circularly and lin-
early polarized light along two characteristic directions
(reflecting the anisotropy of the semi-Dirac point) and
analyzed different Floquet band structures from the low-
energy effective Hamiltonian obtained in the high fre-
quency limit. Compared to a nearest-neighbor hopping
graphene model, the anisotropic band touching point we
studied exhibits more diversity in gap openings, avoided
crossings, and mixing between different Floquet side
bands. We corroborated the richness by computing the
ARPES spectrum and the pseudo-spin texture within
quench scenario, and one that includes phonon dissipa-
tion. These calculations connect with recent pump-probe
experiments. In addition, we also studied the optical con-
ductivity of the lattice model over the same conditions
(quench and with phonons). The decomposition of the
optical conductivity into different Floquet modes helps
one better understand the Floquet band structure and
connects to experiments by including realistic features of
an electronic system in an open environment.

We would like to point out that the low energy Hamil-

tonian that captures the Floquet bands in our system is
not the same as the semi-Dirac Hamiltonian with mo-
mentum replaced by Peierls substitution,

© W NG W N =X

[ I I N N e T e T e e
B X N R, O © 0 N O O W N RO

(ky + Ay)?

Hgsp(k,A) = o

oz +vp(ks + Az)oy,  (39)
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which will only includes the vector potential A, (t) up
to linear order. Thus, the gap size of leading order
O(A*/0?) is not captured correctly. Moreover, for a lin-
early polarized laser field applied along the z-direction,
there is no splitting of the semi-Dirac point into two sin-
gle Dirac-points along the y-direction in Eq.([39). Our
study highlights the fact that even though a leading order
k - p Hamiltonian is a successful low-energy effective for
the static Hamiltonian in equilibrium, its time-dependent
counterpart by Peierls substitution can still hold differ-
ent physical content from that of the correct low energy
model.

Overall, our work broadens the scope for optically con-
trolling band structures with topological band touching
points and presents a detailed, experimentally accessible
set of observables in lattice systems exposed to periodi-
cally driven laser field. The model we studied could be
realized in modern cold atom experiments in optical lat-
tices, in addition to the solid state systems we mentioned
in the introduction.
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Appendix A: DERIVATION OF LONGITUDINAL OPTICAL CONDUCTIVITY

In this section we derive the general form of the optical C(A)nductivity@. The current-current correlation function
which quantifies how an electric field applied in the direction ¢ affects the current flowing in the direction ¢ is given by

RS (a,t,t') = —i(Tc [Ji ()T 4 (H)]), (A1)
where
. 1 ; Ohge' (t)
Jq(t) = \/—N k;j, Ck+q/270(t)ck—q/2,o/ (t)giki’ (A2)

is the current operator in the interaction representation evolved from ¢ = tg:

Jir(t) = Ux (to, t) Ik (o) Ux (¢, to) - (A3)
The time-evolution operator is given by,
Uk (t:t0) = D e™ " gnca (1)) {drca (t0) | (A4)
where €k, is the quasi-energy and
up t
a0 = ( 215 ). (45)
ko

is the Floquet eigenvector. Thus, Eq. ([(A4)) becomes

Ukoor (tto) = Y e xeltt0) g ()67 % (to) . (A6)

In the interaction representation,
Cﬁa (t) = Ukoo’ (ta to) Cﬁo/ (to) ) (A7)
enh (1) = et (to) Ukoro (to,t) - (A8)

We expand the fermionic operators in the quasi-mode basis at time ¢y as

cia’ (to) = Z ¢ﬁa’ (fo) Yka! - (Ag)
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By combining Egs.([(ATHAQ) and then inserting the result into Eq.(Al), the response function becomes
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Ry (@t ) = 0t — )5 > o (5 gamnngs) (05 —10) il g maeg0) (-4 —10)
k,aBvd

8hk( ) Ohx (1)

O g5 @)1 | T2 160, 0

(0 ga(0] | 2
X (¥ (to) m%ﬁk,ga, N gsmergs] 1V (1))

~ —if(t — t’)% Z e_i(fkf7 —epa B)tr

k,af

6hk ahk
(03501 | 2 o ga0i0n- 30 1| 2l ga )
j
X <\I] (tO) |711+%B'7k+%ﬁ - /Yk_%a'ykfga“lj (t0)>7 (AlO)
[
where «, 8 = u,d, u,d represent upper and lower band  Averaged over t+t , only m = —m’ term of Eq.([AT2]) has

in a Floquet mode respectively. In the last approximate a contribution:
equality of Eq.(A10), we drop the term with fast oscilla-
tion factor e~ i(eru—cra) (/2 We get

Ohx .
Grergs 0 [ ‘ )} [D1c-ga(1)) = Ze QtDﬁm(k,Q)a
" (A11)
and rewrite Eq.(AT0) as
Rij (q,t,t") = —if(t —t) Z o gamaiga)tr

k ,af
~ Z ZmQtDBza (k q) Z im’Qt’ DozyB(k q)

X< (tO) |7k+%ﬁ'7k+%5 - Vl_%Q’kagaPI] (t0)>'
(A12)
J

1 —ile —e€ .
R;; (q,tr,mode = 0) = —i9(t7«)ﬁ Z e ( k- Fa k+%5)t7
k,af

x S D (k@) Dk — @)W (f0) [y 4 e 35— g3l (t0). (A13)

By Fourier transform Eq.([AT3]) with respect to ¢, one arrives at

R;;(q,w,mode = 0) = /dtrRij (q, t,, mode = 0) ¢/ @+i)tr

_ /dt €Z<w+15)tT9 Z e k-ga Ek+£215)trz imQt,. Dﬁza(k q)Dajﬁ

kozB m

x (W (to) |[”Y;L+3ﬁ7k+3,8 - Vl,ga’Yk—gaH‘I’ (to))

“FX Y

Digio (k@) D7 (k, = @) (¥ (to) |14 0 57+ 35 = Mo a0k 2all¥ (t0))

(k,—q)

k.aB m w+i§—(ek_%a—ek+%ﬁ—mﬂ)

. (AL4)
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where the longitudinal component can be extracted as

R;i(q,w, mode = 0) =N Z Z

k.af m w+1id — (Ek—%a_€k+%ﬂ_m9)

ng (k,q)D m,@ 5 (k, — a)(V (to) |[Vl+%g7k+%ﬂ - ”Yli,ga'}/k—%a”\p (to))

(A15)

In the limit q — 0, Eq.(ATH) is reduced to

Rii(q = 0,w, mode = =5 Z Z Do

k.aB m w+i5—(ek_%a—ek+%ﬂ—m9)

k)D_/5 (k)(¥ (to) |[”Y;L+%B”Yk+%[5 - ’Yl_%a%«%a”‘y (to))

2 (Ekd — €kuy — mQ)
N Z ZDuzd dzu ( 0) |[71-Luﬁyku - ’Yl-idﬁ)/de\IJ (t0)>w2 — (de — ew — mQ) 2 1 2w — o2

(A16)

with
m+n—I1

a0 = S0 . (A17)

nl
Thus the longitudinal optical conductivity is evaluated as
ImR;i(q = 0,w, mode = 0)

Re[aii(w)] =
=X Z Z Duld dlu (k)(pku - pkd)
—4 — €xy — M)
x (e = €leu — M) . (A18)
[W? = (éxd — €xu — M) 2] 2 4+ 2 (w? + (exa — €xu — ML) 2) §2
I
Appendix B: LOW ENERGY EFFECTIVE which we rewrite here for convenience:
HAMILTONIAN

In this section, we derive the low energy time-
dependent Hamiltonian from the lattice model Eq.(2)

hﬁB (tl) — 2teiA(t1)'63 + Z telkal-‘rZA(tl)(;Z
i=1,2
kg \/_ker L‘(tl)

i[meJrﬁ;erAmén)JrﬁAguw] fAym)]

= te Tt [ + 2te~ A= (t) (B1)

where we used t; as time to be distinguished from the hopping parameter. By expanding Eq.(IH) up to O (k:Q)
and O (A?) in the vicinity of D = (2£,0), one arrives at

.3t
hﬁB (tl) ~ —3t (Aw (tl) +p1) 1= Z (A:E (tl) 2 - Ay (tl) 7 - 2Aw (tl)p:c - 3]?12 - 2Ay (tl)py _pyz) ) (BQ)

where (pg, py) is the momentum around D = (%’r, 0). This can also be written in the compact matrix form as

3t
Hy (tl) vy ( Ay (t1)2+Ay (t1)2+2Aw (tl)pw+3p12+2Ay (tl)py +py2) oy + 3t (A:c (t1)+Pz)Uy- (B3)

The dominant features of the band structure can be understood by considering the effective Hamiltonian at
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large driving frequency 2, which is given by2!

. 1 -~
H = H+ 5 [Hi By
N [H ' [HY, Hy]] + [Hy, [HY, Hy ')
202
[ [EC ) [EC [HR ] [H [H S HR] ]+ [Hy [Hy B
302 + 602 ) (B4)

where Hy is computed from Eq.([I5). We will discuss the By inserting Eq.(B3) into Eq.(B4),
form of Hﬁﬁ in different polarization of the laser field.

1. Circularly polarized laser field

In the circularly polarized light, one has the following
Fourier components:

3t 9t
HY = 3tpyo, + <—py2 + —p12> O

4 4
3tAp, . 3tAp 3tA
Hﬁ:( P 4y)01+70’y,
_ 3tAp, . 3tAp 3tA
le( 1 —+ 1 4y)01+70y,
3tA? 3tA?
Hﬁ:—Tam,sz—— T (B5)

o 3t 9t 2713 A2 9t2 A2 A? 9(tA)?
it = (Zpr * mez R (pa® +py* + A2)> To + 3tPa (1 o802 (pﬁ e _>) ot %py%'

802 2
(B6)
[
The energies of Eq.(Bf) contain a gap A = 274’53‘244 at  reads
(0,0). Notice that we keep p,? term only for the conve- 34 ¢ 34
nience of momentum expansion. The dispersion is dom- Heft — Hg = (—py2 + =p2 4 —A2> Oy + 3tp,0oy,
inated by O (k). 4 4 8 (BS)

. . . 2
which contains a gap of size A = %.

2. Linearly polarized laser field

In the linearly polarized field along z-direction, the
effective Hamiltonian reads

3t 9t 3t
I{eff = ng = (Zpy2 + —pz2 - —A2> Oz + 3tpx0'y

4 8
(B7)
The spectrum of Eq.(B7) includes two symmetric Dirac
points along y-direction. The distance between the two
band touching points is |Ak| = v/2A. In the linearly po-
larized field along y-direction, the effective Hamiltonian



